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1. Introduction

The double covering maps from the spin groups to the orthogonal groups are very
useful in practice, [9-11]. For instance, the covering map from the unit quaternions
to SO(3,R) plays a vital role in robotics, gaming and animation etc., [12, 16].
The unit quaternion representing a matrix in SO(3,R) is not only a reduction in
storage cost, but also provides immediate information such as the axis of rotation.
Similarly, the covering by SU(2) x SU(2) of SO(4,R) is known to be useful in
fields such as nanophotonics and switched electrical networks, [1,4,14,17].

For instance, in [4], the analysis of photonic circuits enabled by four directional
analogues of lossless mirrors (called four-port couplers) was facilitated by the cov-
ering SU(2) x SU(2) — SO(4,R). Each four-port coupler splits an input signal
into a reflected, transmitted, right and left components. Such a coupler can be
represented by a matrix in SO(4, R), [4]. The entries of this matrix play a deci-
sive role in the input-output behavior of the photonic circuit. Thus, it is desirable
that instead of using the sixteen entries of each coupler matrix, one uses a pair of
unit quaternions which amount to eight real parameters satisfying two constraints
simpler than the constraints satisfied by the sixteen original parameters. In a sim-
ilar fashion, representing a matrix in SO(5,R) by a matrix in Sp(4) amounts to
a reduction from 25 real parameters satisfying 15 quadratic constraints to 16 real
parameters satisfying 6 quadratic constraints.

The control of switched lossless electrical networks lead to control problems on the
orthogonal groups which can be “lifted" to analogous control problems on the spin
group, [8]. One reason to study systems evolving on orthogonal groups via systems
on the corresponding spin group is simply because the latter have been studied
more intensively. Thus SU(4), the spin group of SO(6,R) has been analyzed in
great detail due to its relevance in quantum computing, [2].

Thus, in all these applications inverting the double covering map, in closed form
when possible is important because it provides a more economical description of
the orthogonal matrix being analyzed. For n = 3, this inversion seems to be
folklore and involves the solution of simple quadratic equations albeit in several
variables. For dimension four, a trick reduces the question to the n = 3 case, [4].
This inversion was used in the photonic circuitry problem alluded to above.

The nanophotonics application also motivates this inversion when n = 6 since it
seems experimentally feasible that the four-port coupler can be enhanced into a
lossless “mirror" which splits an incoming signal into six independent directions.

The purpose of this work is, therefore, to explicitly invert the covering map for
n = 5,6. Unlike the n = 3 case it is forbiddingly complicated to use directly
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the polynomial equations provided by the covering map for a generic special or-
thogonal matrix X, for this purpose. In this work, this obstacle is circumvented by
solving the inversion problem when X is a Givens rotation and then using the fact
that an element of SO(n, R) can constructively be decomposed into a product of
Givens rotations. The polynomial systems corresponding to the inversion of cov-
ering map when the target matrix X is a Givens rotations are still quite intricate.
Moreover, the system of equations changes with the location of the sole nontriv-
ial 2 x 2 principal submatrix in a Givens rotation. Nevertheless, in this work we
demonstrate that these equations can be solved in closed form. We emphasize that
the solution of the inversion in closed form is a desideratum in the applications
alluded to above. Furthermore, as shall be presently seen, the dependence of the
elements in the spin group mapping to a Givens rotation X, on the entries in X, is
very transparent than would be the case for an arbitrary special orthogonal X. In-
deed, the double angle relation between the spin group and the orthogonal group in
dimension three is equally visible for n = 5,6 when the target is a Givens rotation
matrix.

The balance of this paper is organized as follows. In Section 2 we invert the
Sp(4) — SO(5,R) map. In section 3, the SU(4) — SO(6,R) map is inverted.
Both sections first detail the polynomial systems that describe the forward map.
Then the solution when the target is a Givens rotation, is explicitly described. In
each section we describe the solution to only one Givens factor. In Section 4 illus-
trative examples of these inversion procedures are provided. The analysis of the
remaining factors (nine for SO(5, R) and fourteen for SO(6, R)) is deferred to two
Appendices.

This paper uses Clifford algebras and a modicum of the technique of Grobner
bases. For the former all details may be found in [13, 15]. However, all that is
needed to understand the results here are that the covering maps are determined by
sending an element G of the spin group to ®,,(G), where ®,,(G) is the matrix of
the linear map

X -+ GXG*

with respect to a concrete basis of matrices (called one-vectors) {X1,..., X},
n = b orn = 6. Here G* stands for the Hermitian conjugate of G. These bases
will be spelled out later in this work. Details of how precisely these bases are
produced may be found in [6]. For Grobner bases the reader is referred to [3], for
instance.
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2. Inversion of the Double Covering Map from SO(5,R) to Sp(4)

Let us commence with a set of one-vectors for C1(0, 5):

0 00 0 00 -1
. 0i 00 : 0 01 0
F=-ld:®io, = 00 —iol” F2:—0':v®(10y): 0=10 0
00 0i L 000
0100 000 —i
_ 1000 : 0014 0
Bs=lde@loy) =g | Fizlow®o=1 14 g
00i0 00 0
0-1 00
. 1 0 00
Fs=o.@(Hoy) =10 o o
0 0-10

Here 0, 0y, 0, are the Pauli matrices and ® stands for the Kronecker product.

