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TATE CONJECTURE FOR SOME ABELIAN SURFACES OVER
TOTALLY REAL OR CM NUMBER FIELDS

Cristian Virdol

Abstract: In this paper we prove Tate conjecture for abelian surfaces of the type ResK/F E
where E is an elliptic curve defined over a totally real or CM number field K, and F is a subfield
of K such that [K : F ] = 2.
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1. Introduction

Let X be a smooth projective variety defined over a number field F . For a prime
number l, letHi

et(X, Q̄l) be the l-adic cohomology of X̄ = X×F Q̄. ForK a number
field, we denote ΓK := Gal(Q̄/K). The Galois group ΓF acts on Hi

et(X, Q̄l) by
a representation ρi,l. For a finite extension E of F , the elements of V i(X,E) :=
(H2i

et (X, Q̄l)(i))ΓE are called Tate classes defined over E (here H2i
et (X, Q̄l)(i) is the

Tate twist).
Let Ui(X) be the Q-linear space of the algebraic subvarieties of X of codimen-

sion i. We have the l-adic cycle map

di,l : Ui(X)⊗ Q̄l → H2i
et (X, Q̄l)(i).

The cohomology classes in the image of this map are said to be algebraic.
For each finite extension E of F , we denote by Ui(X,E) the subspace of

di,l(Ui(X) ⊗ Q̄l) left fixed by ΓE . The first part of the Tate conjecture [TA]
states that

U i(X,E) = V i(X,E),

i.e. each Tate class is algebraic.
The L-function Li(s,X/F ) attached to the representation ρi,l converges for

Re(s) > 1 + i/2. The second part of the Tate conjecture [TA] states that for each
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finite extension E of F , the L-function L2i(s,X/E) has a meromorphic continuation
to the entire complex plane and the order of the pole at s = i+ 1 is equal to

dimQ̄lU
i(X,E).

In this paper we consider K/F a quadratic extension of CM number fields
(throughout this paper, in order to simplify the notations, by a CM number field
we understand a totally real or a totally complex quadratic extension of a totally
real number field). Let E be an elliptic curve defined overK, and let A :=ResK/FE
be the abelian surface defined over F obtained from E by restriction of scalars from
K to F . In this article we prove the first part of the Tate conjecture for the abelian
surfaces A (see §4.1 below). We also prove the second part of the Tate conjecture
for the abelian surface A regarded over arbitrary CM finite extensions F ′ of F (see
Theorem 4.2 and §4.1 and §4.2 below).

2. Some abelian surfaces

Let K/F be a quadratic extension of CM number fields, and let E be an elliptic
curve defined over K. Consider the surface A :=ResK/FE defined over F .

For a rational prime l, let

Tl(E) = lim
←−

E[ln],

and Vl(E) = Tl(E)⊗Q. The Galois group ΓK acts on

Tl(E) ' Z2
l ,

where Zl is the l-adic completion of Z at l, and also on Vl(E) ' Q2
l , and we obtain

a representation

ρE := ρE,l : ΓK → Aut(Tl(E)) ' GL2(Zl) ⊂ Aut(Vl(E)) ' GL2(Ql).

Also consider
Tl(A) = lim

←−
A[ln],

and Vl(A) = Tl(A)⊗Q. The Galois group ΓF acts on

Tl(A) ' Z4
l ,

and also on Vl(A) ' Q4
l , and we obtain a representation

ρA := ρA,l : ΓF → Aut(Tl(A)) ' GL4(Zl) ⊂ Aut(Vl(A)) ' GL4(Ql).

Then
ρA = IndΓF

ΓK
ρE .

(We remark that our l-adic representations ρE , ρA, etc. could be regarded as
complex representations by using some isomorphism Q̄l

∼−→ C; we will do this
throughout this paper without mentioning it).
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We know that (see Theorem 12.1 of [M])

H1
et(A,Zl) ' T∨l := HomZl(Tl(A),Zl)

and
∧rH1

et(A,Zl) ' Hr
et(A,Zl), ∀r.

So Hr
et(A,Zl) is a free Zl-module of rank

(
4
r

)
for any 0 6 r 6 4.

Since
ρE ' ρ∨E ,

we obtain that the action of ΓF on Hr
et(A,Zl) is given by

∧rρA ' ∧rIndΓF
ΓK
ρE .

3. Known results

We say that a representation ρ of a group G is dihedral if there exists a normal
subgroup N of index 2 in G and a character χ : N → C× such that ρ = IndGNχ.
We say that an elliptic curve E defined over some number field K has CM if ρE
is dihedral.

We say that an automorphic representation π of GL(2)/L for some number field
L is of CM type if there exists some quadratic Galois character η : IL/L

× → C×,
with η 6= 1 such that π ∼= π⊗ η. If π is an automorphic representation of weight 2
of GL(2)/L, then π is of CM type if and only if the l-adic (complex) representation
ρπ associated to π is dihedral.

