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Abstract: Let (T'(t));>0 be a strongly continuous Cp-semigroup of bounded linear operators
on a Banach space X such that lim; o ||T(t)/t]] = 0. Characterizations of when (T'(t))¢>0 is
uniformly mean ergodic, i.e., of when its Cesaro means r~1 for T(s) ds converge in operator norm
as r — oo, are known. For instance, this is so if and only if the infinitesimal generator A has
closed range in X if and only if limy o+ AR(), A) exists in the operator norm topology (where
R(\, A) is the resolvent operator of A at A\). These characterizations, and others, are shown to
remain valid in the class of quojection Fréchet spaces, which includes all Banach spaces, countable
products of Banach spaces, and many more. It is shown that the extension fails to hold for all
Fréchet spaces. Applications of the results to concrete examples of Cp-semigroups in particular
Fréchet function and sequence spaces are presented.

Keywords: Cp-semigroup, uniform mean ergodicity, quojection and prequojection Fréchet
spaces.

1. Introduction

Let (T'(t))i>0 be a l-parameter Cy-semigroup of continuous linear operators in
a Banach space X. Ergodic theorems have a long tradition and are usually for-
mulated via existence of the limits of the Cesaro averages C(r)z = L ["T(t)z dt,
r > 0, or of the Abel averages ARyx = )\fooo e MT(t)xdt, A > 0, for each z € X,
when r — oo and A — 0T, respectively. In the former case one speaks of the
mean ergodicity of (T'(t));>0 and in the latter case of its Abel mean ergodicity;
for the general theory and applications see [11, Ch.4], [20, Ch.VIII], [23, Ch.V],
[24, Ch.XVIII], [31] and the references therein. Of course, the above convergence
is relative to the strong operator topology 7, in the space L(X) of all continu-
ous linear operators on X. The following fundamental result characterizing the
mean ergodicity (resp. Abel mean ergodicity) of (T'(¢));>o for the operator norm
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convergence in L£(X), in which case one speaks of uniform mean ergodicity (resp.
uniform Abel mean ergodicity), is due to M. Lin; see [33, Theorem & Corollary 1],
[34, Theorem 12].

Theorem 1.1. Let X be a Banach space and (T(t))i>0 € L(X) be a strongly con-

tinuous Cy-semigroup with T'(0) = I satisfying lim;—, oo H@ ’ = 0. The following

assertions are equivalent.

(i) im0 C(r) exists for the operator norm topology in L(X).

(ii) The range ImA of the infinitesimal generator A of (T'(t))i>0 is a closed
subspace of X.

(iif) Imy_yeo & ZnN=1 RY exists for the operator norm topology in L(X).

(iv) There exists a projection P € L(X) withImP ={z € X : T(t)zx =z
Vt > 0} such that limy o+ |ARx — P|| = 0.

(v) limy, oo (ARN)™ ezists for the operator norm topology in L(X) for (some)
all A > 0.

(vi) There exists Ao > 0 such that

sup ||[Rayl| < oo, y € ImA.
0<A<Ao

Much of modern analysis occurs in locally convex Hausdorff spaces (briefly,
lcHs) which are non-normable. The notions of a Cp-semigroup (T(¢))¢>0 € L(X)
(with X a Banach space) being mean ergodic or Abel mean ergodic relative to
7, are purely topological and so carry over immediately to the setting when
X is a IcHs. The natural analogue of the operator norm topology in £(X) is
the topology 7, of uniform convergence on the bounded subsets of the IcHs X.
Accordingly, the notions of (T'(t));>o being uniformly mean ergodic (resp. umni-
formly Abel mean ergodic), i.e., relative to 73, are also defined. For certain classi-
cal aspects of the theory of mean ergodic semigroups of operators, relative to 7,
in the non-normable setting we refer to [21], [31, Ch.2], [44, Ch.III, §7] and the
references therein. Further recent results on this topic occur in [6], [7], [9]. The
aim of this paper is to clarify the role of Theorem 1.1 in the setting of IcHs. Some
relevant comments in this respect are appropriate.

Leaving the Banach space setting brings with it various inherent (unpleasant)
features. For instance, given any strongly continuous Cp-semigroup (T'(t))i>0 in
a Banach space X there always exists w > 0 such that the semigroup (e "“*T'(t)):>0
is uniformly bounded, i.e., sup,5oe“*|T(t)|] < oo, [23, Ch.I Proposition 5.5].
Already in non-normable (lc-)Fréchet spaces X this need not be the case (cf. [6],
[7], [27], 28], [41]), i.e., (e “'T(t))¢>0 may fail to be an equicontinuous subset
of £L(X) for every w > 0. So, the general theory of Cy-semigroups in Fréchet
spaces is more involved than in Banach spaces. The infinitesimal generator A of
(T'(t))e>0 is always a closed linear operator (not necessarily everywhere defined).
In the Banach space setting the resolvent set p(A) of A is always non-empty
and open, [23, Ch.Il Theorem 1.10 & Ch. IV. Proposition 1.3]; not necessarily
so if X is a Fréchet space, |7, Example 3.5(vii)|]. It can even happen, for X
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a non-normable Fréchet space, that p(A) = ); see Propostion 4.6 below! Moreover,
some of the basic techniques for Banach spaces which are crucial for establishing
various uniform mean ergodic theorems (eg. if the resolvent operators of A satisfy
[R(N, A)|| = 0 as A — 0T, then I — R(\, A) is invertible in £(X) for all X\ small
enough, or the inequality dist(X\,o(A)) > m for A € p(A), or that p(A) is the
natural (open) domain in which R(-, A) is holomorphic) are not always available
in non-normable Fréchet spaces. So, one cannot expect Theorem 1.1 to carry over
to general IcHs X. In fact, it does not even extend to general Fréchet spaces; see
Example 3.7 below.

Despite the negative comments made above it turns out, nevertheless, that
Theorem 1.1 does have a natural extension (cf. Theorem 3.2) to an important
and non-trivial class of Fréchet spaces, namely the quojections; see Section 3 for
the definition of this class. All Banach spaces, all countable products of Banach
spaces, and many more Fréchet spaces are quojections. Concrete examples of
quojections include the sequence space w = CV, the function spaces Lt (), with
1 < p<ooand Q CRY and open set, and C"™(Q) with m € Ny and Q C RV
an open set, when equipped with their canonical lc-topology. As alluded to above,
Theorem 3.2 is the main result of the paper. A further version of Theorem 3.2
is also presented in Section 3, namely to the class of prequojection Fréchet spaces
(which properly contains the quojections). Section 2 is devoted to establishing
various preliminary results needed in the sequel, many of interest in their own
right. The final Section 4 presents some examples of concrete Cy-semigroups acting
in particular quojection Fréchet spaces, with the aim of determining whether (or
not) they are mean ergodic/uniformly mean ergodic.

2. Preliminaries

Let X be a IcHs and I'x a system of continuous seminorms determining the
topology of X. The strong operator topology 75 in the space £(X) of all continuous
linear operators from X into itself (from X into another IcHs Y we write £L(X,Y))
is determined by the family of seminorms ¢,(S) := ¢(Sx), for S € L(X), for each
x € X and ¢ € I'x, in which case we write L£4(X). Denote by B(X) the collection
of all bounded subsets of X. The topology 7, of uniform convergence on bounded
sets is defined in £(X) via the seminorms ¢g(S) := sup,cp ¢(Sx), for S € L(X),
for each B € B(X) and g € I'y; in this case we write £,(X). For X a Banach
space, T is the operator norm topology in £(X). If I'x is countable and X is
complete, then X is called a Fréchet space. The identity operator on a lcHs X is
denoted by I.

By X, we denote X equipped with its weak topology o(X, X’), where X' is
the topological dual space of X. The strong topology in X (resp. X') is denoted
by B(X,X’) (resp. S(X’, X)) and we write X3 (resp. X;;); see [29, §21.2] for the
definition. The strong dual space (X})j; of X} is denoted simply by X”. By X,
we denote X' equipped with its weak-star topology (X', X). Given T € L(X),
its dual operator T': X’ — X' is defined by (z,T'2') = (Tz,z’) for all z € X,
x' € X' It is known that 7" € £L(X[) and T" € L(Xp), [30, p.134].
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Definition 2.1. Let X be a lcHs and (T'(¢)):>0 € £(X) be a 1-parameter family
of operators. The map t — T(t), for ¢ € [0,00), is denoted by T': [0, 00) — L(X).
We say that (T(t))i>0 is a semigroup if it satisfies
(i) T(s)T'(t) =T(s+t) for all s,t > 0, with T(0) = I.
A semigroup (T(¢))¢>0 is locally equicontinuous if, for fixed K > 0, the set {T'(¢) :
0 < t < K} is equicontinuous, i.e., given p € I'x there exist ¢ € 'y and M > 0
(depending on p and K) such that

p(T(t)z) < Mq(x), xeX, tel0,K]. (2.1)

A semigroup (T'(t)):>0 is said to be a Cy-semigroup if it satisfies
(ii) lim_o+ T(t) = I in L£(X).

If the Cyp-semigroup (T'(t))¢>o satisfies the additional condition that
(iii) limyye, T(t) = T(to) in L4(X), for each ¢ty > 0,

then it is called a strongly continuous Cy-semigroup.

A semigroup (T'(t))¢>0 is said to be exponentially equicontinuous if there exists
a > 0 such that (e T (t))i>0 C L(X) is equicontinuous, i.e.,

Vp € T'x 3q € T'x, M, > 0 with p(T(t)x) < Mpe™q(x) ¥Vt >0,z € X.  (2.2)

If a = 0, then we simply say equicontinuous. Finally, a semigroup (T'(¢));>o is said
to be a uniformly continuous Cy-semigroup if T: [0,00) — Lp(X) is continuous,
ie.,

(iv) limy, T(t) = T(to) in Lp(X), for each tg > 0 (with ¢ — 07 if tg = 0).
Given any locally equicontinuous Cy-semigroup (T'(¢))i>o0 (resp. any locally
equicontinuous, uniformly continuous Cp-semigroup) on a lcHs X, observe that
condition (iii) (resp. condition (iv)) in Definition 2.1 is equivalent to T'(t) — I in
Ls(X) (resp. in £,(X)) as t — 0, |6, Remark 1(iii)].
Remark 2.2.

(i) Let X be a lcHs and (T'(t))¢>0 be an equicontinuous Cp-semigroup on
X. For p € I'x define p(x) := sup,>o p(T(t)x), for z € X. By Definition
2.1(i)—(iii) p is well-defined, is a seminorm and satisfies

p(x) < p(r) < Mpq(x) < Mpq(e), =€ X. (2.3)

Hence, I'y := {p: p € I'x} also generates the given lc-topology of X.
Moreover, for p € I'x, we have

p(T(t)z) = Sgrgp(T(t)T(S)x) = Sggp(T(HS)w) <p(z), z€X, t>0.
- B (2.4)

(ii) In [28, Prop. 1.1] it is shown that in a barrelled lcHs X every strongly
continuous Cy-semigroup (7'(t))¢>0 is locally equicontinuous.
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(iii) Every Cy-semigroup of operators in a Banach space, being strongly con-
tinuous, [23, Ch. I, Proposition 5.3], is necessarily exponentially equicon-
tinuous, [20, p.619], [23, Ch. I, Proposition 5.5]. For Fréchet spaces
this need not be so. Indeed, in the sequence space w = CN (topol-
ogy of coordinate convergence), T(t)z := (e™x,)5 , for t > 0 and
x = ()22, € w, defines a strongly continuous Cp-semigroup which is
not exponentially equicontinuous. As w is a Montel space, (T'(t)):>0 is
also uniformly continuous.

If X is a sequentially complete 1cHs and (T'(t)):>0 is a locally equicontinuous
Co-semigroup on X, then the linear operator A defined by

Az = lim LT
t—0+ t

forz € D(A) == {z € X : lim;_,+ T1=2 exists in X}, is closed with D(A) = X,
[28, Propositions 1.3 & 1.4]. The operator (A, D(A)) is called the infinitesimal
generator of (T(t))i>0. Moreover, A and (T'(t));>0 commute, [28, Proposition
1.2(1)], i.e., for each ¢ > 0 we have {T'(t)x : * € D(A)} C D(A) and AT (t)z =
T(t)Azx, for all x € D(A). Also known, |28, Proposition 1.2(2)], is that

t t
T(t)e —a = / T(s) Az ds — / AT(s)zds, zeD(4),  (25)
0 0
and, [28, Corollary p.261], that
¢
Tt)x —x = A/ T(s)x ds, z e X. (2.6)
0

For each € D(A) (resp. x € X), the integrals occuring in (2.5) (resp. (2.6)) are
Riemann integrals of an X-valued, continuous function on [0, ]; see [6, Appendix].
The closedness of A ensures that Ker A := {x € D(A) : Az = 0} is a closed
subspace of X. The range of A is the subspace ImA := {Ax : x € D(A)}.

Let A: D(A) C X — X be a linear operator on a IcHs X. Whenever A € C
is such that (A — A): D(A) — X is injective, the linear operator (AI — A)~! is
understood to have domain Im(AI — A). The resolvent set of A is defined by

p(A):={AeC: (M —A): D(A) — X is bijective and (M — A)~! € £L(X)}

and the spectrum of A is defined by o(A) := C\ p(A4). For A € p(A) we also write
R(M\, A) := (M — A)~L. For A\, u € p(A) it is routine to check that the resolvent
equation

R(A,A) — R(pu, A) = (p — AN R(N, A)R(p, A)

is valid. The spectral theory for closed linear operators A in a (non-normable) lcHs
X is not as well developed as in Banach spaces and many features depart from the
well known theory in Banach spaces; see [7, Section 3], for example, where those
aspects that we require in this paper can be found.
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The following general results, also of interest in their own right, play a crucial
role in later sections.

