Functiones et Approximatio
51.2 (2014), 415-436
doi: 10.7169/facm/2014.51.2.11

CLASSIFICATION OF CHARACTERISTIC POLYNOMIALS
OF SIMPLE SUPERSINGULAR ABELIAN VARIETIES
OVER FINITE FIELDS
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Abstract: In this article, we give a complete description of the characteristic polynomials of
simple supersingular abelian varieties over finite fields. We list them for the dimensions up to 7.
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1. Introduction

An important isogeny invariant of an abelian variety over a finite field is the
characteristic polynomial of its Frobenius endomorphism, sometimes called the
WEeil polynomial of the abelian variety. In this paper we give a complete description
of the Weil polynomials of supersingular abelian varieties over finite fields. We list
them for the dimensions up to 7. The results for dimensions < 4 were previously
known; we give the details and references in Section 12. For any dimension,
similiar results were obtained in [17] and [16], but our results are more explicit
and algorithmic in nature.

The paper is organized as follows. In Section 2 we recall the necessary back-
ground for the paper. Section 3 proves our result in the case ¢ is a nonsquare,
and Section 4 deals with the case ¢ is a square. Section 5 to 11 deal with dimen-
sions 1 to 7 explicitly, deriving the possible polynomials from our general results.
This can be done for dimensions larger than 7 also; we omit the details. Section
12 summarizes these results. Section 13 applies our general results to give some
partial results on general existence questions.

2010 Mathematics Subject Classification: primary: 14G15; secondary: 11C08, 11G10,
11G25
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2. Background

Let k denote the finite field F,, where ¢ = p" and p is prime. Let A be an abelian
variety of dimension g over k. Let P4(X) be the Weil polynomial of A. Using the
Riemann Hypothesis over finite fields, due to Weil, P4(X) can be written

Pa(X) =X+ a1 X '+ 4 a, X9+ qag 1 X9+ + ¢ e X +¢f (1)

for some a; € Z. We will see that there are strong restrictions on the possibilities
for the a; when A is supersingular.

A Weil-g-number m is defined to be an algebraic number such that, for every
embedding o : Q[x] < C, |o(x)| = ¢% holds. The set of roots of P4(X) has the
form {w1,@1, ..., wy, Wy}, where the w;’s are Weil-g-numbers. A monic polynomial
with integer coeflicients which satisfies this condition is called a Weil polynomial.
Thus, every Weil polynomial of degree 2¢ has the form (1) for certain integers
a; € 7.

An abelian variety A is k-simple if it is not isogenous to a product of abelian
varieties of lower dimensions over k. In that case, P4(X) is either irreducible over
Z or P4(X) = h(X)®, where h(X) € Z[X] is an irreducible, monic polynomial over
Z; see Milne and Waterhouse in [14]. We have the following result from Tate [12].

Theorem 2.1. Let A and B be abelian varieties defined over F,. Then A is
F,-isogenous to an abelian subvariety of B if and only if Pa(X) divides Pp(X) in
Q[X]. In particular, Po(X) = Pg(X) if and only if A and B are Fy-isogenous.

Let W(q) be the set of Weil-g-numbers in C. We say that elements 7w and 7’
are conjugate, if ¥ and 7’ have the same minimum polynomial over Q.

The conjugacy class of m4 depends only on the isogeny class of A. More pre-
cisely, we have the following theorem from [13].

Theorem 2.2 (Honda-Tate theorem). The map A — 74 defines a bijection
{simple abelian varieties/F,}/(isogeny) — W(q)/(conjugacy).

In other words, given an irreducible Weil polynomial P(X), there exist a unique
abelian variety A up to isogeny and natural number e such that P4(X) = P(X)e.

A Weil-g number 7 is called a supersingular Weil-g-number if 7 = /q¢, where
¢ is some root of unity.

Definition 2.3. An abelian variety A over k is called supersingular if any one of
the following (equivalent) conditions holds: (see [8, Theorem 4.2])

1. the eigenvalues of the Frobenius 74 are supersingular Weil-g-numbers;
2. the Newton polygon of A is a straight line of slope 1/2;
3. A is k-isogenous to a power of a supersingular elliptic curve.
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We will use the following useful theorem from [13].

Theorem 2.4. Let A be a simple abelian variety over k = Fy, then
1. Endi(A) ® Q is a division algebra with center Q(mw4) and

2dimA = [Endp(A) ® Q : Q(m4)]? [Q(r4) : Q).

2. The division algebra Endi(A) @ Q over Q has the following splitting be-
haviour:
(a) it splits at each divisor [ of | in Q(ma), if | # p,

(b) the invariants at the divisors p of p in Q(wa) can be evaluated with

vp(ma)

vp(q)

where Q(m4), denotes the completion of Q(ma) at p and v, denotes the
p-adic valuation.

inv, (Endi(A) ® Q) = [Q(ma)p : Qp] mod Z,

(c) it does not split at the real places of Q(m4).

If A is a supersingular abelian variety, then 74 = ,/q(, where ¢ is some root of
unity. If A is also simple, then it follows from above theorem that inv, (Endi(A4)®
Q) = %epfp mod Z, where e, is the ramification index of p over p and f, is the
residue class degree.

Also, m € Q be the supersingular Weil-g-number and P(X) be the correspond-
ing minimal Weil polynomial. The invariants of Endi(A) ® Q lie in Q/Z. They
can be evaluated from the minimal polynomial P(X) of 74 as follows. The only
real Weil numbers are ¢'/2 and -¢'/2, so there are hardly any real places of Q(ma).
We consider the polynomial P(X) in Q,[X], i.e. over the p-adic numbers. Let

PX) =[] £(X)

be the decomposition in irreducible factors in Q,[X]. The factors f;(X) correspond
uniquely to the divisors p; of pin Q(7.4). So to get the invariants, we have to factor
P(X) over Q,. Indeed,

invy, (Endiy(A) ® Q) = w(£i(0) mod Z.

vp(q)

If P(X) is a supersingular Weil polynomial, then f;(0) = H;liglfi V/4Gj, where (;
is some root of unity. In that case,

deg fi
ndEli oo f,
invy, (Endi(4) © Q) = 2 = egf

mod Z.