Remark 1. This basis of one-vectors is conjugate to a set of one-vectors used in
our earlier work, [6] via the matrix Mg, where q = %(1 — k) and M gq, for a
quaternion q, is the real 4 X 4 matrix of the linear map which sends a quaternion
x to xq. The basis used in [6] is what naturally results when using usual iterative
constructions in the theory of Clifford algebras, [13, 15]. However, this necessi-
tated working with a nonstandard version of the group Sp(4). The basis described
above results in the standard version of Sp(4). The main advantage of the basis
being used here is the greater familiarity of the standard representation of Sp(4).

With respect to this set, Clifford conjugation is given by X = X* and the grade
> I
involution is given by X9" = GTXG, where G = Jy , where J; = (I)(Zi 82}
—ldg U
This follows from the results in [6] and also can be checked by direct calcula-
tion. The spin group then contains all X such that XX = X *X = 1d 4, and
X9 = JI'XJ; = X. Together these conditions are equivalent to the condition
that X € Sp(4) Thus the advantage of using this set of one-vectors is that the spin

group is now the standard unitary symplectic group, Sp(4).
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Let X = [é g}, for some A, B,C,D € M (2,C), satisfy J/ XJ; = X. In

matrix form, this is
0, —Ido| [A B][ 02 Id2] [A B w yx—|A B
Idy 0, | |C D||-Idy 0y | |C D]’ ~|-B A’
Then the condition X*X = Id 4 is equivalent to

A* =BT [ A B] _, A"A+BTB A'B—BTA] _
B* AT | |=B A| = %% 50 B*A_ATB B*B4+ ATA| 9%

This in turn is equivalent to two distinct equations
A*A+ BTB =1d,, A*B — BTA = 0,.

ap az

If we set A = [ } and B = [bl bz] for some a; = x; +iy;, bj = z; + iwy,

asz a4 bg b4
bj,a; € C, j =1,2,3,4, then a calculation shows that these last two conditions
are equivalent to the following polynomial system in the x, yx, 2k, Wk

R R R U Bl
iyt tyl A rwid g twi=1
122 + Y1Y2 + T3T4 + Y3ya + 2122 + wiwe + 2324 + w3wy =0
T1Y2 — T2Y1 + T3Y4 — T4Y3 — 21W2 + 22w — 23w4 + z4w3 = 0
T122 + Y1W2 + 1324 + Y3wy — X221 — Yowi — X423 — Yyawz = 0
T1We — Y122 + T3wyg — Y324 — T2w1 + Y221 — Taws + yaz3 = 0.

()

Thus any element G € Spin(0, 5) is determined by 16 real numbers satisfying the
system of equations (1).

Now we proceed to find the matrix of the linear map F' — GFG* acting on F' €
V' by running through F' = F) for j = 1,2,3,4,5 and writing the result as a
linear combination of the F;. In other words, we have a description of the double
covering map ®5 : Sp(4) — SO(5,R).

Theorem 2. Let G € Spin(0,5) = Sp(4) have the form G = [—AB i} where

as Gy bs by
j = 1,2,3,4. The double covering map ®5 : Sp(4) — SO(5,R) is given by

A= [al ag] and B = [bl bQ] for some a; = x; +iy;,b; = z; +iw; € C
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®(G) = (as ), where

as,2
Q4.2
as5.2
ais
a3
as,3
as3
as.3
a4
a4
as4
Qg4
as.4
ais
azs
as.s
aq.s

as.5

2 2, .2 9., 92 9 2
= X1 - T3+ Y] Y2 T2 — 2wy —wy

2

T1W3 — TaW4 — TIW1 + T4W2 — Y321 + Y422 + Y123 — Y224
—X1T3 + T2T4 — Y1Y3 + Y2Y4 — 2123 + 2224 — W1W3 + WaW4
—X1%23 + T224 + T321 — T422 + Y1W3 — Y2W4 — Y3W1 + Y4W2
T1Y3 — T2Y4 — T3Y1 + T4Y2 + 21W3 — ZoWq — Z3W1 + 24W2
2(—zywy + w2wy + Y122 — Y221)

T1T4 — T2T3 — Y1Y4 + Y2U3 — 2124 + 2223 + Wiwg — Waws3
T1Wyq — TaW3 + T3W2 — T4W1 — Y124 + Y223 — Y322 + Y421
T1Y4 — T2Y3 — T3Y2 + T4Y1 — 21W4 + 22W3 + Z3W2 — 24W1
T124 — X223 — X322 + T421 + Y1W4 — Y2W3 — Y3W2 + Y4wi
2(x3w4 + y3ya + 2324 + w3wy)