Proposition 2.3. Let X be a sequentially complete lcHs and (T(t))i>0 C L(X)
be a locally equicontinuous Co-semigroup with infinitesimal generator (A, D(A))

so that {%t) Tt > to} is equicontinuous for some to > 0. Then
Co+ :={2€ C: Re(z) >0} C p(A)

and {R(\, A) : Re(N) = a} is equicontinuous for every a > 0. Moreover, for every
x € X and n € N we have

n, _ (FD"THA"TIR(A, A)z 1 * s -
R\ A) = T NG = ] /0 t"temMT(t)xdt, € Coy.

Proof. According to [6, Remark 1(iii)] the Cy-semigroup (7'(t));>0 is strongly
continuous. Let p € I'y. Then there exist A, > 0 and r € I'x such that

» (T(t)a:) < Apr(z) for x € X and t > tg, that is,

t

p(T(t)x) < Aptr(z), reX, t>t

By local equicontinuity of (T'(t))¢>0 the set {T'(¢) : t € [0,t0]} C L(X) is equicon-
tinuous and so there exist ¢ € I'x with ¢ > r and B, > 0 such that

p(T(t)z) < Bpg(z), x € X, t €0t

Fix any a > 0. Since max{1,t} < c,e® for t > 0 (with ¢, := max{1, 1}) it follows
that
p(T(t)z) < caMpe™q(z), zeX, t>0, (2.7)

where M, := max{A,, B,}, i.e., the semigroup (T'(¢))¢>0 is a-exponentially equicon-
tinuous. Then Lemma 5.2 and Remark 5.3 of [7] imply that {z € C : Re(z) >
a} C p(A) and

R\ Az = / e MT(t)x dt, z € X, Re(A) > a, (2.8)
0
with the integral existing as an improper X-valued Riemann integral. Since a > 0

is arbitrary, it follows that Co+ C p(A).
Inequalities (2.7) and (2.8) ensure that

> CaM.
p(R(\, A)z) < caM, q(x)/ em®e—altgy — 2P __g(z), reX,
: 0 (Re(A) —a)
whenever Re(\) > a. For ¢ > 0 we have m < 1 whenever A satisfies

Re(A) > a + €. Accordingly,

p(R()\, A)z) <

€
which shows that {R(A, A) : Re(A) > a + €} is equicontinuous. Since a and ¢ are
arbitrary, it follows that {R(\, A) : Re()\) > b} is equicontinuous for every b > 0.

ca M,

q(z), xz € X, Re(A) > a+e,
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Fix A € Cy+. Then there exists n > 0 such that the closure of V(A\,n) :={z €
C: |z— A < n} is contained in Cy+ C p(A). Moreover, {R(u, A): pe V(A\n)} C
{R(u,A) : Re(p) = n} and so {R(u, A) : p € V(A n)} C L(X) is equicontinuous.
Setting U := Cy+ it follows from [7, Proposition 3.4(i)] that R(-, A): Co+ — L(X)
is holomorphic from Cgy+ into £,(X) with

W ()" dIR( 4)

R\, 4) (n—1)! dx—1 7

n € N.

It remains to establish, for x € X and n € N, that

(- td" RN Az 1
(n—1)! dAr—1 C(n—1

)'/ t" e MT(t) 2 dt, AeCor. (29)
- JO

The case n = 1 is given by (2.8). Consider now n = 2. Let Re(A) > 0 and set
a = ReT(’\) > 0. Given p € I'x choose ¢ € I'x and M, > 0 such that (2.7) holds.
Then

p(te T (1)) < coMyte™ BN =0t g(3) = caMptefL(;)tq(I), (2.10)
for x € X and t > 0, with fooo te= 5 g < 0. Sequential completeness
of X ensures that the improper X-valued Riemann integral fooo te™MT(t)x dt

exists. Moreover, (2.10) and [6, Proposition 11(vii)] imply that the operator
z = [T te™MT(t)x dt, for 2 € X, belongs to £(X). Fix any n € <O,RET(>‘)>,
in which case V(A\,n) C {u € C: Re(p) > n}. Then it follows from (2.7) and (2.8)
that, for every p € V(A n) with p # XA and = € X

) (R(M,A)x — R\ Az (_ /OOO te NMT(t)x dt))

w—A
o] —pt =t
=p </ {e i n te)‘t] T(t)w dt)
0 n—=

0 | o= (u=Mt _ 1
ottt ||
0

_ Re(M)t

+tle T dt. (211

w—A
Considering the power series for the exponential function we have
67(“’7>‘)t —1 k*ltk

R AR
t| < <
A *’ k; I 1;2 !

3
< te™ < max{1,t}e" < Cn/2€%t7

where we have used the fact that max{1,t} < ¢, /26% for t > 0. Accordingly, for
t > 0 and p satisfying 0 < | — A| < 1 we have

e—(u=Mt _ 1 _ Re(A)t _Re(M)

e K oy ppelET T (2.12)

+1

w—A
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. P . 3, _ Re(\)
Since (%r]— RCTO‘)> <0(as0<n< RCT(A)), the function t cn/ge(Q" )t

is integrable on [0, 00). So, the Dominated Convergence Theorem, the estimates
(2.11) and (2.12), and the fact that the pointwise limit

—(u=2t _q (M)t
lim (e + t) e £ 0, t € [0, 00),
n—A n— A

imply that lim,,_, W = — [,Ste T (t)dt in L(X). This is precisely
(2.9) for n = 2.

This argument can be adapted, together with induction, to verify that (2.9)
holds for all n € N and for Re(\) > 0. |

Remark 2.4. Suppose that X is sequentially complete and barrelled and that
(T'(t))e=0 C L(X) is a strongly continuous Cy-semigroup satisfying lim;_, e —

t
0 in £,(X).

(i) Under the above conditions the hypotheses of Proposition 2.3 are sat-
isfied for every to > 0. Indeed, according to Remark 2.2(ii) the semi-
group (T'(t))t>o0 is locally equicontinuous. Fix now any ¢ty > 0. Given

z € X we have limy_,oo T(f)w

such that {m: t> Tm} is bounded in X. By local equicontinuity

= 0 in X and so there exists 7, > tg

t

{T'(t)x : t €]0,7,]} is bounded in X and hence, so is {@ 1 te [tO,TI}}.

It follows that {% i > to} is also bounded. Since z € X is arbitrary

and X is barrelled, we can conclude that {@ Lt > to} is equicontinuous
in £(X).

(ii) The above hypotheses also imply that (T'(t)):>0 is exponentially equicon-
tinuous. Indeed, by part (i) we have {y t > to} is equicontinuous.

Moreover, (T'(t))+>0 is locally equicontinuous by Remark 2.2(ii). In par-
ticular, {T'(¢) : ¢ € [0,1]} is equicontinuous. Let p € I'x. Then there exist
q1,q2 € I'x such that

p(T(t)Jf) g leh(l‘) < Mletql(x)v MRS Xv te [071]a

P(T(1)7) < tMaqa(a) < Mae'ga(z),  we€ X, t3>1,

for constants My, Ms > 0. For some ¢ > max{qi, ¢} with ¢ € I'x and
M > max{Mj, My} we have p(T(t)z) < Me'q(z), for x € X, t > 0, i.e.,
(T'(t))t=0 is exponentially equicontinuous.

Corollary 2.5. Let X be a barrelled, sequentially complete lcHs and (T'(t))i>0 C
L(X) be a locally equicontinuous Cy-semigroup with infinitesimal generator

(A,D(A)) and satisfying 7s-lims_, o0 y = 0. Then (0,00) C p(A4) and X\ —

AR(M, A) is continuous from (0,00) into Lp(X).
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Proof. It suffices to show that A — AR(A, A) is continuous from (0,00) into
Ly(X). Remark 2.4(i) and Proposition 2.3 imply that (0,00) C p(A) and that
{R(\, A): a <\ < oo} is equicontinuous for every a > 0.

Fix 4 > 0. Let p € T'x and B € B(X). By equicontinuity of {R(\, 4) : X\ €
[1/2, (31)/2]} there exist M, > 0 and g € I'x such that

(RO, A)e) < Myg(z),  w€ X, A€ { 3

For every A € [%, 37”] it follows from the resolvent equation that

pB(R(A, A) = R(u, A)) = |A = pf Slelgp(R(A, A)R(p, A)w) < Mp|A — plgs(R(p, A)).

For \ € [&, 37”] it follows that 7,-limy_,, R(\, A) = R(u, A), i.e., R(-,A) is con-

tinuous at p. Since p € (0, 00) is arbitrary, we are done. |

Proposition 2.6. Let X be a sequentially complete lcHs and (T(t))i>0 € L(X)
) so

be a locally equicontinuous Cy-semigroup with infinitesimal generator (A, D(A)
that {@ > to} s equicontinuous for some tg > 0 and 7p-limy_, o

Then, for every real A > 0, we have

@ — .

T =

ARG, A)"

7, — lim =0.

n—00 n

Proof. Fix areal number A\ > 0. According to Proposition 2.3 the set Cq+ C p(A)
and, for every x € X and n € N, we have

R\ A) "z = / t"lemMT (1) dt, A> 0. (2.13)

(n—=1)!Jo

e _ 0 that there

Fix p e I'x, e > 0 and B € B(X). It follows from 7-lim o0 —~ =

exists £1 > 0 such that

sup p(T'(t)z) < eAt, t>t. (2.14)
zeB

The local equicontinuity of (T'(t)):>o ensures that {T'(¢t) : ¢t € [0,t1]} C L(X) is
equicontinuous and so there exist M, > 0 and ¢q € I'x with

p(T(t)z) < Mpg(x), z e X, tel0,]. (2.15)

It follows from (2.13), (2.14) and (2.15) and [6, Proposition 11(vii)] that, for every
x € B and n € N, we have

AR(N, A)" M, Ano AL e
p <( ( ) )) .’1?) < Pq(x) )'/ e—/\ttn—l dt + ¢ ' / e—)\ttn dt.
O tl

n n  (n—1)! n!
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Since “);Jl JoT etk dt =1 for every k € Ny and real y1 > 0, it follows that

» ((/\R(NA))”SU) < Mpa(@)

n n

+ €, xz € B, neN.

Hence, with K := sup,¢p ¢(x), we can conclude that

(()\R()\T,lA))”x) MK

sup p g, n €N,

zEB n

from which it follows that

lim sup sup p

n—oo xEB n

(()\R()\7A))"m) .

Letting ¢ — 0T, the proof is complete. |

Lemma 2.7. Let X be a sequentially complete lcHs and (T(t))i>0 C L(X) be
a locally equicontinuous Cy-semigroup with infinitesimal generator (A, D(A)) such
that p(A) # 0. Then

Fix(T(-)) = Ker(I — AR\ A)), A€ p(A), (2.16)

where Fix(T(+)) := {x € X : T(t)x = « Vt > 0}. In particular, x € Fix(T'(-))
precisely when © = AR(X, A)x for some (all) X € p(A).

Proof. Fix any A € p(A). Let © € Ker(I — AR(A, A)). Then x = AR(\, A)x €
D(A) and so the identity (2.5) holds for this particular . On the other hand,
x € D(A) also implies that R(\, A)(A] — A)x = = = AR(A, A)x and so, by the
injectivity of R(\, A), we obtain (A — A)x = Az, i.e., Ax = 0. Then (2.5) reveals
that T'(t)x —x = 0 for all ¢ > 0, ie., x € Fix(T(-)). So, Ker(I — AR(\, A)) C
Fix(T(+)).

Conversely, if x € Fix(T'(+)), then lim;_,q+ T(t)f_z = 0. Hence, z € D(A) and
Ax = 0. So,

=R\ AN — A)x = R\, A)(Ax — Az) = AR(\, A)x.

Accordingly, = € Ker(I — AR()\, 4)) and so Fix(T(-)) C Ker(I — AR(A, A)). This
completes the proof of (2.16). |

Remark 2.8. In the setting of Lemma 2.7 if 0 € p(A), then Fix(T(:)) = Ker I =
{0} and so Ker(I — AR(\, A)) = {0} for every A € p(A).

Lemma 2.9. Let X be a sequentially complete lcHs and (T'(t))i>0 € L(X) be
a locally equicontinuous Co-semigroup with infinitesimal generator (A, D(A)) such
that p(A) # 0. Then

ImA = AR\ A) — D)(X), X € p(A).
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Proof. Fix any A € p(A). Then (AI-A)R(A, A) =T on X and R(\, A)(A\]—A) =
I on D(A). It follows that AR(A\, A) =T+ AR(X, A) on X and so

AR\, A) — I)(X) = A(R(\, A)(X)) C ImA.

On the other hand, for every y € ImA thereis x € D(A) with Az = y. Accordingly,
x =R\ AN — A)x = AR\, A)x — R(\, A)y, i.e., RN\, A)y = (AR(\, A) — Iax.
Consequently, we have

y= (A — AR, Ay = (M — A)AR(\, A) — )z
= AR\, A) — D)(M — A)z € (AR(X, A) — I)(X).

The arbitrariness of y in ImA implies the reverse inclusion
ImA C (AR(M\, A) — I)(X). ]

Let (T'(t))¢>0 be a locally equicontinuous Cy-semigroup on a sequentially com-
plete IcHs X. The linear operators
C(0) :=1 and C(r)z := %/ T(t)x dt, zeX, r>0, (2.17)
0
are called the Cesdro means of (T'(t)):>0. The integrals in (2.17) are X-valued Rie-
mann integrals with respect to the locally convex topology of X; see [6], [27], [46],
for example. The Cesaro means {C(r)},>o are well defined and belong to £(X),
[6, Section 3. If (T'(t))i>0 is equicontinuous, then {C(r)},>0 is also equicontinu-
ous, [6, Section 3]. In case X is barrelled the Cesaro means exist in £(X) whenever
the semigroup (T'(t))¢>0 is strongly continuous (via Remark 2.2(ii)). Since the in-
terval [0,00) is a directed set relative to the usual order > induced from R, it is
meaningful to speak about convergence of the net {C(r)},>0 in L4(X) or L4(X)
as r — 00.

