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DIVISIBILITY BY 2 OF PARTIAL STIRLING NUMBERS

DoONALD M. DaAvis

Abstract: The partial Stirling numbers T (k) used here are defined as >, J4q (?)zk Their
2-exponents v(Ty(k)) are important in algebraic topology. We provide many specific results,
applying to all values of n, stating that, for all k in a certain congruence class mod 2¢, v(T}, (k)) =
v(k—ko)+co, where ko is a 2-adic integer and co a positive integer. Our analysis involves several

new general results for v(} (2i11)ij), the proofs of which involve a new family of polynomials.

Following Clarke ([3]), we interpret T}, as a function on the 2-adic integers, and the 2-adic integers
ko described above as the zeros of these functions.
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1. Main results

The partial Stirling numbers T},(k) used here are defined, for integers n and k with

n positive, by
To(k) =Y (7)i*.
i odd

Other versions can be defined localized at other primes and summed over restricted
congruences. Let v(—) denote the exponent of 2 in an integer. The numbers
v(T,(k)) are important in algebraic topology ([1], [4], [6], [8], [9], [12]), and work
on evaluating these numbers has appeared in the above papers as well as [3],
[5], [11], [14], and [15]. In this paper, we give complete results for n < 36 and
also for n = 2° + 1 and 2° + 2, and we give two families of results applying to
all values of n but with k restricted to certain congruence classes. In [7], some
of these results will be applied to obtain new results for v;-periodic homotopy
groups of the special unitary groups. We also present in Section 2 some new
results about (37, (,;},)#"). The proofs of these, in Section 3, introduce a new
family of polynomials g,,(x), which might be of independent interest. Finally, in
Section 4 we discuss our results in the context of analytic functions on the 2-adic
integers, and Hensel’s Lemma.
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We begin with the result which is easiest to state, and hence best illustrates
the nature of our results.

Theorem 1.1. Lete>2, n=2°+10r2°+2, and 1 <1 < oe—1,
1. There is a 2-adic integer z; ,, such that for all integers x
v(Tn(2¢ te +4) = vz — 24,) + 1 — 2.
Moreover

1+2% (mod 211, ifi =272 or 2¢71
X 2e = .
v 1 (mod 2i*1), otherwise

and
1+271 (mod 2%), if1<i<2¢72
Tigeqs = ¢ 1428 (mod 2H1), if 2672 <4 < 271
1 (mod 2¢1), if i = 2¢7L

2. Let g(z) = v(T,,(2°" 'z + i) — (n — 2). Then x;, = 2% + 21 4+ ... where
to = g(0) and tj41 = g(2% +--- 4 24).

If e = 1, the result is different. See Table 1.3.
For example, the last 24 digits of the binary expansion of x4 9 are

100000000001101010110001,

and so we can make the following more explicit statement.

7, x=0(2)
To(da +4)) = { . ‘z E:g
10, =9 (16)

and continue indefinitely, just noting the last position in which the binary expan-
sions of z and x4, differ.

Our next result utilizes Maple calculations in its proof. Although each case
applies to infinitely many values of x, we will explain in the proof how each case
can be reduced to a small number of verifications.

Theorem 1.2. For each n < 36, there is a partition of Z into finitely many
congruence classes C = [i mod 2™] such that, for each, either (a) there exists a
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2-adic integer xo and a positive integer co such that v(T,,(2™x+1)) = v(x—x9)+co
for all integers x, or (b) there exists a positive integer yo such that v(T,(k)) = yo
for all k in C. The congruence classes C and integers cy and yg are as in Tables
1.3 and 1.4.

Let g(z) = v(T,(2™x + 1)) — co. Then xg = 2% + 2% + ... with ty = g(0) and
tiv1 = g(2% + - +2%).

We conjecture that the general form of the theorem can be extended to all in-
tegers n; i.e., that for each n there is a partition of Z into finitely many congruence

classes on each of which either v(T,,(k)) = v(k — ko) + ¢¢ for some ko and ¢y or
else v(T,,(k)) is constant on C. In the tables, the letter ¢ refers to any integer.

Table 1.3: Values of C, ¢p, and yo in Theorem 1.2

n C Co | Yo || n C ¢ | Yo
3 02 2 4] 00 3
1 (2) 1 1(2) 4
51 0,12 |3 6 012 |4
7 0(2) 6 8 0 (2) 7
1(2) 4 1(2) 9
9 7 (4) 7 0] () 8
1] 024 |9 2] 02@) |10
1,3(4) | 8 1,3(4) |11
B3] 123 |10 4] 23@) |11
0,4(8) |12 0,1(8) |13
7 (8) 11 45(8) |13
3 (16) 13
11 (16) 15
5| 3@ |11 6] 0@ |15
0(4) |14 1(4) |18
1,5 (1)) |13 2,6 (8) |17
2,6 (8) |16 3,7(8) |20
7 i® |15 8] (® |16
190,2,4,6 ) | 17 20 [ 0,2,4,6 (3) | 18
1,3,5,7 (8) | 16 1,3,5,7 (8) | 19
21 [ 1,2,5.6 (8) | 18 2 0,1(8 |20
0,3(8) |19 2,3,6,7 (3) | 19
7,15 (16) | 21 4,12 (16) | 22
12 (16) 20 5,21 (32) | 24
4 (32) 22 13 (16) 21
52 (64) 24
84 (128) 26
20 (256) 28
148 (256) 29
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Table 1.4: More values of C, co, and yo in Theorem 1.2

