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Abstract. In this paper we consider twice-dimensionally reduced, generalized
Seiberg-Witten (S-W) equations, defined on a compact Riemann surface. A novel
feature of the reduction technique is that the resulting equations produce an ex-
tra “Higgs field”. Under suitable regularity assumptions, we show that the moduli
space of gauge-equivalent classes of solutions to the reduced equations, is a smooth
Kéhler manifold and construct a pre-quantum line bundle over the moduli space of
solutions.
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1. Introduction

Dimensional reduction of gauge-theories have been instrumental in the understand-
ing of Topological QFTs (TQFT). As motivating examples, one can consider the
vortex equations [7], which are the dimensional reduction of four-dimensional
Yang-Mills equations, the dimensional reduction and quantization of three-dimen-
sional Chern-Simons gauge theory.

Seiberg-Witten gauge theory has been of interest to mathematicians, for as a TQFT,
it provides new topological invariants which may provide new directions leading
towards the classification of smooth, four-dimensional manifolds. Dimensional re-
duction of Seiberg-Witten equations to two-dimensions has been studied by Martin
& Restuccia [8], Saclioglua & Nergiza [12] and Dey [6]. Except for [6], the reduc-
tion does not involve any Higgs field.

In this paper, we construct a dimensional reduction of generalized Seiberg-Witten
equations in four-dimensions. The central element of this generalization involves
construction of a non-linear Dirac operator by replacing the spinor representation
H with a hyperKzhler manifold admitting certain symmetries. The generalization
was introduced by Taubes [13] for dimension three and extended to dimension four
by Pidstrygach [10].

The reduction technique we use is similar to the one in [6]. Namely, we first con-
sider the generalized Seiberg-Witten equations on R* and then project the equa-
tions on the complex plane. The resulting equations are conformally invariant and
therefore can be defined on any manifold modelled on R? by using conformal maps
- namely Riemann surfaces.

Under suitable regularity conditions, the moduli space of solutions to the reduced
equations is a smooth Kéhler manifold. If the Kdhler two-form is integral, we show
that the Quillen determinant line-bundle on the configuration space, descends as
the pre-quantum line bundle over the moduli space. Following [4], we regard the
moduli space as the phase space and define its Hilbert space quantization as the
space of holomorphic sections of the Quillen determinant line-bundle.

The article is organized as follows: we first review the requisite preliminaries on
the hyperKéhler manifolds in Section 2 and then proceed to a quick introduction
to the non-linear Dirac operator in four-dimensions in subsection (2.1). Using this,
we introduce the generalized Seiberg-Witten equations. Although the generaliza-
tion makes sense for any four-dimensional manifold, for the sake of simplicity
and with the further exposition in mind, we stick to the simplest case where the
base manifold is R*. In Section 3, we describe a dimensional reduction technique
and define the reduced equations on R?. Using the conformal invariance of the
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equations, we define them on an arbitrary compact, oriented, Riemann surface. In
Section 4 we show that the moduli space of gauge-equivalent solutions is a smooth,
Kahler manifold. In the final Section 5, we describe the Quillen determinant line
bundle construction on the moduli space.

2. Definitions and Notations

A hyperKiihler manifold (M, g™, Iy, I, I3) is a 4n-dimensional Riemannian man-
ifold, endowed with three complex structures satisfying quaternionic relations I? =
2 = 132 = I1IsI3 = —1, such that the metric g" is Kéhler with respect to each
I;,j=1,2,3.

In fact, forany &1, &, &3 € Rsuchthat E§+&5+&3 = 1, I := & 1 + &I+ &315 €
End(T' M) is again a Kihler structure on M. In other words, M carries a family
of Kibhler structures, parametrized by two-sphere S2. In particular, a hyperKzhler
manifold is a symplectic manifold in many different ways.

Suppose that a Lie group G acts smoothly on M, preserving the hyperKihler struc-
ture. Namely, the action is isometric and fixes the two-sphere of complex struc-
tures. Then G preserves the Kihler forms wq, ws, ws, associated to Iy, I, I3 re-
spectively. Additionally, if the three associated symplectic moment maps exist,
then they can be combined into a single hyperKdhler moment map p : M —
R? ® g*, where g denotes the Lie algebra of G. Such an action of G on M for
which the hyperKéhler moment map exists is said to be tri-Hamiltonian.