Therefore the order of invariants is either 1 or 2 in Q/Z depending on whether
deg f; is even or odd respectively. We use the invariants in order to evaluate the
dimension of A as follows.
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Since Endi(A) ® Q is a division algebra and Q(m4) is a number field, the
number [Endy(A) ® Q : Q(r4)]7 is equal to the order of Endy(A) ® Q in the
Brauer group of Q(m4) see theorem 18.6, [9], which is equal to the least common
multiple of the orders of all the local invariants in Q/Z; see theorem 18.5, [9]. This
fact, along with the Theorem 2.4, gives the dimension of A.

The rest of section is dedicated to elementary background on cyclotomic poly-
nomials that is useful for computing supersingular Weil polynomials.

Let U(Z/mZ) denote the multiplicative group of integers modulo m and ¢, be
a primitive m-th root of unity and ®,, denote the m-th cyclotomic polynomial.
Then there exist a natural isomorphism of groups

U(Z/mZ) = Gal(Q(¢m)/Q), a— oq

where 04((n) = ¢%. There is a unique nontrivial homomorphism U(Z/pZ) —
{£1} (p an odd prime), the Legendre symbol a — (£). The group U(Z/8Z) =
{#£1, £3} admits three nontrivial quadratic characters (homomorphisms to {£1}):

1. €, defined by £(a) = ¢ mod 4.

2. X2, given by x2(+1) =1, x2(£3) = —1.

3. X2, given by x—2(1) = x—2(3) = 1, x2(=1) = x2(-3) = 1.
For any odd prime p, v/£p € Q((4p) and

(%)\/ﬂ if #p=1 mod 4;
e(a)(5)vEp if £p=3 mod 4.

Note also that /£2 € Q((g) and for a € U(Z/SZ), 0,(v2) = x2(a)V?2,
00(V72) = x—s(a)y/ 2

For an odd prime p we let

*<1> _Jp if p=1 mod 4;
b= p P= —p if p=3 mod 4.
For p an odd prime and ¢ any odd number let

wan= oo (%)

ac€U(Z/ptZ)

Ua(\/?p) = {

Let
Uou(X) = J[ (X —=¢¢)X —¢5'¢h)
a€U(Z/t7)
oo (X) = H (X = G¢(X = G3¢).

a€U(Z/tZ)

The polynomial ¥, ;(X) € Q(y/p*)[X] as the coefficients of even powers of X are
rational (even integers) and the coeflicients of odd powers are integer multiples of



Supersingular abelian varieties 419

v/p*. The U, , is a reciprocal polynomial when p = 1 mod 4 and anti-reciprocal
(i.e; X948 ¥re W, (— %)) = ¥, (X)) when p = 3 mod 4. Note that ¥, ;(X) actu-
ally depends on the choice of (. If we replace it with (j, where (%) = —1 then
we get U, (—X). Also we have

Uy (X)W (= X) = §pr(X?).
A similar statement holds for W ,(X). Moreover polynomials
U, 1(X) € Q(vpH)X]
Uy4(X) € Q(V2)[X]
U_54(X) € Q(V=-2)[X]

factor as a product of two irreducibles over Q(v/p*)[X], Q(v2)[X], Q(v/—2)[X]
respectively, which corresponds to the Aurifeuillian factorisation[1]. For exam-
ple, the group Gal(Q((2pt)/Q(/p*)) fixes the polynomial ¥, and ¥, (X) =

Ul (X)W, 1(X) where

and

vo(x)= ][ (X+ (%) ;@)

(2)=-1

and each of these factors are irreducible as the Galois group is clearly transitive
on the roots. If K is a field, f(X) € K[X] and a € K*, then let fld(X) :=

ad°e f(£). Then \11%1?] (X), \11[2\?} (X), \Il[j/z?} (X) € Q[X] and are all irreducible
over Q. For example, for p,t odd, it follows from

VP XUV (- X) = @, (V7)) X?)

p, p,

that \Il[p‘,{fp—*J (X) is irreducible over Q.

3. When ¢ is a nonsquare

Theorem 3.1. Let A be a supersingular simple abelian variety over Fq with ¢ = p"

with n odd. If P5(X) has no real root, then Ps(X) is irreducible over Q.

Proof. If A is a supersingular abelian variety then it follows from Theorem 2.4
that, invy(Endy(A) ® Q) = %e;f;i mod Z, where e; is the ramification index of
p over p and f; is the residue class degree. If P4(X) has no real root then e; =
e = vy(p) = 2vp(/p), and so the ramification index is always even. This implies
invy (Endk(A) @ Q) =0 mod Z. In other words, the order of the invariants is zero
and 2dim A is equal to the degree of the Weil polynomial. This along with the
definition of the characteristic polynomial implies P4(X) is irreducible. |
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Remark 3.2. If P(X) is a supersingular Weil polynomial with all real roots, over
F, with ¢ = p™, n odd, then P(X) = X? — ¢, then we have that the least common
multiple of the local invariants is 2, hence P(X)? is a characteristic polynomial of
a simple supersingular abelian variety of dimension 2, see [3].