—ZT1Wq — To2W3 + T3W2 + T4W1 — Y124 — Y223 + Y322 + Y421
T1T4 + T2T3 + Y1Y4 + Y2Y3 + 2124 + 2223 + wWiwq + Waw3
T124 + T223 — T3Z2 — T421 — Y1W4 — YoW3 + Y3Wa + Yaw1
—T1Y4 — T2Y3 + T3Y2 + Taly1 — Z1W4 — 22W3 + 23W2 + 24W1
2(—w324 + T423 — Y3w4 + Ysw3)

—Z1Y4 + T2Ys + T3Y2 — TaY1 — Z1W4 + 22W3 + 23W2 — 24W1
—X124 + T223 — T322 + T421 — Y1W4 + YoW3 — Y3W2 + YW1
T1T4 — T2T3 — Y1Y4 + Y2U3 + 2124 — 2223 — Wiw4 + Waw3
T1W4 — T2W3 — T3W2 + T4W1 — Y124 + Y223 + Y322 — Y421
2(z3y4 — T4y3 — 23W4 + Z4W3)

—T124 + X223 + T322 — X421 + Y1W4 — Yows — Y3w2 + Yawi
T1Y4 — T2Y3 + T3Y2 — T4Y1 — 21W4 + 22W3 — Z3W2 + 24W1
—T1W4 + T2W3 + T3W2 — T4W1 — Y124 + Y223 + Y322 — Ya21

T1X4 — T2T3 + Y1Y4 — Y2Y3 — 2124 + 2223 — W1W4 + Wow3.

Proof: A typical element of V' is

. —a1i  azi—as 0 —ag — ayi
Z anFh — as + asi aii as + a4l 0
P kEk 0 agi—as  —aqi as + asi

as — a4i 0 agi — as (Lli
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We need to compute GF;G* for each j = 1,2, 3,4, 5 and represent the result as an
element of V. For j = 1, we have

—a11l  agii—as; 0 —a2,1 — Q4,11
[A_ f_f] r {A* —BT] _lasitazai arpi agn +agqd 0
-B A ! B* AT | — 0 a4’1i — a2 —aLli as1 + a371i
a1 — a4,11 0 agz1i— as1 ay,1i
where

2 2, 2 9. .9 9 2 2
a1 = ] — 2y +Y; —Ys + 2] — 2t wp —w;

Q21 = T1W3 — TaW4 — T3W1 + T4W2 — Y321 + Y422 + Y123 — Y224
31 = —T1T3 + T2T4 — Y1Y3 + Y2Y4 — 2123 + 2224 — W1W3 + Wawy
41 = —X123 + T2z4 + T321 — T422 + Y1W3 — YWy — Y3w1 + Yawo

as1 = T1Y3 — T2Y4 — T3Y1 + T4Y2 + 21W3 — 22W4 — 23W1 + 24W3.

Analogously, we can find the remaining a; ;, 7 = 2, 3,4, 5, by direct computation
of GF;G*. |

Remark 3. The result of computing GF;G* is, in fact

—al,ji a37ji — asj 0 —az; — a47]‘i
[ A Jg] I [A* —BT} _lasjtasgi argi agj+aggi 0
—-B A J B* AT - 0 a47ji — a2,j —aLji as j + a37ji
U/Q’j - a47ji 0 ag,ji - a5,j dl’ji
where

2 2, 2 92, .92 2 2 2
a1 = 2] — 2+ Y —Ys + 2 — 2 twp —w;

a11 = —@3+ i — 3+l — 23+ 2F — w4+ wj
a1 = 2(—zwe + x2wi — Y221 + Y122)

T3W4 — T4W3 + Y423 — Y324)

—T1Ty — Y1Y2 — 2122 — WIW?)

374 + Y3y4 + 2324 + wawy)

(
ar1p = 2(
(
(
(T122 — 2221 + Y1W2 — Yow1)
(
(
(

ayz =

a13 =

)

ai4 X324 + T423 — Y3W4 + Yaws3)

2
2
2
ar4 = 2
2
ai s 2(—x1y2 + 22y1 + 21w — zowy)
a15 = 2(x3ys — x4y3 — 23w4 + 24W3).
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The desired condition, viz., GF;G* € V, requires a1 ; = a1 for j = 1,2,3,4,5.
This follows from the assumption that G € Sp(4), implying (1) is satisfied. Con-
sider the first two equations in (1)

Byl +ad+yd g+ w3 +wi=1
i+ tyl A w2 twl=1

then

2 . 2,.2 2, .2 2 2 2 2,.2 2, 9 2, 2 2 2
Ty =X+ Y] — Y3t 21—zt Wi —wy; = T3+ Ty — Y3ty —23+2; w3+ wy
so a1 = a1,1. Similarly, the sixth equation implies a12 = a1 2, the third implies
a1,3 = a3, the fifth implies a1 4 = a1.4, and the fourth implies a1 5 = a1 5. As a
cautionary note, it is worth observing that while G € Sp(4) is sufficient to ensure
GF;G* €V forall j =1,2,3,4,5, it is not a necessary condition.