Example 1. Letr M = H. Then TH = H x H. For (h,v) € TH, define the
complex structures

Ii(h,v) = (h,—vi), I(h,v) = (h, —vj), I3(h,v) = (h, —vk).

We have w = % dh A dh. Consider the U(1)-action on H given by U(1) x H >
(z,h) v zh € H. The action preserves the three Kihler structures and is tri-
Hamiltonian, with the hyperKdhler moment map p : H — sp(1) = sp(1)* given
by
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2.1. Generalized Seiberg-Witten on R*

Consider the flat Euclidean space R* = H, with co-ordinates (o, x1, 22, x3). Fix
the constant Spin-structure ¢ : H = T, H — H x HI, given by

0=y 8) o= (548 8T

Thus, v(eo) = I, ~(e;) = I for j = 1,2, 3. The covariant derivative of a spinor
u: R* — H s given by
ou

Composing this with Clifford multiplication ¢, we obtain the Dirac operator D :
C>®(R* H) — C>°(R*,H) on the space of positive spinors

We say that a smooth map u : R* — H is harmonic if DTu = 0. Clearly,
the Dirac operator (and hence also the harmonicity condition) can be easily gen-
eralized to the case where H is replaced by an arbitrary hyperKihler manifold
(M, g™, I, I, I3). More precisely, for a hyperKéhler manifold (M, g, I1, I3, I3)
and a smoothmap u : R — M

ou ou ou ou

Du=——+1 I I
U 80+18 +28 +563

The second ingredient we need in order to define the generalized S-W equations
is a hyper-Kéhler moment map. Assume that M admits a tri-Hamiltonian action
of a compact Lie group G. Consider R* with basic co-ordinates (1, 22, 3, 74)
and let P denote the trivial product bundle R* x G — R*. A connection on P is
described by a Lie-algebra-valued one-form

a=agdxg+ay dri + as dxy + a3z dxg € Ql(IR{4,g)
where a; : R* — g are smooth maps. The curvature of a is a g-valued two-form

a) =Y FJ dw; Ada; € Q*(R?, g)
1<j

in which

FU =

a

(gaxz - gz;) + [ai, a;].
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For a smooth map u : R* — M and a connection a on P, we define the twisted
Dirac operator by

Diu = — <8x + L, ag)—i—ZI (3:@ ua2>

where LM a; denotes the fundamental vector field generated by the infinitesimal
action of G on M, at a point u(-) given by

, pe R
t=0

(L a0)(p) = 5 exp(t ao(p)) - u(p)

The generalized S-W equations for a pair (u,a) € C®(R*, M) x Q'(R?*, g) are
given by
Ff+pou=0

Dyu =0 M

where, F;F € Q*(R*, A% (R?)* ® g) is the self-dual part of the curvature F}. In
the first equation we use the identification A2 (R*)* = R3 and g = g* using an
ad-invariant metric on g.

Equivalently, we can write the equations as

FIA' 4+ FB 4+ jpou=0
F?2 4+ F3' 4 jpou =0

3FO3+F12+M30u—0 )

0 0
<a; LM(I(]) Z (G;L—I-LM(M)—O

where {1, 12, 13} are the moment maps associated with the Kihler two-forms
w1, wa, ws respectively.

3. Dimensional Reduction

In this section, we generalise the approach in [6] for the equations (2). Namely, we
consider the generalised Seiberg-Witten equations on R* and then project them on
the complex plane. The resulting equations are conformally invariant and so can
be defined on Riemann surfaces.

For the rest of this article, we will focus our attention to the case when G = U(1).

Identify the Lie algebra iR = R and assume that the Lie-algebra-valued functions
{a;}3_, are independent of (z2, x3). Then ag, a; define a connection a := apdzo+
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a1dzy over R%. The maps as and a3, which we re-label as ¢ and ¢, define an
auxillary field ¢ = ¢ + i (also known as Higgs fields) on R?. The first equation
now reads

Fy,+ (g ou)wsg =0

dp1 O B

<8$1 3552) thzou=0 (3)
0p1 | O¢2 B

<a$2+8x1> +ugoU—0.