The treatment is more uniform if we allow g to be both a positive and a negative
prime power. Let p be a prime and ¢ = (£p)™ with n odd. We wish to calculate
the minimal polynomial over Q of |/q(,,. From Theorem 3.1, it follows that the
following theorem also gives characteristic polynomial in these cases. Without loss

of generality we assume that m = 4t for some ¢ since \/q(m = /—qCaCm = /—4¢,,, -

Theorem 3.3. Let 6 = ,/q(s;. We distinguish two cases.
1. Full degree case: If either
(a) q is odd and

(i) t is even or
(ii) p1t or
(iii) ¢ =1 mod 4
or

(b) q is even and t # 2 mod 4.

then the minimal polynomial of 6 over Q is @Ltﬁ] (X).
2. Half degree case:
(a) If g =3 mod 4 and p|t and t is odd, then the minimal polynomial of 0 is
wlVrl(x).

(b) If ¢ > 0 is even and t = 2s = 2 mod 4, then the minimal polynomial of
0 is WYT(X).

(¢) If g <0 is even and t = 2s = 2 mod 4, then the minimal polynomial of
0 is W (X).

Proof. First suppose p { t. Then /g ¢ Q((4) and I' := Gal(Q(,/q,(4:)/Q) =
(o) x Gal(Q(Car)/Q) where 0(\/q) = —\/q, o(Car) = Car-

Let 7 € T and suppose 7(0) = 6. If 7 = o, then a € U(Z/4tZ) implies
V@t = /¢, which implies @ = 1 which implies 7 = 1. And if 7 = 00, then
V4Cat = —/qCf; which implies (f, = —C4 = ijm which implies a = 2t + 1.
So the subgroup of T fixing 6 is {1,00142:} and Gal(Q(0)/Q) = Gal(Q({st)/Q).
In particular, the conjugates of § over Q are 0,(8) = /qC{;, and the minimal
polynomial of 6 over Q is [ i (z/412) (X — V/aCh) = @L\ﬁ] (X).

Next suppose p is odd and p|t. Then /g € Q((4) and if a € U(Z/4tZ) we have

()VaCh: if g=1 mod 4;

Ja(e) = Ua(\/Z]CM) = {E a)(%)\/qgllt if ¢ =3 mod 4.
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Suppose ¢ = 1 mod 4 and 04(#) = 6. Then (3)Cf; = (. 1f (%) =1 then a =1
in U(Z/4tZ) implies o, = 1. However (%) = —1 implies ¢§, = ¢4;"* which implies
a=1+2tora=1 modp. This implies (}) = 1 which is a contradiction. So
0, = 1 and Gal(Q(0)/Q) = Gal(Q({4t)/Q) whence the minimal polynomial of
is LY (x).

Now suppose ¢ = 3 mod 4 and 04(f) = 6. Then (4 = £(a)(5)\/4C4;- Since
g(a)(5) € {1, -1} we have a € {1,1+2t}. If a = 1+ 2t then () = 1 and
g(a) =142t mod 4 = —1 if and only if ¢ is odd. Thus if ¢ is even, the minimal
polynomial of 6 is @L‘t/a] (X). However, if ¢ is odd, then @ is fixed by o142; and
hence the degree of its minimal polynomial over Q is %¢(4t) = ¢(t). However, in

this case /qCu = £v/—q¢ = /"¢, € Q(¢;) and thus its minimal polynomial is
Mocvzyimy (X = (5)60) = 1T,

We now consider the case ¢ is even and 2|t. So 4t = 8s for some s > 0. Let
¢ = (a4t = (gs- Then 0 € Q(¢) and

( 2(@) Ca if > 0,
0a(0) = 0,(/qC) = { X{Q(a)%ga if(ql < 0.

Suppose 0,(0) = 0. Then xi2(a) = —1 and a = 1+ 4s € U(Z/8sZ). If s is
even then a = 1 mod 8 which implies x12(a) = 1 which a contradiction. Thus if
s is even, the minimal polynomial of 0 is @L\t/a] (X). We can suppose that 4¢ = 8s
with s odd. Then 1+ 4s = —3 € U(Z/8sZ). It follows that 6 is fixed by the
{1, 01445} and so its minimal polynomial has degree %¢(4t). We can write ¢ as
a product (g¢s. So 6 = /q(sCs. If ¢ > 0, the conjugates of 6 are ,/q(s(¢ and
V@G5 '¢2 as a ranges over U(Z/sZ). Thus the minimal polynomial is

T (X~ vacses) (X — vacs'¢t) = v/d(X).

ac€U(Z/sZ)

Similarly, if ¢ < 0, the minimal polynomial of 6 is \Il[j/f’]s(X ). This proves the
theorem. ]

Remark 3.4.

1. As the name suggests in full degree case, the degree of the minimal polynomial
of 0 is ¢(4t) and in the half degree case the degree is 3¢(4t).

2. It easily follows that the polynomials ¥, ; can be calculated recursively in
the same way as cyclotomic polynomials:

U (X) =0, (X",

p,tpk

If [ is a prime not dividing ¢ then

\I}p,t(Xlk)

L4 _—
‘I/p,t(Xlkil)

p,l’“ (X) =
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4. When q is a square

If P(X) is a supersingular Weil polynomial with all real roots, over F, with ¢ = p™,
n even, then P(X) = X £,/q and the least common multiple of the local invariants
is 2, hence P(X)? is the characteristic polynomial of a simple supersingular abelian
variety of dimension 1.

We prove the following theorem which characterizes all the possible character-
istic polynomials of abelian varieties over F,.

Theorem 4.1. Let ¢ = p™ where n is even. Let A be a simple supersingular
abelian variety over Fy of dimension g. Then the Weil polynomial of A has the
form (@E,‘ﬁ] (X))e. Conversely, if ¢p(m) = 2g then (@W] (X)) is the character-
istic polynomial of the Frobenius endomorphism of a simple supersingular abelian
variety of dimension ge over Fy, g =p", n even, where

order of p in the multiplicative group U(Z/mZ), if (p,m)=1;

r =< f(p* —pF1), f is order of p
in the multiplicative group U(Z/sZ) if m = pFs.

and
1, if r is even;
e =
2, if 7 is odd.