Now we would like to compute the preimage of this covering map, which will
consist of two matrices in Sp(4), of any matrix in SO(5,R). It follows from the
theory of spin groups that the two matrices must be negatives of one another. Direct
inversion of the covering map seems to be a daunting task. To ameliorate this
we exploit the fact that SO(5,R) is generated by Givens rotations about the 10
coordinate planes in R®.Thus a Givens rotation R;; is the identity matrix except in
the principal 2 X 2 submatrix located in rows and columns indexed by {i, j}. This

principal submatrix is <_gz ig) Thus, for instance, R 5 is given by
1 0 000
0 c8 00 sf
Rys=10 0 100
0 0 010
0 —s6 00 cf

For brevity we label the 10 desired Givens rotations as follows

Definition 4. R1 = R1’2, R2 = R273, R3 = R374, R4 = R475, R5 = R173,
Re = Ry 4, R7 = R35,Rs = R14, Ry = Ro5, R190 = Ry 5.

Remark 5. Given an element X € SO(5,R), one can constructively and routinely
factorize it into a product of Givens rotations. We omit the details, which may be
found in [5], for instance. In fact, each G € SO(5,R) can be expressed using only
a smaller subset of these Givens rotations {R1, . .., Rio}. For instance, it suffices
to use R1, Ro, R3, Ry (with a factor of each type used possibly more than once).
However, it may be better to use the remaining rotations depending on the structure
of the given X.
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Table 1. Matrices G;,7 = 1,2, 3, ..., 10.

c 0 0 —is c-50 0 20 -5 0
0 ¢ —is 0 5 ¢0 0 0¢ 0 -5
=g 55 0 |'%=|0o ocs"9=|50 ¢ o
5 0 0 ¢ 0 05 ¢ 05 0 ¢
2 015 0 2 0 0 0 ¢ -5 00
0 ¢ 0 —is 0 20 0 0 -5 e 00
2=l 0 20| =10 0 2z 0 " Gu=(o o 2
0 -5 0 ¢ 00 0 0 0 is ¢
2035 0 2 0 0 0
0c0 -3 0 210 00
G=| 50z ol Gr = 00z 0]
050 ¢ 00 0 2
c 0 —is 0 ¢ 003
0 ¢ 0 -—is 0 ¢50
Ga=| 50 ¢ o | ©8 0-scol’
0 —is 0 ¢ 5 00¢
0 6 L L
0—62, 8—82, z1 = c+ s1, 29 = C — Sl

Suppose an arbitrary rotation R € SO(5,R) is generated by H£:1 RF, with each
RF one of R; = R;(6;),i € {1,...,10} for some angles #; € [0,27), i =
1,2,...,10. Let G be such that ®5(+G) = R and G; be such that &(+G;) = R, for
eachi = 1,2,...,10. Let G* € Sp(4) be such that &5(G*) = R*. Since each R*
is some +R;,i = 1,...,10, it follows that each G* is some +G;,7 = 1,...,10.
Then, using the fact that ®5 is a group homomorphism, it is easily seen that £G is
a product of some +G;, and if G corresponds to one choice of signs amongst the
G, then —G corresponds to the other choice of signs amongst the G .

This permits us to characterize the preimage of any R € SO(5,R) as a product of
the preimages of the 10 generators given above. This, as we shall see presently, is
a far more amenable task.

Theorem 6. Let R € SO(5,R). The preimage of R = Hézl RF under ®s is
{£G}, where G = [[_, G*, with G* € {G1, ..., G0} for G; given in Table 1
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Proof: G € Sp(4) must satisfy ®(G1) = Ry

a1l a2 13 ai4 415 cd s 0 00
as1 G2 Q23 Q24 Q25 —s6 ¢80 000
a3l a32 033 a34 a3s | = 00100
a4,1 Q4,2 A43 Q4.4 Q45 0001O0
as1 G52 Q53 G54 455 00001

Let ¢ = ¢ and s = sf. Then we can construct a system of equations by setting
the expressions for a; ; given in Theorem 2 equal to the corresponding element
of Ry, along with the six equations in (1) governing elements of Sp(4) and the
new equation s> + ¢> = 1. In total, this gives 32 quadratic equations in 18 real
variables. Order the variables first by taking the real and imaginary components
of each element of A, moving left to right and top to bottom (z1 > y; > zo >
Y2 > T3 > y3 > Ta > Yya), followed by the real and imaginary components of the
elements of B in the same order, followed finally by s and c. Then usage of the
degree reverse lexicographical order produces a Grobner basis and the attendant
system of equations becomes: xo = x3 =Y = Y2 = Y3 = Y4 = 2] = 22 = 23 =
z4:w1:w4:0,and

(a) c—|—2w§ —1=0, (b s+ 2wsxgs =0, (c) ws+ cws+ sy =0,
(d) +s2-1=0, (e) swg+ag4—cxy=0, (f) c—213+1=0.
1 —x4 =0, wy — w3 = 0.