Here wy; is the volume form of 3. From a more co-ordinate independent point of
view, we have a connection a on a principal U(1)-bundle P over R? together with
an auxiliary field

¢ €Q°(R*C).
Set z = g + iz1 and define the one-form
® = ¢dz € Q' (R%,C).

The second and the third equations in (3) can be combined into a single equation

0P + (peou)wy =0 4)
where, (1. 0 u := p92 o u + iz o u. The equations (3) now read

Fy+ (prou)ws =0

0P + (pe 0 u)ws = 0. )

The fourth equation in (2) can be re-written as

_| (2w +LMay ) — I ou + LM ay ) | + (LY ¢y + I3LY ¢2) = 0. (6)
oo 01

Let Iz> denote the standard complex structure on R?, given by 8%1 = Ip2 (%)

and 8%0 = —Ip2 (8%1). Observe that
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Then the left hand side of (6) can be written as

(3 ) (2w - () ()
o) o2 ()
() -1 1)
. <DBU_ADQUOIR2> (2)

0
=0,
v < 0$0 )
On the other hand, observe now that

0 0
p1=9o <8$0> and by =P <_8xl> )

The right-hand side can be expressed as

(LY ¢y + LY ¢o) = LLY! (‘I’ <£D>> L <q) <_3il>>
S (o () - (o (e (i)
(o (1)) o o (2))

(eeo)" (),

Combining this together with (5), we get the reduced equations on R?

Fo+ (prou)ws =0
dau — (Xo(u)** =0 (7
0P + (pe 0 u)wy = 0.

The equations are conformally invariant and hence can be defined on manifolds
modelled locally on R2, namely, Riemann surfaces.
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3.1. Generalized Seiberg-Witten on a Riemann Surface

Let (¥, g5, Jx) be a compact, oriented Riemann surface of genus g, with a confor-
mal metric ds? = h2d2 ® dz. Let mp : P — X be a principal U(1)-bundle over X.
Let (M, g™, I, I2, I3) be a hyperKihler manifold endowed with a tri-Hamiltonian
action of U(1).

Let u € C°(P, M)"(") be a smooth, U(1)-equivariant map to M. Then the co-
variant derivative of w with respect to a connection a on P is given by

U(1)

hor

Dyu=du+ LMa € QY(P,u*TM)

where the subscript “hor" denotes that the one-form is horizontal. This therefore
descends to a one form on 3 with values in «*T'M/U(1). The complex structure
I, determines a U(1)-invariant complex structure on ©v*7'M — P and hence also
on u*TM/U(1) — X. We denote by d,u the (1,0)-part of the one-form D,u,
with respect to I;. More precisely

1
Ou = i(DaU_Il o DyuolJy).

Denote the space of smooth U (1)-equivariant maps v : P — M by C>°(P, M)V,
the space of smooth connections on P by A(P).

Define the configuration space
C = A(P) x C=(P,M)"M) x Q0(x, C).

The space C is an infinite-dimensional Frechét manifold with an action of the gauge
group G = C*°(P,U(1)) given by

g-(a,u,®) — (a+g 'dg, g-u,®).

Note that the gauge group does not act on the Higgs field!

For (a,u,®) € C, we define the dimensional reduction of generalized Seiberg-
Witten equations on 3 by

Fa—l—(ulo’u,)wz = O
Oau — (Xo(u))"" = 0 ®)
0P + (pe ou) wy = 0.
The equations (8) are invariant under the action of G. The first and third equations
require some explanation. For the first equation, we consider F, € 2 (P,R)pnor-

For the third equation, observe that pi.ou : P — Cis U(1)-invariant and therefore
descends to a complex-valued map on ¥, which we again denote by p. o u.
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4. Moduli Space

In this section, we show that the moduli space of gauge equivalent solutions to
(8) can be realised as a Marsden-Weinstein reduction of a certain submanifold
of the irreducible configuration space. In other words, we identify the solution
to equations (8) with the zero locus of moment map and the one defining the sub-
manifold. Further, we also show that the L?-metric on the moduli space is a Kihler
metric. The techniques we use are fairly similar to those of Hitchin used to study
moduli spaces of vortices and Higgs bundles.

For the rest of the section we assume that the tri-Hamiltonian U(1)-action on M is
semi-free; i.e., outside the set of fixed points M U(l), the action is free.