Lemma 2.10. Let X be a sequentially complete lcHs and (T'(t))i>0 € L(X) be
a locally equicontinuous Cy-semigroup with infinitesimal generator (A, D(A)) and

satisfying Tp-lim;_, oo @ =0. If A: D(A) — X is bijective with A=1: X — D(A)

continuous, then Tp-lim, ., C(r) = 0.

Proof. Let y € X. As A is surjective there is € D(A) such that y = Ax, namely
x = A~ 'y. According to (2.5), for every r > 0, we have that

(T(r)—1Dax = / T(s)Axds = / T(s)yds
0 0
and so, C(r)y = M Now, fix any p € I'x and B € B(X). Then

supp(C(ry) =~ sup  p((T(r) - I)a)

yEB T 2eA-1(B)
T 1
< sup p( (T)a:> +—- sup p(z), r >0,
z€A—1(B) r T zeA-1(B)
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where the set A71(B) € B(X) and is contained in D(A) as A~': X — D(A) is
continuous. Since £ — 0 in Ly(X) as 7 — 0o, the previous inequality implies
that sup,c g p(C(r)y) — 0 as r — oco. By the arbitrariness of p and B the desired

claim follows. [ |

Let X be a sequentially complete IcHs and (T'(¢))i>0 C L£(X) be a locally

equicontinuous Cy-semigroup. Then (T'(t));»o is called mean ergodic if P :=
lim,_, oo C(r) exists in L,(X). By [6, Remarks 4(ii) & 5(iii)] if 7s-lims— 00 @ =0,
then P is a projection with

ImP =Fix(T(-)) = Ker A

and

Ker P =span{z —T(t)x:t >0, ,x € X} = ImA,
where (A, D(A)) is the infinitesimal generator of (T'(t));>0. In particular,

X =Ker A @ ImA. (2.18)

If lim, oo C(r) exists in L(X), then (T'(¢)):>0 is called uniformly mean ergodic.
An alternate notion is that (T'(t))¢>0 is called Abel mean ergodic (resp. uniformly
Abel mean ergodic) if the interval (0,00) C p(A) and, for some Ay > 0, the net
{AR(\, A) }o<r<n, 1s convergent in L4(X) (resp. in L£y(X)) for A — 0T, where the
interval (0, o] is a directed set for the usual order < induced from R. Without men-
tioning Ao explicitly we also write (for the sake of simplicity) 7s-limy_o+ AR(X, A)
(resp. Tp-limy o+ AR(A, A)) for the respective limits in £,(X) and in £4(X).

Remark 2.11.

(i) Let X be a barrelled, sequentially complete lcHs and (T'(¢));>0 C £(X) be
a locally equicontinuous Cy-semigroup with infinitesimal generator
(A, D(A)) such that 7¢-lims oo y = 0 and (7'(t))¢>0 is Abel mean er-
godic. Then {AR(X, A) }o<agh, I8 necessarily equicontinuous for some Ag >
0. Indeed, choose any A¢g > 0 such that the net {AR(), A)}o<r<r, con-
verges in L,(X) for A — 0T, say to P € £(X). By the barrelledness of X it
suffices to show that {AR(X, A)z}o<rgr, € B(X) for every z € X. So, fix
x € X and p € I'x. Then there exists X" € (0, Ao] such that p(AR(X, A)z —
Pz) <1 for all A € (0,)\) and hence, supy_ .y P(AR(A, A)x) < co. Since
[N, Ao] is compact and A — AR(A, A)z is continuous from [N, Ag] into X
(cf. Corollary 2.5), it follows that supy < <y, P(AR(A, A)x) < co. Conse-
quently, {AR(X, A)z}o<rcnr, € B(X).

If X is a Banach space, then the Abel mean ergodicity of (T'(t))i>0 by
itself suffices to ensure that supg )<y, [AR(A, A)|| < o0, i.e., the condition

Te-limy_s oo %t) = 0 can be omitted. To see this fix u € (0,\g]. Since
€ p(A), with p(A) open in C, and the function z — R(z, A) (hence,
also z — zR(z,A)) is holomorphic, for the operator norm in £(X), in

a neighbourhood of x (in C), [23, Ch. IV, Proposition 1.3|, it follows that
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limy_,,, xer AR(X, A) exists relative to || - || and equals pR(u, A). Hence,
A — AR(M, A) is operator norm continuous in any interval [a, \g] with
0 < a < Ag. The argument of the previous paragraph then applies to show
that {AR(\, A)}o<r<), is bounded in £4(X) and hence, by the Principle
of Uniform Boundedness, that supy_ <y, [[AR(A, A)|| < oc.

(ii) Let X be a lcHs and (T'(¢))¢>0 be a semigroup as in part (i). Then the
equicontinuity of {AR(\, A)}o<rgy, (by part (i)) and [7, Lemma 3.8(ii)]
imply that

ImA={r e X: lim AR\ A)z = 0}. (2.19)
A—0t

Moreover, since R(A, A)(X) C D(A) for each A € p(A), it follows from
[7, Lemma 3.6] that

KerA={ze€D(A): ARNAz=z}={zrecX: AR\ Az =z},
(2.20)
for each A € p(A) \ {0}. In particular, via (2.19) and (2.20) we have

ImA NKer A = {0}.

Proposition 2.12. Let X be a barrelled, sequentially complete IlcHs and
(T'()t>0 C L(X) be a locally equicontinuous Cy-semigroup with infinitesimal gen-
erator (A, D(A)) such that Ts-lim;_, oo @ =0 and (T(t))e>0 is Abel mean ergodic.
Then P := 75-limy_ o+ AR(\, A) is a projection with ImP = Ker A = Fix(T(-)) and
Ker P =ImA, i.e., P is a projection of X onto Ker A along ImA.

Proof. Let A\¢g > 0 be as in Remark 2.11. Let z € X. Then we have Px =
lim,,_,o+ pR(p, A)z. Fix any A € (0,Ao]. For each 0 < p < X the resolvent
equation yields

Y A

Let u — 0% to deduce that AR(\, A)Px = 0 + Pz = Px. It follows from (2.20)
that Pz € Ker A, i.e., ImP C Ker A. In the proof of Lemma 2.9 it was noted that

R\, A)Az = AR(\, A)z — z, x € D(A), X € p(A)\ {0} (2.21)
Since ImP C Ker A C D(A), we conclude that
0= R(\, A)AP = AR(\, A)P — P,

ie, AR(\,A)P = P for all A\ > 0. Let A — 0T yields P> = P and so P is
a projection. Moreover, (2.21) implies if z € Ker A, then AR(\, A)x = z for all
A € p(A)\ {0} and so, for A — 0T, we can conclude that Pz = z, i.e., x € ImP.
This establishes that ImP = Ker A.

The definition of P and (2.19) imply that Ker P = ImA.

Finally, that Ker A = Fix(T(+)) is known, [6, Remark 5(iii)]. |
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We point out that the formulation of condition (iv) in Theorem 1.1 (as given
in [33, Theorem]) is not optimal. One merely needs to assume that the limit P :=
limy 0+ ARy = limy_,o+ AR(X, A) exists in the operator norm topology. The limit
P is then automatically a projection onto ImP = Fix(T(+)); see Proposition 2.12.

Lemma 2.13. Let X be a sequentially complete lcHs and (T(t))i>0 C L(X)
be a locally equicontinuous Cy-semigroup with infinitesimal generator (A, D(A))
T(t)

satisfying Ts-limy oo == = 0. Set Y := ImA and define Ayx := Ax for each

x € D(A1) :=D(A)NY. If (T(t))i>0 is mean ergodic, then Y =ImA;.

Proof. Lety € ImA. Then thereis z € D(A) withy = Az. Via (2.18) x = z1+x2
with z; € Ker A and 22 € Y (hence, o = z — 21 € D(A) and so z3 € D(4;)).
So, y = Ax = A(xy + x3) = Axy = A1z € ImA;. Thus, ImA C ImA; which
implies that Y = ImA C ImA; C Y. On the other hand if y € ImA;, then there
isxz € D(4;) with y = A1z = Az € ImA C Y. So, ImA; C Y. Therefore,
ImA, =Y. ]

Remark 2.14. The space Y defined in Lemma 2.13 is T'(+)-invariant. Indeed, if
x € D(A), then for each t > 0 we have AT (t)x = T'(t) Az from which T(t)(Y) C Y
follows. Consequently, the restriction maps S(t) := T'(t)|y, for ¢ > 0, define
a Cp-semigroup on Y. Since {p|y : p € I'x} is a system of continuous semi-
norms determining the topology of Y, it follows that (S(¢));>0 C L(Y) is locally
equicontinuous. Moreover, it is routine to check that (A;, D(A;)) is the infinites-
imal generator of (S(t));>0 and that R(A, A1) = R(A, A) for each A € p(A4). In
particular, p(A) C p(A4;) after noting that Y is R(-, A)-invariant.

Lemma 2.15. Let X be o sequentially complete, barrelled lcHs. Let (T'(t))i>0 C

L(X) be a wuniformly continuous Cy-semigroup with infinitesimal generator

(A, D(A)) satisfying Tp-lims—, oo IO — 0. Then (T(t) )0 is a locally equicontin-

¢
uous, uniformly continuous Co-semigroup on Xj satisfying Ty-lim; o @ = 0.
Moreover, if (A, D(A")) is the infinitesimal generator of (T (¢)')i>0, then X € p(A’)

and R(\, A") = R(\, A)' for every X € Cy+.

Proof. As already noted, (7'(t)")i>0 € L£(Xj). Moreover, it is routine to check
that (T'(t)")¢>0 is a semigroup. Since (T'(t));>o is necessarily locally equicontinuous
(cf. Remark 2.2(ii)) and X is barrelled, (T'(¢)");>0 is also locally equicontinuous,
[30, §39.3 Theorem (6)]. On the other hand, as (T'(t));>0 is a uniformly con-

tinuous Cyp-semigroup and 7,-lim; o y = 0, we can apply [3, Lemma 2.1] to
conclude that (T'(t)’):>0 is a uniformly continuous Cy-semigroup on X Ié satisfying
Tpelimy e 28— 0

Let (A’, D(A’)) be the infinitesimal generator of (T'(¢)");>0. Since X is bar-
relled, X é is quasicomplete, [30, §39.6 Theorem (5)]. Moreover, Remark 2.4(i)

implies that {@ > to} is equicontinuous, for every to > 0, and hence, also

{%t)/ Dt to} C L(X}) is equicontinuous (as X is barrelled), [30, §39.3 Theo-
rem (6)]. Then, by Proposition 2.3 applied to both (T'(t))i>0 and (T'(t)")i>0, we
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can conclude that Co+ C p(A) N p(A’) and, for each A € Cy+, that
o
R\, A)x = / e MT(t)z dt, reX,
0
R\, ANz = / e NT@) 2 dt, o' e X,
0
So, for every z € X, ' € X' and A € Cy+, we have

(x, R\, A)z') = <x/ooo e MT(t) «! dt> = /Oooe_)‘t@,T(t)’x’) dt

= /OOO e MN(T(t)x, 2') dt = </OOO e MT(t)x dt,x’>

= (R(\, A)z, 2"y = (x, R(\, A)'z').

This implies that R(\, A")a’ = R(\, A)'a’ for every 2/ € X’ and A € Cy+, i.e.,
R\ A) = R(\, A for every X € Cy+. [ |

In Lemma 2.15, the necessity of the requirement that the Cy-semigroup
(T'(t))t>0 is uniformly continuous, rather than merely strongly continuous, is due
to the fact that the dual semigroup (T'(t)')¢>0 may fail to be strongly continuous
in Xé, even for X a Banach space, [23, p.43].

3. Uniform mean ergodicity of Cy-semigroups of operators

The purpose of this section is to extend Theorem 1.1 from Banach spaces to
the class of prequojection Fréchet spaces; see Theorem 3.2 and Proposition 3.4.
Moreover, in Example 3.7 it is shown that this extension really is confined to this
class of Fréchet spaces. First some preliminaries are required.

A Fréchet space X is always a projective limit of continuous linear operators
Sk ¢+ Xgy1 — Xi, for £ € N, with each X}, a Banach space. If it is possible
to choose Xj and Sy such that each Sy is surjective and X is isomorphic to the
projective limit proj;(Xj, S;), then X is called a quojection, [12, Section 5]. Ba-
nach spaces and countable products of Banach spaces are quojections. Actually,
every quojection is the quotient of a countable product of Banach spaces, [14]. In
[38] Moscatelli gave the first examples of quojections which are not isomorphic to
countable products of Banach spaces. As already mentioned in Section 1, concrete
examples of quojections are w = CN, the spaces L7 (£2), with 1 < p < oo, and
C™)(Q), for all m € Ny. Indeed, the above function spaces are isomorphic to
countable products of Banach spaces. Moreover, the spaces of continuous func-
tions C(A), with A a o-compact completely regular topological space, endowed
with the compact open topology are also examples of quojections. Domarnski con-
structed a completely regular topological space A such that the Fréchet space
C(A) is a quojection which is not isomorphic to a complemented subspace of
a product of Banach spaces, [19, Theorem|. It is known that a Fréchet space
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X admits a continuous norm if and only if X contains no isomorphic copy of w,
[26, Theorem 7.2.7]. On the other hand, a quojection X admits a continuous norm
if and only if it is a Banach space, [12, Proposition 3]. Hence, a quojection is either
a Banach space or contains an isomorphic copy of w, necessarily complemented,
[26, Theorem 7.2.7]. For further information on quojections we refer to the survey
paper [36] and the references therein; see also [12], [18].