From equation (f), z4 = + ’cg‘. Similarly, equation (a) implies w3 = + ’sg‘.
However, equation (b) indicates that the signs chosen for x4 and w3 are not inde-
pendent of each other. Let

B 9_{+}cg\ 0 € [0,7)
Ty =cC= = 3
2 —|c5| 6 €[ 2m).

If & € [0,7), then sg > 0, c% > 0 and s > 0. Equation (b) thus becomes
s = —2w;s cos%- Hence, w3 = —sg- If 0 € [m,27), then s < 0 and cg <0,
but still sg > 0. Then s = —2wgcg, and therefore w3y = —sg- So, for any
0 € [0,27m), if z4 = c then w3 = sg- If x4 = —c%, then for § € [0,7), we
have s = —2w3(—cg), hence w3 = sg. While if 6 € [, 27), from equation
s = —2w3(—cg), we have wy = sg- So, if z4 = —cg, then w3 = s% In
future computations, we will omit these steps and simply write x4 = icg and
wy = is% Since 1 = x4 and wy = w3, we have the two explicit solutions:

o)

T :x4:cg andwzzwgz—s%;orxl =124 = —cg and wy = w3 = s5-
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Equations (c¢) and (e) are consistent with these solutions: $sg F cesg + S@C% =0
is equivalent to 5% = —c@sg + secg, and j:s&sg F cg + cﬂcg = 0 is equivalent
to c% = cécg + 393%, which are true for any 6 € [0, 27). Of course, equation (d)
is true by our definition of ¢ and s . Finally we substitute our solutions into

A B
1= < B A)
to arrive at

cg 09 0 , —1sg

0 cs —iss O

(1)71 =+ 2 2
(F1) 0 —is? <& o0
—-is& 0 0 &

We may choose either matrix in this set to act as G; . For i = 2,3,...,10, the
computations are analogous. We defer these to Appendix 1. |

3. Inversion of the Double Covering Map from SO(6,R) to SU(4)
Following [6] we construct C1(0, 6) from the following set of one-vectors

Fi=-Idy® (ioy) @ 0y, Fo=—loy®0, ® 04, F3 =—0, ® (ioy) ® 0,
Fy=ioy ® 0, @ 0y, Fs=ioy,®lde®0,, Fs=—0,® (io,) ® 0.

As in [6], this yields Spin(0, 6) as ¢ (SU(4)), where 0¢(X) is the embedding of
amatrix X € M (n,C) into a real 2n x 2n matrix defined by first setting O (z) =
< _z z > for a complex scalar z = x + iy. We then define O¢c (M) = (Oc(mij)),
i.e., Oc(M) is an x n block matrix, with the (7, j)th block equal to the 2 x 2 real
matrix Oc(m;;).

Oc is an algebra isomorphism onto its image.

21 22 23 24
Z5 26 k7 X8
29 Z10 211 212

Z13 214 215 216
where z; = z; + iy; for some z;,y; € R, 7 = 1,2,...,16. Then the conditions

Z*Z = 1d 4 (equivalently, GTG = Idg) and det(Z) = 1 are equivalent to the

Suppose G € 6(SU(4)) has the form G = O¢ (Z) for Z =
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following equations

o} + @3 + 73 + 75+ ui + yis + 95 + v
afo + 234 + 25 + 2§ + yio + v + U5 + U3
aiy +als +af +ad oyl oyl H Yl
@ty + 236 + 23 + T3 + Yio + Uis + Vi + U3

T13%14 + T1T2 + T5Te + T10T9 + Y13Y14 + Y1Y2 + Ys5Y6 + Y10Y9
—Z2Y1 + ToY10 — T14Y13 + T13Y14 + T1Y2 — TeYs5 + T5Ye — T10Y9
13215 + 123 + TsT7 + 1129 + Y13Y15 + Y1Y3 + YsY7 + Y11Y9
—Z3Y1 + ToY11 — T15Y13 + T13Y15 + T1Y3 — T7Ys + T5Y7 — T11Y9
13%16 + T1T4 + T5T8 + T12T9 + Y13Y16 + Y1Y4 + Ys5Ys + Y12Y9
—Z4Y1 + ToY12 — T16Y13 + T13Y16 T T1Y4 — T8Y5 + T5Ys — T12Y9

S O =

T10211 + X14T15 + 23 + TeX7 + Y10Y11 + Y14Y15 + Y2U3 + Ysyr =

—T11Y10 T T10Y11 — T15Y14 + T14Y15 — T3Y2 + T2Y3 — T7yYe + TeY7r =

10712 + 14%16 + T2X4 + Texs + Y10Y12 + Y14Y16 + Y2Y4 + YelUs
—T12Y10 T T10Y12 — T16Y14 + T14Y16 — T4Y2 + T2Y4 — TYe + TeYs
11212 + 15Z16 + T3%4 + T7x8 + Y11Y12 + Y15Y16 + Y3Y4 + Yrys

—T12Y11 + T11Y12 — T16Y15 + T15Y16 — T4Y3 + T3Y4 — Tgy7r + Trys =

R(detZ)
S(detZ)

~
\}
~

©o B O O O O O o o o o o

Due to their length, we refrain from explicitly writing the last two equations as

polynomials in z;, y; here and instead defer them to Appendix 2.

