JOURNAL OF

JGSP 19 (2010) 99-111 Geometry and Symmetry
in Physics

52
\

STAR PRODUCT AND STAR EXPONENTIAL

TOSHIO TOMIHISA AND AKIRA YOSHIOKA

Communicated by Ivailo M. Mladenov

Abstract. Here we extend the star products by means of complex symmetric
matrices. In this way we obtain a family of star products. Next we consider the
star exponentials with respect to these star products, and finally we obtain several
interesting identities.

1. Introduction

In order to express the elements in Weyl algebra, we need to fix the ordering of the
generators in monomials because of their non-commutativity. The ordering yields
a linear isomorphism between the Weyl algebra and the space of all complex poly-
nomials and the isomorphism naturally induces an associative product in the space
of polynomials. This product is called a star product. For example, the normal
ordering induces normal product, anti-normal ordering induces the anti-normal
product and the Weyl ordering yields the Moyal product, respectively.

The so obtained star product algebra is isomorphic to the Weyl algebra, and
then these are mutually isomorphic (see for example Omori-Maeda-Miyazaki-
Yoshioka [1]). As an extension of these star products, Omori-Maeda-Miyazaki-
Yoshioka [2] introduced a family of star products parameterized by the space of
all complex symmetric matrices. Then a geometric picture is given for the family
parameterized by the space of complex matrices. The family forms an algebraic
bundle over the space of all complex symmetric matrices.

When one has to exponentiate elements in the star product algebra, one needs to
deal with the infinite sum of the power series with respect to the Plank constant.
Then, in order to discuss the convergence of these series it is necessary to intro-
duce a topology and to take the completion of the star product algebra. A typical
topology is a formal power series topology. Under this topology, the star prod-
uct is well-defined as a formal power series in Plank constant with coefficients of
smooth functions. Hence one can exponentiate any element of the star product al-
gebra. Also, under this topology, it is proved that star products can be considered
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on any symplectic manifold (see [3] and [4]), and further on any Poisson manifold
(cf. [SD.

On the other hand, in [6], a different topology is proposed. This permits to deal
with the Plank constant as a number, not as a formal parameter. Families of semi-
norms and their topologies are introduced into the space of complex polynomials.
Taking the completion, we obtain a family of Fréchet spaces consisting of holo-
morphic functions. It is shown that the star products are well-defined for certain
classes of these topological spaces and each of them becomes a Fréchet topologi-
cal algebra. In these spaces, star exponentials are investigated for the elements of
the algebra, especially for the linear elements and quadratic elements, by means
of geometric methods.

In this paper, a survey of these topological spaces and some main results concern-
ing the star exponentials together with some concrete examples is presented. The
paper is organized as follows. First we explain the general setting by introduc-
ing the concept of g-number functions. Then we consider the examples of star
exponential and its application.

This paper is based mainly on the talk given by the second author at Conference
on Geometry, Integrability and Quantization in Varna 2009.

2. A Family of Star Products

In this section, we introduce a family of star products parameterized by the space
of all complex symmetric matrices. Using the intertwiners, we give a geometric
picture for the family of star products.

2.1. Star Products

For simplicity, we consider star products of two variables (u1,u3). The general
case for 2m variables (w1, ug, -+ , U2y, ) is similar.

Let us fix the skew symmetric matrix

0 1
J:<_10>. M)

For an arbitrary complex symmetric matrix KX € S¢(2) we put

A1 A2 >

A=J+ K=
+ <)\21 A22
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and consider a bi-derivation acting on the pair p;(u1, u2), p2(u1, u2) in the space
P(C?) of the complex polynomials by the formula

2 2
— — — —
P1 ( dANOD ) P2 = p1 k;l Mt Oy Oy | P2 = k;l MiOuy 10y, p2.  (2)

Now we define a star product * x on the space of complex polynomials p1 (u1, us),
p2(u1,uz) by

ihe— — ih — —
DL ¥ P2 = p1€XP<23A3>P2=P1p2+2171(5/\5)]?2

1 [(ik\" /= —=\"
+---+n!<2> p (94F) pote-

3

Proposition 1. For an arbitrary complex symmetric matrix K € Sc¢(2) the star
product g is associative on the space of all complex polynomials P(C?).