Proof. Let P4(X) be the Weil polynomial of a simple supersingular abelian va-
riety A of dimension g. Then P4(X) = P(X)® where P(X) is an irreducible
supersingular Weil polynomial of degree 2—5 with e = 1 or 2. Since ¢ is an even

power of prime, /g € Z. Using Honda-Tate (Theorem 2.2) we get —(P(1/gX)) is
q e

an irreducible cyclotomic polynomial ®,,(X) over Z of degree %g, ie. ¢(m) = 2?9
Therefore P(X) = 3?9 (X).

Conversely, let ¢(m) = 2g, then P(X) = oy (X) is an irreducible super-
singular Weil polynomial of degree 2g. Therefore by Honda-Tate (Theorem 2.2)
P(X)¢ is a Weil polynomial for some supersingular simple abelian variety. To de-

termine the dimension of the corresponding abelian variety to P(X), we will need
to factorise P(X) over Q,. If P(X) = [], fi(X) is the factorisation over Q,[X],

then
invy, (Endy(A) ® Q) = W mod Z = deg fi mod 7.

Since P(X) = oy (X), invy, (End,(4) @ Q) = % mod Z, where ®,,(X) =
[I;7(X) over Q,. But it follows from the chapter IV.4 in [11] that degr; = r,
where

_Jorder of p in the multiplicative group U(Z/mZ), if (p,m)=1;
=P, if m = pFs.
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where f is order of p in the multiplicative group U(Z/sZ).

Hence
1 if ris even;
= invy, (Endy(A) @ Q) = '
¢ = vy, (Endy(4) © Q) {2 if ris odd.
From Theorem 2.4, 2dim A = edeg P(X) or dim A = eg. |

In the following sections we treat each dimension separately, up to dimension 7
for ¢ = p™, n odd. We use theorem 3.3 all the time, without mentioning it explic-
itly. Let 6 be a root of the characteristic polynomial of Frobenius endomorphism.

5. Dimension 1

5.1. Full degree case

In this case ¢(4t) = 2g = 2 which implies ¢ = 1. Therefore X2 £ ¢ is a Weil
polynomial.

5.2. Half degree case

In this case $¢(4t) = 2g = 2. That implies 4t € {8,12} or t € {2,3}. In case t = 2
then ¢ = (£2)™ with n odd. Then,

1. If ¢ > 0 then the minimal polynomial of 8 is W5, (X).
But, U1 (X) = (X () (X —¢1) = X2 £ (G+ ()X +1= X £ V2X + 1.
Therefore \I,[2\7/16] (X)=X?+2¢X +q.
2. If ¢ < 0, then the minimal polynomial of 6 is \P[_\/Qa]l (X).
But, Us1(X) = (X —()(X —¢3) = XQi(Cs+<§§X— 1=X24/-2X 1.
Therefore \I/[j/f]l (X)=X24+/2¢X —q.
In case t = 3, then p = 3 and ¢ = 3™ with n odd. In that case, the minimal
polynomial of 6 is Wg‘ﬁﬂ (X).
But, U5 (X) = Han(Z/3Z)(X_ (%)C??) = X2_23:1(%)X+1 = X?+£V/-3X-1.
Therefore \I/éﬁﬁ (X)=X?4+/3¢X +q.

6. Dimension 2

6.1. Full degree case

In this case ¢(4t) = 2g = 4. That implies 4t € {8,12} or t € {2,3}. Therefore
either ¢t = 2, p odd and the minimal polynomial is

oY (X) = X* + ¢,
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ort =3, g # 3", n odd and the minimal polynomial is
o7 (X) = X1 — X2+ ¢,

6.2. Half degree case
In this case 1¢(4t) = 2g = 4. That implies 4¢ € {16,20,24} or ¢ € {4,5,6}.

1. Either p is odd, ¢ is odd, p divides ¢, ¢ = 3 mod 4.
In that case, t = p = 5, ¢ = (—5)™ with n odd and \Ilg/lﬂ (X) is the min-
imal polynomial of . We have W5 1(X)U5(—X) = ®5(X?). Therefore,
Us1(X)=X*+£V6X3+3X2+£V5X +1 and

VT (X)) = Xt £ \/T5gX? — 3¢X% F ¢/ 54X + ¢
2. t=2 mod 4, ¢ = (£2)" with n odd. In that case, t =6 = 2-3 mod 4. Then

(a) If ¢ > 0 then the minimal polynomial of 6 is \Il[Q‘g] (X).
But,

Uy (X?)

Wy 5(X) = Tr s (X) =X+ VX3 XP V22X 1

and hence

WYI(X) = X' £ /2X% + qX2 + q/2¢X + ¢

(b) If ¢ < 0, then the minimal polynomial of 6 is \Il[j/g] (X).
But,
U_o3(X)=X"+V-2X> - X?FV/-2X +1

and hence
WV (X) = X'+ /720X — gX? F g/~ 20X + .

7. Dimension 3

7.1. Full degree case

In this case ¢(4t) = 2g = 6 and there is no such ¢. Therefore there are no possible
polynomials.

