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ON THE FOUR-DIMENSIONAL DIVISOR PROBLEM OF (a, b, c, c)
TYPE

Xiaodong Cao, Wenguang Zhai

Abstract: In this paper we study the four-dimensional divisor problem of (a, b, c, c) type, where
1 6 a 6 b < c are fixed integers. Our theorems improve some classical results. As an application,
we study the error term of the summatory function of the exponential totient function.
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1. Introduction and main results

Let a1 6 a2 6 a3 6 a4 be fixed positive integers. Without the loss of generality,
we suppose (a1, a2, a3, a4) = 1. The divisor function d(a1, a2, a3, a4;n) denotes
the number of ways n can be written as a product na11 n

a2
2 n

a3
3 n

a4
4 (nj ∈ N, j =

1, 2, 3, 4). The four-dimensional divisor problem is to study the properties of the
error function

∆(a1, a2, a3, a4;x) :=
∑
n6x

d(a1, a2, a3, a4;n)−
4∑
j=1

Res
s=aj

4∏
l=1

ζ(als)
xs

s
. (1.1)

For the history and classical results about ∆(a1, a2, a3, a4;x), see for example,
M. Vogts [28], E. Krätzel [14, 15, 16], A. Ivić [10, 11] and a recent survey article
of A. Ivić, E. Krätzel, M. Kühleitner and W.G. Nowak [12].

The study of the four-dimensional divisor problem is very important in the an-
alytic number theory. For example, the case (a1, a2, a3, a4) = (1, 1, 1, 1) is the well-
known Piltz divisor problem of dimension 4, the case (a1, a2, a3, a4) = (1, 2, 3, 4)
is closely related to the number of finite abelian groups, the case (a1, a2, a3, a4) =
(1, 1, 2, 2) is closely related to the number of direct factors of finite abelian groups,
etc.
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The aim of this paper is to study the four-dimensional divisor problem for the
case (a1, a2, a3, a4) = (a, b, c, c), where a, b, c are fixed positive integers such that
a 6 b < c and (a, b, c) = 1. Let

A(a, b, c, c;x) =
∑
n6x

d(a, b, c, c;n), (1.2)

H(a, b, c, c;x) = Res
s= 1

a

ζ(as)ζ(bs)ζ2(cs)
xs

s
+Res
s= 1

b

ζ(as)ζ(bs)ζ2(cs)
xs

s
(1.3)

+Res
s= 1

c

ζ(as)ζ(bs)ζ2(cs)
xs

s

if a ̸= b, otherwise an appropriate limit approach should be taken in the above
sum.

From A. Ivić [11] we have

∆(a, b, c, c;x) = Ω

(
xmax

(
1

2(a+b)
, 1
a+b+c

))
. (1.4)

One may conjecture that

∆(a, b, c, c;x) = O

(
xmax

(
1

2(a+b)
, 1
a+b+c

)
+ε

)
. (1.5)

Now we introduce some notations for later use. Let d(n) denote the Dirichlet
divisor function. Let x > 1 be real and L = log x, {t} denotes the fractional part of
t, ψ(t) = t−[t]−1/2 , e(t) = exp(2πit). ε is a fixed positive constant, not necessarily
the same in all occurrences. m ∼ M means that cM < m 6 CM for some
constants 0 < c < C. d(a, b;n) =

∑
ma

1m
b
2=n

1 and A(a, b;x) =
∑
n6x d(a, b;n).

Let ∆(a, b;x) denote the error term of the asymmetric two-dimensional divisor
problem,

∆(a, b;x) :=
∑

manb6x
1− ζ

(
b

a

)
x

1
a − ζ

(a
b

)
x

1
b := A(a, b;x)−H(a, b;x), (1.6)

if a ̸= b. If a = b, then an appropriate limit approach should be taken in the
above sum. Hence H(1, 1;x) = x log x + (2γ − 1)x, where γ is Euler’s constant.
For convenience, we also use notations A(x) and ∆(x) to denote A(1, 1;x) and
∆(1, 1;x), respectively. Krätzel [14] gives a series of classical results about the
upper bound of ∆(a, b;x). Recently, the authors [31] studies the mean square of
∆(a, b;x) and obtains its asymptotic formula.