n c co | Yo || n C co | Yo
23 0,4 (3) 21 24 0,4 (3) 22
3,7 (8) 19 1,5 (8) 24
1(8) 20 2 (8) 23
2 (3) 22 3 (8) 25
6,22 (32) | 26 6,22 (32) 27
5,21 (32) | 24 7,23 (32) 29
13 (16) 21 14 (16) 24
14 (16) 23 15 (16) 26
5| 1,2,3,4(8) |22 % | 2,3,45 3) 23
5,6,7,8 (16) | 24 0,1,7,8,9,15 (16) | 25
0,13,14,15 (16) | 24 6,22 (32) 27
14 (16) 24
57 3.5 Q) 23 28 1,6 3) %5
4,6 (3) 24 5,7 (8) 26
1,7,9,15 (16) | 25 0,2,8,10 (16) | 27
0,2,8,10 (16) | 26 1,3,9,11 (16) | 28
29 5,6 ) 25 30 6,7 ®) 2%
7 (8) 26 2,3,10,11 (16) | 28
1,2,9,10 (16) | 27 0,1,8,9 (16) | 29
0,4,8,12 (16) | 28 4,5,12,13 (16) | 29
11 (16) 29
3 (32) 30
19 (32) 31
31 7®) 2 32 0 ) 31
0 (8) 30 1(8) 35
3,11 (16) | 28 4,12 (16) 33
1,5,9,13 (16) | 29 2,6,10,14 (16) | 34
4,12 (16) | 32 5,13 (16) 37
2,6,10,14 (16) | 33 3,7,11,15 (16) | 38
33 7 (16) 31 34 7 (16) 32
35 2 (16) 33 36 2 (16) 34
2 +1(16) | 32 2 + 1 (16) 35

One can notice a lot of nice patterns in these tables, and formulate (and some-
times prove) conjectures about their extension to all values of n. One interesting
idea, following Clarke ([3]), is to note that since T}, (k) mod 2™ only depends on
k mod 2™~1 T, (—) extends to a function T}, : Zo — Zo, where Zo denotes the
2-adic integers. Here the metric on Zs is given, as usual, by d(z,y) = |z — y|,
where |z| := 1/2¥(?). The 2-adic integers 2"z + i which occur in Theorem 1.2 are
just the zeros of the function 7,,. We can count the number of zeros to be given
as in Table 1.5, and might try to formulate a guess about the general formula for
this number of zeros.
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Table 1.5: Number of zeros of 75,

n Number of 0’s of T,
1-4 0

5-8 2

9-13 4

14-16 6

17-21 8

22-24 10

25-29 12

30-32 14

33-36 16

Our second general result establishes for all n, except those 1 less than
a 2-power, the values of v(T,,(k)) for k in the congruence class containing 0. We
could almost certainly include n = 2° — 1 into this theorem, but the details of
proving that case are so detailed as to be perhaps not worthwhile here.

Theorem 1.6. Letn > 5 and
(=2,1) ifn=2¢
(a,b) =4 (=1,2) if2¢<n<3-2¢7!
(0,1) if3-207t <p g2t — 2,

Then there exists a 2-adic integer T, such that for all integers x
v(T,(2°T2)) = v(z — Zp) +n — b.

The cases n = 2° + 1 and 2° 4 2 of this theorem overlap with Theorem 1.1. For
these n, we have T, = 1+ xe-1,. For all n in Theorem 1.6, there is an algorithm
for T,, totally analogous to that of Theorem 1.1.

Our next result is of a similar nature, but applies to many more congruence
classes. The cases to which it applies are those in which the 2-exponent of a certain
sum (see (2.34) and (2.35)) is determined by exactly one of its summands, and for
which the mod 4 result 2.6 suffices to prove it. The algorithm for computing xg is
like that of Theorem 1.2. Here and throughout, a(n) denotes the number of 1’s in
the binary expansion of n.

Theorem 1.7. Suppose 2¢ 4+ 2t <n < 2°+ 2111 with0 <t <e—1. Let
Sp={p: max(0,n —2°—2°"Y <p< 2! and (”7;7”) =1(2)}.

If p € S,, say that an integer ¢ < 2°~ 1 is associated to p if g =p or ¢ = p + 2V
with w = v(n) — 1 or w > t. If q is associated to an integer p of Sy, then there
exists a 2-adic integer xo such that for all integers x

(Tn(2¢ e+ q)) = v(z — 20) +n — 2 — a(po),

where py is the residue of p mod 2¢.
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A bit of work is required to get any sort of feel for the complicated condition
in this theorem. In Table 1.8, we list for n from 17 to 31, the values of p in S,
then the additional values of ¢ covered by the theorem, and finally the values of
i for which Theorem 1.2, as depicted in Tables 1.3 and 1.4, gives a value for the
congruence ¢ mod 8 which is not covered by Theorem 1.7. The strength of the
theorem is, of course, that it applies to all values of n (except 2-powers).

Table 1.8: Comparison of Theorems 1.7 and 1.2

n pES, Additional ¢ | Mod 8 results missed
17| 0,1,2,4 3,5,6 7

18 0,2,4 1,3,5,6 7

191 0,1,3,4,5 7 2,6
20 0,4 2,6 1,3,5,7
21| 0,1,2,5,6 3

22| 0,26 1,3,7

23| 0,1,3,7 2,4
24 0 4 1,2,3,5
25 1,2,4 3

26 2,4 3,5

27 3,4,5 6

28 4 6 5,7
29 5,6 7

30 6 7

31 7 0

2. Proofs of main theorems

In this section, we prove the four main theorems listed in Section 1. A central
ingredient in the proofs is results about 1/(232 (2111)21“) We begin by providing
six results about this, of which all but the first are new. The proofs of most of
these appear in Section 3.

The first result was proved in [9, 3.4].

Proposition 2.1 ([9, 3.4]). For any nonnegative integers n and k,
V(Z (inl)lk) 2 v([n/2]!).
i
In using this, and many times throughout the paper, we use

v(n!) =n— a(n). (2.2)

The next result is a refinement of Proposition 2.1. Here and throughout, S(n, k)
denote Stirling numbers of the second kind.
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Proposition 2.3. Mod 4

S(k,n) 4+ 2nS(k,n —1) e=0,b=0
1 (2rte)ik = 2n+1)S(k,n)+2(n+1)S(k,n—1) e=1,b=0
e R 25(k,n —1) e=0,b=1
S(k,n)+2(n+1)S(k,n—1) e=1,b=1

The proofs of the last three propositions all involve new polynomials ¢, (z),
which might be of independent interest. See Definition 3.1 for the definition, which
pervades Section 3.