7.2. Half degree case

In this case $¢(4t) = 2g = 6. That implies 4¢ € {28,36} or ¢t € {7,9}. In that
case, p is odd, t is odd, p divides t, ¢ = 3 mod 4.
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1. t=7, p=7, ¢g="T7" with n odd, then \11[7‘/1q—] (X) is the minimal polynomial
c]_;)fui.\I!m(X)\Ifm(—X) = ®7(X?) and therefore,
Ui (X) =X+ /-7X° - 3X* £ V/-7X3 4+ 3X24+V/-7X — 1.
This gives,
WVT(X) = X0 4 \/TqX5 + 3¢X* + q/TqX® +3¢°X% £ ¢*/TaX + ¢°

2. t=9, p=3, ¢ =3" with n odd, then qlg‘/gﬂ (X) is the minimal polynomial
of 6.
But,
Uy3(X) =U3,(X3) = X04+v/-3X3-1

and hence,
UV(X) = X0+ ¢1/3¢X° + ¢

8. Dimension 4

8.1. Full degree case

In this case ¢(4t) = 2g = 8. That implies 4¢ € {16,20,24} or ¢t € {4,5,6}. We
have the following possibilities.
1. If t = 4 then,
(a) ¢ is odd and t is even,
(b) ¢ is even and ¢t # 2 mod 4.

Therefore the minimal polynomial is
ey (x) = X5 + ¢

for all primes p.

2. If t =5 then,
(a) g is odd and ptt but p =1 mod 4, this implies ¢ # (—=5)", n odd.
(b) g is even and t #Z 2 mod 4.

Therefore the minimal polynomial is
(D[Q\O/a](X) — X8 7qX6 +q2X4 - q3X2 +q4

for all ¢ # (—5)", n odd.
3. If t = 6 then,

(a) ¢ is odd and ¢ is even,

Therefore the minimal polynomial is
o7 (X) = X~ X' + ¢*

for all primes p # 2.
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8.2. Half degree case
In this case 3¢(4t) = 2g = 8. That implies 4¢ € {32,40,48,60} or t € {8,10,12,15}.
We have the following possibilities.
1. Either p is odd, t is odd, p divides ¢, ¢ = 3 mod 4. In that case ¢ = 15 then
(a) either p = 3, ¢ = 3" with n odd and \Ilg‘éﬁ (X) is the minimal polynomial

of 6.
Since v (X5)
Us5(X) = 212
3,5( ) \113’1(X) )
we have

WI(X) = X® 5 /3¢XT + 20X F ¢/3¢X° + 2X1 F /3¢X°
+2X% 4+ ¢*\/3¢X + ¢*

or
(b) p=5, ¢ =(—5)" with n odd and \11[5\7/3?} (X) is the minimal polynomial
of 6.
We have,
U q(X3
Uy 5(X) = Y5 1(X%) _ x84 BXT 49X 4+ VEXD
U4 (X)
+3X*+V5X3 +2X2+V5X +1
and hence

WVI(X) = X3+ \/“5¢X" - 2¢X° F q\/—5gX®

43X £ 2/ 5aX? — 288 X2 F P/ —haX + ¢t

2. t=2 mod 4, ¢ = (£2)" with n odd. In that case t =10 =2-5 mod 4.
(a) If ¢ > 0 then the minimal polynomial of 8 is \11[2‘7/55] (X).

But,
Uy 1 (XP
Wy5(X) = Y21 (X7) = X3+ V2XT+ X0 - X+ X2+ V2X +1
Uy 4 (X)
and hence

UYI(X) = X8+ /20X7 + X0 — X'+ X2 £ 224X + ¢,
(b) If ¢ < 0, then the minimal polynomial of 6 is \I'[_‘/za]&-‘ (X).
But,
U os5(X)=X8+V2X"- X0 - X* - X?FV-2X +1

Therefore

UV (X) = X8+ /22¢X7 — gX® — X' — *X° F ¢*/—20X + ¢~
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9. Dimension 5

9.1. Full degree case

In this case ¢(4t) = 2g = 10 and there is no such ¢. Therefore there are no possible
polynomials.

9.2. Half degree case

In this case $¢(4t) = 2¢g = 10. That implies 4 = 44 or t = 11. In that

case, p = 11, ¢ = 11", then \I/[l\l/f’?} (X) is the minimal polynomial of 6. But
\Illl,l(X)\IJll,l(_X) = (I)ll(Xz) which implies
Uy (X)) =X £V/-11X% - 5X8 + V-11X7 - X® + /-11X°
+ X+ V/-11X3 +5X2 /11X — 1.

Hence,

PYT(X) = X1 F /T1gX° + 5¢X° F g/T1gX T — ¢ XO + ¢*/11¢ X"
— X F A\11¢X3 + 5¢* X2 F ¢*/11¢X + ¢°.

10. Dimension 6

10.1. Full degree case

In this case ¢(4t) = 2g = 12. That implies 4t € {28,36} or t € {7,9}. We have
the following possibilities

1. If t = 7 then,
(a) gisodd and pft but —7=1 mod 4 i.e; ¢ # 7", n odd.
(b) ¢ is even and ¢t # 2 mod 4.

Therefore the minimal polynomial is
<I>[2‘5{61(X) = X2 _gx10 4 2X8 _ BX6 4 gt Xt — PX2 4 ¢

for ¢ # 7", n odd.

2. If t = 9 then,
(a) gisodd and ptt but —3 =1 mod 4 i.e; ¢ # 3", n odd.
(b) ¢ is even and ¢t # 2 mod 4.

Therefore the minimal polynomial is
O (X) = X'2 = X+ ¢°

for ¢ # 3™, n odd.
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10.2. Half degree case
In this case 3¢(4t) = 2g = 12. That implies 4t € {52,56,72,84} or t € {13,14,18,21}.
1. Either p is odd, ¢ is odd, p divides t, ¢ =3 mod 4
(a) t = p =13, ¢ = (~13)" and ¥}?7(X) is the minimal polynomial of 4.
But i3 1(X)W¥y31(—X) = ®13(X?) which implies
Wig (X)) = X2+ V13X +7X10 4+ 3v13X° + 15X° £ 5V/13X7
+19X% £ 5V13X° + 15X% £ 3VI3X° + 7X? £ V13X + 1
and therefore
YT (X) = X124+ \/“13¢X " — 7¢X 10 F 3¢/~ 13¢X° + 15¢°X®
+5¢%/—13¢X" — 19¢°X® F 5¢°\/—13¢X° + 15¢* X *
+ 3q4\/T3qX3 71X T qsz +¢5.
(b) ¢ =21, then
(i) p=3, ¢ = 3" with n odd and \Pg\éﬂ (X) is the minimal polynomial

of 6.
But
_ “I/371(X7) _ y12 11 10 9 8
Uy r(X) = - = x12 4/ 3xH" 22X/ 3X%+ X
’ Vs34 (X)
+ X0+ X4+ /3X2 —2X?2FV/-3X +1
and hence