Theorem 6.8 of Krätzel [14] is an important theorem for the many-dimensional
divisor problems. We first prove the following Theorem 1, which is a refined version
of this theorem in our case.
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Theorem 1. Suppose a, b and c are fixed positive integers such that 1 6 a < b < c,
1 < y < x are two large real numbers, 0 < α(a, b) < 1/c is a real number such that
the estimate ∆(a, b;x) ≪ xα(a,b) holds, then

∆(a, b, c, c;x) =
∑
m6y

d(a, b;m)∆

(( x
m

) 1
c

)
+

∑
n6( x

y )
1
c

d(n)∆
(
a, b;

x

nc

)
(1.7)

+O

(
x

1
c y−

1
c−

1
2(a+b) log x+ x−

1
4c y

1
a+ 1

4c + yα(a,b)
(
x

y

) 131
416c

log4 x

)
.

Using the bounds ∆(t) ≪ t131/416 log26947/8320 t (see Huxley [9]) and ∆(a, b;x)
≪ xα(a,b) in Theorem 1 directly, we get immediately the following Corollary 1.1.

Corollary 1.1. Under the conditions of Theorem 1, we have

∆(a, b, c, c;x) ≪ x
416−131aα(a,b)

285a+416c(1−aα(a,b)) (log x)4. (1.8)

Remark 1. When we use Theorem 6.8 of Krätzel [14] to estimate ∆(a, b, c, c;x),
we encounter some four-dimensional exponential sums, however if we use Theo-
rem 1, we only need to estimate some three-dimensional exponential sums, which
is much easier to handle. When the differences between the numbers a, b, c are
comparatively large, the upper bound results obtained through Theorem 6.8 of
Krätzel [14] are usually weak. In this paper, we shall get the following Theorem 2
through Theorem 1 with the help of an approach due to Heath-Brown [7]. We
note that Theorem 2 can not be covered by Krätzel’s results in [14, 16].

Theorem 2. Suppose a, b, c are fixed positive integers such that 1 6 a < b and
a + b 6 c < 2(a + b), 0 < α(a, b) < 1/c is a real number such that the estimate
∆(a, b;x) ≪ xα(a,b) holds. If the condition

α(a, b) > 9c− 4a− 2b

c(23a+ 25b)− 18(a+ b)2
(1.9)

is true, then
∆(a, b, c, c;x) ≪ xθ(a,b,c)+ε, (1.10)

where

θ(a, b, c) =
3− 3α(a, b)(a+ b)

3c+ 2a− c(5a+ 3b)α(a, b))
. (1.11)

Remark 2. When dealing with exponential sums in the proof of Theorem 2, the
main approach is due to Heath-Brown [7]. It is not difficult to improve Theorem 2
by using more precise estimates of the exponential sums(see for example, [1], [6],
[8], [18], [23], [30]).
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Corollary 1.2. Suppose 1 6 a < b, a+ b 6 c < 2(a+ b), and define

ϑ(a, b, c) =



15(a+b)
29a2+29ab−4ac+15bc if 11a > 8b and

113a2+255ab+142b2

88a+107b 6 c < 29(a+b)
19 ,

21a+12b
34a2+28ab+ac+12bc if 2a > b > 11

8 a and
112a2+270ab+152b2

77a+124b 6 c < 17a+14b
10 ,

9a+3b
13a2+9ab+2ac+3bc if 4a > b > 2a and

37a2+95ab+54b2

22a+47b 6 c < 39a+27b
21 .

Then
∆(a, b, c, c;x) ≪ xϑ(a,b,c)+ε. (1.12)

From Corollary 1.2 we get immediately that

∆(1, 3, 5, 5;x) ≪ x18/95+ε, (1.13)

which will be used to prove the following Theorem 3.
Subbarao[24] introduced the definition of exponential convolution, which is

closely related to the exponential divisors of natural numbers. Let n > 1 be an
integer of canonical form n = pa11 · · · parr . An integer d is called an exponential
divisor of n if d = pb11 · · · pbrr satisfies bj |aj(1 6 j 6 r), denoted by d|en. For
convenience let 1|e1. The exponential convolution is an analogue of the classical
Dirichlet convolution, which is studied by several authors, see for example, [5, 13,
19, 20, 21, 22, 29]. The exponential totient function ϕ(e)(n) denotes the number of
divisors d of n such that d and n are exponentially coprime, namely, they don’t have
common exponential divisors. The function ϕ(e)(n) was studied in J. Sándor[21],
Tóth[25, 26, 27], Pétermann[20]. Tóth[25] proved that∑

n6x
ϕ(e)(n) = C1x+ C2x

1/3 +O(x1/5+ε), (1.14)

where C1, C2 are computable constants. The estimate O(x1/5+ε) was improved to
O(x1/5) in Pétermann[20], which is the best result up to date.