Proposition 2.4. For any nonnegative integers n and k,

V(Z (2i11)ik) zn—k—an).
i
Proposition 2.5. For any nonnegative integers n and k with n >k,
V(Z (2z’i1)ik) >n—1-k—a(k)
i
with equality iff (”_i_k) is odd.
The final proposition is a refinement of Proposition 2.5.

Proposition 2.6. If n and k are nonnegative integers with n > k, then, mod 4,

n . n—1—2k N 2n—1—k . 1 and k o ove
Z(2i+1)’k/(2 D = ( lik)—i_{()( k2 ) ifn nd k are even

- otherwise.
The following corollary will also be useful.

Corollary 2.7. Forn >3, 7> 0, and p € Z,
v (30 (1) @20+ 1)) > max(v([310),n — a(n) - j)
with equality if n € {2¢ +1,2° + 2} and j = 2°71.
Proof. The sum equals Zk>0 T}, where
Tj, = 2* (i) Z (Qir-:-l)ijJrk'

By Proposition 2.1, v(T}) > v([5]!), while by Proposition 2.4, v(Ty) > n—a(n)—j,
implying the desired inequality. If n = 2¢+1 and j = 2¢71, then v(Tp) =271 -1
by Proposition 2.5, while for k& > 0, v(Ty) > 27! by 2.1. If n = 2° + 2 and
j=2"1 v(Ty) = 2¢7! by 2.5, v(T1) > 2¢7! by 2.3, and v(T}) > 2¢7! for k > 1
by 2.1. |
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Our proofs of the theorems of Section 1 will make essential use of the following
result of [5]. Here and throughout, we will employ the useful notation

min(m, n) ifm#n

min’(m,n) = {

anumber >m if m=n.

Note that min’(m,m) is not a well-defined number, and that
v(m +n) = min’ (v(m), v(n)).

Lemma 2.8 ([5]). Let N denote the set of nonnegative integers. A function
f:Z = NU{} is of the form f(n) =v(n — E) for some 2-adic integer E iff it
satisfies

fln+2%) = min'(f(n),d)
for alld € N and all n € Z. In this case, E = },5,2%, where eg = f(0) and
ept1 = f(27 4 +2%).

We begin the proofs of the theorems of Section 1 by discussing the proof of
Theorem 1.2. The way that the cases of Theorem 1.2 are discovered is by having
Maple compute values of v(T,,(k)) for ranges of values of k. For example, seeing
that v(3"; ,qq (7)i*) takes on the values 17, 25, 17, 18, 17, 19, 17, 18, 17, 20, 17,
18 as k goes 10, 18, 26,. .. ,98 makes one pretty sure that for all integers  we have
v(Tio(8z + 2)) = v(x — mp) + 17 for some 2-adic integer zg, and you could even
guess that the last 9 digits in the binary expansion of xg are 100000010. But to
prove it, more is required. This is a case not covered by any of our three general
theorems, but the proofs of all four of our theorems have similar structure.

Let f(x) = v(Th9(8x +2)) — 17. Then

fla+2%) = —17+ I/(Z (,29)) (20 + 1)+
0 () @i+ )M+ 1) 1)) (2.9)
— min’ ( (Z (,09,) (20 + 1% (20 + 1) = 1)) - 17) .

Thus the claim that v(T19(8z + 2)) = v(z — x¢) + 17 for some 2-adic integer xg
will follow from Lemma 2.8 once we show that

v (30 G @i+ (@i 1) - 1)) =417 (2.10)

for all  and d > 0. We expand the two powers of (2 4+ 1), obtaining terms, for
k >0 and j > 0, with 2-exponent

(372 (¥ )+k+j+u(z (ijfl)z"“”). (2.11)
Let ¢(s) =s+v(>. (21.1&) i®). Since 1/(2 A ) =3+4d—v(j), it will suffice to show

that the minimum value of ¥(k + j) — V( ) + V(8x+2) is 14, and that this value
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occurs for an odd number of pairs (k, j). Maple computes that the minimum value
of ¢(s) is 16, which occurs when s = 3, 5, 7, or 9, and that 1(s) = 17 for s = 1, 4,
6, 8, and 10. For s > 11, ¥(s) > 7+ s by 2.1. This information makes it easy to
check that the minimum value of ¥(k + j) — v(j) + 1/(81“) is indeed 14, and this
value occurs exactly when (k, j) = (0,8), (2,8), or (1, 8). This completes the proof
that for all integers x we have v(T19(8% + 2)) = v(x — x¢) + 17 for some 2-adic
integer xy. Each of the cases of Theorem 1.2 can be established in this manner,
although many of the cases are covered by our general theorems 1.1, 1.6, and 1.7.

The cases in which T}, (k) is constant on a congruence class are proved similarly,
although Lemma 2.8 need not be used. For example, to show v(Ty3(8x + 7)) = 11
for all x, we first define

=2* Z 2z+1

Maple and 2.1 show

=10, k=5,6
v(@(k) =11, k=1,2,7
> 11, other k.

Since Ty3(8z + 7) = 3 (*F7)0(k), and (*7) is odd for k € {5,6,1,2,7}, we
obtain, mod 2'2,

Ti3(8z +7) = (337 0(5) + (*37)0(6) + 2.
Maple shows 6(5) = 6(6) = 3 - 21 mod 2'2. Since

(815—1-7) + (8wg—7) _ (8m+7)(1 + 89:+2) =0 (mod 4)7

we obtain (Sz;'7)9(5) + (¥+7)0(6) = 0 mod 2'2, from which our desired conclusion
follows. This concludes our comments regarding the proof of Theorem 1.2.