Remark 7. However, it is emphasized here that these last two equations are very
much needed, since det(0c(Z2)) is always 1, even for a Z which is merely unitary

but not special unitary. Thus det(G) = 1 is inequivalent to det(Z) = 1.

Now let us write explicitly the equations describing the double covering map P :

0c(SU(4)) — SO(6,R) .

Theorem 8. The double covering map ®g : Oc(SU(4)) — SO(6,R) is given by

O6(G) = (a;,5), where

a1,1 = —X2T5 + T1T6 — TaX7 + T3T8 + YaYs — Y1Y6 + YaY7 — Y3Ys

2,1 = T1T10 + L1223 — T11T4 — T2T9 — Y1Y10 — Y12Y3 + Y11Y4 + Y2Y9

a31 = T14Y1 — T2Y13 + T1Y14 — T4Y15 + T3Y16 — T13Y2 + T16Y3 — T15Y4



Inversion of Double-Covering Map Spin(n) — SO(n, R)... 27

aq,1
as1

a,1

az2
as,2
aq,2
as5.2
a6,2
a3
a3
as;s
a43
as,3
ae,3
a4
as4
a3,4
Qaq.4
as5.4
ae,4
ais
azs
as.s
a4.5
as.s
ag,5
aie
a6
ase
a4.6
as.6

ae,6

—T1T14 + T13T2 — T16T3 + T15T4 + Y1Y14 — Y13Y2 + Y16Y3 — Y1594
—Z10Y1 — T1Y10 + T4Y11 — T3Y12 + TeY2 — T12Y3 + T11Y4 + T2Y9
TeY1 — T5Y2 + TY3 — T7Ya — T2Ys + T1Ye — Tay7 + T3Ys

—T3T5 + TaZe + T1T7 — T2X8 + Y3Y5 — YalY6 — Y1Y7 + Y28

T1T11 — L1202 + T10T4 — T3T9 — Y1Y11 + Y12¥Y2 — Y10Y4 + Y3Y9
T15Y1 — T3Y13 + T4Y14 + T1Y15 — T2Y16 — T16Y2 — T13Y3 + T14Y4
—T1715 + T1622 + L1373 — T14%4 + Y1Y15 — Y16Y2 — Y13Y3 + Y14Y4
—Z11Y1 — Z4Y10 — T1Y11 + T2Y12 + T12Y2 + T9Y3 — T10Y4 + T3Y9
T7Y1 — T8Y2 — T5Y3 + TeYa — T3Ys + Taye + T1Y7 — T2Ys

—T8Y1 + T7Y2 — TeY3 + TsYs + TaYs — T3Ye + T2Y7 — T1Y8
—Z12Y1 — Z3Y10 + T2Y11 — T1Y12 + T11Y2 — T10Y3 + T9Y4 + Tayg
T1%16 — T15T2 + T14T3 — T13T4 — Y1Y16 + Y15Y2 — Y14Y3 + Y13Y4
T16Y1 — T4Y13 + T3Y14 — T2Y15 + T1Y16 — T15Y2 + T14Y3 — T13Y4
—Z1T12 + T11T2 — T10T3 + Ta%9 + Y1Y12 — Y11Y2 + Y10Y3 — Y4Y9
—T4T5 + T3Te — T2X7 + 128 + YayYs5 — Y3Ye6 + Y2Y7 — Y1Ys

T4Ts + X3T6 — T2T7 — T1T8 — Y4Ys — Y3Ye + Y2U7 + Y1y

—Z1%12 — 1122 + T10T3 + T4T9 + Y1Y12 + Y11Y2 — Y10Y3 — Y4Y9
—T16Y1 T T4Y13 + T3Y14 — T2Y15 — T1Y16 — T15Y2 + T14Y3 + T13Y4
T1Z16 + T15T2 — T14T3 — T13T4 — Y1Y16 — Y15Y2 + Y14Y3 + Y13Y4
T12Y1 — Z3Y10 + T2Y11 + T1Y12 + T11Y2 — T10Y3 — T9Y4 — T4Y9
—Z8Y1 — T7Y2 + TeY3 + TsYa + TaYs + T3Ye — T2Y7 — T1Ys