Let X be a quojection Fréchet space and {qj}‘f:l be any fundamental, in-
creasing sequence of seminorms generating the le-topology of X. For each j € N,
set X, = X/qj_l({()}) and endow X; with the quotient lc-topology. Denote by
Q;: X — X, the corresponding canonical (surjective) quotient map and define
the increasing sequence of seminorms {(g;)x}7>, on X; by

(@)r(Qjz) :=inf{gr(y) : y € X and Q;y = Q;z},  z € X, (3.1)
for each £ € N. Then
(@)r(Qjz) <ar(z),  weX, k jeN; (3-2)
see (2.4) in [5]. Moreover,

(4);(Q;x) = g;(z), reX, jeN, (3.3)

which implies that (¢;); is a norm on X,. Since X is a quojection Fréchet space
and since every quotient space (of such a Fréchet space) with a continuous norm is
necessarily Banach, [12, Proposition 3], it follows that for each j € N there exists
k(j) = j such that the norm (g;)(;) generates the lc-topology of X;. Thus, X
is isomorphic to the projective limit of the sequence {(X}, (¢;)r(j))}32; of Banach
spaces with respect to the continuous, surjective linking maps Q; j+1: X401 = X
defined by

Qij+1°Qj+1=0Q;,  jEN (34)

This particular construction will be used on various occasions in the sequel.

For any sequence {z,}52; in a IcHs X, its sequence of arithmetic means is
given by n=' 3" _ x,,, for n € N. Given S € £(X) we can form its sequence of
iterates S™ := So...0.5, for m € N. Then the arithmetic means

1 n
S[n} = ﬁ Z S™, n €N,
m=1

of {S™}5_; are called the Cesaro means of S. If 7e-lim, o0 Spn) (resp.
Tp-limy, 00 Sp)) exists, then S is called mean ergodic (resp. uniformly mean er-
godic).

Various aspects concerning the mean ergodicity of individual operators in non-
normable 1cHs can be found in [2], [4], [15], [42], [43] and the references therein.

Remark 3.1. If {2,,}52, is any sequence in a lcHs X for which z = lim,, o @,
exists, then also its sequence of arithmetic means {n='>"" _ x,,}°°, converges
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to the same limit . Indeed, by considering each p € I'yx, this can be verified
by adapting the standard argument used for scalar sequences; see the proof of
Theorem 6b in [25, Ch.5, §6], for example. In particular, if S € £(X) and P :=
lim,,, 500 8™ exists in L4(X) (resp. £4(X)), then also limy, ;o0 Sppp = P in L,(X)
(resp. Lp(X)).

We are now able to formulate the main result of the paper. It should be
compared with Theorem 1.1.

Theorem 3.2. Let X be a quojection Fréchet space and (T'(t))i>0 be a locally
equicontinuous, Cy-semigroup on X satisfying 7,-lims_, o y = 0. Then the fol-
lowing assertions are equivalent.

(1) The semigroup (T'(t))i>o is uniformly mean ergodic.

(2) The infinitesimal generator (A, D(A)) of (T'(t))i>0 has closed range.

(3) The operator AR(\, A) is uniformly mean ergodic for every A > 0.

(4) The operator AR(X, A) is uniformly mean ergodic for some X > 0.

(5) The semigroup (T'(t))i>0 s uniformly Abel mean ergodic.

(6) The sequence of iterates {(AR(X, A))"}52, converges in Ly(X) for every

(some) X > 0.
(7) ImA is a quojection and there exists A\g > 0 such that

{R(\, Ay : y € (0,]} € B(X), y € ImA.

Proof. Since 7p-limy_, @ = 0, the set {@ t> to} is equicontinuous for

some to > 0; see Remark 2.4(i). Then Proposition 2.3 implies that Co+ C p(A)
and, via Proposition 2.6, we can conclude that

PROA o o (3.5)

7, — lim
n—00 n

(2)=-(3). Let A > 0 be arbitrary. By Lemma 2.9 (AR(X, A) — I)(X) is closed
in X. As X is a quojection Fréchet space, Theorem 3.4 in [8] applied to AR(A, A)
yields that {(AR(A, A))n e, converges in Ly(X). Thus, (3) holds.

(3)=-(4). This is obvious.

(4)=-(2). Suppose that (4) holds for some A > 0. For this A, since (3.5) holds
and X is a quojection Fréchet space, we can apply Theorem 3.4 of [8] to the
operator AR(A, A) to conclude that (I — AR(), A))(X) is closed. On the other
hand, Lemma 2.9 yields that (I — AR(\, 4))(X) = ImA. Hence, ImA is closed in
X which is precisely (2).

(1)=-(5). This follows from [7, Theorem 5.5(i) and Remark 5.6(i)].

(2)=(1). Consider the closed subspace Y := ImA of X. Remark 2.14 ensures
that Y is T'()-invariant and the restrictions (T'(¢)|y )¢>0 form a locally equicontin-
uous Cp-semigroup on Y with infinitesimal generator (41, D(A1)) given by

D(A;) =Y ND(A) and Az := Az, x € D(Ay).
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It is routine to check that 7-lims_ o % = 0. By Lemma 2.9, for any fixed
A > 0, we have that Y = (AR(M\, A) — I)(X). So, (AR(A\, A) — I)(X) is closed
in X. According to (3.5) and the fact that X is a quojection, Theorem 3.4 and
Remark 3.6(1) of [8] can be applied to the operator AR(A, A) to conclude that it is
uniformly mean ergodic and that the continuous linear operator I—AR(\, A): Y —
Y is bijective (hence, invertible with a continuous inverse).

If Ajy = 0 for some y € D(A;), then y = RN\, A)(AM — A)y = AR\, A)y —
R(M\, A)A1y = AR(A, A)y and so (I — AR(\, A))y = 0, which implies that y = 0.
Thus, A; is one-to-one. On the other hand, if we apply Lemma 2.9 to (T'(¢)|y )¢>0,
then we deduce that ImA; = (I — AR\, 41))(Y) = (I = AR\ A)(Y) =Y.
Therefore, A;: D(A;) — Y is bijective and so the inverse operator (4;)~!: Y —
D(A;) exists. Since A; is closed, also (A;)~! is closed. By the Closed Graph
Theorem it follows that (A;)~! is continuous. According to Lemma 2.10 we have
that 7p-lim, o, C'(r) = 0.

Via (3.5) and the fact that (AR(A\, A) — I)(X) = Y is closed in X (with X
a quojection Fréchet space), we can apply [8, Theorem 3.4] to conclude that X =
Y @ Ker(I — AR(XA, A)). Then Lemma 2.7 yields that X =Y @ Fix(7T'(-)). Since
C(r) = 0in Ly(Y) as 7 — oo and C(r) = I on Fix(T'(-)) for all r > 0, it follows
from the previous identity that 7-lim,_,o, C(r) exists, i.e., part (1) holds.

(5)=(2). Let P := 7p-limy_o+ AR(N, A). It follows from (2.19), (2.20) and
Proposition 2.12 that P is a projection (hence, X = ImP @& Ker P) with

ImP =Fix(T(-)) =Ker A ={z € D(A) : AR\, A)z =z}, VA € p(4),
Ker P=ImA={z e X: lim AR\ A)xz =0}.
A—=0+

Moreover, Y := ImA is invariant for each operator in {AR(\, A) : X € p(A)}, [7,
Lemma 3.6], and each operator in {T'(¢) : ¢t > 0}; see Remark 2.14. So, if we
define

D(A;) =Y ND(A) and Az := Az, x € D(Ay),

then (A;, D(A1)) is the infinitesimal generator of {T'(¢)|y }1>0 with R(X, A1) =
R(\, A)|y for A € p(A); see Remark 2.14. In particular, as X = Ker A ® ImA we
can proceed as in the proof of Lemma 2.13 to deduce that ¥ = ImA;. Accord-
ingly, Y is a complemented subspace of the quojection Fréchet space X and so is
itself a quojection Fréchet space. Hence, we may assume that ¥ = X and that
AR(M, A) = 0in Lp(X) as A — 0T

Fix a fundamental, increasing sequence {r; 52, of seminorms generating the

le-topology of X. Since 73-lim;_, o @ = 0 and X is barrelled, {T'(¢)/t: t > 1}

is equicontinuous. Moreover, the local equicontinuity of {T'(t)};>0 ensures that
{T'(t) : t €[0,1]} is equicontinuous. So, for each j € N, there is M; > 0 such that

ri(T(t)x) < Mjtrjiq(x), t>1, zeX, (3.6)
ri(T(t)z) < Mjrjq(z), tel0,1], z € X, (3.7

where there is no loss of generality in assuming that (3.6) and (3.7) hold for ;44
as we can pass to a subsequence of {r;}%2, if necessary.
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Fix j € N and define ¢; on X by setting

gj(z) :=max ] sup 7;(T(t)x),supr;(t 'T(t)z) s, zeX.
te[0,1] t21
Then ¢, is a seminorm on X and, via (3.6) and (3.7), we have

ri(z) < ¢j(z) < Mjrjiqi(x), re X.

Thus, {g; };‘;1 is also a fundamental increasing sequence of seminorms generating
the lc-topology of X and satisfies

2g;(x), tel0,1], z € X, (3.8)
(1+1)g;(x), t>1, zeX. (3.9)

S

5
z
NN

Indeed, if t € [0,1] (hence, also 1 —t € [0, 1]), then (3.8) follows from

6 (T(t)z) = max{ sup (T (s +t)x),supr; ((1 - Z) M) }

s€[0,1] s>1 s+t

:max{ sup 7;(T(s+t)x), sup r;((s+t)(s+t)'T(s+1t)x),
s€[0,1—t] s€[1—t,1]

t\ T(s+t)x
B O O T Rl S
2;?”(( +s> s+t )}

< 2max{ sup 7;(T(u)x),sup rj(u_lT(u)x)} = 2¢;(x), z e X.
uef0,1] uz1

On the other hand, if ¢ > 1, then (3.9) follows from

¢;(T(t)z) = max { s ri((s +8)(s + )7 T(s + t)2),

supr; 1—4—E 7T(s+t)x
5;1) J S s+t

< (1 +t)suprj(u T (u)z) < (1 +t)g; (), z e X.
u>1

Moreover, Remark 2.4(i) and Proposition 2.3 imply that Cy+ C p(A) and

R\, A)x = / e MT(tadt, z€X,\eCor.
0
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So, via (3.8) and (3.9) we conclude, for each j € N, A > 0 and = € X, that

3;(R(A, A)z) < g (/1 e MT(t)x dt) + g (/100 e NT(t)x dt>

0

1 [eS)
< 2¢;(x) / e M dt + q;(x) / e M1 4t)dt
0 1

Z e e A
-2 g+ (X4 ) wlo)

e
(3 + 52 ) o) = e (3.10)

We now apply the construction (3.1)-(3.4) to the sequence of seminorms {g;}$2,
to yield the corresponding sequence {(Xj, (¢j)x(j))}32; of Banach spaces and the
quotient maps Q; € £(X,X;), for j € N.

Fix j € N. Define a family of operators {R;(A)} >0 on X; by setting

R;(MNQjz = Q;R(\ A)x, ze X, A>0. (3.11)

Proceeding as in the proof of Theorems 3.3 and 3.5 in [5] (for the operators Tj(t),
t > 0, there) one shows via (3.11) that each R;(\) is a well defined linear operator
on X;. Moreover, by (3.2), (3.10) and (3.11) we obtain, for each A > 0, that

(@) k() (R (N)2) = (45 (Rj(NQj7) = (G)ri) (Qi R(N, A)z)
< ) (RN, A)x) < dagrgs)(x)

for all £ € X; and v € X with Q;x = £. Taking the infimum with respect to
x € Q;l({:ﬁ}) it follows that

(45)ki) (R (N)2) < dxa(G5)ri)(2), e X;, A>0,

and hence, R;(\) € L(X;) for every A > 0. Moreover, relative to the directed
set (0, o) for some A9 > 0, we have 7-lim, o+ AR(A, A) = 0 which implies that
AR;(A\) — 0 in £,(X;) as A | 0F. Indeed, since X is a quojection, if B; denotes
the closed unit ball of the Banach space X, then by [18, Proposition 1] there is
B; € B(X) such that B; C Q;(B;). It follows from (3.11), for the operator norm
in ,C(X]), that

[IAB; (M| = sup (4) k() AR (N)2) < sup  (G5)r() (AR, (A)2)

5€B; #€Q;(B;)
- s;lg(dj)k(j)(ARj(A)ij) = Sélg(qj)k(j)(Qj/\R(/\’A)m)

< Sup gk (j) ()‘R()‘v A)$),
r€EB;

where sup,cp. qr(;) (AR(A, A)z) — 0 for A | 0% as (T(t))i>o is uniformly Abel
mean ergodic. So, limy o+ |AR;(A)|| = 0 for each j € N. Thus, for each j € N,
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there is A; € (0, Ag] which can be chosen with \; < X;_1 such that ||A;R;(A;)]| < 3.
This ensures that each operator I—\;R;(\;) € L(X}), for j € N, is bijective, hence
invertible, [20, Ch. VII, Corollary 6.2], with

1 3

3@k (@) < @[ = X B (0y)2] < 50w (@), 2 € X5 (3.12)

We can now show that ImA is closed in X. By (3.2), (3.11) and (3.12) and the
fact that j < k() we have, for each j € N, that

S(@)5(8) < L0700 () < @ai [T~ N Ri )il
= (0)r)[Q; (I = N R(A;j, A))x] < a1 — AjR(A;, A))z]
= qi(j) (AR(N;, A)x)

for all # € X; and z € X with Q2 = &. Since (§;);(£) = g;(z) for all x € X with
Qjx = & (cf. (3.3)), the above inequality yields

1 .