Now we work toward proofs of the more general results, Theorems 1.1, 1.6, and
1.7. First we recall some background information. We will often use that

(—1)731S(k,5) = > (3,) (20)" = T; (k). (2.12)

Sometimes we have k < j, in which case S(k,j) = 0, and so Tj(k) = Y (J,)(20)*
when k < j. Other times we use (2.12) to say that T;(k) = :tj'S(k: j) mod 2%,
Many times we will use without comment the fact related to (2.2), that

v((7)) = a(n) + a(m —n) — a(m).

Closely related is the fact that (TT':) is odd iff each digit in the binary expansion of
m is at least as large as the corresponding digit of n. We will sometimes say that
(ZL) is even due to the 2¢-position, meaning that in this position m has a 0 and n
has a 1. Other basic formulas that we use without comment are

a(n—1)=a(n) —1+v(n)
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and, if 0 < A < 2¢, then
a2 A+ 2" —A)=a(A) +t —a(A-1).
We also use the well-known formula
S(k+i,k)= (") mod 2. (2.13)

A generalization to mod 4 values was given in [2] and will be used several times.
We will not bother to state all eight cases of that theorem—just those that we
need.

The proof of Theorem 1.1 utilizes the following two lemmas.

Lemma 2.14. Let 1 <i <2671 withe > 2. Then

o [=2¢— 14, e {202 001
YTy 1 (2° 1+z>>{ { J

> 2¢ 41, otherwise,
while
=20 —144q, 1<i<g2°7?
V(Toey2(2°71 44)) { = 2¢ + 4, 2672 <j < 2¢7t
> 2¢ + 1, i=2¢"1,

Proof. For the first part, by the remarks following (2.12), we must show

gy et [=2071 21, e {2072 20
V(Z (22451)]2 + ) { { }

> 201, otherwise,
or equivalently

Ly (264._1)1,2@71“ _ )1 mod 2, i€ {2072 271}
(27! 2 0 mod 2, otherwise.
By Proposition 2.3, the LHS is congruent mod 2 to S(2¢71+44,2¢71), and by (2.13)
this is (2€g€1,j£t2i), which is as required.

The second part of the lemma reduces similarly to showing

1 mod?2, 1<i<2¢?2
e e—1, -
s L (5% =102 modd, 202 <i< 2! (2.15)
J 0 mod 4, i=2°"1

By 2.3, the LHS is congruent mod 4 to
S(2¢7t i, 207 1) 25207 44,207, (2.16)

Mod 2, this is (257215*;21%2) which is odd if 1 < ¢ < 2°72. Now assume 2°72 < i <

2¢=1. The second term of (2.16) is easily seen to be 0 mod 4 using (2.13). For
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the first term of (2.16), we use part of [2, Thm 3.3|, which relates mod 4 values

of S(n,k) to binomial coefficients. It implies that, if e > 3, the mod 4 value of

the first term is (2;3)6), where 0 < k < 273, The 2-exponent in this number is

1+ a(2¢73 + k) — (272 + k) = 1, as desired. If i = 2¢71, both terms of (2.16)
are 2 mod 4, by a similar analysis. |

Lemma 2.17. Ifpe€Z,06 =1 or2, and v(n) = e+ A with A > —1, then

v (Z (i) @i+ 1)P((2i + )" — 1)) =2°+A+5- 1.
Proof. The sum equals > 7}, where
3>0

Ty 1= 21() Y (D) 20k 170

?

For evaluation of the 2-exponent of the i-sum here, we use Corollary 2.7. We
obtain that if j < 274, then

24§ -2—j, 1<j<2¢!

1/(Tj)>j+e+A—1/(j)+{2e_1_1 e

with equality if j = 2¢71. This is > 2¢ + A + 6 — 1 with equality iff j = 2¢71. If
j > 22 then v(T}) > 2° + A since 2674 +2¢71 > 2¢ 4 A for A > —1. [ |
Now we easily prove Theorem 1.1.
Proof of Theorem 1.1. Let 6 € {1,2}, 1 <i <21, and let
9(x) = v(Toeis(2° e + 271 4+4)) —2° + 2 — 4.

Note that the expression that we wish to evaluate for Theorem 1.1 is g(z — 1) +
2° —246.
For d > 0, writing T,,(—) as a sum of two parts as we did in (2.9),

g(z +2%) = min’(g(z), -2 +2 -0 + V(Z (5;1‘15) (27 +DP((25+ 1) -1))),

where p = 271z 4+ 271 +i. By Lemma 2.17, the RHS equals min’(g(z), d), and
so g(x) = v(z — Ej) for some Es by Lemma 2.8. By Lemma 2.14

2d+efl

=, =1, ie{2¢722¢71}
> i, §=1,i¢{2¢72 2¢71}

v(Es;)=g(0){=i—1, 6=2,1<i<2°?
=1, §=2, 2072 <j<2¢7!
> i, §=2,i=2°"1

Our desired g(x—1)+2°—2+6 equals v(z—1—Es)+2°—2+7, and x; ge 45 := 1+ E5
is as claimed. |
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The proof of Theorem 1.6 is similar in nature, but longer.

