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PRIME-LIKE SEQUENCES LEADING TO THE CONSTRUCTION
OF NORMAL NUMBERS

JEAN-MARIE DE KONINCK, IMRE KATAI

Abstract: Given an integer ¢ > 2, a g-normal number is an irrational number n such that any
preassigned sequence of k digits occurs in the g-ary expansion of 7 at the expected frequency,
namely 1/qk. Given an integer ¢ > 3, we consider the sequence of primes reduced modulo ¢
and examine various possibilities of constructing normal numbers using this sequence. We create
a sequence of independent random variables that mimics the sequence of primes and then show
that for almost all outcomes this allows to obtain a normal number.

Keywords: normal numbers, primes.

1. Introduction

Given an integer ¢ > 2, a g-normal number, or simply a normal number, is an
irrational number whose g-ary expansion is such that any preassigned sequence,
of length k£ > 1, of base ¢ digits from this expansion, occurs at the expected
frequency, namely 1/¢*.

In earlier papers [3], [4], [5], [6], we used the complexity of the factorization of
integers to create large families of normal numbers. In this paper, given an integer
q > 3, we consider the sequence of primes reduced modulo ¢ and examine various
possibilities of constructing normal numbers using this sequence.

Let A, :={0,1,...,¢ — 1}. Given an integer ¢ > 1, an expression of the form
1192 ..., where each i; € Ay, is called a finite word of length t. The symbol A
will denote the empty word. We let Ag stand for the set of all words of length ¢
and A stand for the set of all the words regardless of their length. An infinite
sequence of digits ajas ..., where each a; € Ay, is called an infinite word.

An infinite sequence of base ¢ digits ajas . .. will be said to be a normal sequence
if any preassigned sequence of k digits occurs at the expected frequency of 1/¢*.
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Given a fixed integer q > 3, let

A if(n,q) £ 1,
fq<n)_{£ ifn=¢ (modq), (£q)=1.

Further, letting ¢ stand for the Euler function, set

Bw(a) ={l,... 7és@(q)}

be the set of reduced residues modulo gq.
Let p stand for the set of all primes, writing p; < pa < --- for the sequence of
consecutive primes, and consider the infinite word

&g = fa(p1) fa(p2) fo(p3) - -
We first state the following conjecture.
Conjecture 1. The word &, is a normal sequence over B, in the sense that

given any integer k > 1 and any word 8 =11 ...1) € Bf;(q), then, setting

€<(1N) = fo(p1)fe(p2) .. fo(pN) for each N € N

and
My (&418) := #{(71,72) &™) = m1 B2},
we have My (E)|) )
. N
I\/lgnoo Nq - plq)k”

Now, with the above notation, consider the following weaker conjecture.

Conjecture 2. For every finite word 3, there exists a positive integer N such that
My (&) > 0.

Remark 1. Observe that, in 2000, Shiu [10] provided some hope in the direction
of a proof of this last conjecture by proving that given any positive integer k, there
exists a string of congruent primes of length k, that is a set of consecutive primes
DPrnt1 < Pnt2 < -+ < Pptk (where p; stands for the i-th prime) such that

Pl =Pny2 =  =ppgp =a  (mod gq),

for some positive integer n, for any given modulus ¢ and positive integer a relatively
prime with q.

Let &, be a real function which tends monotonically to 0 as n — oo but in
such a way that (loglogn)e,, — 0o as n — oo. Letting p(n) stand for the smallest
prime factor of n, consider the set

NED .= {neN:p(n)>n}={n,ny,...}. (1.1)

We then have the following conjecture.
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Conjecture 3. Let ny < ny < --- be the sequence defined in (1.1). Then the
infinite word

§q = fq(n1) fq(na) ...

is a normal sequence over the set {¢ mod q: (¢,q) = 1}.

Although the problem of generating normal numbers using the sequence of
primes does seem inaccessible, we will nevertheless manage to create large families
of normal numbers, in the direction of Conjectures 1, 2 and 3, but this time using
prime-like sequences.