In this paper we prove the following

Theorem 3.
(i) The asymptotic formula∑

n6x
ϕ(e)(n) = C1x+C2x

1/3+D1x
1/5 log x+D2x

1/5+O(x18/95+ε) (1.15)

holds, where D1, D2 are computable constants.
(ii) We have∑

n6x
ϕ(e)(n) = C1x+ C2x

1/3 +D1x
1/5 log x+D2x

1/5 +Ω
(
x1/8

)
. (1.16)

Remark 3. The asymptotic formula (1.15) is a substantial improvement to the
formula (1.14). Numerically we have 18

95 = 0.18947 . . . < 1
5 .
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2. The proof of Theorem 1 and Corollary 1.1

Lemma 2.1. Let x > 1 and ∆(a, b;x) be defined by (1.6). We let

E(a, b;x, s) := ∆(a, b;x)x−s − s

∫ ∞

x

∆(a, b; t)t−s−1 dt (2.1)

(i) If a < b, ∆(a, b;x) ≪ xα(a,b) such that α(a, b) < 1
b , then

∑
n6x

d(a, b;n)n−s =
ζ
(
b
a

)
1− as

x
1
a−s +

ζ
(
a
b

)
1− bs

x
1
b−s + ζ(as)ζ(bs) + E(a, b;x, s)

(2.2)
holds for s > α(a, b). For s = 1

a or s = 1
b we take the limiting values.

(ii) If ∆(x) ≪ xα such that α < 1
3 , then

∑
n6x

d(n)n−s =

(
log x+ 2γ − 1

1− s
− s

(1− s)2

)
x1−s + ζ2(s) + E(1, 1;x, s)

(2.3)
holds for s > α. For s = 1 we take the limiting value.

Proof. By partial summation formula and (1.6), we obtain∑
n6x

d(a, b;n)

ns
= A(a, b;x)x−s + s

∫ x

1

A(a, b; t)t−s−1 dt (2.4)

=
H(a, b;x) + ∆(a, b;x)

xs
+ s

∫ x

1

(H(a, b; t) + ∆(a, b; t))

ts+1
dt

=
ζ
(
b
a

)
1− as

x
1
a−s +

ζ
(
a
b

)
1− bs

x
1
b−s −

asζ
(
b
a

)
1− as

−
bsζ
(
a
b

)
1− bs

+ s

∫ ∞

1

∆(a, b; t)t−s−1 dt+∆(a, b;x)x−s

− s

∫ ∞

x

∆(a, b; t)t−s−1 dt.

Clearly
E(a, b;x, s) ≪ xα(a,b)−s. (2.5)

Suppose that s > 1, we have from (2.4) and the condition α(a, b) < 1
b , when

x→ ∞

ζ(as)ζ(bs) = −
asζ

(
b
a

)
1− as

−
bsζ
(
a
b

)
1− bs

+ s

∫ ∞

1

∆(a, b; t)t−s−1 dt.

By analytic continuation this equation also holds for ℜs > α(a, b). Now we sub-
stitute this into (2.4), and this completes the proof of (2.2). The proof of (2.3) is
similar to that of (2.2), we omit the details. �
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Lemma 2.2. Let x > 1 and ∆(a, b;x) be defined by (1.6). Let

E1(a, b;x, s) := ∆(a, b;x)x−s log x−
∫ ∞

x

∆(a, b; t)(s log t− 1)t−s−1 dt (2.6)

If a < b, ∆(a, b;x) ≪ xα(a,b) such that α(a, b) < 1
b , then

∑
n6x

d(a, b;n)n−s log n = ζ

(
b

a

)(
log x

1− as
− a

(1− as)2

)
x

1
a−s (2.7)

+ ζ
(a
b

)( log x

1− bs
− b

(1− bs)2

)
x

1
b−s

− (ζ(as)ζ(bs))
′
+ E1(a, b;x, s)

holds for s > α(a, b). For s = 1
a or s = 1

b we take the limiting values.

Proof. Similar to the proof of (2.4) we have

∑
n6x

d(a, b;n)

ns
log n = A(a, b;x)

log x

xs
+

∫ x

1

A(a, b; t)
(s log t− 1)

ts+1
dt (2.8)

= ζ

(
b

a

)(
log x

1− as
− a

(1− as)2

)
x

1
a−s

+ ζ
(a
b

)( log x

1− bs
− b

(1− bs)2

)
x

1
b−s

+
aζ
(
b
a

)
(1− as)2

+
bζ
(
a
b

)
(1− bs)2

+∆(a, b;x)x−s log x

+

∫ ∞

1

∆(a, b; t)
(s log t− 1)

ts+1
dt

−
∫ ∞

x

∆(a, b; t)(s log t− 1)t−s−1 dt.