Proof of Theorem 1.6. Using Lemma 2.8 and arguing as in (2.10), it suffices to
prove that for d > 0 and any integer x

v (Z (21‘2—1) (21 + 1)26+ax((2i + 1)2€+a+d B 1)> b " d (218)

i
Indeed, if
o=y (Z (21‘11)(22. + 1)26+%> o
then (2.18) implies g(x + 2¢) = min’(g(z), d) and Theorem 1.6 then follows from

Lemma 2.8.
We write the sum in (2.18) as > T; with

i

v(Ij)=j+e+a+d—v(j)+v (Z (5i0,) (20 + 1)2”“%7) : (2.19)

We will show that in all cases v(T}) is minimized for a unique value of j.
The second case of the theorem will follow from proving that if 2¢ < n < 3-2¢71
and v(p) > e — 1, then

j—l—e—l—u(j)—l—y(z (Qiil)(2i+1)l)ij) >n—2

with equality iff j = 2¢71. Expanding (2i+1)P as > k>0 2k (P)i* leads us to needing
that for j >0

je—v(i)+v (D GA)P) =n-1 (2.20)
with equality iff j = 27!, and
j+k+2e = v(G) = vlk) +v (3 (A7) >0 (2.21)

for j,k > 0.
The equality in (2.20) when j = 2¢~! follows easily from Proposition 2.5. Also
by 2.5, the difference in (2.20) becomes

jret1—v()+v (X (A)#) —n > e—a() —v() =e—1-a(i-1). (222
This is > 0 if j # 2°~ " and j < 3-2°72, while if j = 3-2°72, then ("—Jl.—j) =0
and so (2.22) is > 0 by 2.5.

Now suppose j > 3-2°72. Then j — v(j) > 3-2°72, and since n < 3-2¢71

n—v([2])<3-272+e—1. (2.23)
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Thus, using Proposition 2.1, we obtain
j+€ -1+ I/(]) + v (Z (2111)1J> >3- 2672 Ye41+ V([g]') > n,

establishing strict inequality in (2.20).
Now we verify (2.21). By 2.5, (2.21) is satisfied if

v(j)+vk)+a(j+k)<2e—2 (2.24)
or if
v(j) +v(k) +aj +k) =2e—1and ("‘;;i_k) =0 (mod 2). (2.25)

By 2.1 and (2.23), (2.21) is also satisfied if
jHEk—v() —vk) =322 —e. (2.26)
If j+k > 3-2°72 then (2.26) is satisfied. If {j,k} = {2¢71,2°72}  then
(2.25) is satisfied. Assume WLOG that v(j) > v(k). Then (2.24) is implied by

v(j)+1+a(j+k—1) < 2e—2 and this is satisfied whenever j +k < 3-2°7% and

(. k) # (2¢71,2¢72).
The third case of the theorem will follow from proving that, referring to (2.19),
if 261 — 20l < p <2071 — 28 with 1 <t <e—1 and v(p) > e, then

jretd=v(i)+v (3 () @i+ 1)) 2n-1+d

with equality iff j = 2¢ — 2!, Expanding (2i + 1), this reduces to showing if j > 0
then '
jres1=v@)+v (X GA)T) =0 (2.27)

with equality iff j = 2¢ — 2¢, and if 5,k > 0, then
jtk+2e—v(j) —vik) +v (Z (Qiil)m’f) > n. (2.28)
If j > 2, since n < 2! — 2,
jte+1l—v(j)=224e+1>n—-v(35]),

and so strict inequality holds in (2.27) by 2.1.
By Theorem 2.5, (2.27) is satisfied if

ezv(j)+a()=a(i-1)+1, (2.29)

and equality holds in (2.27) iff equality holds in (2.29) and ("_;_j) is odd. If
j < 2¢, then a(j — 1) < e — 1 with equality iff j = 2¢ — 2" for some r. Thus (2.29)
holds with equality iff j = 2¢ — 2¢ by Lemma 2.32.
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If j = 2¢, by Proposition 2.6 the LHS of (2.27) is > n+1. Thus (2.27), including
consideration of equality, has been established for all j.
By 2.1, (2.28) is satisfied if

k26 = w(G) = vlk) 2 n - v((3]),
and hence, since n < 2¢ — 2, it is satisfied if
jtk+2e—v()—vk) 22°4+e—1.

This is satisfied if j + k > 2°¢.
By 2.5, (2.28) is also satisfied if
v(j)+vk)+a(j+k) <2e—1.

This is satisfied if j = k = 27! and if v(j) + a(j + k — 1) < 2e — 2, which is true
for all other (7, k) with j + k < 2¢.
The first case, n = 2°, will follow similarly from

e

jre—1-v()+v (Y (E)PY) =2 (2.30)

for 7 > 0 with equality iff 7 = 272, while if j,k > 0, then

jtk+2e—2—v(j) —vlk) +v (Z (21.2;1)#*’“) > 2042, (2.31)
Equality in (2.30) with j = 2°72 follows from Proposition 2.6 since
(*71727") = 2 mod 4. If j > 2°71, then strict inequality in (2.30) is implied

by 2.1. If j = 2¢71, it is implied by Proposition 2.3. It is implied by Theorem 2.4
if v(j) < e — 3, which is true for j < 2¢71 provided j # 2°¢72.

Similarly, (2.31) is implied by 2.1 if j +k > 2¢~! unless j = k = 2°~2, in which
case it is implied by 2.3. If j + k < 2°71 then v(j) + v(k) < 2e — 5, and so the
claim follows from Proposition 2.4. |

The following lemma was used in the above proof.

Lemma 2.32. If 2¢T1 — 271 <om < 2 — 28 with 0 <t < e and j = 2¢ — 2"
with 0 < r < e, then (m;J) is odd iff r = t.

Proof. If r < t, then 0 < m — j < j, so (mj_j) = 0. If r = ¢, then (mj_j) =
(262:?271) with 0 < d < 2% and hence is odd. If » > ¢, then the binary expansion
of m — j has a 0 in the 2" position, while j has a 1 there. |

The following lemma will be useful in the proof of Theorem 1.7.
Lemma 2.33. In the notation of Theorem 1.7, if p € Sy, then a(p —po) < 1 and

("_Z’j(‘)’_l) and ("_3::;;’;’_1) are odd.
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Proof. Let p = A2 + py and n = 2¢ + 2! + A with both py and A nonnegative

and less than 2/, If A —pg — 1 < 0, then (QEX;T) is odd, which easily implies

a(A) < 1, while if A —py —1 > 0, then (2 +2,,4%) is odd. This implies that A is
0 or an even 2-power.