4.1. Abstract Setup

We will not describe the Sobolev completion of fibre-bundles here, but rather refer
the interested reader to [14, Subsection 4.1 of Appendix B] for details. Set k > 1
and p > 2 satisfy k — % > 0 so that W*» — W12 C? by Sobolev embedding.

Fix a smooth fiducial connection A on P and define A'?(P) to be the completion
of A(P) with respect to Ay in the W'?-Sobolev norm. For E := (P Xy
M)/U(1), denote by Wir(P, M)V(D) = Whr(5, E) the Sobolev completion of
C>(P, M)VM), Lastly, let WP(%, A0 ® C) denote the Sobolev completion of
QY%,C) in WP,

Since kp > 2, the Sobolev multiplication theorem W1 @ WP — LP implies
dau € LP (3, AYY ® E,), where E, := w*TM/U(1). Also, for kp > 2,
the Sobolev composition law holds. Consequently, p; o u € WHP(X,R) and
peou € Whp(%,C).

Finally, let G%P denote the Sobolev completion of G in the W2P-norm. Then
G?P is a Banach Lie group acting smoothly on AP, The Lie algebra is given by

Lie(G*P) = W?2P(Z, R).
Consider the infinite dimensional Banach manifold
ClP = AVP(P) x WHP(B, B) x WhP(2, Ay @ €).
The tangent to C1* at a point ¢ := (a, u, ®) € C'? is given by
T,CHP = WhP (2, A'Y) x WHP(2, B,) x WP (8, AMYY  C).

Consider the infinite-dimensional vector bundle £7 — C'P, with fibre at a point
q € CYP being given by

EP = LP(X,A%Y) x LP(3, A8 ® E,) x LP(3,A°S ® C).
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Observe that the action of the gauge group G%” on C!? lifts to an action on E?.
Define the equivariant section

F:CP—gp

_ 9
Fla,u, @) = (F + (1 0 w) ws, Batt — (X (u))0, D + (pte 0 w) wz) ©

Then the solutions to (8) are the zeroes of F.

4.2. Linearized Operator

The linearization of the equations (8) at a zero ¢ = (a, u, ®) € C1P of F gives the
operator

Dy :T,CtP — &}

a da+ dpi(é) ws
Dy | € | — | Dauaé+ (Lua)"? — (X;)'°
771,0 8771,0 + d,uc(f) ws

Here D, & = (V)10 + (Vchp)l’O, where V is the Levi-Civita connection on
(M, g™). The induced connection on u*T'M is given by V3¢ 4+ V¢ X (u), where
VigE =VE+ VgKéw.

The equivariance of the section F : C? — &P under the action of the gauge
group G>? implies that we have the following complex

0 — W2P(5,R) L T,c7 & g2 5 0 (10)

where d; (o) = (Lya, da, 0) € Tqu’2 and ds (a,{,nl’o) = D, (a,f,nl’o).
Note that if we deform the complex by a homotopy, so as to get rid of the ze-
roeth order terms, the Euler characteristic or the symbols of the operators remain
unchanged. In other words, the complex (10) can be written as a sum of three
complexes

0— W2P(S,R) S W(3,A1%) & L/(S,A%S) -0 (11)
0— WP (X, E,) Da, LIPS, A%y ®E,) =0 (12)

0 — W2P(2,C) 8, whr(z, AYYE @ C€) 3, LP(Z,A%%) = 0. (13)

Clearly, each of the above complexes is elliptic and consequently, (10) is an elliptic
complex.
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Let ¢ denote the equivariant map 6 : P — EU(1) which is alift of the classifying
map ¢ : ¥ — BU(1). Then (u,d) : P — M x EU(1) descends to a map

u:dn— MU(l) =M XU(1) EU(l)
Define [u] € Ha(Muyqy), Z) to be the push-forward of the fundamental class of [X]

under the map .

Proposition 2. The operator df +ds : T,CP — QO(Z,R) 1» ®EL is a Fredholm
operator for every solution (a,u, ®) € C'P of (8) and has a real index given by

Index (df +d2) = (2n — 1)x () + 2 <c‘f“)(TM), [u}> Y29 (14

where cg(l) (T'M) is the equivariant first Chern class of T M.