Assuming that s > 1, we have, as x→ ∞

− (ζ(as)ζ(bs))
′
=

aζ
(
b
a

)
(1− as)2

+
bζ
(
a
b

)
(1− bs)2

+

∫ ∞

1

∆(a, b; t)
(s log t− 1)

ts+1
dt. (2.9)

By analytic continuation (2.9) also holds for ℜs > α(a, b). Substituting (2.9) into
(2.8) completes the proof of Lemma 2.2. �
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Lemma 2.3. Let a < b < c and 1 < y < x. If ∆(a, b;x) ≪ xα(a,b) such that
α(a, b) < 1

c , then

∆(a, b, c, c;x) =
∑
m6y

d(a, b;m)∆

(( x
m

) 1
c

)
+

∑
n6( x

y )
1
c

d(n)∆
(
a, b;

x

nc

)
(2.10)

− x
1
c

c

∫ ∞

y

(
log x− log t

c
+ 2γ

)
∆(a, b; t)t−

1
c−1 dt

− c

a
ζ

(
b

a

)
x

1
a

∫ ∞

( x
y )

1
c

∆(t)t−
c
a−1 dt

− c

b
ζ
(a
b

)
x

1
b

∫ ∞

( x
y )

1
c

∆(t)t−
c
b−1 dt−∆(a, b; y)∆

((x
y

) 1
c

)
.

Proof. By (1.2) and Dirichlet’s splitting argument we write

A(a, b, c, c;x) =
∑

mnc6x
d(a, b;m)d(n) = S1 + S2 − S3, (2.11)

where

S1 =
∑
m6y

d(a, b;m)
∑

nc6x/m
d(n), S2 =

∑
nc6x/y

d(n)
∑

m6x/nc

d(a, b;m),

S3 =
∑
m6y

d(a, b;m)
∑

nc6x/y
d(n).

By (1.6), (2.2) of Lemma 2.1 and Lemma 2.2 we get

S1 =
∑
m6y

d(a, b;m)

{(
log x

c
+ (2γ − 1)− logm

c

)
x

1
c

m
1
c

+∆

(( x
m

) 1
c

)}
(2.12)

=

(
log x

c
+ (2γ − 1)

)
x

1
c

∑
m6y

d(a, b;m)

m
1
c

− x
1
c

c

∑
m6y

d(a, b;m) logm

m
1
c

+
∑
m6y

d(a, b;m)∆

(( x
m

) 1
c

)

=

(
log x

c
+ (2γ − 1)

)
x

1
c

{
ζ
(
b
a

)
1− a

c

y
1
a− 1

c +
ζ
(
a
b

)
1− b

c

y
1
b−

1
c + ζ

(a
c

)
ζ

(
b

c

)

+ E
(
a, b; y,

1

c

)}
− x

1
c

c

{
ζ

(
b

a

)(
log y

1− a
c

− a

(1− a
c )

2

)
y

1
a− 1

c

+ζ
(a
b

)( log x

1− b
c

− b

(1− b
c )

2

)
y

1
b−

1
c

}

− x
1
c

c

(
− (ζ(as)ζ(bs))

′
s= 1

c
+ E1

(
a, b; y,

1

c

))
+
∑
m6y

d(a, b;m)∆

(( x
m

) 1
c

)
.
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By (1.6) and (2.3) of Lemma 2.1 we obtain

S2 =
∑

n6( x
y )

1
c

d(n)

{
ζ

(
b

a

)
x

1
a

n
c
a
+ ζ

(a
b

) x 1
b

n
c
b
+∆

(
a, b;

x

nc

)}
(2.13)

= ζ

(
b

a

)
x

1
a

{(
1
c log

x
y + 2γ − 1

1− c
a

− ac

(c− a)2

)(
x

y

) 1
c−

1
a

+ ζ2
( c
a

)
+ E

(
1, 1;

(
x

y

) 1
c

,
c

a

)}

+ ζ
(a
b

)
x

1
b

{(
1
c log

x
y + 2γ − 1

1− c
b

− bc

(c− b)2

)(
x

y

) 1
c−

1
b

+ ζ2
(c
b

)
+ E

(
1, 1;

(
x

y

) 1
c

,
c

b

)}
+

∑
n6( x

y )
1
c

d(n)∆
(
a, b;

x

nc

)
.

From (1.6) we also have

S3 =

{
ζ

(
b

a

)
y

1
a + ζ

(a
b

)
y

1
b +∆(a, b; y)

}
(2.14)

×
{(

1

c
log

x

y
+ 2γ − 1

)(x
y

) 1
c

+∆

((x
y

) 1
c

)}
.