Now, if p # pg, we can write p = py + 2877 with » > 0. If r = 0, then
(26+2%;;0_p0) odd implies A — 1 — py < 0 and (2t+Ap_01_p°) odd, which implies
("_gg_l) odd. If r > 0, then the odd binomial coefficient can be considered mod

2 as (262??:,”) (2t+Ap_01_p°)7 which implies (”_gg_l) is odd.

— —_ . t —_]1— .
Now we may assume (" ;’g 1) is odd. Thus (2 +Ap01 P) is odd and hence so
s (207 2t A—1—pg
is ( 2e-1 1o ) |

The proof of Theorem 1.7 is similar to the others, but longer yet.

Proof of Theorem 1.7. Similarly to the proofs of the other three theorems, it
suffices to prove for d > 0 and any integer x

y (Z (o) (20 + 1> o ha((2i 4 1) - 1)) —d+n—2—a(p). (2.34)

Here, and for the remainder of this section, n, e, t, ¢, p, and pg are as in Theorem
1.7. To prove (2.34), it suffices to show for k > 0 and j > 0

y(2€7;z+q) te-1-v(i)+jit+k+v (Z (2i11)ij+k> >n=2-alp) (235

with equality iff j = 2¢7! and k = po.
We first prove the equality. Note that if ¢ is associated to p € .S,,, then (
is odd. We must show that

v (Z (21‘11)1'2671%0) =n—2—py—2°"" = a(po).

This follows from Proposition 2.5 since ("73:11;;07”0) is odd by Lemma 2.33.
Strict inequality in (2.35) when j = 2¢~! and k # pq follows from Lemma 2.36
using Propositions 2.1 and 2.6. Here we also use that if p € S, and k satisfies

(2.37) then k < 2°~! and hence the x in (267;“"1) does not play an essential role.

257 1
p0:v+q)

Lemma 2.36. Ifn, e, t, q, p, and po are as in Theorem 1.7 and
0<k<n—v([2])—2—2"1 —a(py), (2.37)
then
a(q— k) + alpo) — a(q) = —1. (2.38)
If the LHS of (2.38) equals —1, then either n is even and (”721;_21:;7]“) =0 mod 4
e—1 e—1
or ("_1_2 _k) =0= (”_1_2 _k). If the LHS of (2.38) equals 0, then either

2e—14k 2e—14k—2

("‘%;2:;_’“) =0 mod 2 or k = py.
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Proof. We begin by proving (2.38). Using Lemma 2.33 and that ¢ is associated
to p, we have
q=po+ 02T + €2V (2.39)

with § and e equal to O or 1, 7 > 0, and w = v(n) — 1 or w > t. The only way that
(2.38) could fail is if k = g = pg + 27" + 2. But (2.37) implies k < 2! +¢ — 2,
which is inconsistent with w > ¢t and with » > 0. Thus n is even and w = v(n) — 1
and r = 0. Let n =2¢ + 2! 4+ 21 4+ 2b with c € {0,1} and b < 2072 — 1. If ¢ = 0,
then (2.37) reduces to pg + a(po) + 2872 + 2% < t — 3, which is false. If, on the
other hand, ¢ = 1, the assumption that ("7271) is odd and p > 2! implies that
po = 2071 4+ 2b, so k > 28 + 2t~ contradicts k < 2¢ +t — 2.

There are three conceivable ways in which equality could hold in (2.38). One
ise=0,0=1,and k = ¢; ie., k=¢q=p > 2' But k> 2" implies 27! + k >
n—1—2"1—k and hence ("7;;_21:;7k) = 0. We also have (";jﬁ%:;i;k) = 0; the
only way this could fail is if n = 2¢ 42!+ — 1 and k = p = 2¢, but then ("71’;71) is
not odd. Anotheris e =¢ =1 and a(g—k) = 1. In this case, the only way to have
k<2'isifw=v(n)—1and k =¢q—2""", where r is as in (2.39). In this case,
("‘;;21:;_’“) = 0 mod 4, using the result that (a?;b) is divisible by 2¢ if there are
at least t carries in the binary addition of @ and b. In this case, either the binomial
coefficient equals 0, or else, if v = v(n), there will be carries in the 2°~! and 2°

positions in the relevant binary addition. The third possibility, e = 1, § = 0, and
n7172"‘_17k) -0

k = g, implies that n is even and v(¢q) = v(n) — 1 and leads to ( 21tk

mod 4, exactly as above.

Finally we show that if ("7;;2:;7]“) is odd and the LHS of (2.38) equals 0,

then k = po. It is not difficult to see that if 0 < k <n—2¢"" and (""57% 7" is
odd, then k < 2% and ("_i_k) is odd.

First suppose a(q — k) = 2 and a(q) — a(pg) = 2. If ¢ = po + 2" + 2!+ with
0 < r < s, then to keep k < 2!, we must have k = py. If ¢ = po + 2¢+7 4 2v()—1
with r > 0, then we must have k = po + 2V~ — 2% for some u. If u # v(n) — 1,
then (”_;;21:;_1“) is even due to the 2min(w¥(n)=1)_position.

Now suppose a(q — k) = 1 and a(q) — a(pg) = 1. If ¢ = pg + 27" with r > 0,
then k = py is the only way to have k < 2. If ¢ = po +2"(")~1, then the argument
at the end of the preceding paragraph applies. This completes the proof of Lemma,
2.36, and hence the proof that when j = 2671, (2.35) holds with equality exactly
as claimed there. [ |

We continue the proof of Theorem 1.7 by establishing strict inequality in (2.35)
when 0 < j < 2°7! and 0 < k < 2°71. The following elementary lemma will be
useful.