§Qj(w) < G (AR(Nj, A)x), reX, jeN (3.13)
Fix j € N. Let y € D(A). Since R(Aj, A)(X) = D(A), there is a unique z € X
with y = R(\;, A)z and so (\; I — A)y = (A I — A)R(\j, A)z = z. Thus, by (3.13)
we obtain that %qj(()\jl — A)y) < qi(y)(Ay) and, since j < k(j), that

q;(y) <A g (T — A)y) + ¢5(Ay)] < A 2aw) (Ay) + ¢5(Ay)]
<3N g (Ay),  ye D(A). (3.14)

Recall we are supposing that X =Y = ImA. As X = Ker A @ ImA, we have
Ker A = {0} and so A is injective. Thus, from (3.14) it follows that

G(A7'2) <3A'qey(2),  z€ImA, jeN. (3.15)

The inequalities (3.15) ensure that A=!: ImA — D(A) is a continuous linear
operator. We claim that the closedness of ImA follows. Indeed, let y € X = ImA.
Then there is a sequence {y; }52; C ImA such that y,, — yin X as k — oo. It then
follows from (3.15) that the sequence z := A=y, for k € N, is Cauchy and so
converges to some z € X. On the other hand, each z;, € D(A) and Az, =y — y
in X as k — oo by assumption. Since A is a closed operator, it follows that
z € D(A) and A(z) =y, i.e., y € ImA. This implies that X = ImA and so ImA is
closed.

(1)=(6). Let P := 7p-lim,_, oo C(r). According to (2.18) we have X = Ker A®
ImA with

ImP = Fix(T(:)) = Ker A,
Ker P =span{x — T'(t)x: t > 0, z € X} = ImA.

Moreover, since (1)=>(5)=-(2), ImA is closed and so ImA = ImA.
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Note that Y := ImA is a quojection Fréchet space as it is a complemented
subspace of X. By (2.16) we have (AR(X, A))|rix(r(.)) = Irix(r()) = Plrixr())
and Lemma 3.6 of [7] implies that ImA is R(A, A)-invariant for any A > 0. So, we
may assume that Y = X and, correspondingly, that C(r) — 0in £5(X) as r — oo.
Therefore, we need to prove that (AR(X, A))™ — 0 in L(X) as n — oo for (some)
every A > 0.

Let {r; 521 be any fundamental, increasing sequence of seminorms generating
the le-topology of X. Fix a > 0. Then Remark 2.4(i) and Proposition 2.3 ensure
that (T'(t))i>0 is a-exponentially equicontinuous. So, for each j € N, there is
¢; > 0 such that

ri(T(t)z) < cje™rjiq(x), t>0, zeX, (3.16)

where there is no loss of generality in taking r;; as we can pass to a subsequence
of {r;}32, if necessary.
Fix j € N and define a seminorm ¢; on X by setting

gj(z) == supr;(e” T (t)x), z e X. (3.17)

>0
Then (3.16) implies that ¢; satisfies
rj(r) < g;j(z) < ¢jrjn(z),  reX

Therefore, {g; 724 is also a fundamental, increasing sequence of seminorms gen-
erating the le-topology of X and (via (3.17)) satisfies, for each j € N,

(e T (t)x) = sup ri(e”"T(s)(e” T (t)x))

= supr;(e *CTIT(s + t)z) < g5(2),
s=20

for z € X, t > 0. Accordingly, for each j € N, we have
q;(T(t)z) < e*q (), xeX, t>0. (3.18)

We again apply the construction (3.1)~(3.4), now to the seminorms {g;}32, given
by (3.17), to yield the corresponding sequence of Banach spaces {(Xj, (4;)r(;)) 721
and the quotient maps Q; € L(X, X;), for j € N.

Fix j € N. Define a family of operators (T}(t)):>0 on X; via

T;(t)Qjx := Q;T(t)x, zre X, t>0. (3.19)

By (3.18) and (3.19) we can proceed as in the proof of [5, Theorem 3.3] to show
that each T (t) is a well defined linear operator on X; with T;(0) = I. Moreover,
by (3.2) and (3.18) we also obtain, for each ¢ > 0, that

@)k (Ti(0)2) = (4w (T3 () Q57) = (45w (QiT(t)x)
< G (T()z) < i) (@),



Uniform mean ergodicity of Cp-semigroups in a class of Fréchet spaces 329

for all £ € X; and v € X with Q;x = £. Taking the infimum with respect to
x € Q;l(fc) it follows that

@)k (T3 (0OF) < ™ (d5)up (), &€ Xj, (3.20)

and hence, since (;)r(;) is the norm of X, that T;(t) € £(X;). In particular,
(T3(t))e=0 € L(X;) is a-exponentially equlcontlnuous Moreover, for each ¢t > 0
and £ € X; with & = Q;z, we have via (3.2) and (3.19) that

(@)ri)(Ti()T — ) = (45) k() (T (1) Q2 — Q)
= (4)k()(Qi(T () — 2)) < qry) (T(H)2 — 2),

and s0, (G;)k()(Tj(t) & —2) = 0ast — 0T as (T'(t))=0 is a Co-semigroup. Since &
is arbitrary, (T;(t)):>0 is also a Cy-semigroup. According to [6, Remark 1(iii)] the
Co-semigroup (T}(t))i>0 is strongly continuous at every point ¢ > 0. Moreover,

L (t) — 0 for the operator norm in £,(X;) as t — oco. Indeed, since X is a quo-

Jectlon, if Bj denotes the closed unit ball of the Banach space X, then by [18,

Proposition 1] there is B; € B(X) so that B; C Q;(B;). It follows from (3.19),
for the operator norm in [,b( i), that for each t > 0 we have

1, .
|52 = su G @0
2€B;
1. R 1
< sup ;((Jj)k(j)(Tj(t)a?)— sup t(QJ)k(])( 5(t)Qjx)
#€Q;(Bj) z€EB;
1 1
= sup —(4)k() (@ T(1)2) < sup —qi() (T(t)x).
xEBj ZEB]

Since sup,¢p, 2a) (T(t)z) T’T(t) — 0 as
t — oo.

Denote by (A;,D(A;)) the infinitesimal generator of (T;(¢));>0. It follows
from (3.19) that the family {R(\, A;)}rec,re(n)>0 € L£(X;) of resolvent operators

of (Aj, D(A;)) exists and satisfies
R(M\Aj)Q; = Q;R(\ A), AeC, Re(A\) >0 (3.21)
in £(X, X;). Next, for each r > 0, define

1 T
Ci(r)z = 7/ T;(s)Z ds, z e Xj,
0

and observe that by (3.19), the continuity of @;: X — X; and [6, Proposi-
tion 11(vi)], we have

1/ 1 ("
Ci(r)Qjx = ;/0 T;(5)Qjxds = ;/0 Q;T(s)xds
= Q) <?1n /’” T(s)x ds) = Q;C(r)z, z e X. (3.22)
0
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To see that Cj(r) — 0 in Ly(X;) as r — oo, choose B;j € B(X) such that Ej C
Q;(Bj). For each r > 0, it follows via (3.2) and (3.22) that

sup (4)i(;) (C5(r)2) < sup  (g;)r(y)(C(r)E) = sup (q;)r(s) (C5(r)Qjz)

zeB; 2€Q;(By) z€B;
= sup (¢;)i(j) (Q;C(r)x) < sup qi(; (C(r)x).
wij IEB]'

But, sup,¢p, qr(j) (C(r)z) — 0 as 7 — oo by assumption. So, it follows that

1G5 ()l = sup ()r(5)(C;(r)E) = 0
#E€B;

as r — 00, i.e., C;(r) = 0in L4,(X;) as r — oco. According to [34, Theorem 12| we
have that [[(AR(A, 4;))"|] = 0 in £(X;) as n — oo for (some) every A > 0. Since
j € N is arbitrary, it follows that (AR(X, A))™ — 0 in £,(X) as n — oo for (some)
every A > 0. Indeed, by (3.21) we have (in £(X, X)) that

Qi(AR(X, A)™ = AR(X, 4;)Q;(AR(N, A))" 1 = ... = (AR(\, 4)))"Q;,

for j,n € N and (some) all A > 0. Fix any j € N and B € B(X). The previous
identity and (3.3) yield

sup ¢; (AR(A, A))"x) = sup(q;);(Q;(AR(A, A))"x) = sup(q;); (AR(X, 4;))"Q;)

zeB rEB rEB
< osup (G5)re) ((AR(N, A5))"2), n €N,
2€Q;(B)

for (some) all A > 0, where sup;cq,(5)(4j)r() (AR(A, 45))"%) — 0 as n — oo
for (some) every A > 0 as Q;(B) C d;B; for some d; > 0 by the continuity of
th X — Xj.

As j € N and B € B(X) are arbitrary, we obtain that (AR(A, A))" — 0 in
Ly(X) as n — oo for (some) every A >0 .

(6)=>(3). Let A > 0 be such that P := 7p-lim, oo (AR()\, A))™ exists. By
Remark 3.1 also P = 7j-limy, 00 (R(A, A))},). This is precisely condition (3).

(1)=(7). Because of (1)=(2) we have ImA = ImA. Then (2.18) implies that
ImA is a complemented subspace of X and hence, ImA is a quojection Fréchet
space (as X is a quojection Fréchet space).

Fix y € ImA. Then, for each A > 0, we can write R(A\, A)y = —x + AR(\, A)x
for some x € D(A) satisfying Az = y. Since (1)=(5), the limit of the net
{AR(\, A)}o<r<n, exists in Lp(X) as A | 0T (for some \g > 0). In partic-
ular, z := limy_,g+ AR(\, A)z exists in X. So, for a given p € I'x, there is
N = XN(x,p) € (0, ] such that p(AR(\, A)x —z) < 1 for all 0 < A < . Tt follows
that

p(R(A, A)y) = p(—x + AR\, A)z) < p(z) + p(AR(N, A)z — 2) + p(2)
<p(z) +p(z) +1, 0< A<\, (3.23)
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On the other hand, by the equicontinuity of {R(\, A) : A > X'} (cf. Remark 2.4(i
and Proposition 2.3) there exist M, > 0 and ¢ € I'x such that p(R()\, A)u) <
Mpq(u), for w € X and A > N. In particular,

(RN, A)y) < Mpa(y), N <A< Ao (3:24)

By (3.23) and (3.24) we see that sup,c (g, P(R(), A)y) < 0o. As p is arbitrary,
this implies that {R(\, A)y : A € (0, o]} € B(X).

(7)=(2). By assumption Y := ImA is a quojection Fréchet space and
{R(A\,A)y : A € (0, ]} € B(X) for every y € Y and some fixed A9 > 0. Then
(T'(t)|y )0 is a locally equicontinuous Cy-semigroup on Y whose infinitesimal gen-
erator (A;, D(A)) is given by Az := Az for x € D(A;) := D(A)NY and with
the resolvent operator R(\, A1) = R(\, A)|y for every A € p(A); see Remark 2.14.
Tl _

¢

Since {R(\, A1) : A > A} is equicontinuous (apply Remark 2.4(i) and Proposi-
tion 2.3 to (T(t)|y )¢=0), it follows that {R(X, A)y : A > 0} = {R(\, A1)y : A > 0},
being the union of two bounded sets, belongs to B(Y) C B(X) for every y € Y.
This implies that the net {AR(\, A1) }o<a<x, converges to 0 in L(Y) for A | 0F.
Indeed, fix B € B(Y) and p € I'y. Then pp is a continuous seminorm in £(Y")
and C := UysoR(\, A1)(B) is bounded in Y. Set M := sup..p(c) < co. Given
any € > 0, select A’ > 0 such that A < min{Ag,e/M}. Then, for any X € (0,\) it
follows that

Moreover, Tp-lim;_ s

pa(AR(\, A1) = sup p(AR(\, A1)z) < Asupp(c) < AM < e.
z€B ceC

The arbitrariness of B, p and ¢ implies that 7-limy o+ AR(\, A1) = 0 in £(Y),
ie., (T(t)]y)i>o is uniformly Abel mean ergodic in Y.

Since Y is a quojection Fréchet space, we can apply (5)=-(2) to (T'(t)|y)i>0 to
conclude that Imfll is closed in Y and so, Im[ll =Y. Thus, we have Y = Im[h C
ImA CY,ie., Y =ImA. This means that ImA is closed in X, which is precisely
condition (2). [ |

Remark 3.3. In the proof of (1)=(6) in Theorem 3.2, with P := 7-lim, o, C(1),
it was shown, for each A > 0, that (AR(X, A))"[pix(r(.)) = Plrix(r(.)), for alln € N,
and so (AR(\, A))" — P for n — oo (relative to 73) on Fix(T(-)) = ImP. It was
also proved that (AR(), A))" — 0 for n — oo (relative to 7,) on ImA = ImA =
Ker P. Hence, for each A > 0, the limit of {(AR(\, A))"}22; in £(X) is actually
the projection P € L(X).

A prequojection is a Fréchet space X such that X" is a quojection. Every quo-
jection is a prequojection. A prequojection is called mon-trivial if it is not itself
a quojection. It is known that X is a prequojection if and only if X 23 is a strict
(LB)-space. An alternative characterization is that X is a prequojection if and
only if X has no Kéthe nuclear quotient which admits a continuous norm; see
[12, 17, 40, 45]. This implies that a quotient of a prequojection is again a prequo-
jection. In particular, every complemented subspace of a prequojection is again
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a prequojection. The problem of the existence of non-trivial prequojections arose
in a natural way in [12]; it has been solved, in the positive sense, in various papers,
[13], [17], [39]. All of these papers employ the same method, which consists in the
construction of the dual of a prequojection, rather than the prequojection itself,
which is often difficult to describe (see the survey paper [36] for further informa-
tion). However, in [37] an alternative method for constructing prequojections is
presented which has the advantage of being direct. For an example of a concrete
space (i.e., a space of continuous functions on a suitable topological space), which
is a non-trivial prequojection, see [1].

The following extension of Theorem 3.2 is relevant for non-trivial prequojection
Fréchet spaces.