Try1 + T8Y2 — T5Y3 — TeYa — T3Ys — Ta¥ye + T1Y7 + T2Ys

T11Y1 — T4Y10 + T1Y11 + T2Y12 + T12Y2 — T9Y3 — T10Y4 — T3Y9
—T1T15 — T16T2 + T13T3 + T14T4 + Y1Y15 + Y16Y2 — Y13Y3 — Y14Y4
—Z15Y1 + T3Y13 + T4Y14 — T1Y15 — T2Y16 — T16Y2 + T13Y3 + T14Y4
T1T11 + T12T2 — T10T4 — T3T9 — Y1Y11 — Y12Y2 + Y10Y4 + Y3Y9
T3T5 + T4Te — T1T7 — T2T8 — Y3Ys — YaYe + Y1Y7 + Y2us

—ZTeY1 + TsY2 + TY3 — T7Ys + T2Ys — T1Ye — T4Y7 + T3Y8
—Z10Y1 — T1Y10 — TaY11 + T3Y12 + T9Y2 + T12Y3 — T11Y4 + T2Y9
T1Z14 — £13T2 — T16T3 + T15T4 — Y1Y14 + Y13Y2 + Y16Y3 — Y15Y4
T14Y1 — T2Y13 + T1Y14 + T4Y15 — T3Y16 — T13Y2 — T16Y3 + T15Y4
—T1T10 + T12T3 — T11T4 + T2T9 + Y1Y10 — Y12Y3 + Y11Y4 — Y2Y9
—X2T5 + T1T6 + T4T7 — TIT8 + Y25 — Y1Y6 — Y4Y7 + Y3Ys.
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Proof: A typical element of V' = Spang {Fj; j =1,2,...,6} is

6
D> ki =
k=1

[ 0 0 —ag—a1 a5 —as—asz aq |
0 0 —a] g —a2—as a4 ag
ag a1 0 0 a3 a4 as ao
ar —ag 0 0 a4 —asz as —as

—as5 Ay —a3—aq 0 0 ag —aq
a2 az —a4 ag 0 0 —a1—ae
as —a4—a5—a2—ag a1 0 0

| —a4—az—az2 a5 a1 ag 0 0 |

Let G € 0c(SU(4)). We need to compute GF;G” for each j = 1,2, ..., 6 and rep-
resent the result as an element of V. Upon multiplying out G F;G”, for example,

we have

ai1

az,1

a3l =

aq,] =

as,1 =

ag6,1

= —(GFGT)y =

= —(GFGT) 6 =

—(GFRGT) 7 =
(GFGT) 5 =

(GRGT)15 =

= —(GFGT) 3 =

—T2x5 + T1%6 — T4X7 + T3T8 + Y2Us — Y1Ye6
+Yayr — Y3Ys

T1T10 + T1223 — 1124 — T2T9 — Y1Y10 — Y12Y3
+Y11Y4 + Y2y

T14Y1 — T2Y13 + T1Y14 — T4Y15 + T3Y16 — T13Y2
+T16Y3 — T15Y4

—Z1%14 + T13T2 — T16T3 + T15T4 + Y1Y14 — Y13Y2
+Y16Y3 — Y1594

—Z10Y1 — T1Y10 + TaY11 — T3Y12 + ToY2 — T12Y3
+T11Y4 + T2Y9

TeY1 — TY2 + TY3 — T7Y4 — T2Y5 + T1Y6
—Z4Y7 + TIY8.

Analogously, directly computing G'F; GT for j = 2,3, ..., 6 provides the rest of the
terms listed above.

As in the previous section we employ Givens rotations to constructively factor
any element of SO(6,R) as the product of the following 15 matrices, representing
rotations on each of the 15 coordinate planes in R®. As before one need employ
only a strictly smaller subset of them, but it may be expedient to avail of all of
them. The 15 Givens rotations are labelled for convenience as follows



Inversion of Double-Covering Map Spin(n) — SO(n, R)... 29

Table 2. Matrices G;, fori =1,2,3, ..., 15.

2 0053 c 0 —is 0 210 00
| 0o €350 o & o -is 10z 00
Gi=| o sz0| =50 ¢ o | Ou= 0 0 2 0
-5 00¢ 0 —is 0 ¢ 0 0 0 2
cis 0 0 ¢—50 0 €0 -5 0
¢ 0 0 5 20 0 0¢ 0 -3
“2=100 2 -] T |o oz-z| “2|50 2 o
00 —is ¢ 0 05 ¢ 05 0 ¢
2 0 0 0 -5 00 2 00 —is
10z 00 s ¢ 00 o ¢is o0
Gs = 002 0] Gs=10 0 2es| “8=| 0 3¢ o
00 0 2 0 0-5¢ 500 ¢
c —is 0 0 c 0 —is 0 c 0 0 —is
5 ¢ 0 0 0 ¢ 0 is 0 ¢ —is 0
Gi=| o 0 ¢ —ig|9=| 50 ¢ of &m 0 —is ¢ 0
0 0 —is ¢ 0 is 0 ¢ 50 0 ¢
c 00 -5 205 0 2 0 0 0
o &5 o | ozo -3 0 2z 0 0
G:=|o 52 ol Go=| 50z ol ©»= 0 0 2z 0
5 00 ¢ 050 ¢ 00 0 2
6 8 P P
C—CQ, 8—52, Z1 =2¢C IS, zZ9 = C 1S.