Lemma 2.40. Suppose 0 < j <2°71 and 0 < k <2°71. Let ¢(j,k) = a(j + k) +
v(j) — a(k). Then

1. ¢(j, k) <e—1;

2. ¢(j, k) =e—1iff j =271 —2" and 0 < k < 2" for some 0 < h <e—1;
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3. ¢(j, k) = e — 2 iff either j = 2¢71 — 2" and 2°72 < k < 272 + 2" for some
0<h<e—1l,0orj=21-20_2" 0<h<l<e—1,and0<k<2" or
26 <k <2t 4+ 2n,

Proof. Let h = v(j), and let kg = k — (k mod 2"). Then ¢(j,k) = h + a(j +
ko) — a(ko). The only way to get a(j+ ko) — (ko) = e—h—1is if j+ ko = 26 —2"
and (ko) = 1, or j + kg = 2671 — 2" and kg = 0. But the first is impossible
since ko < 2¢~!. Similarly the only ways to get a(j + ko) — a(ko) = e — h — 2 is if
(a(j+ko), (ko)) = (e—h—1,1) or (e —h,2), and these can only be accomplished
in the ways listed in part (3). |

Let
m—s\! _ (m—s 2(’?:28), if m and s are even
( ) N ( ) * {0, otherwise

and )
Vs (m_s) = min(2,y((m_s) ). (2.41)

S S

Let ¢(j, k) be as in Lemma 2.40. The desired strict inequality in (2.35) when 0 <
j<2¢1and 0 < k < 2°7! follows from the following result using Proposition 2.6.

Theorem 2.42. Ifn,e,t,q, p, and py are as in Theorem 1.7, 0 < j < 2°71, and
0< k<27, then

alg—k)+e—1+0("" 7 {7") = alg) — alpo) + ¢4, k). (2.43)

Proof. By Lemma 2.33, p = pg or po + 2% with s > 0. Hence a(q) — a(po) < 2.
Also v(p) > v(n), a consequence of the oddness of ("7;7’7), will be used often
without comment. The theorem will follow from showing:

o if ¢(j, k) =e — 1, then

2, ifa(q) —alpp) =2and k=g¢q
Uy ("_;;i_k) 211, ifalg)—alpy) =2and a(¢g—k) =1
1, if a(q) —a(po) =1and k = ¢,

e and if ¢(j, k) = e — 2, then

v(" ) 21 it alg) —alpo) =2 and k=g.

We call these cases 1 through 4. Let n = 2° + 2! + A with 0 < A < 2. Our

hypothesis is that (25+2t_:22t16j£_p0_1) is odd.
Case 3: We have ¢ = pg+ 2" with r > t or r = v(n) — 1, in which latter case A
e—1 h T
and pg are divisible by 2”71, We must show that (2 'gfifi}ffp_ozfo_2 ) is even.
Here 2" > pg +2". If > t, then the binomial coefficient is even due to the 2"- or

2 _position, while if r = v(n) — 1, it is even due to the 2¥(")~_position.
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Case 2: Here ¢ = po+2°+2" with s > ¢t and r = v(n) — 1 or r > s. Also
k=g — 2" and 2" > k. The binomial coefficient which we must show is even is

o (2T A2 H A2 2 2
o 2671_2h+p0+25+2’r’_2’0 .

If v =r or s, it reduces to Case 3, just considered. If r = v(n) — 1, then C'is even
due to the 2min(»(m)=1)_position. Otherwise C' is even due to the 2"-position,
since 28 + A — 1 — pg — 2° — 2" 4+ 2V is negative.

Case 1: Now ¢ is as in Case 2, but k = q. We must show that there are at
least two carries in the binary addition of 2671 — 2" 4- pg 4 2% 427 and 2"+1 4 2¢ +
A —1—2py—25Tt — 271 If r = y(n) — 1, carries occur in positions 2" and 2" 1.
If r > s, carries occur in 2" and 2". The second term in the definition of (ms_s)l is
easily seen to be inconsequential here.

Case 4: Again ¢ is as in Case 2, k = ¢, and (j, k) is one of the two types in
Theorem 2.42. For the first type of (j, k), if r > s, then j+k>n—1—j—k, so
("_;;g_k) = 0, while if » = v(n) — 1, the binomial coefficient is even due to the
2v(m)=1_position. If (j,k) is of the second type and k = py + 2° + 2¥(W =1 then
(n_;;{_k) is even due to the 2¥(™~1_position, since pg, n, and j are all divisible
by 2001,

If j =2¢71 —2¢ — 2" and 2¢ < k < 2% 4+ 2" with k = po + 2° + 2" with r > s,
we claim that ("j;ifk) is even due to the 2¢~2-position. Indeed, 261 — 2" <
j4+k <21 50 j+ k has a 1 in the 2°~2-position, while

25—1gn_j_k_l<2e—1+2t+1_2h<2e—1+2e—2

since t < e—3. If j =271 —2¢72 — 2" and 27! < k < 2", one ecasily verifies that
("_1_3_’“) is even due to the 2¢~3-position. Finally, if j = 2¢~! — 2¢ — 2" with

Jj+k .
h<t<e—2and 2! < k < 2", then (”_Jl.;i_k) is even due to the 26~ 2-position,
as is easily proved. [ ]

Our final step in the proof of Theorem 1.7 is to prove strict inequality in (2.35)
when j > 2¢71. Proposition 2.1 implies the result if k& > 2¢ or if j > 2¢. Thus, by
Proposition 2.6, it suffices to prove (2.43) when 27! < j < 2¢ and 0 < k < 2.
Recall that ¢ is as in (2.39). Because k < 2!, it must be the case that if § = 1, then
217 appears in g — k, and similarly 2% if e = 1 and w > t. These will contribute to
a(q — k). Thus the only ways to have Dy := a(q— k) — (a(q) — a(po)) < 0 are (a)
k = po and Dy = 0; (b) k = po+2"" =1 and D}, = —1; and (c) k = po+2v("~1 -2V
and Dy = 0.