Proposition 3.4. Let X be a prequojection Fréchet space and (T(t))i>0 C L(X)

be a uniformly continuous Cy-semigroup satisfying Tp-lims_, o y = 0. Then the
infinitesimal generator A of (T'(t))i>0 belongs to L(X). Moreover, the following

assertions are equivalent.

(1) The semigroup (T'(t))i>0 s uniformly mean ergodic.

(2) ImA is a closed subspace of X.

(3) The operator AR(\, A) is uniformly mean ergodic for every A > 0.

(4) The operator AR(X, A) is uniformly mean ergodic for some \ > 0.

(56) The semigroup (T(t))i>o is uniformly Abel mean ergodic.

(6) The sequence of iterates {(AR(A, A))"}22, converges in Ly(X) for (some)
every A > 0.

(7) ImA is a prequojection and there exists Ao > 0 such that

{R(\, Ay y € (0,]} € B(X), y € ImA.

Proof. According to Remark 2.2(ii) the semigroup (T'(t));>0 is locally equicontin-
uous. Furthermore, Remark 2.4(ii) implies that (7'(¢));>0 is exponentially equicon-
tinuous. Then [5, Proposition 3.4] yields that A € £(X).

The proofs of (2)<(3)<(4), (1)=(5), (2)=(1) and (6)=(3) are exactly the
same as in Theorem 3.2 after taking into account that Theorem 3.4 of [8] is also
valid in prequojection Fréchet spaces.

In order to establish (5)=-(2) and (1)=(6) we first observe, since X is a prequo-
jection Fréchet space, that X} is a barrelled strict (LB)-space (being the strong
dual of a quasinormable Fréchet space) and X" is a quojection Fréchet space.
Moreover, Xj is complete, [29, §28, 5(1), p.385]. Applying twice Lemma 2.15,
we conclude that (T'(¢)")i>0 C L(X") is a uniformly continuous Cp-semigroup

satisfying 7p-lim;_ o T(f)“ = 0. It follows from Lemma 2.15 (which ensures that
(T'(t))e=0 is a locally equicontinuous, uniformly continuous Cp-semigroup on X [/3

satisfying 7,-lim;_, oo %t)/ = 0), the formula (2.17) and a standard duality ar-
gument (based on properties of the Riemann integral, [5, Proposition 11]) that
the Cesaro means of (T(t)');»¢ are precisely the dual operators {C(r)'},>¢ of
{C(r)}r>0. Repeating the argument it follows that the bidual operators {C(r)"},>0

form the family of Cesaro means of (T'(t)")i>0. Of course, A” € L(X") is the
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infinitesimal generator of (T'(t)"”)t>0. Applying Proposition 2.3, Remark 2.4(i)
and Lemma 2.15 to (T'(t))i>0 and (T(t)")i>0 yields Co+ C p(A) N p(A”) and
R(N\A)" = R(\, A”) for every A € Cy+. Now we can proceed with the proof of
further equivalences.

(5)=(2). Let P := m-limy_,o+ AR(A, A). Since Xj is barrelled, it follows by
applying Lemma 2.1 of [3] twice that AR(A, A”) = AR\, A)” — P” in L,(X")
as A — 0. Hence, (T'(t)")t>0 is uniformly Abel mean ergodic. Proposition 2.12
applied to (T'(t)")¢>0 shows that P” is the projection of X" onto Ker A” = ImP"” =
Fix(T(-)").

Since X" is a quojection Fréchet space, we can apply Theorem 3.2 to conclude
that the Cesaro means {(R(1, A”))n 1oy converge in £,(X5). As X is an invari-
ant subspace for R(1,A)” = R(1, A”) and bounded subsets of X are bounded in
X", it follows that {(R(1, A))p}nZ, converges in Ly(X), i.e., condition (4) holds.
But, (4)<(2) and so (2) holds.

(1)=(6). Let Q := 1p-lim, oo C(r). Again by Lemma 2.1 of [3], applied twice,
it follows that C(r)” — Q", in L(X") as r — oo, i.e., (T(t)")i>0 is uniformly
mean ergodic. Since X” is a quojection Fréchet space, we can apply Theorem 3.2
and so Remark 3.3 to conclude that (AR(A, A”))" — Q" in Ly(X") as n — oo
for every A > 0. As X is an invariant subspace of R(\, A)" = R(\, A”), for every
A > 0, it follows that {(AR(X, A))"}52, converges in L,(X) to @, i.e., condition
(6) holds.

So, we have established that all equivalences (1)< (2)< ... <(6) are available
for (T(t))t>0

(1)=(7). Using the availability of all equivalences just mentioned for (T(¢))¢>0
and the fact that a complemented subspace of a prequojection Fréchet space is
again a prequojection Fréchet space (in place of the same fact for quojection
Fréchet spaces), the same proof as for (1)=-(7) in Theorem 3.2 applies again.

(7)=(2). By assumption Y = ImA is a prequojection Fréchet space. The same
proof as for (7)=-(2) in Theorem 3.2 shows that (T'(t)|y):i>0 is uniformly Abel
mean ergodic in Y. Now, apply (5)=(2), which is available in the prequojection
Fréchet space setting, to conclude that (2) holds (as in the proof of (7)=-(2) in
Theorem 3.2). |

Remark 3.5. The assumption that (T'(¢));>0 is a uniformly continuous Co-semi-
group is needed to guarantee that the dual and bidual semigroups (T'(¢)")¢>0 and
(T'(t)")t=0 are also (uniformly continuous) Cy-semigroups on Xj and X" resp.
Recall that in general the dual semigroup of a strongly continuous Cy-semigroup
need not be a Cy-semigroup, even in Banach spaces.

A IcHs X is a Grothendieck space if sequences in X’ which are convergent for
o(X’, X) also converge for o(X’, X"). Reflexive IcHs’ are Grothendieck spaces.
A lcHs X has the Dunford—Pettis property (briefly, DP) if every element of £L(X,Y),
for Y any quasicomplete lcHs, which transforms elements of B(X) into relatively
o(Y,Y")-compact subsets of Y, also transforms o(X, X’)-compact subsets of X
into relatively compact subsets of Y, [22, pp.633-634]. It suffices if Y runs through
all Banach spaces, [16, p.79]. A reflexive lcHs has the DP property if and only if
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it is Montel, [22, p.634]. A Grothendieck IcHs X with the DP property is called
a GDP-space. Every Montel lcHs is a GDP-space, [16, Remark 2.2], [3, Corol-
lary 3.8]. For further information on non-normable GDP-spaces we refer to [3],
[10], [16].

WV

Corollary 3.6. Let X be a prequojection GDP-Fréchet space and (T'(t)):
L(X) be a locally equicontinuous Cy-semigroup satisfying Tp-lims_, @
Then its infinitesimal generator A € L(X). Moreover, all seven assertions in

Proposition 3.4 are equivalent.

0o €
0.

Proof. Since X is a GDP-Fréchet space, the semigroup (T'(t)):>o is necessar-
ily uniformly continuous, [6, Theorem 7]. So, the result follows from Proposi-
tion 3.4. |

Example 3.7. The validity of Theorem 3.2 and Proposition 3.4 remains confined
to the setting of prequojection Fréchet spaces. Indeed, consider the semigroup
(T'(t))e>0 constructed in [5, Example 3.1] and acting in the nuclear Fréchet space
A1(B). More precisely, let B = (an(i))ineny be a Kéthe matrix, ie., 1 < a,(i) <
an+1(7) for all 4,n € N. Then the space

A (B) = {x = (2i)ien € CV 2 pu(x) = Zan(z)|xz| < o0, Vn € N}

€N

is Fréchet relative to the le-topology generated by the sequence of norms {p, }22 ;.

Choose B such that A;(B) is nuclear, i.e., (aa:(?.)) N € ¢ for all n € N (pass
n+1(2 ic

to a subsequence if necessary), in which case A1 (B) is not a prequojection. Let
1 = (u;)ien be a sequence of real numbers with each p; > 0 and lim;_o, p; = 0.
For each t > 0let T'(t) € L(A1(B)) defined by T'(t)x := (e *i'x;);en for x € A1 (B).
Then (T'(t)):>0 is an equicontinuous (in particular, 75-lim;_ o y = 0), uniformly
continuous Cp-semigroup on A;(B) with infinitesimal generator (A4, D(A)) given
by Az := (—p;z;)ien for x € D(A) = {x € M (B) : p-x:= (pix;i)ien € M(B)}.
Moreover, A is clearly injective and ImA is a dense subspace of A\ (B). Indeed,
{e;}721 € ImA where e; denotes the element of A;(B) with a 1 in the j-th
coordinate and 0’s elsewhere and so span{e;}$2, is dense in A\i(B). So, there

exists the closed, densely defined linear operator A=1: ImA — D(A) given by

A7y = (—Hixl) N for x € ImA. In particular, if u grows fast enough (eg.,
i Jie

pi = >.n_jan(i) for i € N), then D(A) is a proper dense subspace of \;(B)
because (1/u;)ien € A\1(B) \ D(A).

The semigroup (7'(t))¢>o is mean ergodic (hence, uniformly mean ergodic as
A1(B) is nuclear and thus Montel) because 75-lim,_, o C(r) = 0 via equicontinuity
of {C(r)}r>0 (as (T'(t))>0 is equicontinuous), [6, Remark 4(ii), Remark 5(i), (iii),
(v)]. So, condition (1) of Theorem 3.2 holds. By [7, Theorem 5.5(i)] also condition
(5) of Theorem 3.2 holds.
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We claim that 7,-lim,, oo (AR(X, A))™ = 0 for every A > 0, i.e., condition (6)

of Theorem 3.2 holds. Indeed, fix any A > 0. Then AR(\, A)x = (ﬁxl) ,
. witt) ey

N, A .
for x € M\ (B), and so [AR(\, A)]"z = ((—/\Jmi) xz)iEN for each x € A\(B) and

n € N. Now, fix z € A\1(B). Given k € N and € > 0, there exists ig € N such that
Y isi, ak(i)|zi] < /2 and so also 37, ax (i) ‘(—)\ju) x5
as 0 < ﬁ < 1 for each ¢ € N. On the other hand, there exists nyg € N such that

T g (i)‘( A )"Om,
i=1%k N i

Since the sequence {(

< ¢/2 for every n € N

< £/2 because lim,, (ﬁ)n =0 forall 1 <4 < ig.
ﬁ is decreasing, for each 1 < i < g, it follows
that Zz(’zl ay (1) ‘(ﬁ) xl’ < /2 for all n > ng. So, pr((AR(N, A))"x) < ¢ for
all m > ng. The arbitrariness of k and € > 0 yields that 7,-lim, o0 (AR(X, A))" =0
and hence, that 7-lim,,_, o (AR(A, A))" = 0 as A1 (B) is Montel.

On the other hand, ImA is dense in A\ (B) but not closed, i.e., condition (2) of
Theorem 3.2 fails to hold. Indeed, in case ImA is closed, we have ImA = A\ (B)
and so A~1: \;(B) — D(A) (with A~! continuous by the Closed Graph Theorem).

Thus, A~1(1/u) = (=1);en € D(A) C A\1(B) which is not the case.

4. Applications

The purpose of this section is to present some relevant examples of semigroups
acting in quojection Fréchet spaces and to determine whether or not they are
mean ergodic/uniformly mean ergodic.

4.1. A semigroup of multiplication operators in C(R)

Let X = C(R) be the space of all C-valued continuous functions on R with the
compact open topology. Then X is a quojection Fréchet space and its le-topology
is generated by the increasing sequence of seminorms defined by

@ (f) = sup [f(x)],  feX,

lz|<k

for k € N. Let ¢ € X \ {0} be R-valued and consider the multiplication operator
A: X — X defined by

Af =of,  feX

Recall that S € £L(X), with X any 1cHs, is power bounded if {S™},en C L(X)
is equicontinuous.

Proposition 4.1. The following properties hold for A.
(1) Ae L(X).
(2) Anf=¢"f forallneN and f € X.
(3) A is power bounded if and only if p(R) C [—1,1].
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(4) If o(x) # 0 for every x € R, then A is surjective.

(5) The resolvent operator R(A\, A) exists in L(X) if and only if A & ©(R).
Equivalently, p(A) = C\ ¢(R).

(6) (A, X) is the infinitesimal generator of the uniformly continuous Cy-semigroup
(T(t)e=0 on X given by T(t)f = €' f for allt >0 and f € X.

(7) (T(t))eo0 is equicontinuous if and only if p(R) C (—o0,0].

(8) (T'(t))e=0 is exponentially equicontinuous if and only if there exists L > 0
such that o(x) < L for every x € R.

Proof. It is routine to verify that (1) and (2) are valid.
(3) Suppose that |p| < 1. By part (2) we have

ae(A"f) = sup [(p(z))"f(2)| < sup [f(z)] = aqu(f),  feX, neN,

|| <k || <k

for each k € N. Hence, {A"},,en is equicontinuous, i.e., A is power bounded.

On the other hand, suppose there is some g € R such that |p(zg)] > 1.
Choose ko € N such that xg € [—ko, ko] and let fo =1 € X. Then |(¢(x0))"| <
o (A™ fo) for all n € N and so sup,, qr, (A" fo) = o0, i.e.,, {A"fo: n € N} & B(X).
Accordingly, {A™},,en is not equicontinuous, i.e., A is not power bounded.

(4) Fix any g € X. Since ¢(z) # 0 for every € R, we can define f := g/p
pointwise on R. Then f € X and satisfies Af = g¢.

(5) Let A € C. Suppose that A € o(R). Then the operator of multiplication by
1/(A — ¢), namely

f
R()\’A>f'_)\—<p’ feX, (4.1)
is clearly linear and satisfies R(A, A)(A] — A) = (M — A)R(\,A) = I on X.
Continuity follows from qx(R(A, A)f) < Mr(\, A)gr(f), for f € X and k € N,
with Mj.(A, A) := max, < 1/|X — ¢(z)] < oo.

