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OCTAHEDRAL NEWFORMS OF WEIGHT ONE ASSOCIATED
TO THREE-DIVISION POINTS OF ELLIPTIC CURVES

TAKESHI OGASAWARA

Abstract: In this paper, we give an explicit formula for computing Fourier coefficients of octa-
hedral newforms of weight one associated to three-division points of elliptic curves.
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1. Introduction

Let Gg be the absolute Galois group Gal(Q/Q) of rational numbers Q. A two-
-dimensional representation p : Gg — GL2(C) which is continuous and irreducible
is classified into four cases by its projective image in PGL2(C): dihedral group,
alternating group A, (tetrahedral case), symmetric group Sy (octahedral case), or
alternating group As (icosahedral case). We assume that p is odd, i.e. detp(c) =
—1 for the complex conjugation ¢. The modularity of such Galois representations
was known in the cases of dihedral, tetrahedral and octahedral by the results of
Hecke and Langlands-Tunnell. Recently, Serre’s modularity conjecture has been
proven by C. Khare and J. P. Wintenberger giving modularity in the icosahedral
case as well (cf. [5], [6], [7]). Therefore, for any p which is odd and irreducible,
there exists a newform f of weight one such that two L-functions L(s,p) and
L(s, f) coincide. According to the projective image of p, we call the associated
f dihedral, tetrahedral, octahedral, or icosahedral. It is important to know the
Fourier coefficients of the newform f in the context of describing reciprocity law
for the Galois extension corresponding to the kernel of p.

There are many examples of Fourier expansions for dihedral newforms, because
suitable linear combinations of theta series of binary quadratic forms are dihedral
newforms. However, there are few examples for Fourier expansion of other type
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newforms. In [3], for some newforms of such type, Fourier coefficients a,, for small
n are computed by studying how primes split in the field fixed by the kernel of p.

In this paper, we consider octahedral newforms related to mod 3 Galois repre-
sentations arising from the action of Gg on three-division points of given elliptic
curves. Our main result describes a method for computing the Fourier coefficients
of such octahedral newform in terms of Fourier coefficients of the newform of
weight 2 associated to the elliptic curve and some dihedral newform of weight one
(Theorem 3.1).

2. Elliptic curves and octahedral Galois representations

In this section, we review how we obtain an octahedral Galois representation from
a mod 3 Galois representation.

2.1. The group GL;(F3)

The group GLy(F3) has eight conjugacy classes, and their representatives are
(10 ¢ = -1 0 (0 1
=\ 1) “lo -1)° “= -1 0)
(10 -1 0 (1 0
o=l 1) R N A
(1 -1 (-1 1
=l 1) Tl

(see, for example, [4]). For corresponding conjugacy classes, we denote by C., Ci,
Cu, Cy,, and so on.

The group GL2(F3) has a two-dimensional irreducible character ¢ whose char-
acter table is given by

e t u | vy | v | wo w1 wWoy
o |2 -20|-1]|1 0 V=2 | —/—2

We can take a realization ® of ¢ given by

> -1 1y} (-1 1 o 1 —-1\\ _ 1 -1
-1 0/) \-1 0)’ 1 1 C\-V-2 —14+vV-2)
-1 1 1 -1 .
Here, (_1 O) and (1 1 ) are generators of GLy(F3), and the assignment ®
defines the homomorphism from GLa(F3) to GLa(Z[v/—2]) C GL2(C). Note that
® is injective, and that for the prime ideal (1 + v/—2) dividing 3 in Z[v/—2|, we
have

®(0) =0 (mod (1++v—2)) (2.1)
for all o € GLa(F3).
We know |GL2(F3)| = 48, and hence |[PGLy(F3)| = 24. Since PGLy(F3) acts on
P! (F3) faithfully, PGLy(F3) is isomorphic to the symmetric group Sy, and hence
PSLy(F3) is isomorphic to the alternating group Ay.
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2.2. Octahedral Galois representations

Let E be an elliptic curve over Q and Ag be the discriminant of E. Since Gg
acts on the Fsz-module E[3] of rank 2 consisting of three-division points of E, we
obtain a mod 3 Galois representation pp 5 : Gg — GLa(F3). Considering the Weil
pairing, by class field theory, the determinant of py 5 is regarded as the quadratic
character (;3) Let L be the fixed field of the kernel of pg 5, which is the field
generated over Q by coordinates of elements of E[3]. Throughout this paper, we
consider the case when pp, 5 is surjective, i.e. Gal(L/Q) = GLy(F3). This situation
occurs when the third division polynomial of E is irreducible over Q and Ag is not
a cube (cf [9], Theorem 2.3). Then, we obtain an octahedral Galois representation

pE3 = ®opp,: Go — GLy(C). (2.2)

For simplicity, we put p := pg 3. Note that detp(c) = —1 for the complex conju-
gation c. By Langlands-Tunnell’s theorem, there exists a newform f of weight one
such that L(s, f) = L(s, p).

2.3. Main subfields of L = Q(E[3])

Let Z be the center of GLy(F3), ie. Z = {:I: ((1) (1)) }, and let M be the subfield
of L fixed by Z. As mentioned above, we have Gal(M/Q) = PGLy(F3) = S,.
The field M is generated by z-coordinates of points in E[3]. Since detp = (_—3),
the field fixed by SLo(IF3) is the quadratic field Q(v/—3). Let V' be the normal
subgroup of PSLy(FF3) such that PSLy(F3)/V’ is cyclic of order 3, and let V' be
the lifting of V’ to GLo(F3). If N is the field fixed by V, then N/Q is a Galois
extension and we have Gal(N/Q) = GL3(F3)/V = S3. In fact, N is generated by
V=3 and {/Ag ; N =Q(v/-3,Ag) (cf. [10], p.305).