\Ifg‘éﬂ(X) —x!2 4 \/@X“ JrQquiq\/@XQJrqug — $#Xx6
+q4X4:|:q4\/@)(d+2q5X2iq5\/@X+qG
or
(ii) p=17, ¢ = 7" with n odd and \I'%ﬂ (X) is the minimal polynomial

of 6.
Wrq (X3
Ury(x) = 2D im0 o e xs
Uy (X)
FoU—TX 4+ 7XC £ 27X — X4+ V/-7X3 - 4X?
FV=TX +1.
Hence,

VIX) = X2 £ /TqX M 44X + q/TqX? — X5 F 247 /TqX”
—7¢*° X% ¥ 2¢°\/TqX° — ¢*X* £ ¢*\/TqX? + 4¢° X
£¢°/TgX + 5.
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2. t =2 mod 4, q even.
(a) t=14=2-7 mod 4.
(i) If ¢ > 0 then the minimal polynomial of  is \11[2\7/76] (X).

But
Uy (X7
War(X) = 218D _ iz myin x10 x84 oy
Ty 1 (X)
— X0+ V2X - Xt + X2 FV2X +1
and hence,

UYI(X) = X2 F 20X 4 gX0 — X5 £ /24X — ¢PX
iqg\/%XS—q4X4+q5X21Fq5\/%X+q6.
(ii) If ¢ <0, then the minimal polynomial of 6 is \I![j/g] (X).
But,
U_p7(X) = X2+ y2x! - X1 - x3FV/2X7 4 X©
V2K - X - X V2N 4
VT (X) = X2 £ /220X 1 — gX'0 — X5 F 2/~ 2¢XT
+ X0+ ¢*\/—2¢X° — ¢*X* — o X2
F¢°V/—24X + ¢°.
(b) t =18 =2-9 mod 4 with ¢ even. In that case,

(i) If ¢ > 0 then the minimal polynomial of  is \I/[Q‘g] (X).
But,

Wy (X

— 12 9 6 3
Wz,g(X)—WfX +v2X% + X0+ v2X3 + 1.

and hence,
UH(X) = X1 + y/20X° + ¢ X6 + ¢* /20 X7 + ¢°.

(ii) If ¢ < 0, then the minimal polynomial of 6 is \I/[_\/Qa,] (X).
But, U_se(X) = X'2 + /—2X% — X6 /—2X3 + 1. Therefore
V(X)) = X124 gy/=2gX° — 3XE + ¢4 /—2gX5 + ¢°.

11. Dimension 7

11.1. Full degree case

In this case ¢(4t) = 2g = 14 and there is no such ¢. Therefore there are no possible
polynomials.
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11.2. Half degree case

In this case %¢(4t) = 2¢g = 14 and there is no such t. Therefore there are no
possible polynomials.

12. Summary of results for dimensions 1 to 7

We gather the list of characteristic polynomials, from dimensions 1 to 7, with
references for the previously known cases.

Theorem 12.1. Let A be an supersingular simple abelian variety over F,, where
q=p", n odd. Then the characteristic polynomial of A must be one of the follow-
mg:

1. Dimension 1 (Deuring and Waterhouse[2, 14])
(a) p=2:X>+/2¢X +g¢,
(b) p=3:X24+/3¢X +q,
(c) X% +q.
2. Dimension 2 (C.Xing, D.Maisner and E.Nart[15, 6])
(a) p#3: X' —¢X? + ¢,

(

f) p#2: X+ ¢%
3. Dimension 3 (E.Nart, C.Ritzenthaler and S.Haloui [4, 7])

(a) p=3: X+ qy/pgX>+ ¢, or

(b) p=7: X5+ \/pgX® + 3¢X* £ q/paX? + 3¢ X? £ ¢*\/paX + ¢*.
4. Dimension 4 ( S.Haloui, V.Singh [5])