On the other hand, if R(\, A) € L(X) exists, i.e., RI\, A)(M — A) = (A —
A)R(M\, A) = I on X, then for the constant function fo = 1 on R we have (AI —
A)fo=(A— ) and so (A — p)R(X, A) fo = fo. Consequently, A & p(R).

(6) We first show that (T'(t)):>0 is a locally equicontinuous, uniformly contin-
uous Cp-semigroup on X. Clearly, it is a semigroup.

Fix k € Nand B € B(X). Then T(t)f — f = (e’ —1)f, for t > 0 and f € B,
and ax(B) := supcp qx(f) < 0o. Moreover, for ¢ > 0 we have

sup qx(T(t)f — f) = sup sup |etso(m) — 1 |f(2)|
feb FEB |z|<k
< Oék(B)qk(et“" — 1) < Olk(B) . (et%(@ _ 1)'
Since hmt—>0+(€tqk(‘p) — 1) = 0, this ensures that SUPfep a(T(t)f — f) = 0 as

t — 0F. By the arbitrariness of k and B we conclude that 7,-lim,_,o+ T'(t) = I.
Fix R > 0. Then, for every k € N, f € X and all ¢ € [0, R], we have

ax(T(t)f) = sup [ f(2)] < qu(f) sup "™ < el (f).
|z|<k |z|<k
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This implies that the semigroup (T'(¢));>0 is locally equicontinuous. Since
Tp-limy_,o+ T'(t) = I, it follows from the discussion prior to Remark 2.2 that
(T'(t))e>0 is uniformly continuous.

Now if f € X, then TWI= — €1 ¢ for all ¢ > 0 and so,
Tt f— e —1—¢
TOf-f 4 f= (G‘P

t>0.
" ; >f, >0

Let k € N. Then, for every f € X and ¢t > 0, we have
T#)f — e 1 —to(x
Ok (( ){ ! —Af> = sup ( ol )> f(w)'

|| <k t

et @) 1 —to(x)

i < tgr ()] gy (f).

< qr(f) sup
|z | <k

This implies that g (% — Af) — 0 as t — 0%. Hence, (4, X) is the in-
finitesimal generator of (T'(t))¢>0-

(7) Let ¢(z) < 0 for all 2 € R. Then e < 1forallt>0and z € R. Tt
follows, for every k € N and f € X, that

ae(T(t)f) = sup [ f(2)] < q(f) sup ) < q(f).
|z| <k |z|<k

So, (T'(t))¢>0 is equicontinuous.

Conversely, suppose that (T'(t));>0 is equicontinuous. Then {T'(t)f: ¢t > 0} €
B(X) for every f € X and hence, sup;s, [(T'(t)f)(x)| < oc for every f € X and
z € R. If p(zg) > 0 for some xg € R, then the choice fo =1 € X yields

sup e!?(0) = sup [(T'() fo)(z0)| < oo
0 >0
which is not the case. Therefore, ¢ < 0 for all z € R.
(8) Let p(z) < L for all € R and some L > 0. Then e/#(*) < el for all t > 0
and x € R. It follows, for every &k € N and f € X, that

a(T@)f) = sup ) f ()] < g (f) Sup e L et gi(f).
z|<k z|<k

So, (T'(t))¢>0 is exponentially equicontinuous; see Definition 2.1.

Suppose now that (T'(t)):>0 is exponentially equicontinuous in which case there
is a > 0 such that, for each h € N there exist £ € N with k¥ > h and M} > 0 for
which

an(T(t)f) < Mpe™aqr(f),  fEX, t>0.
Suppose that ¢ is not bounded from above, i.e., there is a sequence (z,)neny € R

such that ¢(x,) > n for all n € N. Let ng := [a] + 1, ho := [|zn,]] + 1 and
fo=1¢€ X. Then

wa(T(0Jo) = \ S\up 7@ | < Mg quy (fo) = Mpse™, t>0.
z|<hg
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Since |x,,| < ho, we would have e*?(®no) < M, e, for t > 0, which is not the
case as ©(xp,) > ng > a. So, ¢ must be bounded from above. |

Remark 4.2. In the setting of Proposition 4.1 the semigroup (7'(¢))¢>0 is equicon-
tinuous if and only if 73-lim;_, o %t) = 0 if and only if 7¢-lims_, o y =0.

Indeed, if (T'(t))i>0 is equicontinuous, then it is routine to verify that 7,-

y =0 (hence, also in L,(X)).
@)

On the other hand, assume that Te-limg oo = = 0, in which case

limy o0 M = 0 in X (with fo = 1 € X) and hence, also pointwise on R.

etv (@)

That is, lim; ;o “5— = 0 for each € R. This implies that p(z) < 0 for every

x € R and hence, that (T(t)):>0 is equicontinuous; see Proposition 4.1(7).

hmt —00

Since the point evaluations f — f(u), f € X, belong to X’ for each u € R, it
follows that the vector-valued Riemann 1ntegra1 1 fo (t)f dt in X is precisely the

function z — L [(T(t)f)(z)dt = f(z)L [; e (=) dt, for x € R, ie., the Cesaro
means of the semigroup (T'(t))i=0 are glven by

ro(e) _q

(4.2)

for each f € X and r > 0.

Proposition 4.3. If p(xg) > 0 for some zo € R, then (T'(t))t=0 s not mean
ergodic.

Proof. Suppose that (T'(t)):>0 is mean ergodic. Then for fy =1 € X, the limit
g :=1lim, o, C(r)f exists in X. In particular, (4.2) implies that

lim (C i ere(zo) _ 1 1 i ere(zo) _q
olan) = lim (Cr)f)(ao) = lim oot = o im S = o,
which is a contradiction. So, (T'(t));>0 cannot be mean ergodic. |

Proposition 4.4. Suppose that p(x) <0 for allz € R, i.e., (T(t))i>0 s equicon-
tinuous. Then the following conditions are equivalent.

(1) o(A) C (—00,0).

(2) p(x) <0 for all x € R.

(3) (T'(t))e>0 is uniformly mean ergodic.
(4) (T(t))e>0 is mean ergodic.

(5) ImA = X.

(6) ImA is closed.
(7) (T
®) (

8

(t)t>0 is uniformly Abel mean ergodic.
T(t))e>0 is Abel mean ergodic.
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Proof. (1)<(2). This follows from the assumption ¢ < 0, i.e., p(R) C (—o00,0],
and the identity o(A) = ¢(R); see Proposition 4.1(5).

(2)=(5). This is immediate from Proposition 4.1(4).

(5)=-(6). This is obvious.

(6)=(3). Since p(x) < 0 for all x € R, by Proposition 4.1(6) (T'(t))t>0 is

an equicontinuous Cp-semigroup on X with infinitesimal generator (A, X). Re-
@)

+— = 0. Hence, Theorem 3.2 implies that

mark 4.2 ensures that 7p-lim;_, oo
(T'(t))t>0 is uniformly mean ergodic.

(3)=-(4). This is obvious.

(4)=(2). Suppose that there is g € R with ¢(z9) = 0. Since ¢ # 0 on R,
we may assume that zg is a boundary point of ¢~1({0}). Hence, there exists
(zk)ken C R such that limg_, o xx = 2o in R and @(x) < 0 for all &k € N.

Since (T'(t))t>0 is mean ergodic and fo = 1 € X there is g € X such that
lim, o C(7) fo = g exists in X and hence, also pointwise on R. Thus, by (4.2) it
follows that

ereler) _ 1 1 ereler) _ 1

g(zx) = lim (C(r) fo)(z) = lim o) o) Jim " =0,

for £ € N, and that

g(xo) = lim (C(r)fo)(xo) = fo(wo) = 1.

T—00

This is a contradiction as g is a continuous function on R and limy_, . T = z¢ in
R. So, ¢(x) < 0 for all z € R.

(6)<(7). This follows from (2)<(4) in Theorem 3.2.

(7)=-(8). This is obvious.

(8)=(4). See [7, Theorem 5.13|. [ |

Corollary 4.5. If o(x) < 0 for all x € R and ¢(xo) = 0 for some xg € R, then
ImA is not closed in X.

Proof. This is a consequence of (2)<(6) in Proposition 4.4. |

4.2. The translation (semi)group on C(R)

We now consider, in the quojection Fréchet space X = C(R), the 1-parameter
group of translation operators (T'(t))¢cr defined by

T@)f(x) = f(x+1), feX zeR tekR

Proposition 4.6. The following properties hold for (T(t))icr.

(1) (T(t))ter is a strongly continuous Co-group on X.

(2) (T(t))ter is not exponentially equicontinuous. In particular, @ 4 0 in
Ls(X) ast — oo.

(3) For each f € C(R) set Af := f'. Then (A,CY(R)) is the infinitesimal
generator of (T(t))ter-
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(4) The operator A : D(A) — C(R) is surjective, but not injective (with D(A) =
CHR)).
(5) 0(A) = C with every point of c(A) an eigenvalue of A.
Proof. (1) Clearly (T'(t))ter C L£(X) is a group. Moreover, for each R > 0 and
k € N we have

a(T@)f) = sup [f(z+t)| < sup  [f(W)| = @ryma(f),  fEX, ISR,
|z|<k ly|<k+[R]+1

which shows that (T'(t)):er is locally equicontinuous.
Fix f € X and k € N. Then

(T f — f) = sup |f(z+1t)— f(z), teR.

|| <k

Since f is uniformly continuous in [~k —1, k+1] we have sup|, < | f(z+t)— f(z)| =
0 ast — 0, from which it follows that g5 (T'(¢t) f—f) — 0 ast — 0. The arbitrariness
of k and f now imply that (T'(¢)):cr is a Co-group on X. The strong continuity
of (T'(t))ter follows from the discussion prior to Remark 2.2.

(2) Let fo(z) = ¢®” for all z € R. Then fy € X and

T« (T(t)fo) = sup e(ac-‘rt)2 _ e(1+t)2’ > 0,
|z|<1

with sup;> e~e(1+D)’ = o for every a > 0. So, (T'(t))ter is not exponentially
equicontinuous. In particular, y 4 01in L4(X) as t — oo via Remark 2.4(ii).

(3) Let f € C1(R). By the mean value theorem, for each k € N, t # 0 and
x € [—k, k] there exists x; € R between z and = + ¢ such that

o (BT ) L85

2| <k t

= sup |f'(z¢) — f'(2)],

o<k

= f'(x)

with supj, < [f'(#¢) — f'(z)| — 0 for ¢ — 0 as f" is uniformly continuous on
compact subsets of R. It follows that g (% — f’) — 0 ast — 0. Thus,

f' € D(A) and Af = f.
Conversely, let f € D(A). Then, for a fixed 2y € R and with kg := [zo] + 1 we
have

’f(afoth)—f(xo)
t

— Af(wo)

<qk0(1—‘(t){_f—14f>, 0<|f|<k’0—$0.

Since gy, (% — Af) — 0ast — 0, it follows that wf/lf(zo) -0

as t — 0, ie., f'(zg) = (Af)(xo) exists. By the arbitrariness of xy we conclude
that f’ exists and f' = Af € X, ie., f € C1(R).

(4) The operator A is not injective because Ker A = {f € X : f constant
function on R}.
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Let g € X. Then the function f € C(R) defined by

flx) = /OZ g(t) dt, r € R,

belongs to C*(R) and f’ = g on R. So, f € D(A) and Af = g. Hence, ImA = X,
i.e., A is surjective.

(5) Let A € C. Then the function fy(z) := e, for € R, belongs to D(A)
and Af = f{ = Afx. So, f is an eigenvector of A. Thus, o(A) = C. |

Since the evaluation functionals at points of R belong to X', it follows that the
Ceséro means of the group (T'(t)):ecr are given by

(C(r)f)(x)i/OTf(:Eth)dt, feX, r>0 xR (4.3)

As noted in Proposition 4.6(2) the translation group (T'(t)):er fails to satisfy
the condition 7p-lim;_, o @ = 0 and so Theorem 3.2 is not applicable to (T'(t))ter-
According to Proposition 4.6(5) we have p(A4) = 0 and so the notion of Abel mean
ergodicity is not available at all! Nevertheless Proposition 4.6(4) shows that ImA =
X is closed and from Af = f', for f € C*(R), we see (from the proof of (4)) that
Ker A consists of the constant functions. In particular, InANKer A # {0} and so
X #ImA®Ker A, i.e., (2.18) fails to hold. On the other hand, Ker A = Fix(T'(+))
is valid. In view of these observations the following result is expected.

Proposition 4.7. The group (T(t)):cr is not mean ergodic.

Proof. Let f € X be given by f(z) = e*, x € R. It follows from (4.3) that
(Cr)f)(x) = @ for z € R and r > 0 and hence, that ¢;(C(r)f) = @
Since sup,~o q1(C(r)f) = oo, the set {C(n)f : n € N} ¢ B(X). It follows that
{C(r)}r>0 cannot be convergent in L£(X) ar r — oo, i.e., (T(t))ier is not mean
ergodic. |

4.3. A semigroup of multiplication operators in L} _(R)

Let X = L! (R), 1 < p < oo. Then X is a reflexive quojection Fréchet space with

respect to the lc-topology generated by the increasing sequence of seminorms

1/p

k
q(f) = (/_klf(x)pdw> , feX, keN.

Let ¢: R — (—o00,0] be a continuous function and consider the linear operator
A: D(A) — X defined by

Af=¢f, JeDA):={feX: of € X}.
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Proposition 4.8. The following properties hold for (A, D(A)).

(1) D(A) =X and A € L(X).

(2) A"f " f forallm e N and f € X.

(3) A is power bounded if and only if (R) C [—1,0].

(4) If p(R) C (—00,0), then A is a bijection of X onto itself. In particular,
A~ e £(X).