We remark here that the definition of star products *,. is an extension of star
products given by standard ordering problems. For example, if we put K = 0,

then the product becomes the Moyal product. Similarly, for K = ( (1) (1) ) we

0
-1
These are products on polynomials and the so obtained algebras are all isomorphic
to the Weyl algebra. For an arbitrary K € Sc(2), the product *,. satisfies the

canonical commutation relations

obtain the normal product and for K = < _(1) ) the anti-normal product.

K

[uk,ul]*K = U *K u; — Uy *K uk:ihékl, k‘,l:1,2 (4)

and hence it follows that all algebras (P(C?), %) are isomorphic to the Weyl
algebra W, with two generators u1, uz. Actually, we have algebra isomorphisms
T2 between any two of these algebras (P(C2), #x, ), (P(C?), #k, ). The algebra
isomorphism (intertwiners)

I (P(C?), %k,) — (P(C?),%k,) )

are explicitly given by

ih
I3 (p) = exp <I4(K2 - K1)32> p (6)
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where
2

(K2 — K1)0 = (K2 — K1) 1i0u, Oy (7
k=1

We have the relations
Proposition 2. 1) I;° 1% = I8, i) (I52) ™1 = IL.

By differentiating the intertwiner with respect to K, we obtain an infinitesimal
intertwiner at K

Vep) = LIET(p),_, = 2 k0%p (8)

where
2
2
KO p = Z nij&&jp.
4,J
Then the infinitesimal intertwiner satisfies

Vi(p1 #x p2) = Vi(p1) x4 P2 + 1 %, Vi(p2) )

for any p1 (u1,uz), p2(u1, uz) € P(C?).

3. ¢-number Polynomials

In the star product algebras {(P(C?), *K)}Ke&c(z)’ the algebras (P(C?), *x, )

and (P(C?), %k, ) are mutually isomorphic by the intertwiner I f{(f and the ele-
ments p; € (P(C?), *g,) and ps € (P(C?), ¥k, ) are identified when

po = I (p1). (10)

A naturally geometric picture follows for the family of star product algebras
{(P(C?), %K) } e so(2) To describe it, we introduce an algebra bundle over

Sc(2) whose fibres consist of the Weyl algebra in the following way.
1. Algebra bundle. We consider the trivial bundle
7P =P(C? x Sc(2) — Sc(2) (11)
whose fibre over K € S¢(2) consists of the star product algebra

7 1K) = (P(C?), *k) (12)
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2. Flat connection and parallel translation. On this bundle, we regard the
infinitesimal intertwiner V as a flat connection and the intertwiner 1 fgf as
its parallel translation.

We consider a section p € T'(IP) of this bundle satisfying
B(I2) = I} (B(K1)). (13)
This means that p is parallel

V.p(K) = 0. (14)

3. q-number polynomial

We denote by P(IP) the space of all parallel sections, and call an element
p € P(P) g-number polynomial.

Due to the identities I5:* 15> = I1* and (Ifs2)~! = I} the intertwiners
naturally induce the star product * on P(P). Then the algebra (P (P), %) is
regarded as a geometric realization of the Weyl algebra.

4. g-number Functions

Here we introduce a locally convex topology into the star product algebras by
means of a system of semi-norms.

Then we take the completion of the algebras and consider the star exponentials.

4.1. Topology

We introduce a topology into P(C?) by a system of semi-norms in the following
way. Let p be a positive number. For every s > 0 we define a semi-norm in the
space of polynomials by

Ipls = sup [p(u1,uz)| exp (—slul’). (15)
ueC?

Then the system of semi-norms {| - |}, defines a locally convex topology 7,
on P(C?).
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4.2. Fréchet Space £,(C?)

Definition 3. We take the completion of P(C?) with respect to the topology T,
we obtain a Fréchet space &,(C?).

