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Abstract. In this paper, we investigate some properties for generalized f-harmonic
and f-biharmonic maps between two Riemannian manifolds. In particular we present
some new properties for the generalized stress f-energy tensor and the divergence
of the generalized stress f-bienergy.

1. Introduction

Consider a smooth map ¢ : M — N between Riemannian manifolds M =
(M™ g)and N = (N™ h)and f : M x N — (0,+00) is a smooth positive
function, then the f-energy functional of ¢ is defined by

Bi(e) =3 | fpla)) opl vy

(or over any compact subset K C M).

A map is called f-harmonic if it is a critical point of the E (). In terms of Euler-
Lagrange equation, ¢ is harmonic if the f-tension field of ¢

71(0) = for(p) + dp(grad’fy,) — e(p)(grad™f) o p.

The f-bienergy functional of ¢ is defined as

Par(e) = [ 1) v,

A map is called f-biharmonic if it is a critical point of the f-bienergy functional.

The f-harmonic and f-biharmonic concept is a natural generalization of harmonic
maps (Eells and Sampson [8]), and biharmonic maps (Jiang [9]).

In mathematical physics, f-harmonic maps, are related to the equations of the
motion of a continuous system of spins (see [6]) and the gradient Ricci-soliton
structure (see [12]).
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In this paper, we investigate some properties for generalized f-harmonic and f-
biharmonic maps between two Riemannian manifolds. In particular we present
some new properties for the generalized stress f-energy tensor (Theorem 4) and
the divergence of the generalized stress f-bienergy (Theorem 8).

2. f-Harmonic Maps

Let o : (M,g) — (N, h) be a smooth map between Riemannian manifolds and

let f: M x N — (0, +00) be a smooth positive function.

In particular, if ¢ : M — N has no critical points, i.e., |d,¢| # 0, then harmonic

maps, p-harmonic maps and F-harmonic map are f-harmonic map with f = 1,
2

f=|de|P"2and f = F’(%) respectively.

Let fi : M — (0,00) be a smooth positive function. If f(z,y) = fi(z) for

all (z,y) € M x N, then 7¢(p) = 74,(p) = fir(p) + dp(grad™fy). And

@ : M — N is f-harmonic if and only if it is fi-harmonic (see [11]).

A map ¢ : (M,g) — (N, h) between Riemannian manifolds is f-harmonic if it

satisfies the system of differential equation

gz‘j(af i af)a‘Pé L 0pt 0P, 5 0f _

4 - = — = 4 ~hagh =
ozt Ox' Oy®/ OxJ 29" 9z dgi P oy 0
foralld =1,...,n.

The identity map Id : R™ — R"™ is f-harmonic if it satisfies the system of
differential equation

of 2—m8f_0

oxt + 2 oyt

foralli =1,...,m, where f € C*°(R™ x R™) is a smooth positive function.

Theorem 1. Let o : M — N is a smooth map of two Riemannian manifolds and
leti : N — P be the inclusion map of a submanifold. Then ¢ is f-harmonic if
and only if T¢(i o @) is normal to N, where f € C*°(M x P) is a smooth positive
function.

Proof: The f-tension field of the composition ¢ o ¢ : M — P is given by
T(i0 @) = fiopr(i o) + di(dp(grad fio,)) — e(i 0 p)(grad”f) oo
where fio, : M — (0, 00) defined by

fiop(®) = [f(2,i(p(x))) = f(z,0(2)) = fo(x)
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for all z € M. Thus
7y(i0 ) = for(iop) +di(dp(grad¥f,)) — e(io @) (grad”f) oo p.
The tension field of the composition ¢ o ¢ is given by
7(i 0 ) = di(7(p)) + traceVdi(dy, dy)
and
Ti(io @) = fodi(T(p)) + fotraceVdi(dy, dp)
+di(dep(grad™f,)) — e(i o p)(grad’’f) oi o .
Since the energy density of i o ¢ is e(¢p)
(gradff) oo p = di(grad™f) o p + (grad”f) L oio (D

where (grad” f)*(¢(2)) € (T, N)*, forall 2 € M, we obtain

Tr(io @) = fodi(T(p)) + fotraceVdi(dyp, dp) + di(dp(grad™f,))
—e(p)di(grad™f) o — e(i)(grad”f) T 0io
= di(17(p)) + fotraceVdi(dy, dp) — e(p)(grad’f)* oio .