Proof: The ellipticity of the complex (10) has the consequence that the operator
df +dy : T,CH — Q%(X,R)» @ EF is Fredholm and therefore has a well-
defined index. Since the complex (10) decomposes into three complexes, the index
of (10) is the sum of indices of the complexes (11), (12), (13). The index for the
operator

QMZ,R) — QUE,R) @ QS R) : a (d*a, xda)

is given by —x(X). By Riemann-Roch theorem, the index of the complex (12) is

given by 2<ctlj(1)(TM ), [u]) + 2nx(X). Finally, the index for the third complex
(13)is 2g. It is a simple observation now that d] 4 d2 is a compact perturbation of
the elliptic operators. Therefore, the index of d] + d» is given by

Index (d} +da) = (20— Dx(2) + 2 (/' (TM), [u]) +29. (1)

The statement follows. |

Note: Our computation is standard. For the case of the symplectic vortices, the
index is just (n — dim(G)) x(2)+2 <c¥(l)(TM), [u]> where the dimension of the
target symplectic manifold is 2n. For our case, there is an additional contribution
2g due to Higgs field.

4.3. Transversality

In order to prove that the moduli space of solutions is a smooth Banach manifold,
we need to establish transversality. Namely, we need to prove that JF is transverse
to the zero section ¢ : C? — EP. The transversality condition in needed to ensure
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that the zero-set of the section, i.e., the space of solutions to the reduced equations,
is a submanifold of the configuration space. In other words, this means that zero
is a regular value of F. We can achieve transversality by suitably perturbing the
section F. For a suitable class of such perturbations, the action of the gauge group
on the space of solutions to the perturbed equations is free. We thus obtain the
structure of a smooth manifold on the moduli space of solutions to the reduced
equations.

The techniques used for this are almost verbatim to the ones used in [3, 9], for the
case of symplectic vortices. So we skip mentioning the proofs.

Define the space of perturbations
P = {(01,02,03) €C; g (01,02,03) = (01,02,03),9 € G}.
For ¢ € R, consider the perturbed equations
xFy, —ppou =c+ oy
Aot — (Xo(u)"? = o (16)
xOD0 e O U = O3.

Fix a cohomology class B € HQ(MU(I), Z) and for a fixed o € P, define the
solution space

N, (B,c):= {(a,u,®) €C'"P; [u] = B and (a,u,®) satisfy (16)}.

Observe that N, (B, c) is invariant under the action of the gauge group G>P. Let
MU denote the fixed points of the U(1)-action on the hyperK#hler manifold M.

Define
deg(P)

Vol(X)
Define Si7 := {u € 87 ; [u] = B, u(P) ¢ MY},

The following lemma follows almost verbatim from [9, Lemma 3.4.1, Cor. 3.4.2].

CcR.

Co =1 (MU(1)> —2m

Lemma3. 1. Letc € R\ Cy and define P. = {oc € P; |o1]| < |c— Cy|}.
Then, for o € P, if (a,u, ®) satisfy (16), then u (P) ¢ MY,

2. If o € P, the action of G*P on N, (B, c) is free.
Define the moduli space of solutions to be the quotient
My (B, c) := Ny(B,c)/G*P. (17)

The following theorem follows almost verbatim from [9, Theorem 3.4.4].
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Theorem 4. Let c € R\ Cy. Then for any o € P, the moduli space M, (B, c) is
a smooth manifold of real dimension

21 — 1)y(T) + 2 <CE(1>(TM), B> +2g.

4.4. Kahler Structure on Moduli Space

In this section we show that the moduli space can be realized as a Marsden-
Weinstein quotient of a submanifold of the configuration space C''?. The argu-
ments in this section follow the work in [1] on moduli space of Seiberg-Witten
equations on Kéhler surfaces.

Recall that for a finite dimensional symplectic manifold (M, w), with a Hamilto-
nian action of a Lie group G, there exists a moment map p : M — g*, which
is unique up to addition by constants in the centre of g. The equivariance of the
moment map implies that the zero-locus of p is G-invariant. If 0 is a regular
point of y, then ~1(0)/G is again a symplectic manifold. This follows from the
well-known Marsden-Weinstein reduction theorem. If M is Kihler and the group
action preserves both the metric and the symplectic form, then the quotient is a
Kéhler manifold. If M is a hyperK&hler manifold and the group action preserves
the metric and all the three Kéhler forms, then the quotient is again a hyperKéhler
manifold.