2. Main results

Theorem 1. Let ny < ng < --- be the sequence defined in (1.1). Then the infinite
word

g 1= resq(ny)resqg(ne) ...,

where resq(n) = £ if n = ¢ (mod q), contains every finite word whose digits belong

to By(q) infinitely often.

Remark 2. It is now convenient to recall a famous conjecture concerning the
distribution of primes.

Let F,. .., F, be distinct irreducible polynomials in Z[z] (with positive leading
coefficients) and assume that the product F' := F} - - - F; has no fixed prime divisor.
Then the famous Hypothesis H of Schinzel and Sierpinski [9] states that there exist
infinitely many integers n such that each F;(n) (i = 1,...,¢) is a prime number.
The following quantitative form of Hypothesis H was later given by Bateman and
Horn ([1],[2]):

Bateman-Horn Hypothesis. If Q(F1,..., Fy;x) stands for the number of pos-
itive integers n < x such that each Fi(n) (i=1,...,g) is a prime number, then

C(Fl,...7Fg) €T

Q(Fy,...,Fgz) = (1+0(1)) hy---hy logx

(z — 00),

where h; = deg F; and
1\ ( p(p))
C(F.,...,F,) = 1-= 1- APy )
. 2 1;[ << p> P
with p(p) denoting the number of solutions of Fi(n)--- Fg(n) =0 (mod p).

Theorem 2. Let 8 be an arbitrary word belonging to pr(q) and let &, be defined
as in Congecture 3. If the Bateman-Horn Hypothesis holds, then

My (&q|B) = o0 as N — oo.
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Let

Lo itm=1,2,...,10,
m"e 1/logm if m > 11.

Let &, be a sequence of independent random variables defined by P(§,, = 1) = A\,
and P(&,, = 0) = 1—\,,. Let Q be the set of all possible events w in this probability
space.

Let w be a particular outcome, say m1,ma, ..., that is one for which &,,;, =1
for j=1,2,...and & = 0 if £ & {m1, my,...}. Now, for a fixed integer ¢ > 3, set
resq(m) = € if m = ¢ (mod ¢), with £ € A,. Then, let n,(w) be the real number
whose g-ary expansion is given by

Ng(w) = 0.res,(m1) resq(ma) . ..
We then have the following result.

Theorem 3. The number ng(w) is a g-normal number for almost all outcomes w.

3. Preliminary results

For here on, the letter ¢ will be used to denote a positive constant, but not neces-
sarily the same at each occurrence.

Lemma 1. Let ¢ > 2, k> 1 and M > 1 be fized integers. Given any nonnegative
integer n < ™, write its g-ary expansion as

§=0
and, given any word o = by ...bg € A’;, set
Ey(n) =#{j€{0,1,...,M —k}:¢;(n)...ej4x-1(n) = a}.

Then, there exists a constant ¢ = c(k,q) such that

o<n<gM 4
Proof. Let
o 1 if(cl,...,ck):(bl,...,bk),
fleosen) = {0 otherwise.
Then,
M—k—1
3= Z E.(n) = flej(n),...,ej46-1(n)) = dMR(M — k).
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Similarly,

— E 2
22 = Ea(n)
o<n<gM
M—k—1M-k—1

Z Z Z f(€j1 (n)a~"7€j1+k—1(n)) ’ f(gb(n)v"'7€j2+k—1(n))

ogn<gM  j1=0  j2=0

Z Z f(fjl(n),...,€jl+k_1(n)) 'f(€j2(n),...,€j2+k_1(n))

0<n<gM |j1—j2|<k
+ Y D feam)gnk(n) - fen ), grrai(n)
0<n<gM |j1—j2|>k
= Yo 1+ Y22,

say.
On the one hand, it is clear that

0< o1 <2k 4+ 1D)gM " (M — k) < g™ M. (3.1)

On the other hand, to estimate X5 o, first observe that for fixed jq, jo with |j; —ja| >
k, we have to sum 1 over those n € [0,¢™ — 1[ for which

gr(n) .. gjire-1(n) = a=¢j,(n)...gj1k-1(n).