Proposition 4. For a positive number p, the Fréchet space &, consists of entire
functions on the complex plane C? with finite semi-norm for every s > 0, namely

£,(C%) = {fe H(C?); |f|s < +o0, forall s > 0}. (16)

Continuity for the case 0 < p < 2.

As to the continuity of star products and intertwiners, the Fréchet space £ p((Cz),
0 < p < 2is very good, namely, we have the following

Theorem 5. On EP(C2), 0 < p < 2 every product x is continuous, and every
intertwiner Illgf 1 (E,(C?),xk,) — (E,(C?), %k, ) is continuous.

Continuity as a bimodule for the case p > 2.

As to the spaces &,(C?) for p > 2, the situation is no so good, but still we have
the following.

Theorem 6. If p > 2, take p' > 0 such that

then every star product x i defines a continuous bilinear product
w1k 1 Ep(C?) x Ey(C?) — E,(C?), £,(C?) x E,(C?) — E,(C?).

This means that (£,(C?), xx) is a continuous €, (C?)-bimodule.

4.3. g-number Functions

The case 0 < p < 2.

Due to the previous theorem, we can introduce a similar concept as g-number
polynomials into the Fréchet spaces. Namely, the star product * g is well defined
on £,(C?) and then we can consider the trivial bundle

m:E, = &,(C?) x Sc(2) — Sc(2) 17)



Star Product and Star Exponential 105

with fibre over the point K € Sc(2) consisting of
T (K) = (£,(C%), k). (18)

The intertwiners 1 [Igf are well defined for any K1, K € Sc(2) and then the bundle
[E, has a flat connection V and the parallel translation is the intertwiner.

The space of flat sections of the bundle denoted by F,, is naturally equipped with
the star product * and can be regarded as a completion of the Weyl algebra W.

Remark to the case p > 2.

For the case p > 2, it is not clear at present whether the intertwiners are well-
defined and whether the product * i are well defined. However the flat connection
V is still well defined on 7 : E, = £,(C?) x Sc(2) — Sc(2), so we can define a
space F, of all parallel sections of this bundle even for p > 2.

For p > 2, we are trying to extend the product * g and also the intertwiners Ilgf

by means of some regularizations, for example, Borel-Laplace transform, or finite
part regularization. We hope to construct such a concept in the near future.

5. Star Exponential

The space of all g-number functions F, is a complete topological algebra for all
p, 0 < p < 2 (even for p > 2 under some regularization). We can consider
exponential element

H =" H H
t{ =) = gk 1
D (m) z:%n! in" (19)

in this algebra.

For a g-number polynomial H € P(P), we define the star exponential exp,, ¢(H /ih)
by the differential equation

d H H H H
aexp*t <1h> = exp, t <1h> , exp, t <1h> li—o = 1. (20)

Remark 7. We set the Fréchet space
Ep(C?) = NMrsp€a(C?) @

and we denote by €, the corresponding bundle and by F, the space of the flat
sections of this bundle.
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When H € P(P) is a linear element, then exp, ¢ (%) belongs to the good space
Fi4+(C Fa).

On the other hand, the most interesting case is provided by the quadratic form
H € P(P). In this case we can solve the differential equation explicitly, but the
star exponential belongs to the space Fa, which is difficult to treat at present.

Although general theory related to the space Fa is not yet established, we present
a concrete example of the star exponential of the quadratic forms and its applica-
tion.

6. Examples

Let us vary the parameter K € Sc¢(2) as for some K we can obtain interesting
identities in the algebra of * . product.

The linear case

Here we consider a liner g-number polynomial. It can be written in a general form
as
H = aju+ azv = (a,u), ai,as € C.

Star exponential in H belongs to the space of g-number functions F7. The star
exponential exp, ¢ () at K, which is denoted by exp, . ¢ (4 ), is explicitly given
by the formula

H 1 1
exp,, t <1h> = exp g5 (aK, a)exp (a, u).
Hence, if the real part satisfies an inequality like
Re;(aK,a) <0 (22)

and the term exp i—;(aK ,a) is rapidly decreasing with respect to ¢, we can con-

sider the integral
00 ot H
7ooe exp,, t|z+ 7 dt.