(5) (A, X) generates the equicontinuous, uniformly continuous Cy-semigroup

(T(t))e=0 given by

T(t)f=¢€¥%f,  t>0, feX.
(6) The semigroup (T(t))i>0 is mean ergodic.

Proof. It is routine to check (1); simply use gx(Af) < (supjy<i [2(2)])ar(f) for
each f € X and k € N.

Property (2) is clear.

(3) Suppose that p(R) C [—1,0]. Then, for each k € N, we have

(A" f) < qu(f), feX, neN,

and hence, A is power bounded.

Conversely, suppose that p(zg) < —1 for some zy € R. As ¢ is continuous
there exist @ < —1 and an open interval J(xo) containing xo such that p(z) < «
for all € J(xp). Choose k € N such that J(zg) C [—k,k] and let foy =1 € X.
Then

1/p
ar(A" fo) = </J( )Icp(x)lnplfo(x)lp> > |a|*[u(J(@))]YP,  neN,

with g denoting the Lebesgue measure. Since |o| > 1, it follows that
sup,en @k (A" fo) = o0, ie., {A" fotnen & B(X). Hence, {A"},cy is not power
bounded.

(4) Fix g € X. Since p(z) # 0 for all x € R, the function 1/¢ € C(R). Then
f:=g/p € X and satisfies Af = g. So, A is surjective. Let f € X \ {0}. Then
there is a measurable subset B C R with p(B) > 0 such that f(x) # 0 for all
x € B. Hence, also p(z)f(x) # 0 for all z € B, ie., Af #0in X and so A is
also injective. Since A=': X — X is a closed operator (because of part (1)), the
Closed Graph Theorem ensures that A= € £(X).

(5) We first show that (T'(t)):>0 is a Co-semigroup on X. It is clearly a semi-
group. Fix f € X and k € N. Then, with ax(y) := max ;< |¢(z)| < oo, we have
for each ¢t > 0 that

1/p

k
(Tt f = f) = (/_k (") — 1) ()| dw) < (sup [ —1))qi(f)

|| <k

< to ()t D g (f). (4.4)
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This implies that g (T'(t)f — f) — 0 ast — 0T. By the arbitrariness of k, it follows
that lim,_,o4 T'(¢)f = f. So, (T'(t))i>0 is a Cp-semigroup on X.
Moreover, p(R) C (—oo, 0] implies that e/#(*) < 1 for all z € R, ¢ > 0 and so

a(T(t)f) < (‘S}l<pk|€t“°('”)|)qk(f) <a(f), feX t=0,

i.e., the Cy-semigroup (T'(t));>0 is equicontinuous. Since its infinitesimal gener-
ator A € L£(X), it follows from [7, Proposition 2.3] that (T'(t));>o is uniformly
continuous.

Now, for a fixed f € X and k € N, we have

q <T(t)ff - Af> < sup

t |z|<k

et?(®) _ 1 — tp(x)
t

ax(f)

< tlag(p)2et* @ g (f), t>0.

T()ff : :
== - Af) — 0ast— 0. Since f and k are arbitrary,

it follows that (A, X) is the infinitesimal generator of (T'(¢))¢>o.
(6) Since X is reflexive and the Cy-semigroup (T'(t)):>0 is equicontinuous, the
desired conclusion follows from [6, Corollary 2]. |

This implies that ¢ (

If A\ € C\ (—00,0], then 1/(A — ¢) € C(R); recall that p(R) C (—o0,0].
Accordingly, the resolvent operators R(\, A) € L(X) exist for A € C\ (—o0, 0] and
are the multlipication operators given by

1
A=)

RO\ A f = f,  fex. (4.5)

In particular, C\ (—o00,0] C p(4).

Proposition 4.9. If p(R) C (—00,0), then 1p-limy_,g+ AR(X, A) = 0. In partic-
ular, the equicontinuous Cy-semigroup (T'(t))i>o0 is uniformly Abel mean ergodic
and hence, also uniformly mean ergodic.

Proof. Since ¢ is continuous and ¢ is strictly negative on R, for every k € N we

have that (1 (p) := max|, <k ¢(z) < 0. Hence, )\_;(x) < (/\—Blk(sa)) for every A > 0

and x € [—k, k]. For a fixed k € N and B € B(X), it follows via (4.5) that

(@(AR(L A) )P = (qk (Afwf)) -/ (%) ()P da

=2 /—k (A*(p(z))l’d < (Aﬂk(ip)> ar(f)",

for all f € X and A > 0. This inequality ensures that

?1611; Qk()‘R()‘aA)f) < m ?gg Qk(f)v A>0.
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Accordingly, limy_,o+ gx(AR(N, A)f) = 0. By the arbitrariness of k and B it
follows that 7-limy g+ AR(A\, A) = 0, i.e., the semigroup (T'(t));>0 is uniformly
Abel mean ergodic. That (T'(t));>o is also uniformly mean ergodic follows from
Theorem 3.2 above; see also [7, Theorem 5.5(ii)]. |

In view of Proposition 4.9 all the equivalences of Theorem 3.2 apply to (T(¢))¢>o0-

Remark 4.10. An alternate proof of Proposition 4.9 is as follows. By parts (1)
and (4) of Proposition 4.8 we have A: D(A) = X — X is bijective with A™!: X —
D(A) continuous. It is routine to check that the equicontinuity of (T'(t))i>0 (cf.
Propostion 4.8(5)) implies that 7-lims—, o y = 0. Then Lemma 2.10 yields
that 7-lim, o, C'(r) = 0, i.e., (T'(t))s>0 is uniformly mean ergodic. The uniform
Abel mean ergodicity of (T'(t))¢>o is then a consequence of Theorem 5.5(i) and

Remark 5.6(i) in [7].

Proposition 4.11. If o=1({0}) is a Lebesgue null set, then 7s-limy_,o+ AR(\, A) =
0, i.e., (T(t))e=0 is Abel mean ergodic and hence, also mean ergodic.

Proof. Since ¢~ 1({0}) is a Lebesgue null set and ¢ < 0 on R, we have 0 < ﬁ <
1 a.e. on R and for all A > 0. On the other hand, limy_,¢+ ﬁ = 0 pointwise a.e.
onR. Fix f € X and k € N. Given any sequence A\, — 0%, we can apply the Dom-
inated Convergence Theorem to the sequence {( An )p |f|p}OQ . C LY([~k,K])

An_‘P
to obtain that

An

(qk(AnR()\n,A)f))pZ/l~c </\n_(p($)>p|f(x)|pdx—>0

—k
as n — oo, i.e., lim, o gr(AnR(A, A)f) = 0. Since k is arbitrary, it follows that
lim;, 00 A R(An, A)f = 0 in X. On the other hand, the arbitrariness of f € X
and the sequence A\, — 0" ensures that 75-limy_,o+ AR(X, 4) = 0, i.e., (T(t))i=0
is Abel mean ergodic.

The mean ergodicity of (T'(¢)):>0 follows from [7, Theorem 5.5(ii)]. |

Lemma 4.12. Let k € N and g € C([—k, k]). Then the multiplication operator

My: LP([—k, k]) — LP([~k, k]), given by f— gf,

is continuous in the Banach space LP([—k,k]) with operator norm ||M,|
max|; (< [9(2)]-

p.k =

Proof. It is routine to check that M, is continuous with || My||, » < max|, <k [g(z)|.
On the other hand, o(M,) = g([—k, k]) and so r(M,) = max <k |9(x)| < [[Mg]lp,x
by the Spectral Radius Theorem (here (M) denotes the spectral radius of M),
[23, Ch. IV, Corollary 1.4]. |

Proposition 4.13. If p=1({0}) is a non-empty Lebesgue null set, then (T(t))i>o0
is mot uniformly mean ergodic.
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Proof. Suppose that (T'(t))¢>0 is uniformly mean ergodic. By Theorem 3.2 the
limit 75-limy_g+ AR(\, A) exists. Then Proposition 4.11 yields that we have
Tp-limy_ o+ AR(A, A) = 0. Fix any & € N. Since A\/(A — ) € L>®([—k,k]) and
the unit ball B(k) of the Banach space L?([—k, k]) is (in the natural sense) a sub-
set of U(k) == gq;,*([0,1]) € B(X), it follows from (4.5) that

A

k D 1/p
My /n— k1= sup / ~—Fh(z)| dz
|| A/()\ tP) ||p k he B(k) ( k ()\ . @(l‘)) ( ) )

< sup AR\ A)f) =0 as A — 07,
feu(k)

But, A\/(A — ¢) € C([—k, k]) and so Lemma 4.12 implies that

A

li — | = L My /in—
i, || = v

A0 |z|<k

pk = 0. (4.6)

On the other hand, there exists kg € N and g € [—ko, ko] such that ¢(xg) = 0.
Then sup|, <, > )\73(1;0) =1 for every A > 0. This contradicts (4.6) for

A
A—¢p(z)
k = ko. Hence, (T(t))¢>0 is not uniformly mean ergodic. |

4.4. A semigroup on w = CV

Let X = CN be the Fréchet space of all sequences with the increasing seminorms
qr: X — [0,00), for k € N, where g, (x) = maxi¢;<k |zj], for x = (z,,)n, € X, in
which case X is Montel and a quojection. Define A € L(X) by Az := (unTn)n,
for z € X, where the real numbers p,, < 0 for every n € N are arbitrary and, for
each t > 0, define T'(t) € L(X) by T'(t)z := (et"'z,,),, for x € X. Then A € L(X)
is a topological isomorphism on X and (T'(t));>0 is semigroup on X.

Proposition 4.14. The following properties hold for (T'(t))t>0-
(1) A is power bounded if and only if —1 < p, <0 for all n € N.
(2) For every A & {u, : n € N} the resolvent operator R(\, A) exists with
1
A— ln

R\ A)x = ( JCn> , x € X.

Moreover, 0(A) = {un tnen and each point of o(A) is an eigenvalue of A.
(3) (T'(t))i=0 is an equicontinuous, uniformly continuous Cy-semigroup on X.

In particular, the operator (A, X) defined above is its infinitesimal generator.
(4) (T'(t))i=0 is uniformly mean ergodic.

Proof. Most of the details are straightforward to verify. We only point out
that the uniform mean ergodicity of (T'(¢)):>0 is a consequence of the fact that
Tp-limy o0 @ = 0 follows from the equicontinuity of (7'(t)):>0 and so Lemma 2.10
can be applied. Moreover, the uniform continuity of (T'(t)):>o follows from its

strong continuity (which is routine to verify), [7, Proposition 2.3]. |
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4.5. Another semigroup on w = CV

Let X = CN be as in the previous example and consider the unit right shift
A € L(X) given by A(z) := (0,21, x2,...), for = (z1,22,...) € X. Clearly, A is
power bounded. Moreover, A is injective but not surjective and p(A) = C\ {0}
with the resolvent operators R(\, A) € L(X), for A # 0, given by

5 L1,

1
ROLA)@) = (o1 Jaz+ 5o 5

1 1 1
l‘3+>\21‘2+>\3 ), r e X. (47)
The semigroup T(t) := e*4, for t > 0, is given by

t2 t2 3
T(t)x = (.131, To +1xy, 3 +txo + 9] 571 T4 + txs + 2,%‘2 + = 3 ) R (48)
for z € X, and is exponentially (hence, also locally) equicontinuous. These facts
can be found in [7, Remark 3.5(v)].
Let {e,}52; be the standard (absolute) unit basis of X. Via (4.8) we have

T(t)ey (1 t, ’;, ) ) for ¢ > 0 and so {T'(t)e1}1>0 & B(X), i.e., (T'(t))i>0 is not
equicontinuous. Again from (4.8) we have

2 2 t3

t
xl,tm3+2'x2+ ..), ze X, t=0,

2!

t
Ttz —z = (0 tey, try + TR

which implies that (T'(t)):>0 is a Co-semigroup and hence, is also strongly con-
tinuous by the discussion prior to Remark 2.2. Since its infinitesimal generator
A € L(X), it follows that (T(t))t>0 is also uniformly continuous, |7, Proposition
2.3]. Of course, the uniform continuity of (7'(¢))¢>0 also follows from its strong
continuity and the fact that X is Montel, [30, §39.5 Theorem (1)]. For each ¢t > 0
and z € X it follows from (4.8) that

G - L I N
= —_, —/ X xr Z’ A
t tt 2 2' P T T

In particular, %)61 = (%a L, g7 %2,,-..), for t > 0, shows that {%} ¢
o >0

B(X) which implies that y # 0in L4(X) (hence, also in £,(X)) as t — o0. So,
again Theorem 3.2 is unavailable.

It is routine to verify that Ker A = Fix(T(-)) = {0} and that ImA =
spanfe, }> ., is a proper closed subspace of X. In particular, X # ImA @ Ker A,
i.e., (2.18) fails to hold.

Proposition 4.15. The exponentially equicontinuous, wuniformly continuous
Co-semigroup (T (t))i>o0 is neither mean ergodic nor is it Abel mean ergodic.

Proof. Direct calculation from (4.8) shows that

1

T 2
C’(T)x:;/o T(t)zdt = (xl,a:2+2'x1,x3+;x2+ TR ..>,
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2

for each z € X and r > 0. In particular, C(r)e; = (1, 30s 37 ) for r > 0

shows that the sequence {C(n)e1}52; ¢ B(X) and so the net {C(r)},>0 is not
convergent in L£4(X) for r — oo, i.e., (T(¢))¢>0 is not mean ergodic.
Direct calculation from (4.7) yields, for each A # 0 and « € X, that

1 1 1 1 1 1
ARN, Az =z + (0, PR + 2t N + 22 + BEL- ) )

In particular, AR\, A)e; = e; + (O 1 L ), for A\ # 0, shows that

DD VE)
{LR(L,A)e1} " & B(X) and so the net {AR(), A)}o<r<1 is not convergent
in L4(X) for X — 0%, i.e., (T(t))e>0 is not Abel mean ergodic. [ ]
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