But this occurs exactly for ¢™~2% many n’s. Thus,
Yoo = qM2k > =g 2*M? + O(¢M M). (3.2)
[j1—d2|>Fk

0<j1,j2<M—k—1

In light of (3.1) and (3.2), it follows that

M\ M M2,
Z (Ea(n)qk) :2272?214’%(]

_ M? M?
— M 2kM2+O(qJV[M)_2quM+quM

= O(qMM)’
thus completing the proof of the lemma. |

Lemma 2. Given a fized positive integer R, consider the word Kk = ¢1...cgr €
AqR. Fiz another word o = by...b, € A’;, with k < R. Let Ky stand for the
number of solutions (y1,72) of kK = yiaya, that is the number of those j’s for
which cji1...cj4r = a. Then, given fived indices iy,...,iq, let Ko be the number
of solutions of ¢jy1...cj1r = « for which {j +1,...,5 +k} 0 {i1,....ig} =0
holds. Then,

0< K1 — Ky < 2kH.
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Proof. The proof is obvious. |

Lemma 3 (Borel-Cantelli Lemma). Let {E,},en be an infinite sequence of
events in some probability space. Assuming that the sum of the probabilities of
the E,’s is finite, that is, > -, P(E,) < +00, then the probability that infinitely
many of them occur is 0.

Proof. For a proof of this result, see the book of Janos Galambos [8]. |

Lemma 4. Let F1,. .., Fy, be distinct irreducible polynomials in Z[x] (with positive
leading coefficients) and set F = Fy---F,. Let p(p) stand for the number of
solutions of F(n) =0 (mod p) and assume that p(p) < p for all primes p. Write
p(n) for the smallest prime factor of the integer n > 2 and assume that u and x
are real numbers satisfying u > 1 and /" > 2. Then,

#{n<x: Fi(n)=gq; fori=1,...,k}

= I ()

p<$1/u

X {1 + Op(exp(—u(logu — loglog 3u —log k — 2))) + Op(exp(—+/log x))} .

Proof. This is Theorem 2.6 in the book of Halbertsam and Richert [7]. |

4. Proof of Theorem 1

Theorem 1 is essentially a consequence of Lemma 4. Indeed, letting a1 < ... < ag
be positive integers coprime to g and considering the product of linear polynomials

F(n):=(gn+a)- - (gn+ ag),

we have that

#{n € [z,22] : p(F(n)) > (2gx + ar)**} = (1 + o(1))x H (1 - p(p)) . (4.1)

p<xezx p

If n is counted in (4.1), we certainly have that p(¢gn + a;) > (¢gn + a;)*"* for
j =1,...,k. On the other hand, the desired numbers gn +a;, j = 1,...,k, are
consecutive integers with no small prime factors for all but a negligible number.
Indeed, if they were not consecutive, then there would be an integer b € (a1, ai)
such that p(gn + b) > z°=. Set Gy(n) := gn + b. Then we would have

#{n € [r,22] : p(F(n)Gy(n)) > a*} = (1+ o)z [] (1 pb(p)), (4.2)

p<zxczx p

where py(p) stands for the number of solutions of F'(n)Gp(n) =0 (mod p). Since
p(p) = k (recall that the F;’s are linear) and pp(p) = k+1if p{q, p > ag, it
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follows that we have the following two “opposite” inequalities:

H (1 — p(p)) > Cla,...,ak) (Ea;logg;)*k7

p<ze® b
p<zE® b

Now, for the choice of b, we clearly have ar — a; + 1 — k possible values. We
have thus proved that for every large number x, there is at least one n € [z, 2x]
for which the numbers gn +aq, ..., gn + a, are consecutive integers without small
prime factors, that is for which p(gn + a;) > (gn + a;)“*"**s, thus completing the
proof of Theorem 1.