Therefore
Tp(i 0 @) — di(7p(p)) = fotraceVdi(de, dp) — e(p)(grad"f) " oiop (2)
is normal to V. |

In particular, if f = 1,1let ¢ : M — N is a smooth map of two Riemannian
manifolds and let ¢ : NV < P be the inclusion map of a submanifold. Then ¢ is
harmonic if and only if 7(i o ¢) is normal to N (see [1]).

3. f-Biharmonic Maps

Let f : M x N — (0,+00) be a smooth positive function. An f-biharmonic
map ¢ : (M, g) — (N, h) is the critical point of the f-bienergy functional

1
Par(e) =3 [ ) v, G)

In terms of Euler-Lagrange equation, ¢ is f-biharmonic if and only if the f-
bitension field of ¢ is given by (see [5])

T ¢(@) = —f¢tracegRN(Tf(go), dep)de — trace, VP [,V (@)  (4)
+e() (VY (yeradf) o o — dp(grad™7; () (f))
—71(@) ()T () + (V74 (), dp) (grad " f) o o = 0
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where (, ) is the inner product on T*M ® ¢~ TN and R¥ is the curvature tensor
of N.

In particular, if f = 1, we have

2.5 (0) = ma(p) = —trace,RV(7(), dp)dep — tracey(V¥)*r () (5)

is the natural bi-tension field of ¢.

Let fi : M — (0, 00) be a smooth positive function. If f(z,y) = fi(x) for all
(z,y) € M x N, then

72.1() = To.1, () = —frtrace, RY(7y, (), dp)dip
—trace, VP fi1V97s (@)

(6)

where 77, (p) = f17(p) + dp(grad™f1) (see [11]). By applying the similar tech-
niques as [3] we can derive the following theorem.

Theorem 2. If p : (M, g) — (N, h) is a f-biharmonic map from a compact Rie-
mannian manifold M into a Riemannian manifold N with non-positive curvature

satisfying
fotrace,V¥VP7s (@) — traceV? f, V77 (9)
+e(@) (V1 (i erad™f) o o — dp(grad s (9) (f))
— 77()(N)7(0) + (VP71 (), dep) (grad™f) o 0 2 0 (7)
(grad"f) o > 0 ®)

then @ is f-harmonic.

Proof: Since ¢ : (M,g) — (N, h) is f-biharmonic it follows from (4) that

— fwtracegRN(Tf(go), dp)de — trace,V? f,VP71r(p)
+e(p) (VY eradf) o o — dp(grad () (f))
—1(0)())T(90) + (VP75 (), dp) (grad"f) o 0 = 0. (9)

Fix a point z € M and let {e;}", be an orthonormal frame with respect to g on
M, such that Vé\fej =0,atxforalli,j =1,....m.

A calculation at x
SFATs()P) = 5 Foeslerlhiry ), 7o(e))) = FoesW(VE 5 (0),75(5)
= foP(VENETH@), T1(0)) + fh(VETL(0), VETH ()



On the Generalized f-biharmonic Maps and Stress f-bienergy Tensor 69

and taking into account (9), we have

LAy (@)P) = Fo(VEVE T (), 75(0)) + Foh(VE s (0), VE7s(0)
— foh(trace, RN(7 (), dp)de, ()
—h(tracey V¥ fo, V711 (0), Tr())
+e(p)h((VE () grad™f) 0 0, 74 ()
~h(dp(grad™ s (9)(f)), 7 ()

—rp (@) ()T (0), ()
+(V?7s(9), do)h((grad™f) o o, 74 ().