Combining (2.11)–(2.14), (2.1) and (2.6) we get

A(a, b, c, c;x) = ζ

(
b

a

)
ζ2
( c
a

)
x

1
a + ζ

(a
b

)
ζ2
(c
b

)
x

1
b (2.15)

+

((
log x

c
+ (2γ − 1)

)
ζ
(a
c

)
ζ

(
b

c

)
+

1

c
(ζ(as)ζ(bs))

′
s= 1

c

)
x

1
c

+
∑
m6y

d(a, b;m)∆

(( x
m

) 1
c

)
+

∑
n6( x

y )
1
c

d(n)∆
(
a, b;

x

nc

)

− x
1
c

c

∫ ∞

y

(
log x− log t

c
+ 2γ

)
∆(a, b; t)t−

1
c−1 dt

− c

a
ζ

(
b

a

)
x

1
a

∫ ∞

( x
y )

1
c

∆(t)t−
c
a−1 dt

− c

b
ζ
(a
b

)
x

1
b

∫ ∞

( x
y )

1
c

∆(t)t−
c
b−1 dt−∆(a, b; y)∆

((
x

y

) 1
c

)
.

Finally, Lemma 2.3 follows from (1.1)–(1.3) and (2.15) at once. �
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Proof of Theorem 1. Applying Lemma 5.7 of Krätzel [14] (or Theorem 3 of
Cao [3]) and integrating by parts we have

x
1
c

∫ ∞

y

(
log x− log t

c
+ 2γ

)
∆(a, b; t)t−

1
c−1 dt≪ x

1
c y−

1
c−

1
2(a+b) log x. (2.16)

Similarly, we also have

x
1
a

∫ ∞

( x
y )

1
c

∆(t)t−
c
a−1 dt≪ x−

1
4c y

1
a+ 1

4c , (2.17)

and
x

1
b

∫ ∞

( x
y )

1
c

∆(t)t−
c
b−1 dt≪ x−

1
4c y

1
b+

1
4c . (2.18)

M. N. Huxley[9] showed that ∆(1, 1;x) ≪ x
131
416 (log x)

26947
8320 . Now combining

Lemma 2.3, (2.16)–(2.18) finishes the proof of Theorem 1. �

The proof of Corollary 1.1. By Theorem 1 and the estimate ∆(1, 1;x) ≪
x

131
416 (log x)4, then applying partial summation formula and (1.6) we have

∆(a, b, c, c;x)xε ≪ L4
∑
m6y

d(a, b;m)

(( x
m

) 1
c

) 131
416

+
∑

n6( x
y )

1
c

d(n)
( x
nc

)α(a,b)
(2.19)

≪ x
131
416c y

1
a− 131

416cL4 + x
1
c yα(a,b)−

1
cL.

Taking y = x
285a

285a+416c(1−aα(a,b)) , we obtain ∆(a, b, c, c;x) ≪ x
416−131aα(a,b)

285a+416c(1−aα(a,b))L4,
and this completes the proof of Corollary 1.1. �

3. The proof of Theorem 2

In the proof of Theorem 2 we will use the following lemmas. (3.1) in Lemma 3.1
is well-known, (3.2) is Theorem 5.1 in [14]. Lemma 3.2 is Lemma 4 of Cao [4]
(also see (2.1) in Wu [30], Heath-Brown’s method), Lemma 3.3 is Lemma 10 in [4]
(Process B, then Heath-Brown’s method).

Lemma 3.1. Let ε > 0 and ∆(a, b;x) be defined by (1.6). Then for 1 6 Y < x

∆(x) =
x

1
4

√
2π

∑
m6Y

τ(m)

m
3
4

cos(4π
√
mx− π

4
) +O

(
x

1
2+εY − 1

2 + xε
)

(3.1)

and

∆(a, b;x) = −
∑

na+b6x
ψ

(( x
xb

) 1
a

)
+ ψ

(( x
xa

) 1
b

)
+O(1). (3.2)
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Lemma 3.2. Let x > 2, α, β, γ be given real numbers with α(α − 1)βγ ̸= 0,
|a(m)| 6 1, |b(n1, n2)| 6 1. Suppose G = xMαNβ

1 N
γ
2 , (κ, λ) is an exponent pair

and

T (M,N1, N2) =
∑
m∼M

∑
n1∼N1

∑
n2∼N2

a(m)b(n1, n2)e(xm
αnβ1n

γ
2). (3.3)

Then

T (M,N1, N2)L−2 ≪
(
GκM1+λ+κ(N1N2)

2+κ
) 1

2+2κ +M
1
2N1N2 (3.4)

+M(N1N2)
1
2 +G− 1

2MN1N2.