5. Proof of Theorem 2

The proof of Theorem 2 is almost similar to the one of Theorem 1. Indeed assume
that the Bateman-Horn Hypothesis holds (see Remark 2 above). Then, let ay
be a positive integer such that a; = b; (mod ¢) and a; = 0 (mod D), where
D= ]_[Tr< k, mtg T where 7w are primes. Similarly, let ay be a positive integer such
that as = by (mod ¢) and as = 0 (mod D), with az > a;. Continuing in this
manner, that is if aj,...,a,—1 have been chosen, we let a; = b, (mod ¢) with
Dlag and ag > ag—1. Then, applying the Bateman-Horn Hypothesis, we get that
if 0 < a; <--- < a are k integers satisfying (a;,q) =1 for j = 1,...,k, then for
each positive integer n, setting

F(n)=(gn+a)- - (gn+ ag),

letting
p(m) = #{v (mod m): F(v) =0 (mod m)},
so that p(m) =01if (m,q) > 1 and p(p) < p for each prime p, and further setting
Hx = H D,
pEP

P<Vqztag

we have that, as x — oo, letting p stand for the Moebius function,

OIS DI SETL IS SITC R SR

n<w n<z §|(F(n),Il,) S|, n<w
(F(n),l)=1 F(n)=0 (mod §)
_ 1(6)p(8) _ p(p)
=(1+o(1)z ) =5 =+ 11 1—7
6|1, p<Vaztar
= (1+o(1)e——, (5.1)
log” x

where c is a positive constant which depends only on aq,...,ak.
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Now, we can show that almost all prime solutions 73 < --- < 7 represent
a chain of consecutive primes. To see this, assume the contrary, that is that the
primes m < --- < 7 are not consecutive, meaning that there exists a prime 7
satisfying m; < 7w < 7 and 7 & {ma,...,mp—1}. Assume that my < 7 < 7pqq for
some ¢ € {1,...,k —1}. We then have

Te =T + az — ay,

T3 =71 + a3 — ay,

T =71+ a¢ — ai,

T = T+ ag — ar,

m=m +d, where apy —a; < d < agy1 — a.
We can now find an upper bound for the number of such k + 1 tuples. Indeed,
by using the Brun-Selberg sieve, one can obtain that the number of such solutions

up to z is no larger than ci—+—, which in light of (5.1) proves our claim, thus
completing the proof of Theorem 2.

6. Proof of Theorem 3

Let N > 3. Choose a positive integer R which is such that S := ¢ +qR < ¢V 1.
Then, set

YN,S = Z fn and 91\1,5’ = Z fn(gn-l-l + -+ fn-‘rq—l)'

gN<n<S gV <n<s

Evs)= 3 = (2 N io(L
NS/ = logn  \logS logqg"N N2 )’

gN<n<S

Then

while .
E(Yns—-E(Yns)’<c > < c%_
gV <n<s

From the Tchebyshev inequality, we then get that

gN+1 c

P |Yns— E(Y] > —— | < =5
| N,S ( N7S)| logqN+1 N2

Similarly

q~ 1
P (GN,S > C1]V2> < m (62)
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Now, given T integers n; < --- < nr located in the interval [¢"V, S — 1], consider
the set
By ngp ={w: &y, =1for j=1,...,T and
gm =0ifm g{nla"'anT}a me [qN,Sf 1]}
Further set

A1
1—X, log(n/e)

and WN,S = H (1 — )\n)

gN<n<S

Op —

From the above definitions of B, . on and Wy g, it follows that

N7
P(Bn17~»-~,nT) =O0nq " UHTWN,S~ (63)
Let us now introduce the intervals

ja:[qN+aqqu+(a+1)q_1] (QZO,].,...,R—l),

so that
qN—gN-1_1
V. 8= U Ja
a=0
Given ni,...,np, let Juy, ..., Ju,, be those intervals which contain at least
two elements (say, Jas, contains k; > 2 elements) from the set {ni,...,nr}.

Then it follows from (6.2) that

a1
Z P(B’I’Ll,‘..,’I’LT> < m

S kyzeqN /N2

Let us now consider those n1,...,ny for which Zflzl k; < cg™ /N?. Consider
those elements amongst ni,...,n7 which have k; > 2 fixed elements in Jay,
(j =1,...,H) and exactly one element in the intervals Jy,, ..., Jay-

Define the quantities L and U by

> kj=L and U=T-L.