By (7), f > 0 and RV < 0 one obtains

A(lre(¢)]*) = 0. (10)
By the Green’s theorem
[ Al =0 (1n
M
and (10), we have also
A(lrp()I?) =0 (12)
and finally
VeTi(p) =0, i1=1,...,m. (13)

Now using the identity

div(foh(de, 7¢(0)) = |7¢(@)* + e()h((grad™f) o o, 74(9))
+foh(dp(e:), VETs ()

and after integration, we conclude
| @ == [ c@mtead®nop i@, ad

By (8) and (14), we obtain

/ ()2 vy < 0
M

then, 74(p) = 0, i.e. ¢ is f-harmonic. [ |

In particular, if f = 1. A smooth map ¢ : (M, g) — (N, h) from a compact Rie-
mannian manifold M into a Riemannian manifold N with non-positive curvature
is biharmonic if and only if it is harmonic (see [9]).
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Let fi : M — (0,00) be a smooth positive function, f(x,y) = f1(x) for all
(x,y) € M x N. If p : (M,g) — (N, h) is a fi-biharmonic map from a com-
pact Riemannian manifold M into a Riemannian manifold N with non-positive
curvature satisfying

fitrace, VPV s () — trace, V? f1 V77 (¢) > 0
then ¢ is fi-harmonic (see [3]).
Theorem 3 ([3]) If 7¢(y) is a Jacobi field for a smooth map ¢ : M — N of

two Riemannian manifolds, and v : N — P is a totally geodesic map of two
Riemannian manifolds, satisfying

e(p) dip(grad™f) o p = (v 0 p)(grad’f) o o (15)
then T¢(1) o ) is a Jacobi field. Where f € C®(M x P) be a smooth positive

function and f € C°°(M x N) defined by f(z,y) = f(z,¥(y)) for all (z,y) €
M x N.

Proof: The f-tension field of the composition 1) o ¢ : M —» P is given by
i1 0 9) = fuopT(¥ 0 9) + dp(dip(gradfyey)) — e(th o @) (grad"f) o o
where fyo, : M — (0, 00) given by
Fuop(@) = fla, 0 (p(2))) = f(z,0(x)) = fol2)
forall z € M. So that
i 0 @) = foT(1 0 @) + d(dp(grad’f,)) — e(v) o p)(grad”f) o v o .
The tension field of the composition 1 o  is given by
T(Y o) = di(7(p)) + trace Vdy(de, dy)
(see [1]). So
Ti(Y o) = fodip(7(p)) + fotrace Vdi(dp, dp)
+dy(dg(grad'’fy)) — e(v o p)(gradf) oy o .

Let 7/(p) = f,7(¢) + dp(gradMf,) — e(p)(grad’f) o ¢ the f-tension field of
, then we have

Ti(1h o @) = dU(7s(p)) + fotrace Vdy(de, dp)
+e(p)dip(grad™Vf) o o — e(v o p)(grad’f) o 9 o .
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Since 1) is totally geodesic and by (15), we have 7;(¢ 0 ) = di)(74(p)). Fix a

point z € M and let {e;}; be an orthonormal frame on M, such that Vé‘f ej =0,
at x for all 7, 5. The calculating at =

traceRP(Tf(wao) d(vo))d( o)
= RU(dy(74(p)), dip(dep(es)))de(dp(es))
= dp(RN(ry(p), dip(es))dp(er)). (16)

trace(V¥°?)?r5(1) 0 ) = VEPVELdi (11 () (17)

we derive
Verdy(ri(9)) = VEPdD(r5(9)) = V(0 (75 ()
= Vd(dp(e), 74 (9)) + dw(V“éTf(w)) = dy(VETs(9))
since 4 is totally geodesic. By (17) and (18), we have
trace(VY°?)2m4(1) 0 ) = VEPAP(VE T (9)) = dp(VEVET (). (18)
By (16) and (18) we obtain
trace R” (17(1 0 ¢), d(¢h 0 @))d(¥) 0 ) + trace (VV9)*7(¢ 0 )

= dl/)(traceRN(Tf(go), dp)dy + trace (V¥)*74(p)).

Consequently, if 7 (¢) is a Jacobi field, then 74(1) o ) is a Jacobi field. [ |

In particular, if f=1,let ¢ : M — N is a biharmonic map between two Rie-
mannian manifolds and ¢y : N — P is totally geodesic between two Riemannian
manifolds, then ) o ¢ is a biharmonic map (Chiang and Sun [4]).

Let fi : M — (0,00) be a smooth positive function, f(x,z) = fi(z) for all
(z,2) € M x P. If 74, (¢) is a Jacobi field for a smooth map ¢ : M — N of
two Riemannian manifolds, and ¢ : N — P is a totally geodesic map of two
Riemannian manifolds, then 7¢, (1) o ¢) is a Jacobi field (Chiang [3]).