We now turn to the infinite-dimensional analogue of the above quotient construc-
tions, namely for an action of the gauge group G>” on the configuration space C?.
The configuration space C1P carries a hyper-Kihler structure, given by

*0 0 00 x 00 —1
Li=(01 0], Io=10J0], I35=10K O
00 —=x * 00 10 0

The L?-metric on C!?, defined by

1 1 1
gc(XaY):2/041/\*042+2/951(51752)w2+2/771/\*772
> > 2

where, X = (a1,&1,m), Y = (ag,&2,1m2) € TqCLp. Here, the pull-back metric
g uw'TM @ u*TM — R is defined by

gu' (P, ), (P, w)) = gy(p) (v, 0), (p,0), (p,w) € W'TM C P xTM.

The metric ¢¢ is G*P-invariant and is Hermitian with respect to all three complex
structures; i.e., ¢°(Z; X, Z;Y) = ¢°(X,Y) for all i = 1,2,3. Therefore, the as-
sociated two-forms €;(+,-) = ¢°(Z;(+), ) are clearly non-degenerate, closed and
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therefore Kihler. Thus the natural L2-metric on the configuration space C!*? is
a hyperKihler metric. The action of the gauge group G>P on C!? preserves the
metric and the hyperKihler structure and is therefore hyperHamiltonian.

The real and the complex moment maps for the gauge action are given by first and
the third equations of (8) respectively. This can indeed be seen as follows:

The fundamental vector field for the infinitesimal action of the gauge group G27,
at a point ¢ € C' is given by L57 = (dv, Ly7, 0). Define

. ) N . 1
fiz, : C"P — Lie(G*")", (fiz,,7)(q) = 3 /E Fy v+ (v, ou) ws (18)

where (-, -) denotes the pairing. Therefore, for X = (o, &, 1) € T,CHP

@i (X),2)(@) = 5 [ dary + (s 0 )(6)) ws

1

= 2/ —dy Aa+gd (LY, €) we
>

= LLS,YQl(X).

Denote by C’ C CP, the subspace of all the solutions to second and third equations

in (8)
’r 1, . 8au — (Xq;.)l’o .
C—{(a,u,CDGC*p) : <*an170_ucou =05. (19)

Lemma 5. C' is a complex submanifold of C*P with respect to the complex struc-
ture 17.

Proof: We only need to show that TC’ C T'C!* is a complex sub-bundle. Abbre-

viate D, ,, ¢ := D for simplicity. The tangent space at a point ¢ := (a,u, ®) €
is given by

13 1,0 1,0
e {[8) (o) )
n

To see that Z; preserves T,C’, observe that

Ll § | =| —Iig
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But since D is a Cauchy-Riemann operator and (L, (*a))'? = —I1(L,a)"° and
similarly (Xm)l’0 =-0 (Xn)l’o, we get

D(=1)& + (Lu(xa))"" = (X)) = (=11) (D€ + (Lua) " = (X;)"7) = 0.

Since, n'0 € QLY(X,C), #n'0 = —in. Also, duc(—1¢) = —idp.(€). Clearly
then,

%% 0 xnh0 — dpc(,€) = —i (*5771’0 — d,uc(f)) = 0.
Therefore Z; preserves TC' C TCP. [ ]

The L?-metric restricts to a Kihler metric on C’. The induced action of the gauge
group G>P preserves the induced metric and the symplectic two-form €. C’ also
admits a momentum map ,u’Il which is just a restriction of the momentum map jiz,
on the configuration space. We denote this restriction by /i, itself. The solutions to
the dimensionally reduced generalized Seiberg-Witten equations now correspond
to the quotient of the zero locus of the momentum map iz, by the gauge group
G?P. Using the standard arguments in Kihler geometry, we now show that the
L2-metric that is induced on the quotient M := i7" {0}/G?? is a Kahler metric.

Theorem 6. Let 3 be a connected, compact, oriented, Riemannian surface and
let ,u’Il : C' — R denote the restriction of the moment map [iz, as in (18) for

the action of the gauge group G>P on C'. Then the metric induced on the quotient
(7,)71(0)/G*P := M is a Kiihler metric.