Lemma 3.3. Let u, v, w be positive numbers. Suppose x > 2, |a(m)| 6 1, G =(
x

MuNv

) 1
w and

T (M,N) =
∑
m∼M

∑
n∼N

munv+w6x

a(m)ψ

(( x

munv

) 1
w

)
. (3.5)

Then

T (M,N)L−6 ≪
(
G1+κM2+λ+κN1+κ

) 1
3+2κ +G

1
3M

2
3N

1
3 (3.6)

+MN
1
2 +G− 1

2MN.

Lemma 3.4. Let u > 0, v > 0 and max(u, v) 6 c, define

T(u,v)(x;N,M) :=
∑

N<n62N

d(n)
∑
m∼M

mu+vnc6x

ψ

(( x

munc

) 1
v

)
. (3.7)

(i) If u > v and MN ≫ xθ, then

x−εT(u,v)(x;N,M) ≪
(
x1−(u−v)θN−c+u+v

) 3
8v

+ x
1

2(u+v)N1− c
2(u+v) . (3.8)

(ii) If u < v, then

x−εT(u,v)(x;N,M) ≪ x
3

4(u+v)N
3
4 (1−

c
u+v ) + x

1
2(u+v)N1− c

2(u+v) . (3.9)
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Proof. By Lemma 3.3 with (u, v, w) = (c, u, v), we get

x−εT(u,v)(x;N,M) ≪
(( x

MuN c

) 1+κ
v

N2+λ+κM1+κ

) 1
3+2κ

(3.10)

+
( x

MuN c

) 1
3v

N
2
3M

1
3 +NM

1
2 +

( x

MuN c

)− 1
2v

NM

≪ x
1+κ

v(3+2κ)N
2v−c+vλ+(v−c)κ

v(3+2κ) M
(v−u)(1+κ)

v(3+2κ) + x
1
3vN

2v−c
3v M

v−u
3v

+NM
1
2 + x−

1
2vN1+ c

2vM1+ u
2v .

If u > v, taking (κ, λ) = ( 12 ,
1
2 ), then applying MN ≫ xθ and N cMu+v ≪ x it

follows from (3.10) that

x−εT(u,v)(x;N,M) ≪
(

x

N c−u−v
1

(MN)u−v

) 3
8v

+

(
x

N c−u−v(NM)u−v

) 1
3v

(3.11)

+N1− c
2(u+v)

(
N cMu+v

) 1
2(u+v)

+ x−
1
2vN1− c

2(u+v)
(
N cMu+v

) u+2v
2v(u+v)

≪
(
x1−(u−v)θ

N c−u−v

) 3
8v

+

(
x1−(u−v)θ

N c−u−v

) 1
3v

+ x
1

2(u+v)N1− c
2(u+v) .

Since 3
8 >

1
3 , then the second term in the above expression is less than the first

term, hence (3.8) holds.
If u 6 v, similar to the proof of (3.11) we also have

x−εT(u,v)(x;N,M) ≪
(
xN2v(1− c

u+v )
(
N cMu+v

) v−u
u+v

) 3
8v

(3.12)

+
(
xN2v(1− c

u+v )
(
N cMu+v

) v−u
u+v

) 1
3v

+N1− c
2(u+v)

(
N cMu+v

) 1
2(u+v)

+ x−
1
2vN1− c

2(u+v)
(
N cMu+v

) u+2v
2v(u+v)

≪ x
3

4(u+v)N
3
4 (1−

c
u+v ) + x

2
3(u+v)N

2
3 (1−

c
u+v )

+ x
1

2(u+v)N1− c
2(u+v) .

Since 3
4 >

2
3 , and this completes the proof of (3.9). �

Lemma 3.5. Let a 6 b 6 c, M 6 x
4 and define

S(a,b)(x;M) :=
∑

M<m62M

d(a, b;m)∆

(( x
m

) 1
c

)
. (3.13)

If M 6 1
3x

a
a+c , then

x−εS(a,b)(x;M) ≪ x
1
3cM

5c−2a
6ac + x

1
4cM

1
a− 1

4c . (3.14)
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Proof. From (3.1) and (1.6), we have for any 1 6 Y 6
(
x

4M

) 1
c

S(a,b)(x;M) ≪ x
1
4c

∣∣∣∣∣∣
∑
m∼M

d(a, b;m)

m
1
4c

∑
n6Y

τ(n)

n
3
4

e

(
2

(
ncx

m

) 1
2c

)∣∣∣∣∣∣ (3.15)

+
∑

M<m62M

d(a, b;m)

(( x
m

) 1
2c+ε

Y − 1
2 + xε

)

≪ x
1
4c

∣∣∣∣∣∣
∑

ma
1m

b
2∼M

1

(ma
1m

b
2)

1
4c

∑
n6Y

τ(n)

n
3
4

e

(
2

(
ncx

ma
1m

b
2

) 1
2c

)∣∣∣∣∣∣
+ x

1
2c+εM

1
a− 1

2cY − 1
2 +M

1
axε.