Then we can define the star gamma function by
o0 H
T.(z) = / e exp, t <z + > dt. (23)
oo ih

This is evaluated at every K and the value Iy, (2) of the star gamma function at
K is given by the integral, where K satisfies the condition (22).
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We have the identity for K satisfying (22)

T, (2 41) = (z + g) T (2).

Quadratic case

In this paragraph, we construct a Clifford algebra by means of the star exponential

exp, t(Q?;j”) for certain K. In what follows, we describe a rough sketch of the

construction.

First we consider a generic point in S¢(2), i.e.,

K:<T, ';>€S<c(2).

K

Next in the star product *, algebra, we write the generator v = u1,v = ua
satisfying
= —ih.

[u, v]*K

Then the star exponential of H = 2u * v is explicitly given at a general point K

as
2u * v
eXp*K t 7

t ot
= ——exp [e ihl(; ((e" = e ru? + 2Auv + (ef — e_t)T'UQ)

where
D =A% (' —e 7', A=c +et— g —e. (24)
In the sequel, we assume 7/ = 0, that is, we take the point

0 kK
Kz(/{T). 25)

We have a limit

I ; 2u * v 2 1 (2 T 2)
1m w = eX = ex — |\ 4Uv — u
1o 00 = P T T 1+r P\l +r) 1+r

which we call a vacuum.

Then we state
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Lemma 8. i) o *, @woo = @oo, 11) V *, @oo = @oo *, U = 0.

Putting ¢ = i, we have the identity

P
exp, 7ri< “_;”) — 1. (26)
1

Using
Vg (wk, v) = (U, u) %, v=(u*, v+ih)*, u

we see that the star exponential satisfies

2u * v 2uxu
U kg €XPy, 1 7 = exXDPy, 1 7 *, 0

2u* v+ 2ih ot 2ux*xv
=exp,, 1 — ko U=e€""exp,, t * 0 V.

ik

Then the integral 3 fi)oo exXp, t(2%4)dt converges and we can define
1 /0 20xu _1
3 [ et () = o @)
and
o —1
V=ukg (VR u) (28)

Then we have
o . . . . .
Lemma 9. The element v is the right inverse of v satisfying
[¢]
v=1, v ¥, v =1— .

Now we fix an integer [. By putting

i
t - tl - ?
we obtain 2! roots of the unity
m [ 2ux*xv i
U = exp,,. o < 7 ) , w; = exp 2 (21) 29)
such that
2! 2!
QZ*K:QZ*K.”*KQIZ]W w =1.
—_———

2l

Finally we have
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Lemma 10. We have the following relation

k m m km_m m
W *5c Wit * 50 TO00 * Vo= W U K TI00 Hpe Vi

Now we take appropriate complex numbers ag, a1, -+ ,a9_; So that the element

2l—1
k
E = Z ale*K
k=0

obeys to the identities

E s ulll kg w00 * g UL
B K U H e TO00 * e Uyt 0<m< 2l -1
0 2Pt <m <2t -1

We see that this is equivalent to

2'-1 1.--0<m<2-1-1
> axt™ =
P 0.2t <m<2l — 1.

The complex numbers ag, ai, - - ,ay_; are uniquely determined by these equa-
tions. Then we have

Lemma 11. The element E satisfies
Ex, E=1
and the element F' = 1 — FE satisfies

Fx F=1, Ex F=Fx, FE=0.

Further we have

Lemma 12. E (v)flK_1 = (v)i:l . F, (8)3;1 *. = Ex* (70))3:1
where
-1 o,9l—1 o o
(U)EK :U*K...*KU and ('U)z :'U*K *KU
—_———— S—
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Finally we can set

Then we have

Theorem 13. The elements  and 1 of the *,. product algebra satisfies the iden-
tities

Exp&=nxen = 0

Expe N+ Expm

I
=
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