Proof: The submanifold (uf )~'(0) € C' C C'P carries a natural L*-metric,
induced from the L?-metric on C'”. The action of the gauge group is by isometries,

which implies that there exists a unique Riemannian metric on the quotient such
that  : (,u’zl)_l(O) — M is a Riemannian submersion. Let X, Y € T'(M, T M)

and X,Y denote the horizontal lifts to (17, )~1(0). Then the covariant derivative
of Y with respect to X is given by

I y=100)
V%Y = T, (Vé?ll) (0)Y>

where V(“ T )7HO) denotes the restriction of the Levi-Civita connection on the con-
figuration space to (ugl)*l(O). We identify the pull-back of 7'M with the hori-
zontal sub-bundle of T’ ((M’I1 )71(0))

T (TM) = H ((h,) 1 (0)) = H(Cl g, )10 ) T () 7H0)).
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But the restriction to (7 )~'(0) of TC' splits L*-orthogonally as

TC' s, 10 = H (1) (0) @ (M ()7 (0)))

=~ TMe (H ((u’zl)*l(o)))L
= TM @ im(To) © (Ker(uy,)*)

where Ty denotes the linearization of the orbit map. In order to define the com-
plex structure on 7'M, it now suffices to show that (7r"‘T/\/l)l is preserved by the
induced complex structure Z, and

e Note that the image of an element ¢ € Q°(X, R) under the linearization of
the orbit map through ¢ = (a, u, ®) is the same as the fundamental vector
field L,§. We have

(TiLe§, Z) = Mn(Le§, Z) = (dpz, (2),€).
This implies that 7y Ly¢ L ker(dpy, ).
e Let Z € ker(du ) and 7, Z L im(Tp). Then for £ € Q°(%,R),
0= (12, Lyé) =~ (Loé, Z) = —(dity, (), Lyf).
Therefore Z € ker(dpu?, ) ﬂker(du’zl)L = {0}.

Hence the complex structure preserves the splitting and defines a complex structure
™ on M.

It only remains to show that the complex structure is parallel. But this follows
directly from the fact that

e The complex structure Z7 on C’ is parallel.

e The Levi-Civita connection on M is given by the projection of the Levi-
Civita connection on (47, )~1(0).

e Projection commutes with the complex structures Z7 and Z.

Thus we have proved that the induced complex structure on M is parallel with
respect to the Levi-Civita connection for the induced L2-metric on M. Therefore
the L?-metric on M is Kihler. [ ]
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5. Pre-Quantum Line-Bundle on the Moduli Space Under the
Assumption of Integrality Condition

Geometric Quantization

Given a symplectic manifold (M, w), with w integral (i.e., its cohomology class is
in H%(M, 7)), one can construct a Hermitian line bundle with a connection (called
the pre-quantum line bundle) whose curvature € is proportional to the symplectic
form w. One can assign to functions f € C'°° (M), an operator, f =—iVx, +f
acting on the Hilbert space of square integrable sections of L (the wave functions).
Here V = d — if where locally w = df and X is defined by w(Xy, ) = —d f(-).
We have taken h = 1. This assignment has the property that the Poisson bracket
(induced by the symplectic form), correspond to an operator proportional to the
commutator, i.e., if f3 = {f1, fo} pp then f3 is proportional to [ fi1, fg] for any two
functions fi, fo.

The Hilbert space of pre-quantization is usually too big for most purposes. Geo-
metric quantization involves construction of a polarization of the symplectic man-
ifold such that we now take polarized sections of the line bundle, yielding a finite
dimensional Hilbert space in most cases. However, f does not map the polarized
Hilbert space to the polarized Hilbert space in general. Thus only a few observables
from the set of all f € C'°°(M) are quantizable.

This method of quantization was developed by Kostant and Souriau and discussed
at length in Woodhouse [16].

We now come back to the situation at hand. We construct a prequantum line bundle
over the configuration space. It will descend to the moduli space as long as the
symplectic form on the moduli space is integral. In the following we assume that
the form is integral.