4. Stress f-Energy Tensors

Let ¢ : (M,g) — (N, h) be a smooth map between two Riemannian manifolds
and let f € C°°(M x N) be a smooth positive function. Consider a smooth one-
parameter variation of the metric g, i.e. a smooth family of metrics (g;) (—& <
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t < ¢) such that go = g. Write § = % ‘ . then g € T'(®2T*M) is a symmetric
two-covariant tensor field on M. Consider the f-energy functional

Bi(e) =3 [ fpl@) ol v,

Take local coordinates (x%) on M, and write the metric on M in the usual way as
gt = 9i;(t,z) dz’ dz’. We now compute

d
Bty / e, o(x)) 6(|del* vy + / f(@,p(2)) |del*d(vg,).
Since 1
0(vg.) = 5(9,09)v (19)
and ¢*h is the pull-back of the metric h, then
del?y _ 1, ,
6(55-) = —5(@"h.dg) 20)

where (, ) is the induced Riemannian metric on ®27*M . So one ends with

d
T B )L . 1/ (foe(®) g — fo " h,dg) vg

where f,, : M — (0, 00) is a smooth function defined by f,(x) = f(x, p(x)) for
allz € M and e(p) = %|dg0]2 is the energy density of ¢. Then the stress f-energy
tensor of the smooth map ¢ : (M, g) — (N, h) is defined by

Si(p) = foelp) g — fop™h. (21)

In particular, if f = 1. Then the stress f-energy tensor of the smooth map
¢ : (M, g) — (N, h) between two Riemannian manifolds is given by

Si(p) = S(p) = e(p) g — p"h.

Let fi : M — (0,00) be a smooth positive function if f(z,y) = fi(z) for
all (z,y) € M x N. Then the stress f-energy tensor of the smooth map ¢ :
(M, g) — (N, h) between two Riemannian manifolds given by (see [11])

Si(e) = Sp(p) = fre(p) g — fro™h.

Theorem 4. Let o : (M, g) — (N, h) be a smooth map between two Riemannian
manifolds. Then

div Sp(p) = —h(7s(p),dg) + e(@) (df, — h((grad™f) o ¢, dy)).
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Proof: Calculating in a normal frame at z we have

S(@)erres) = 5 Foh(dp(er), dpler)di; — foh(dp(en, deo(e;))

and further on
(v S(9))(es) = eS5(P)enre)) = seilfh(dp(er), dp(en)dy

b Fperlhldp(er), dolen)iy
—ei(Fp)h(dler), dg(e) — foer(h(dp(er), dile;)))
= e(p)dfole;) + oV dpler). diofer))
~h(dp(gradf,), dples)) — foh(r(e),dples))
—foh(dp(ei), VE dio(e;)).

Since the second fundamental is symmetry we obtain
(div S5(0))(e)) = e(w)dfo(ej)~(dip(gradf,), dp(e;))— foh(T (), dio(e;)).
Let 74(p) = f,7(p) + dp(grad™f,) — e(p)(grad™f) o ¢ be the f-tension field
of , then we have
(div S7(9))(e;) = e(@)dfo(e;) — h(rs(), di(ey)
— e(p)h((grad™f) o ¢, di(e;)).
|

In particular, if f = 1. Let ¢ : (M, g) — (N, h) be a smooth map between two
Riemannian manifolds. Then

div Sy () = div S(p) = —h(7(p), de).

Let fi : M — (0, 00) be a smooth positive function if f(z,y) = fi(x) for all
(x,y) € M x N. Let ¢ : (M,g9) — (N, h) be a smooth map between two
Riemannian manifolds. Then

div S¢(p) = div Sy, (0) = —h(75, (), de) + e(p)d f1.
5. Stress f-Bienergy Tensors

Let ¢ : (M,g) — (N, h) be a smooth map between two Riemannian manifolds
and let f € C*°(M x N) be a smooth positive function. Consider a smooth
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one-parameter variation (g;) of the metric g. Write § = % . Consider the

f-bienergy functional

Bor(e) =3 | Im0)Pu,

Take local coordinates (:1:’) on M, and write the metric on M in the usual way as
gt = gi;(t,z) dz’ da’. We have