L (1}
| |

M Z
| |

N 14
|

Q(v-3) SL2|(]F3)
|
Q GLy(F3)
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3. Main results

Throughout, we assume the notation as in Section 2.
Since Gal(N/Q) = S5 and S3 has an embedding to GL2(C) given by

e (V) azan (S 8. a-emn

we obtain a dihedral Galois representation 1 : Gal(N/Q) — GL2(C). Let
W) = end®s (g=e)
n=1

be the newform of weight one corresponding to ¢. Then, for primes p with p { 3A g,
the p-th Fourier coefficients of h are

2 if p splits completely in N and p = 1 (mod 3),
cp = ¢ —1 if p does not split completely in NV and p = 1 (mod 3), (3.1)
0 ifp=2 (mod 3).

Moreover, let

o0
g(r) =D bug"
n=1
be the newform of weight 2 corresponding to the elliptic curve F.
Now we are ready to state our main theorem.

Theorem 3.1. Let E be an elliptic curve over Q. Suppose the mod 3 Galois
representation pr 3 is surjective. Suppose f(T) = oo ang™ is the newform of
weight one associated to the octahedral Galois representation p defined by (2.2).
Then, for all primes p with p{3Ag, we have

0 if b, =0 (mod 3),

1 if bp =1 (mod 3) and ¢, = —1,

-2 if bp =1 (mod 3) and ¢, = 2,
ap =< —/=2 ifb,=1 (mod 3) and ¢, = 0,

-1 if by =2 (mod 3) and ¢, = —1,

2 if by =2 (mod 3) and ¢, = 2,

V=2 ifb, =2 (mod 3) and ¢, = 0.

From this theorem, we obtain an explicit formula for Fourier coeflicients ap;

Corollary 3.2. For all primes p with pt3Ag, we have

o= () (o + o+ e -2).

where (g) is the Legendre symbol and we take a branch of square root such that

V1i=1.
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Remark 3.3. By the theory of ring class fields, the newform h can be written as
a linear combination of theta series of binary quadratic forms, cf. [1].

Example 3.4. Let E be the elliptic curve defined by y? +y = 23 — 22. Then
Ap = —11,N = Q(v/=3,V11) and Gal(L/Q) = GLy(F3). The newform g(7)
of weight 2 corresponding to E is n(7)?n(117)%, where n(7) is the Dedekind eta
function: n(7) = ¢"/?*[>2, (1 —¢"), and the newform h(7) corresponding to N/Q
is a linear combination of theta series of binary quadratic forms with discriminant
—3% 112 (cf. [2], Nllustration 17.31.);

g(r) = n(r)*n(117)
:q_2q2 _q3+2q4+q5+2q6 _2q7_2q9_2q10+q11 _2q12+4q13
+4q14 _q15 _4q16 o 2q17 +4q18 +2q20 +2q21 o 2q22 _q23 4o

1 2 2 2 2 2 2
h(T) _ - qaf +zy+817y + q27x +27xy+37y ) q19:c +zy+43y
2
z, YL z,yEL x,YyEL

o E q2712+91y+31y2 . E q712+31y+117y2

T,yEZ T,yEZ
_ Z q9z2+3zy+91y2 o Z q13x2+3my+63y2

z,y€L z,y€L

g =T =P 0 20 4¢P — P 28T 28— P

From these g-expansions, we obtain ay = —v/—2, a5 = —v/—2, ay = 1, a13 = 1,

a7 = —vV 72, ags = v/ 72, e
4. Proof of Theorem 3.1

Since the mod 3 representation pg 5 is isomorphic to the mod 3 reduction of
3-adic representation ps : Gg — GL2(Z3) coming from the 3-adic Tate module of
E, the congruence (2.1) implies that a, = b, (mod (1 4+ v/—2)) for all primes p
with p{3Ag. Therefore, by the character table of ¢, we see that
b, =0 (mod 3) <= a, =0 (mod (1 +v/~2))
< a,=0
<= Frob, , = Cy or Cy,,
b, =1 (mod 3) <= a, =1 (mod (1 +v/~2))
= a,=1,-20r —v-2 (4.1)
<= Frob, , = C,,C}, or Cy,,
by =2 (mod 3) <= a, =2 (mod (1++v~2))
<~ a,=—-1,2o0r \/TQ
<= Frob, , = Cy,, Ce, or Cy,,
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where Frob,, , denotes the image by p of the conjugacy class of the Frobenius
automorphism of p. Since wy, w; and wy are not in SLy(F3), we have
p =2 (mod 3) <= Frob, , = Cy,, Cy,, or Cy,

4.2
< ¢, =0. (4.2)

To prove our theorem, when p = 1 (mod 3), we need to study a condition to
determine the conjugacy class Frob,, ,.

For a subset S of GLa(F3), denote the projective image in PGL2(F3) by S.
The key lemma is the following;

Lemma 4.1. If we put H := C, U Z, then V' = H, therefore V = H.

Proof. By direct computation, we have

coefomms( D3 et )
{6 )G G )

By direct computation again, we see that H is a subgroup of PGLy(F3) and H
Z/2Z x Z/27Z, and since H C PSLy(FF3) = A4, the lemma follows.

therefore

| R

From this lemma and subsection 2.3, we see that p splits completely in N if
and only if Frob, , = Cy,C,, or C;. Therefore, from (3.1), (4.1) and (4.2), we
have

ap,=1<=b,=1 (mod 3) and ¢, = —1,
ap =—2<=b, =1 (mod 3) and ¢, = 2,
ap =—1<4+= b, =2 (mod 3) and ¢, = —1,

ap =2 <= b, =2 (mod 3) and ¢, = 2.

This completes the proof of the theorem.
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