(a) X®+q",

(b) XS—qX6-‘rq2X4—q3X2+q4,

(€ p#5: X%+ ¢X°+ X" +¢* X% + ¢,

(d) p#2: X% - ¢?X* + ",

() p=13: X84 /3¢X" +2¢X5 + ¢q/3¢X5 + > X* £ ¢*/3¢X> +2¢3 X2 +
¢*V3q4X +q*,

(f) p=5: X%+ /5¢X" +2¢X0 £ ¢/5¢X° + 3¢°X* £ ¢*/5¢ X3 +2¢°X? +
¢*V5q4X +q*,

(g) p=2: X84+ /2¢X" +¢X — >X* + > X? + ¢*\/2¢X + ¢*.
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5. Dimension 5
(a) p=11: X105 /TTgX?+5¢ X8 Fq/T1qgX" — > X0+ ¢>\/T1qX° — > X*F
@V11gX? +5¢* X? F ¢*V11gX + ¢°.
6. Dimension 6
(a) X12 +qX10 —|—q2X8 —|—q3X6 +q4X4 —|—q5X2 _|_q67
(b) p# 72X12 —qX10+q2X8 —q3X6—|—q4X4 _q5x2+q6}
(€) X'+ ¢3X6 + ¢f,
(d) p#3: X1 — X+ ¢°,
(e) X124 /T3gX " +7¢X "0 +3¢/T3¢ X% +15¢> X® +£5¢% /T3¢ X" +19¢° X +
5¢3/I3¢X° + 15¢* X* 4 3¢*VI3¢ X2 + 7¢° X2 + ¢°/13¢X + ¢©
(f) X124 /3qXM +2¢X104+q/3¢X° + * X8 — 3 XC + ¢* X* + ¢*/3g X3 +
2¢°X? +¢°\/3¢X + ¢°.
(8) X' £ VTgX'" + 4gX'0 & qy/TqX® — ¢*X° F 2¢*TgX™ — T¢°X° F
2¢°VTqXP — " X'+ ¢*'VTgX? +4¢° X% £ VT X + ¢,
(h) XIQZF\/EXH +qX10 —qusiqz\/EX7—q3X6j:q3\/EX5 —q4X4+
X2 F V24X +¢°,
(1) X2+ qv/2¢X° + > X6 £ ¢*/2¢X3 + ¢b.
7. Dimension 7 (K.Rubin, A.Silverberg [10])
There is no supersingular simple abelian variety of dimension 7.

Furthermore, for each of these polynomials, there exists a simple abelian variety
of the given dimension having that polynomial as its Weil polynomial.

The proof of this theorem follows from Section 3.

Theorem 12.2. Let A be an supersingular simple abelian variety over F,, where
q = p", n even. Then the characteristic polynomial of A must be one of the
following:

1. Dimension 1 (Deuring and Waterhouse[2, 14])
(a) X2+X\/(j+q, p#Z 1 mod 3,
(b) X2+4¢q, p# 1 mod 4,
(¢) X*—X\/q+q, p#1 mod 6,
(@) (X @2,
2. Dimension 2 (C.Xing, D.Maisner and E.Nart[15, 6])
(a) (X*+X,/g+q)? p=1 mod 3,
(b) (X2 +¢)%, p=1 mod 4,
(¢) (X?—X/q+q)?, p=1 mod 6,
(d) X*+ /gX3 + X%+ 32X +¢* p# 1 mod 5,
(e) X*+¢% p#1 mod 8,
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(f) X*— /X3 +¢X? - ¢*%X +¢* p# lv mod 10,
(g) X*—¢X?+¢% p#1 mod 12.
Dimension 8 (E.Nart, C.Ritzenthaler and S.Haloui [4, 7])
(a) X0+ /aX° + X+ ®2X3+ X2+ ¢°2X + ¢, p#1,2,4 mod 7,
(b) XS +¢32X3 4+ ¢, p#£1, 4, 7 mod 9,
(c) X0 — /gX°+qX* — ¢*2X3 + ®X? — ¢*2X + ¢%, p #1,9,11 mod 14,
(d) X6 —¢%2X3 +¢% p#1,7,13 mod 18.
Dimension 4 ( S.Haloui, V.Singh [5])
a) (X*+ /gX3+qX?+¢*?X +¢*% p=1 mod 5,
) (X*+¢*)?, p=1 mod 8,
) (X*— /aX?+qX? - ¢*?X +¢*)?%, p=1 mod 10,
) (X%t —gX?+¢*)?2, p=1 mod 12,
e) X% — /aXT+¢*2X° — X+ ¢°2X? — ¢"2X + ¢*, p# 1 mod 15,
)
)
)

X8 — X0+ ¢?X* — X2 +¢*, p# 1 mod 20,

X8 —?X*+¢* p#£1 mod 24,

(i) X®+ \/§X7 — X5 — XY — ®2X3 +¢"2X +¢*, p# 1 mod 30.

Dimension 5

(a) X10+\/§X9+qX8+q3/2X7+q2X6+q5/2X5+q3X4+q7/2X3+q4X2+
PPX +¢°, p#£1,3,4,5,9 mod 11,

(b) Xlo—\/§X9—|—qX8—q3/2X7—|—q2X6—q5/2X5+q3X4—q7/2X3—|—q4X2—
PPX +¢%, p#£1,3,5,9,15 mod 22.

Dimension 6

(a) (XO+,/gX°+¢X*+? X3+ X2+ ¢°?X +¢%)?% p=1,2,4 mod 7,

) (X6 +¢32X3+¢%)?%, p=1, 4, 7 mod 9,

(c) (X6 VaXP+qX*t - 3/2X3+q2X2—q5/2X+q3)2, p=1,9,11 mod 14,

(d) (X¢—¢*2X3+¢%)?2, p=1,7,13 mod 18,

(e) X12+\[X11+qX10+q3/2X9+q2X8+q5/2X7+q3X6+q7/2X5+

X 4 POPXP 4 PX? 4+ M 2X 4%, p#1,3,9 mod 13,

(f) x12 _ \/aXn —|—q3/2X9 _ q2X8 +q3X6 _ q4X4 +q9/2X3 _ q11/2X + q67
pZ£1,4,16 mod 21,

(g) x12 _ \/§X11 + qu _ q3/2X9 + qus _ q5/2X7 + q3X6 _ q7/2X5 +
X = POPXP 4+ PX2— MV2X 445, p#1,3,9 mod 26,

(h) X12 —gX'0 4+ ¢2X® — X0 + ¢* X* — ¢° X2 + ¢%, p#1,9,25 mod 28,

(i) X2 — X6 4+ ¢%p#1,13,25 mod 36,
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(J) X12 + \/E]Xll _ q3/2X9 _ q2X8 +q3X6 _ q4X4 _ q9/2X3 +q11/2X 4 q6!
p#1,25,37 mod 42.

7. Dimension 7
There is no supersingular simple abelian variety of dimension 7.

Furthermore, for each of these polynomials, there exists a simple abelian variety
of the given dimension having that polynomial as its Weil polynomial.

Proof. The proof of this theorem, follows from straightforward calculations using
Theorem 4.1. |

13. Existence of supersingular abelian varieties

There are two important existential questions.