GE@| =3 [ 8@+ [ 1r0)Potwa)

The calculation of the first term breaks down in three lemmas.
Lemma 5. The vector field § = (div(d g))ti — % grad™ (trace(dg)) satisfies

3(|r()1?) = —2f,(W(Vdp, T(9)), 09) — 2f,h(dp(€), 74 ()
—2(dfp © h(de, 7f()), 09) + T£(@) () (", 6g).
Proof: In local coordinates (z*) on M and (y®) on N it is true that
3|7 (0)?) = 8(71(9)* 71 (9) hap) = 28(7(2)*)77(2) .
Now we have also
8(1(9)") = (fo(0)* + 0% —11%) = fp 0(1(9)*) +6(6%) = 6(n%)  (22)

where
T(p)* = g" (cpifj +T% T —Mfﬁ“jso?)

0= g7 (fo)igf, 0" =elp)h™ [
By [10] we have
5(7(9)*) = =9 9" 5(gap) (Vdep)5s — ¥ 0t
then the first term in the right-hand side of (22) is
Fo0(T(0)*) = = fo9" 9" 6(gab) (Vde)$s — fo€ .
The second term on the right-hand side of (22) is

8(6%) = 8(9")(fo)i5-
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By (20) the third term on the right-hand side of (22) is

« 8% ]' * «
—6(17) = —b(e(9) A = 5 (" by GRS
Finally we have
S(TH(©)™) = — 00" "5 (gap) (V)55 — fo&F ot
J 1 * o
+0(97)(fe)igi’ + 5 (" h, 0g9)h*"
and

ST (D)7) = —2f09" 9" 6(ga) (VAR) 5571 () hap — 2£ 2650775 (£) hap
+20(97)(f)i05 71 (9) hag + (9" h. 89 [y (9) hag
= =2f,(h(Vdep,7¢(p)), 69) — 2foh(dp(§), 7 (¢))
—2(df, © h(dep, 7£()), 69) + T£(@) (f) (¥ h, dg).

Lemma 6.
/ Foh(dp(€), 77(2))vy = / (— sym (Y h(de, 71(2)))
M M
45 div (Foh(de, ())F)9,39) vy

Proof: Let w = f, h(dy, 7¢(¢)), by the definition of £

/Mw(ﬁ)vg = /Mw((div(ég))ﬁ)vg - ;/ w(grad(trace(dg)))vg (23)

M

the first term on the right-hand side of (23) is
[l = [ gt @ivGa)e,
M M
= / 9" (w, div(dg))vy-
M

(Here g* denote the Riemannian metric on T M).
On the other hand, if o € T(®?T*M) and C(w, o) = wio;jdz?, we have

g* (w,dive) = div(C(w, 0)*) — (sym(Vw), o). (24)
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Applying (24) to o = dg, we have

/ w((div(ég))ﬁ)vg = —/ (sym(Vw), dg).
M M
If A\ € C>°(M), we have
w(gradM)) = g*(w, dN). (25)

Applying (25) to A = trace(dg), then the second term on the right-hand side of
(23) 1s

_% /Mw(grad(trace((Sg)))vg = —% /M 9" (w,d(trace(dg)))vg

- ! / g(w*, grad™ (trace(dg)))v,
2 Jm

/trace(ég)div(wu)vg

M

1
2
1 . 4

- (div(w®)g, 0g)vg
2 m

Theorem 7. Let ¢ : (M,g) — (N, h) be a smooth map and let {g;} be a one
parameter variation of g. Then

((iit Qf(‘/’)‘ Z;/M<S2,f(so),5g> Vg

t=0

where S f(p) € T(®?*T*M) is given by

S0 (@)X, Y) = —lrs(@)Pg(X,Y) — filde, Vo7 (0))g(X. V)

+foh(deo(X), V75 () + foh(dp(Y), VET£ ()
—77(0)()(e(9)g(X,Y) = h(dp(X), dp(Y))).