Let p denote the local Kéhler potential for the first symplectic form w; of M,
our target hyperKihler manifold. Local potentials exist for any Kihler form. Let
p € P. Then u(p) € M. Let V, be a neighbourhood of u(p) such that p(u(p))
is local a Kihler potential for w; in V,. u~!(V}) is a covering of P which has a
finite covering, namely u™*(V},), i = 1,2..., N. Let ¢; , i = 1, ..., N be a partition
of unity subordinate to this finite covering of P. Let p;, 7 = 1, ..., N be the local
Kihler potential for V,, for the form w;. Let z = 7(p) be a point on the Riemann
surface . Define

) = [ Eaplulr (et (2o

Let us define on the configuration space parametrized by the triple (a,u,®) a
Quillen determinant bundle Q = det(d,), [11], i.e., a line bundle whose the fiber
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over (a, u, ®) is given by
AP (ker 8,)* @ AP (coker 85).

Following the idea in [2], we modify the Quillen metric exp(—¢’;(0)) by multi-
plying it with exp(4 (po(u)) and exp <8 / O >f<<1>> where ® = ¢dz — ¢dz.
T

From the metric, one can calculate the curvature by the formula §,,d5l0g||o]|]|
where w is the holomorphic coordinate on the configuration space and o is the
canonical section of the determinant bundle [11]. The holomorphic coordinates
on the configuration space is given by (a’!, u, ®) w.r.t. the complex structure Z;.
The first term in the metric, namely exp(—¢,(0)) contributes to the curvature by a

i 1
term L <—2 / m (a1 A 042)), [4,11], which is the first term in ©Q; (X, Y"). The
b

second term in the metric contributes to the second term in §27. This can be seen as
follows. Let u(p) = (u1(p), ..., un(p)), in some local coordinate system centered
atu(p) € M where n = dim M. Once again z = 7(p).

v = dubapo(u) = /EEfv15u5um(U(7r_1(Z)))@(W‘l(Z)))wz

- / SN SIS S (u(r ()i (1 (2)))ws

=5 [ = () e G = 5 [ g (s

where we have used the fact that since p; is a Kéhler potential for wi on Vp,,
DMy, 0, pi(u(n ™ (2))) = g3 (I1-,-) and BT ¢3(n 7" (2)) = 1. Then y(&1, &2)
g2 (I1&1, &)ws. The third term in the metric contributes to the third term in

Q1. This can be seen as follows: Recall ® = ¢dz — ¢dz, *® = ¢pdZ + ¢dz so

that exp <87r /Z DA *<I>> = exp (4 /(qbgb)dz A dz> Let
« = 5y (i (e (1 [0t na2) )

- ﬁ /E 5405(¢d)dz A dz

- ;T/E(aqj@a&—a&@w)dmdz.

Then, 7(n1,7m2) = ﬁ / 11 Anz. The three terms combined gives us the following
)

proposition:
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Proposition 7. On the configuration space, the Quillen bundle Q equipped with

. . . i
the modified metric mentioned above has curvature 2—91.

As in [4, 5], it can be shown that this line bundle descends to the moduli space as
long as the descendent of (2; is integral.

Proposition 8. If the symplectic form (i.e., the descendent of ()1) on the moduli
space is integral, the Quillen bundle Q equipped with the modified metric men-

i
tioned descends to the moduli space and has curvature the descendent of 2—91.
7r

It is holomorphic and is a prequantum bundle since its curvature is proportional to

. . . . 1 . .
the symplectic form with the proportionality constant o Since the moduli space

™
is Kahler and the line bundle is holomorphic, one can take holomorphic square
integrable sections of this bundle as the Hilbert space of quantization.

6. Summary and Discussion

The dimensional reduction technique mentioned gives us a generalization of the
Symplectic vortex equations (& = 0). It is well-known that the invariants for
Hamiltonian group actions on a symplectic manifold are related to Gromov-Witten
invariants for its symplectic reduction [17]. Assuming that we at least have the
moduli space of finite volume, for & = 0, we must get equivalence between invari-
ants for Hamiltonian group action on p. o u = 0 and Gromov-Witten invariants for
hyperKihler reduction of M. The latter are known to be trivial! This gives rise to
an interesting question as to whether the presence of a non-zero Higgs-field helps
us define non-trivial, Gromov-Witten like invariants for hyper-Kéhler manifolds.
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