Definition 9. R1 = RLQ, R2 = R273, R3 = R374, R4 = R4’5, R5 = R5 65
Rs = Ri13, R7 = Roy, Rs = R35, Ry = Ry¢, Rio = Ri4, R
Ri2 = R3, R13 = R15, R14 = Ros, R15 = Ry.

[
&

Before R; ; represents a rotation in the plane {7, j} through an angle 6.

Theorem 10. Ler R € SO(6,R). Ler R = [[r_, R* be a factorization of R into
a product of Givens rotations. Then preimage of R under ®g is {£G}, where
G = Hé:l G*, with GF € {G1,...,G15} for G; given in Table 2
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Proof: G must satisfy ®6(G1) = Ry, where ®(G1) = (a4 ;) is as defined in
Theorem 8. Let ¢ = ¢f and s = sf. This provides 36 equations that the 32
variables x;, y;, i = 1,2,...,16, must satisfy. Since G; € SU(4), we also must
consider the 16 equations in the system (2). Along with the condition s% + ¢? = 1,
we have 53 equations and 34 variables. Again we produce a Grobner basis for this
system. Order the variables x1 > y1 > T2 > 49 > ... > X1 > Y16 > S > C
that is, taking in order the real and imaginary parts of each element of z from
left to right, top to bottom, followed finally by s and c. Imposing degree reverse
lexicographical order gives the following, where all variables not named below are
identically zero

(@) 14c—22% =0, z19=213=—27 = —24, 1+ +s2=0
(b) —1+c+223; = 0, sx13+ 216 —cri6 =0, 13+ cri3+ sT16="0
(c) s+ 2x13216 = 0, T11 = X1 = T = T1.
Equations (a) and (b), when considered individually, imply 216 = %|c%| and

T13 = j:\sg|. However, as in the proof of Theorem 6, if x4 = :l:cg then s6 =
—2w3(icg) implies w3 = :Fsg- Explicitly, we have two solutions: z; = xg =
11 — T16 — Cg and —T4 = —X7 = X190 = T13 — —Sg; or r1 = g = 11 —
T = —cg and —x4 = —x7 = T190 = T13 = sg. The remaining equations are
equivalent to trigonometric identities consistent with these solutions. Therefore

cg 0 O sg
1 o 0 Cg Sg 0
O (R) = 4 F 0 —Sg cg 0
—s% 0 O c%

We may choose either matrix in this set to serve as G;. For Go, G3, ..., G135, the
computations are analogous. We defer these to Appendix 7. |

4. Illustrative Examples

In this section, the inversion procedures are illustrated through matrices in SO (5)
and SO (6), arising from the real representations of the group SO (3). Of course,
this is of maximal interest when the representations are irreducible. Though com-
plex unitary representations exist of SO (3) exist in every dimension, real irre-
ducible representations exist only in odd dimensions, (see [7, Remark 12.4, page
987]). Therefore we first consider five dimensional representations of SO (3).
Then, for the sake of completeness, we consider SO (6) matrices arising from the
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the realification of a three dimensional unitary irreducible representation of SO (3).
This latter representation will thus be a real six dimensional representation, which
however is necessarily reducible.

Let us begin with a folklore SO (5)-irreducible real representation of the group
SO (3). We define an action of SO (3) on R® as follows. We first identify R
with the space V' of 3 x 3 real symmetric, traceless matrices. Then the matrices,
V1, Va, ..., V5, given below, form an orthonormal basis with respect to the trace
inner product on V'

010 001 000
i=LX|100], Vo=-L11000], Vs=-L11001
2 2 2

fooo \[100 fOlO
1 00 10 0
Vi=2%(0-10 Vs=— (01 0
V2 ’ NG
0 00 00-2

Note that the trace inner product is essentially the Euclidean inner product on R?,
as a simple calculation shows. Define an action of SO (3) on R as follows. For
H € S0 (3) and V areal 3 x 3 traceless, symmetric matrix, define

H-V=HVH".

Clearly this linear action preserves the trace inner product and thus its matrix is
represented by 5 x 5 orthogonal matrices, which can be shown to be special or-
thogonal as well.

Let ® : SO(3) — SO (5) be the associated homomorphism. Then ¢ (H) =
M = (m;;) € SO(5), where m;; = Tr (GV;GTV;), 4,j = 1,2,...,5. This
representation is irreducible since, as is well-known (cf. [7, Remark 12.4, p 987])
irreducible SO (3) are all odd dimensional, and thus if it were to be reducible this
representation must have a one-dimensional invariant subspace. But there is no

5
V =3 a;V; such that H - V is proportional, for all H, to V. So it follows that the
i=1

representation above is irreducible.
ail aiz2 a3

For a 3 x 3 matrix H = | a21 ag2 a3 | we obtain the following entries m;; =
a3r a3z ass

Tr (GV}GTV})