It is known that (see for example Proposition 4.5.4 of [HLR]; one has a similar
statement for l-adic representations associated to elliptic curves over number fields,
or for F a CM number field if ρπ is known to exist):

Lemma 3.1. If π is an automorphic representation of weight 2 of GL(2)/F , where
F is a totally real field, then one of the following two statements holds:

(i) ρπ|ΓL is irreducible for each finite extension L/F .
(ii) There exists a quadratic extension L/F and an algebraic Hecke character

ψ of L such that ρπ ∼= IndΓF

ΓL
ψ.

We know the following result (Theorem 2.1 of [MP]):

Lemma 3.2. The tensor product of two 2-dimensional irreducible complex repre-
sentations of a group is reducible only if either both representations are dihedral
or they are the twist of each other by a character.

We know (Proposition 4.1 of [MP]):

Lemma 3.3. Suppose that π is a cuspidal, non-CM automorphic representation of
GL(2)/K for some finite extension K/Q. Suppose that K is a quadratic extension
of k and τ is the automorphism of K over k. If πτ ∼= π⊗χ for a Hecke character
χ of K, then χ is trivial when restricted to the idéles of k.
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We know (Corrolary 2.6 of [MP]):

Lemma 3.4. Let ρ be a 2-dimensional irreducible representation of a group G.
Then Sym2(ρ) is reducible if and only if ρ is dihedral.

We know (see Lemma 2 of [K]):

Lemma 3.5. Let σ and τ two n-dimensional representations of a group G over
Q̄l and assume that H is an open normal subgroup of G and τ |H is irreducible.
Then σ|H ∼= τ |H iff σ ∼= τ ⊗ ϕ for some ϕ : G→ Q̄×l , which is trivial on H.

We know (see the main theorem of [GJ]):

Lemma 3.6. Let π be a cuspidal, non-CM automorphic representations of weight
2 of GL(2)/K for some finite extension K/Q. Then Sym2π is a cuspidal auto-
morphic representation of GL(3)/K.

4. Tate Conjecture for abelian surfaces

In this section we prove the first and second parts of the Tate conjecture for A.

4.1. Algebraicity of the Tate classes

We have that A/K ' E × Eτ , where τ is the nontrivial automorphism of K/F .
Since the first part of the Tate conjecture for E × Eτ is true (for the details of a
proof see the last paragraph of [R1]), and the first part of the Tate conjecture is
invariant under extension of the field of definition of the variety, we obtain that
the first part of the Tate conjecture for A is true.

4.2. Some representations

Since
(

4
0

)
=

(
4
4

)
= 1, we get that if r = 0, 4, then ∧rρA is a character and

thus the second part of the Tate conjecture is trivial in these cases. So the only
interesting case is r = 2. Then we have a 6-dimensional Galois representation

∧2ρA : ΓF → Aut(H2
et(A,Zl)) ' GL6(Zl).

But one can see easily (see for example Proposition 2.7 of [G]) that

∧2ρA ' ξl ⊕ ξlωK/F ⊕AsaiK/F ρE ,

where ξl is the l-adic cyclotomic character, ωK/F is the quadratic character cor-
responding to K/F , and the Galois representation AsaiK/F ρE of ΓF is the Asai
representation associated to the Galois representation ρE of ΓK relative to K/F .
We know that AsaiK/F ρE is a subrepresentation of

IndΓF
ΓK

(ρE ⊗ ρτE),

which satisfies
AsaiK/F ρE |ΓK ' ρE ⊗ ρτE .
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We know the following result (see Theorem A of [BGGT] and the remark after
it; if E has CM, this result is trivial and the base change is arbitrary):

Theorem 4.1. With the same notations as above, if F ′ is a CM-extension of
F , then there exists a CM-extension K ′′ of KF ′, which is Galois over Q, such
that ρE |ΓK′′ is automorphic, i.e. ρE |ΓK′′ ∼= ρΠ′′ , where Π′′ is an automorphic
representation of GL2(AK′′) and ρΠ′′ is an l-adic representation associated to Π′′.

Let F ′ be a CM-field which contains F . From Theorem 4.1 we deduce that
there exists a Galois CM-field K ′′ containing KF ′, such that ρE |ΓK′′ ∼= ρΠ′′ , where
Π′′ is an automorphic representation of GL2(AK′′).

From Theorem 15.10 of [CR] we know that there exist some subfields Fi ⊆ K ′′,
such that F ⊆ Fi and Gal(K ′′/Fi) are solvable, and some integers ni, such that
the trivial representation

1F ′ : Gal(K ′′/F ′)→ Q̄×,

can be written as

1F ′ =

u∑
i=1

niInd
Gal(K′′/F ′)
Gal(K′′/Fi)1Fi (a virtual sum), (4.1)

from which we obtain

L(s,AsaiK/F ρE |ΓF ′ ) =

u∏
i=1

L(s,AsaiK/F ρE |ΓFi )
ni .