By Lemma 3.2 with (α, β, γ) = ( 12 ,−
a
2c ,−

b
2c ), we have

x−ε
∑

m1∼M1,m2∼M2

ma
1m

b
2∼M

1

(ma
1m

b
2)

1
4c

∑
n∼N

τ(n)

n
3
4

e

(
2

(
ncx

ma
1m

b
2

) 1
2c

)
(3.16)

≪M− 1
4cN− 3

4


((

N cx

M

) κ
2c

N1+λ+κ(M1M2)
2+κ

) 1
2+2κ

+N
1
2M1M2

+N(M1M2)
1
2 +

(
N cx

M

)− 1
4c

NM1M2

}
≪ x

κ
4c(1+κ)N

2λ−1
4(1+κ)M

4c+2(c−a)κ−a
4ac(1+κ) +N− 1

4M
1
a− 1

4c +N
1
4M

1
2a− 1

4c + x−
1
4cM

1
a ,

here we use M1M2 ≪ (Ma
1M

b
2)

1
a ≪M

1
a .

Now we choose Y = x
1
3cM

2
3a− 1

3c and (κ, λ) = ( 12 ,
1
2 ). Note that if M 6 1

3x
a

a+c ,

then 1 6 Y 6
(
x

4M

) 1
c . By a simple splitting argument, M

1
a ≪ x

1
4cM

1
a− 1

4c and
x

1
3cM

2
3a− 1

3c ≪ x
1
3cM

5c−2a
6ac , Lemma 3.5 follows from (3.15) and (3.16) at once. �

Proof of Theorem 2. We choose y = x
4a(a+b)(1−cα)

(2a+2b−c)(3c+2a−c(5a+3b)α) , and let N∗ =

x
3−(5a+3b)α

3c+2a−c(5a+3b)α , where θ = θ(a, b, c) and α = α(a, b) are defined by Theorem 2.
It is easy to verify that if α(a, b) > 3c−2b

c(9a+7b)−6(a+b)2 , then M 6 y
2 6 1

3x
a

a+c .
Applying a splitting argument and Lemma 3.5, we get

x−ε
∑
m6y

d(a, b;m)∆

(( x
m

) 1
c

)
≪ x

1
3c y

5c−2a
6ac + x

1
4c y

1
a− 1

4c . (3.17)

By the condition α(a, b) > 9c−4a−2b
c(23a+25b)−18(a+b)2 , one can check

x
1
4c y

1
a− 1

4c ≪ xθ+ε. (3.18)
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Similarly, by the conditions a+b 6 c < 2(a+b) and α(a, b) > 9c−4a−2b
c(23a+25b)−18(a+b)2 ,

we may also check that both α(a, b) > 3c−2b
c(9a+7b)−6(a+b)2 and

x
1
3c y

5c−2a
6ac ≪ xθ+ε (3.19)

hold.
From (3.17)–(3.19) we obtain∑

m6y
d(a, b;m)∆

(( x
m

) 1
c

)
≪ xθ+ε. (3.20)

Now we write

T(a,b)(x;N) :=
∑

N<n62N

d(n)∆
(
a, b;

x

nc

)
. (3.21)

For 1 ≪ N ≪
(
x
y

) 1
c

, combining Theorem 1 and (3.20), an estimate

T(a,b)(x;N) ≪ xθ+ε (3.22)

would suffice to complete the proof Theorem 2.
Now we consider two cases.
Case i. If 1 ≪ N ≪ N∗, by the condition ∆(a, b;x) ≪ xα(a,b) we easily check

T(a,b)(x;N) ≪
∑

N<n62N

d(n)
( x
nc

)α(a,b)
≪ xα(a,b)N1−α(a,b)c log x≪ xθ+ε. (3.23)

Case ii. If N∗ ≪ N ≪
(
x
y

) 1
c

, from (3.2) we have

T(a,b)(x;N) = −
∑

N<n62N

d(n)
∑

ma+b6 x
nc

ψ

(( x

mbnc

) 1
a

)
(3.24)

−
∑

N<n62N

d(n)
∑

ma+b6 x
nc

ψ

(( x

manc

) 1
b

)
+O(N)

:= −T
(1)
(a,b)(x;N)− T

(2)
(a,b)(x;N) +O(N).