1. Given a positive integer d and ¢ = p”, does there exist a simple supersingular
abelian variety of dimension d over F,?

2. How many isogeny classes of simple supersingular abelian varieties are there
over I, for a given dimension?

In this section, we will give partial answers to these questions.

V3

Theorem 13.1. Let g > 2 be an odd positive integer and ¢ = p™, n even. Then
the characteristic polynomial of a supersingular simple abelian variety over F,
dimension g is irreducible.

Proof. The characteristic polynomials of supersingular simple abelian variety of
dimension g are P(X)¢, wheree = 1 or e = 2. When e = 1, P(X) is a supersingular
Weil polynomial of degree 2g and when e = 2, P(X) is a supersingular Weil
polynomial of degree g. Also all non linear Weil polynomials have even degree.
Since g > 2 and g is odd, e = 2 is not possible and hence the theorem follows. W

Theorem 13.2. Let g > 2. Then there is no simple supersingular abelian variety
over Fy, with ¢ = p™, n even, of dimension g if and only if ¢~ (g) and ¢~'(2g)
are empty sets.

Proof. A supersingular irreducible Weil polynomial of degree 2g is given by
oy (X), where ¢(m) = 2g. The characteristic polynomials of supersingular
simple abelian variety of dimension g are either irreducible supersingular Weil
polynomials of degree 2¢g or the square of an irreducible supersingular Weil poly-
nomials of degree g. There are no supersingular irreducible Weil polynomials of
degree g and 2g if $~1(g) and ¢~!(2g) are empty sets, respectively. Conversely let
»~1(g) or ~1(2g) be non empty set. If $~1(g) is not empty and g > 2 this implies
g is even. If ¢(m) = g, then then by Theorem 4.1 (<I>£,\L/a] (X)) is a characteristic
ge

polynomial of simple supersingular abelian variety over F; of dimension %-, where

e the order of p mod m + 1 i.e; where e = 1 or e = 2. For p such that order of

p modulo m is odd, (@L,‘L/E] (X))? is a characteristic polynomial of simple supersin-

gular abelian variety over F, of dimension g. Similarly if ¢~1(2g) is non empty,
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for all primes p such that order of p modulo m is even, and repeating the argu-

ment above, we get @L,\{g] (X) is characteristic polynomial of a simple supersingular
abelian variety of dimension g. Hence the theorem follows. |

Remark 13.3. Given an integer m > 2, there are infinitely many primes which
have an even order modulo m and there are infinitely many primes which have an
odd order modulo m.

Theorem 13.4. Let g > 2. Then there is no simple supersingular abelian variety
over By, with ¢ = p™, n odd, of dimension g if $~(g) and ¢$=*(2g) are all empty
sets.

Proof. Let ¢ = p™, n odd. By Theorem 3.3 and Remark 3.4, there are no ir-
reducible supersingular Weil polynomial of degree 2¢g if ¢(4t) = 2g with and
£¢(4t) = 2g has no solution for t. If 2|m then we have ¢(2m) = 2¢(m). Therefore,
¢(4t) = 2g and ¢(4t) = 4g has solutions for ¢ if and only if ¢(2t) = g ¢(2t) = 2g
has solutions for t. Therefore there is no irreducible supersingular Weil polynomial
of degree 2g if ¢~1(2¢g) and ¢~!(g) has no solution. Since the characteristic poly-
nomial of a simple supersingular abelian variety of dimension g > 2 is irreducible,
the result follows. [ |

Though the complete characterization of values of inverse of Euler function is
a difficult problem, the above two theorems provide the following partial result.

Corollary 13.5. If p is prime greater than 2 such that 2p + 1 is not prime
(i.e. p is not a Sophie Germain prime) then is no simple supersingular abelian
variety of dimension p over finite fields.

Therefore it follows from Theorems 13.2 and 13.4, that for the following dimen-
sions g < 100 there are no simple supersingular abelian varieties.

prime: 7,13,17, 19, 31, 37, 43,47, 61, 67, 71, 73, 79, 97.
composite: 25,27, 34, 38,45, 57,62, 63, 76,77, 85, 87,91, 93, 94, 95.

Corollary 13.6. There are infinitely many positive integers g such that there is
no simple supersingular abelian variety of dimension g over finite fields.

Proof. We will show the Theorem using the fact that by there are infinitely many
primes satisfying Corollary 13.5. It is well known that there are infinitely many
primes congruent to 5 mod 6 which implies 2p + 1 = 4 mod 6. Hence 2p + 1 in
this family is not prime and the Theorem follows. |

The following result is in contrast to Theorem 13.6.

Corollary 13.7. There are infinitely many positive integers g such that there are
simple supersingular abelian varieties of dimension g.
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Proof. There are infinitely many positive integers g such that ¢=*(g) or ¢—1(29)
are not all empty sets. From Theorem 13.2 and Remark 13.3, there is a super-
singular simple abelian variety of dimension g over F,, where ¢ is a square for
infinitely many primes p and hence this result follows. |

Let Gy 4 denote the number of isogeny classes of supersingular simple abelian
varieties of dimension g over F, and A(m) := #{z|¢(x) = m}.

Corollary 13.8. If g > 1 and g = p", n even, then

Gag = A(29)(0(p,29) + 1) + A(g)(o(p. 9)),
where o(p, k) = the order of p mod k, taken mod 2.
Proof. It follows easily from Theorem 4.1. ]

Corollary 13.9. If g > 2, ¢ =p", n odd, then

Goyg < (=17 +1)A(29) + 2 Z w(n),
neA(2g)

where w(n) is the number of distinct prime factors of n.

Proof. The proof follows from counting the supersingular irreducible Weil polyno-
mial of degree 2¢g both in half degree and full degree case from the Theorem 3.3. W
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