4.3. Tate classes and poles of L-functions

Assume that F ′ is a finite extension of F . Define:

V2(A,F ′) := {x ∈ H2
et(A, Q̄l)| ∧2 ρA(a)x = ξl(a)x, for all a ∈ ΓF ′},

where ξl is the l-adic cyclotomic character. The elements of V2(A,F ′) are called
Tate classes.

We will prove the following result:

Theorem 4.2. Assume that F ′ is a CM-field which contains F . Then the function
L(s,∧2ρA|ΓF ′ ) has a meromorphic continuation to the entire complex plane, and
the order of the pole of L(s,∧2ρA|ΓF ′ ) at s = 2 is equal to dimQ̄l V

2(A,F ′).

We consider

V2(A,Fi) := {x ∈ H2
et(A, Q̄l)| ∧2 ρA(a)x = ξl(a)x, for all a ∈ ΓFi}.
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Since 1F ′ =
∑u
i=1 niInd

Gal(K′′/F ′)
Gal(K′′/Fi)1Fi , in order to prove Theorem 4.2, it is

sufficient to show the following result:

Proposition 4.3. For each i, the order of the pole of L(s,∧2ρA|ΓFi ) at s = 2 is
equal to dimQ̄l V

2(A,Fi).

Proof.
A) If E is CM, we have that ∧2ρA|ΓFi is a direct sum of monomial representa-

tions (see §6.3 of [MR]). Here a monomial representation of ΓFi is a repre-
sentation which is induced from a one-dimensional representation of an open
subgroup. Thus it is easy to see that the pole of L(s,∧2ρA|ΓFi ) at s = 2 is
equal to the dimension of the space of Tate classes V2(A,Fi) (so if E is CM,
Theorem 4.2 is true actually for any F ′). Hence we are done if E is CM.

B) If E is non-CM, we distinguish two cases:
(i) AsaiK/F ρE |ΓFi is reducible. Then because AsaiK/F ρE |ΓK ∼= ρE ⊗ ρτE ,

we get that the representation AsaiK/F ρE |ΓKFi ∼= ρE |ΓKFi ⊗ ρ
τ
E |ΓKFi ,

is reducible. Since the elliptic curve E is non-CM, by applying Lem-
mas 3.1, 3.2 and 3.5, we deduce that ρτE ∼= ρE ⊗ α for some Hecke
character α of K. Hence, from Lemma 3.3, we know that α is a Hecke
character of IK which is trivial on IF . Therefore α can be written as
α = χτ/χ for some Hecke character χ of IK . Hence

(ρE ⊗ χ−1)τ ∼= ρE ⊗ χ−1.

So ρE ∼= ρE0
|ΓK ⊗χ, where ρE0

is some irreducible 2-dimensional non-
dihedral representation of ΓF . Then from the properties of AsaiK/F ρE
(see for example [MP]), we have:

AsaiK/F ρE ∼= (Sym2ρE0 ⊕ ωE0 · ωK/F )⊗ χ|IF ,

where ωπ0
is the central character of ρE0

and ωK/F is the quadratic
character corresponding to K/F .
Hence we obtain

AsaiK/F ρE |ΓFi ∼= Sym2ρE0 |ΓFi ⊗ χ|IF |ΓFi ⊕ ωE0 · ωK/F · χ|IF |ΓFi .

Since ρE0 is non-dihedral, from Lemma 3.4 we deduce that Sym2ρE0 |ΓFi
is irreducible, and hence AsaiK/F ρE |ΓFi is a direct sum of an irre-
ducible 3-dimensional representation and a character. Moreover since
ρE |ΓK′′ is cuspidal automorphic (E is non-CM) and Gal(K ′′/Fi) is solv-
able, one can deduce easily from Langlands base change that ρE0

|ΓFi
is cuspidal automorphic (non-dihedral) and hence from Lemma 3.6
we get that Sym2ρE0 |ΓFi is cuspidal automorphic. Thus the function
L(s,Sym2ρE0

|ΓFi ) has no zeros or poles at s = 2, and because of the
irreducibility of Sym2ρE0 |ΓFi one obtains trivially that Proposition 4.3
is true in this case.
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(ii) AsaiK/F ρE |ΓFi is irreducible. Then from Theorem D of [R2], and be-
cause ρE |ΓK′′ is cuspidal automorphic (E is non-CM) and Gal(K ′′/Fi)
is solvable (and hence ρE |ΓKFi is cuspidal non-dihedral), and using also
part i) above, we get that AsaiK/F ρE |ΓFi is cuspidal automorphic. Thus
the function L(s,AsaiK/F ρE |ΓFi ) has no zeros or poles at s = 2, and
because of the irreducibility of AsaiK/F ρE |ΓFi one obtains trivially that
Proposition 4.3 is true also in this case, and we are done. �
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