H
=1

J
Here 0 < a1 < --- <ay < R—1 are such that
{a17"',aU}m{M1,...,MH}:0'

We shall denote that particular set of ny,...,ny by D(ay,...,ay, ), that is a set
that contains exactly ¢V disjoint sets.

Since, for j =1,...,q9— 1, we have

C < C1
nlogZn ~ ¢¥N?’

Ogo'n_o'n+j<
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it follows from (6.3) that
U H 1 T
P(Bnl,...,nT) = H O—qN—',-ajq . HO'qN_;'_M[q . WN,S <]. + O <]V2q‘N)> .
j=1 =1

Since T/N?qV — 0 as N — oo, it follows that

1 T
(1+O<N2qN>) =1+o0(1) as N — oo.

All this means that
P(Bup,,..ny) = (1+0(1))P(Buy,...nt.) (6.4)

if ny,...,np and nf, ..., n,. belong to the same set D(aq,...,ay).
For a given outcome w, we now consider

n((]N’S) (w) :=resqy(ny) ...resy(nr) (6.5)

and we let Fg(n,SN"S) (w)) be the number of occurrences of the word g as a subword

in n,gN’S) (w). Now, setting

qN+1

ZN’S = w |YN’S - E(YN’S)‘ >N W

and

qN
VN,S = {w : 91\/,5 > 01]\72} ,

it follows from (6.1) and (6.2) that
c
P(ZN7S) + P(VN,S) < m
Now, assume that w ¢ Zy s U Vy,s. Then, recall definition (6.5) and set
Sa(ni,...,nr) = #{n{™ =718y 1,72 € AL}

In the set D(ny,...,nr), the elements from J,, can be written as qN—i—qaj +4,
where ¢; € A, (j = 1,...,U). Furthermore, write each integer p < ¢V — 1 as

p="0+log+ -+ Ly’
Then we get

Eg(p) = #{(711,72) € Ay x Ay : l1.. . Ly = 11572}



Prime-like sequences leading to the construction of normal numbers 301

Using Lemma 2, we then obtain that
[Sg(ni,...,nr) — Eg(p)| < 2k(H +1).

Now D(aq,...,ay) is characterized by choosing all possible values ¢; ... ¢y € Ag.
Hence, letting dy = 1/N, we can apply Lemma 1 and obtain that the number of
those ¢; ... ¢y for which

U
'Eﬁw - | > Vb
is less than 5‘%: . Hence, from (6.4), we obtain that
N
C1
> P(Bn,,...nr) < BV )52 > P(Bn,,...nz)-

(n1,...,n7)ED(a1,....av) N (n1,...nr)eD(ar,....av)

|Bs ()~ L [>Usn

(6.6)
Now, summing the inequality (6.6) over all possible values of ny,...,nr for
which w & Zn g U Vi g, the “new” right hand side of (6.6) is then no larger than
c 2
B
Collecting the above inequalities, we obtain that if
T 2T
., . N,S
Kys = {W~W¢ZN,Sa Eﬂ(m(; ))*qj N}’
then c
P(KN7S) < ﬁ
Hence, if we let
S =gV + gV J j=1,...
J q +q LIOgNJ (.] ) 7mN)7
where my = (¢* — ¢)|log N |, we then have
i clog N
P U (KN,S]- U ZN,Sj U VN,SJ-> N2 (67)
j=1

Let @ be the set of those w which belong to infinitely many of the sets Kn s, U
Zn,s; UVns,. Now, summing (6.7) on N = 1,...,00, we obtain a finite sum.
We may therefore apply the Borel-Cantelli Lemma (Lemma 3) and conclude that
P(Q) = 0.

Now let M; < Ms < --- be the sequence of integers which are the members of
the set {qN + mql\”l :a=0,...,my, N= 3,4,...}, and let w € Q. Then,

regarding the sequence

Er =T1esq(my) ... resq(mp),
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we have that

Fa(6a, (W) 1 ,
T; — m (j — o0). (6.8)
Since 1 < MJ\ZI — 1 as j — oo, it follows from (6.8) that the relation
F, 1
eale) U
n q

also holds. Since this assertion is true for every finite word 3, the proof of the
theorem is complete.
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