Proof: By Lemma 5 and (20), we have

d
Gy =3 | @ +3 [ IroPstoa)

=5 [ (= 20V, 75(0)),59) — 26,h(d(€),77()
M
~2(df, © h(de, 74(9)), 89) + 74() (1) 6", 9}y
+3 | (Glre)Pa.sapv,
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and by Lemma 6, we obtain

G| = 5 [ 20T, 8 + sy (VF (7))
—div (foh(de, 74(0))")g9,09) — 2(df, © h(de, 74(9)), dg)
T )y + 5 [ Gl da)u,

So that

Sa. (@) = =2f,h(Vde, 74 (9)) + 2sym (V foh(de, 74 (¢)))
—div (f,h(dy, Tf( )F)g — 2df, © h(de, 7¢(p))
+71(0)(f)p*h + §|Tf(90)| g.
Forall X,Y € I'(T'M), we have
2sym (V foh(dp, 77 () (X, Y) = 2f,h(Vdp(X,Y), 7¢(0))
+foh(dp(X), Vi 7y

(
+foh(dp(Y), VT (e
+X(fp)h(dep(Y)

)

—2df, © h(de, () (X, Y) = =X (fo)h(de(Y), 74 (¢))

Calculating in a normal frame at x we have

div (foh(de, 7¢(9))F) = ei(g(foh(de, 75 (), )
= ei(foh(dp(e:), 75()))
ei( fo)h(dp(ei), () + foh(VEdp(e:), T5(0))
+foh(de(es), VET1(9))
= h(de(grad™f,), 7¢(9)) + foh(T(0), 7s(¢))
+foldp, VP71 ().

Let 74(p) = f,7(p) + dp(grad™f,) — e(p)(grad™f) o ¢ be the f-tension field
of p. So

div (foh(de, 7(0)F) = |77()* + ()77 (0)(f) + folde, VT ()

~— —
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In particular, if f = 1. Then the stress f-bienergy tensor of the smooth map
¢ : (M, g) — (N, h) between two Riemannian manifolds is given by (see [10])

S2.4(P)(X.Y) = Sa() (X, V)
= —5I@Pg(X,Y) — (do, Tor(e))g(X, V)
FR(AR(X), VEr()) + hdo(V), VE7(0)).

Let fi : M — (0,00) be a smooth positive function if f(z,y) = fi(z) for
all (z,y) € M x N. Then the stress f-bienergy tensor of the smooth map ¢ :
(M, g) — (N, h) between two Riemannian manifolds given by

SZ,f((p)(Xv Y) = 52,f1 ((p)(X, Y)

= L P Y) ~ il Vo ()g(X.Y)
+fih(de(X), V77, () + fib(de(Y), V5T (¢)).

Theorem 8. For any smoothmap ¢ : (M, g) — (N, h) between two Riemannian
manifolds, we have

div Sy 5 () = —h(12,5(9),dp) — (VP75(0), dep) (df, — h((grad™f) o ¢, dy)).

Proof: Write Sy ¢(p) = Ty + T+ T3, where Ty, 1%, T € T'(®*T* M) are defined
by
1
n(X,)Y) = —*|Tf(90)\29(X Y) = folde, VP7r(0))9(X,Y)

To(X,Y) = foh(dp(X), ViTi(0)) + foh(dp(Y), VETs(9))
T5( ):—Tf( )(f) (e()g(X,Y) = h(dp(X),dp(Y))).

Calculating in a normal frame at x € M we have

X,Y
X,V

(divT1)(ej) = ei(Ti(eire;)) = ei — 1\Tf( )[26ij — foldp, V71 (0)) i)
= —h(VETs(0),Tr(0)) — €j(fo)(de, VITr(9))

—fpei((dp, VET1(9)))

—h(VE7s(p), 74 (e )) ej (fgo)<d<p,V“”Tf( )

—foh(VE dp(ei), VETs(9)) — foh(dp(ei), VEVE T ()
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(divT3)(e;) = ei(To(ei, €5))

= ei(foh(dp(e:), VETH(9)) + foh(dp(e)), VETs(9)))

= e;(fp)h(dp(e:), VE 11 () + foh(VE dp(ed), VE T4(9))
+foh(dp(e:), VEVE T1(0) + ei( fo)h(dp(es), VETH(9)))
+foh(VE dp(e)), V¢Tf(<P))+f¢ (dep(e), VEVETL ()

= h(dp(grad™f,), VE7i(0)) + foh(T(0), VET1(9))