Applying a splitting argument and (3.8) in Lemma 3.4 with (u, v) = (b, a), we
get

x−εT
(1)
(a,b)(x;N) ≪

(
x1−(b−a)θ

N∗(c−a−b)

) 3
8a

+ x
1

2(a+b) (xy−1)
1
c (1−

c
2(a+b)

) + xθ (3.25)

≪ xθ + x
1
c y−

1
c+

1
2(a+b) = 2xθ.

Here if MN ≪ xθ, we use a trivial estimate.
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Similarly, from (3.9) with (u, v) = (a, b) and the condition α(a, b) < 1
c 6 1

a+b ,
we also have

x−εT
(2)
(a,b)(x;N) ≪ x

3
4(a+b)N∗ 3

4 (1−
c

a+b ) + x
1

2(a+b) (xy−1)
1
c (1−

c
2(a+b)

) ≪ xθ. (3.26)

Finally, from (3.24)–(3.26), (3.22) holds in this case. This completes the proof
of Theorem 2. �

Proof of Corollary 1.2. From Theorem 5.12 of Krätzel [14], we have

∆(a, b;x) ≪


x

19
29(a+b) log2 x, if 11a > 8b ,

x
10

17a+14b log2 x, if 2a > b > 11
8 a,

x
21

39a+27b log2 x, if 4a > b > 2a

(3.27)

By (3.27), the condition α(a, b) > 9c−4a−2b
c(23a+25b)−18(a+b)2 of Theorem 2 is equivalent

to 
c > 113a2+255ab+142b2

88a+107b , if 11a > 8b ,

c > 112a2+270ab+152b2

77a+124b , if 2a > b > 11
8 a,

c > 37a2+95ab+54b2

22a+47b , if 4a > b > 2a

(3.28)

Now Corollary 1.2 follows from (3,27), (3.28) and Theorem 2 at once. �

4. The proof of Theorem 3

The exponential totient function ϕ(e)(n) is multiplicative and for each prime power
pa one has ϕ(e)(pa) = ϕ(a), where ϕ is the Euler function. Hence for ℜs > 1, by
Euler product we get

∞∑
n=1

ϕ(e)(n)

ns
=
∏
p

(
1 +

∞∑
m=1

ϕ(e)(m)

pms

)
(4.1)

Applying the product representation of Riemann zeta-function

ζ(s) =
∏
p

(1 + p−s + p−2s + p−3s + . . .) =
∏
p

(1− p−s)−1,ℜs > 1, (4.2)

we have for ℜs > 1

ζ(s)ζ(3s)ζ2(5s)ζ4(7s) =
∏
p

(1− p−s)−1(1− p−3s)−1(1− p−5s)−2(1− p−7s)−4.

(4.3)

Let

fϕ(e)(z) := 1 +
∞∑
m=1

ϕ(e)(m)zm (4.4)

= 1 + z + z2 + 2z3 + 2z4 + 4z5 + 2z6 + 6z7 + 4z8 + 6z9

+ 4z10 +

∞∑
m=11

qr(m)zm.
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By a simple calculation one get for |z| < 1

(1− z)(1− z3)(1− z5)2(1− z7)4 = 1− z − z3 + z4 − 2z5 + 2z6 − 4z7

+ 6z8 − 2z9 + 5z10 + . . .+ z42,

fϕ(e)(z)(1− z)(1− z3)(1− z5)2(1− z7)4 = 1− 3z6 − 4z8 + 4z9

− 9z10 +

∞∑
m=11

cmz
m,

and (
1 + z6 + z12 + . . .

)3 (
1 + z8 + z16 + . . .

)4
= 1 + 3z6 + 4z8 + 6z12 + . . . .

From the above two relations, we easily obtain for |z| < 1

fϕ(e)(z)(1− z)(1− z3)(1− z5)2(1− z7)4(1− z6)−3(1− z8)−4

= 1 + 4z9 +
∞∑

m=10

Cmz
m. (4.5)

From (4.1)–(4.5) we get that

Φ(e)(s) :=

∞∑
n=1

ϕ(e)(n)

ns
=
ζ(s)ζ(3s)ζ2(5s)ζ4(7s)

ζ3(6s)ζ4(8s)
V (s), ℜs > 1, (4.6)

where V (s) is absolutely convergent for ℜs > 1
9 .

Now the asymptotic formula (1.15) follows from (4.6) and (1.13) via the well-
known convolution method.

The Ω-estimate (1.16) follows from Theorem 2 of Küleitner and Nowak [17]
(or by Balasubramanian, Ramachandra and Subbarao’s method in [2]). This com-
pletes the proof of Theorem 3.
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