)

)

\_/\_/

+foh(de(e;), VEVE, f(‘P) h(de(e;), traCGgV“pfgaVSDTf( )
—|—f¢h(Vfid<,0(63) 71 (
= h(7s(p), VEs(p )) h(

©))

e()(grad™f) o o, VE14())
+fph(dp(ei), VEVE 74()) + h(dep(e)), trace, V7 f, VP71 (¢))
+fh(VEdp(e;), VET ()

= h(1r(p), VE () + e(p)ej(r(0)(f))
—e(@)h(VF, (,ygrad™f,dp(e;)) + foh(dep(e:), VEVE T (9)
+h(dep(e)), traceg V7 £,V 971 (0)) + foh(VE dp(e;), VETr(9))

(divT3)(e;) = ei(Ts(ei,€5))

In particular, if f = 1. Let o : (M, g) — (N, h) be a smooth map between two
Riemannian manifolds. Then (see [10])

div S s (p) = div Sa(p) = —h(m2(p), dp).

Let fi : M — (0,00) be a smooth positive function if f(z,y) = fi(z) for
all (x,y) € M x N. Let p : (M,g) — (N, h) is a smooth map between two
Riemannian manifolds. Then

div SQ,f(SO) =div 52,f1 (90) = _h(TQ,ﬁ (90)7 dgp) - <V§D7—f1 (So)a d§0>df1
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and we recover the result in [11].

Acknowledgements

The authors would like to thank Professor Y.-J. Chiang for useful remarks and sug-
gestions. Partially supported by National Agency Scientific Research of Algeria.

References

[1] Baird P. and Wood J., Harmonic Morphisms Between Riemannain Manifolds,
Clarendon Press, Oxford 2003.

[2] Cherif A., Elhendi H. and Terbeche M., On Generalized Conformal Maps,
Bulletin of Mathematical Analysis and Applications 4 (2012) 99-108.

[3] Chiang Y.-J., f-Biharmonic Maps Between Riemannian Manifolds, J. Geom.
Symmetry Phys. 27 (2012) 45-58.

[4] Chiang Y.-J. and Sun H., Biharmonic Maps on V-Manifolds, Int. J. Math.
Math. Sci. 27 (2001) 477-484.

[5] Djaa M., Cherif A., Zegga K. and Ouakkas S., On the Generalized of Far-
monic and Bi-harmonic Maps, Int. El. J. Geom. 5 (2012) 1-11.

[6] Cieslinski J., Sym A. and Wesselius W., On the Geometry of the Inhomo-
geneous Heisenberg Ferromagnet Model: Non-integrable Case, J. Phys. A
Math. & Gen. 26 (1993) 1353-1364.

[7] Eells J., p-Harmonic and Exponentially Harmonic Maps, Lecture given at
Leeds University, June 1993.

[8] Eells J. and Sampson J., Harmonic Mappings of Riemannian Manifolds,
Amer. J. Math. 86 (1964) 109-160.

[9] Jiang G.-Y., 2-Harmonic Maps Between Riemannian Manifolds, China Ann.
of Math. A 7 (1986) 389—-402.

[10] Loubeau E., Montaldo S. and Oniciuc C., The Stress-Energy Tensor for Bi-
harmonic Maps, arXiv:math/0602021v1 [math.DG].

[11] Ouakkas S., Nasri R. and Mustapha D., On the f-Harmonic and f-
Biharmonic Maps, JPGT 10 (2010) 11-27.



On the Generalized f-biharmonic Maps and Stress f-bienergy Tensor 81

[12] Rimoldi M. and Veronelli G., f-Harmonic Maps and Applications to Gra-
dient Ricci Solitons, Institut Elie Cartan Université de Lorraine, Journées
Nancéiennes de Géométrie 17 et 18 Janvier 2012.

Djaa Mustapha

Geometry Analysis Control

and Applications Laboratory

Department Math & Informatics

Saida University

Saida 20000, ALGERIA

E-mail address: 1gaca_saida2009@hotmail.com

Ahmed Mohamed Cherif

Department Math & Informatics

University of Mascara

Mascara 29000, ALGERIA

E-mail address: ahmedcherif29Q@hotmail. fr