Similarly to Lemma 2.40, we have for 2°7! < j < 2° and 0 < k < 271,
#(j,k) < e with equality iff j = 2¢ — 2" and 0 < k < 2" for some 0 < h < e, or
j = 2¢ We will be done once we prove the following lemma. |

Lemma 2.44. Ifp€ S, and 2°7! < j < 2° and 0 < k < 2¢, then

1. if k =pg or po + 2" =1 —2Y for some v, and $(j, k) = e, then (n_;;lz—k) 18
even.
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2. ifk=po+2"""1 and ¢(j,k) = e, then vy ("_Jl;fc_k) =2.

3. if (4, k) =e—1 and k = po +2v™ 1 then (nijtlj:k) is even.

Proof. If j = 2°, then ("~ ;HJC k) =0=v("" ]1+li k), SO NOW We may assume

j<2¢ Ifk=pgor po+2"™~1 and ¢(j,k) = e, then j +k>n—1—75—k (and
hence (”J;]z*k) =0) unless h = e — 2 and t = e — 1. But part of the definition
of S, said that if ¢ = e — 1, then pg > A, and hence j +k >n —1—j —k in this
case, too. For part (2), we also need that (";i;ﬂ;k) is even, but it will also be 0,
using that 2v(" —2 > 0.

If k = po+2v™=1 —2Y then ("}tf;k) is even due to the 2min(v:»(n)—1)
position if v # v(n) — 1, while if v = v(n) — 1, we are in the case k = py already
handled. A similar argument works for part (3), using the 2™*(*():¥(k)_position,
provided v(j) # v(k). However, equality of v(j) and v(k) will not occur, because
one can easily prove by induction on j that if 267! < j < 2° and 0 < k < 2¢71

and v(j) = v(k), then a(j + k) +v(j) —a(k) <e—1. |

3. Proofs of results about v (3 (5,7 ,)i*)

In this section, we prove four propositions about I/(Z (2&1)1’“) which were stated

and used in the previous section. The polynomials ¢, (z) which we introduce in
Definition 3.1 might be of independent interest.

Our first proof utilizes an argument of Sun ([13]).

Proof of Proposition 2.3. We mimic the argument in the proof of [13, Thm 1.3].
Let Crep = Z (2;11)) (z) Using an identity which relates i* to Stirling numbers,

i
we obtain

STEEE =3 @Y (s ke
i 1

i

= Conters!S(k,0).
1

Since Copi1,n,0 = 2n+1, Congin—1,0 = 2(2n+1)(n+1)n, Conno =1, Copnpn-1,0 =

2”2, C2n,n,1 = 07 C?n,n—l,l = 277/7 C2n+1,n,1 = 17 and C(2714-1,71—1,1 = 2n(n+ 1)7 our
result follows from

v(lCanterp) = v((2n+e)) — L =v(n!) +n—¢,

where we have used [14, Thm 1.1] at the first step. |
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The remaining proofs utilize a new family of polynomials g, ().

Definition 3.1. For m > 1, we define polynomials g, (x) inductively by ¢ (z) =
x—1, and if

(x+Dz(z—1)---(x —m+2)= ij7mxj, (3.2)

then .
(z+Dz(z—1)--(z—m+2)= Z 2" b g (z). (3.3)

j=1

For example, qz(7) = 22

the following result.

— x + 2. The relevance of these polynomials is given by

Theorem 3.4. For all integers x > m,
ZZ ;;_11 =2""2"q, (z).

Proof. The proof is by induction on m. Validity when m = 1 follows from

2 () +27 = Y@+ DE) = @+ DY () = @+ 127

We show that 22— %™ (;;_11) satisfies the equation (3.3) which defines

gm (). We insert this expression for g;(z) into the RHS of (3.3) and obtain
2= N (TN (20) by = 277N (SE) (204 1) - (20 —m 4 2)
@ J
= 27717:6(3: + 1) . (x —m-+ 2)2 (wfm{d)’

r—21

but 3 (*2™F!) = 227™ since it is the sum of all (””_7;”1) with j in a fixed parity.

r—21
Thus we obtain (x 4+ 1) --- (x — m + 2), as desired. At the second step above, we
have used (3.2) with x = 2i. |

Proposition 2.4 is an immediate consequence of Theorems 3.4 and 3.5.
Theorem 3.5. For all integers © > m,
vigm(z)zm—c+v(z+ 1)) =m+1—-alz+1).

Proof. The proof is by induction on m. When m = 1, it reduces to a(z + 1) +
vix—1) > 2.
For the LHS of (3.3), note that

vix+1)--(z—=—m+2) Zv((z+1)!)—(x—m),

using (2.2). For the j-term (j < m) in the sum in (3.3), by induction on m we
have 2-exponent

m—j+vbjm)+ji—z+v{(z+1)) >2m—z+rv((z+1))).
Thus the inequality for v (g, (z)) follows by induction. |
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The proof of Proposition 2.5 requires the following two lemmas, and the result
follows easily from the second and Theorem 3.4.

Lemma 3.6. If b; ,, is as in Definition 3.1, then
v(bjm) = v(m!) —v(jl) — (m—j)
with equality iff (mj_j) s odd.

Proof. We have

m
Jj L2 2™ Cpd
§ :x E :bjﬁm ml = ml bjme

7=0 m2j m=0 7=0
m>0 m=0
— (1 + Z)m—i—l — e(z+1)10g(1+z)
= Z 5 (log(1+ 2))*(1 + x)k
k>0
k
Z% log(1 + 2)) kZ(f)x
k>0 i=0

Here we have introduced the notation (z+1),, = (z+ 1)z --- (x —m+2). Equate
coefficients of z72™, and get

= Z(k 57 ([ (log (1 + 2))*).

Here [2™]p(z) denotes the coefficient of z™ in p(z). Let £(z) = log(1l + z)/z. The
claim of the lemma reduces to

v (Z (k—ljn([zm’“]é(z)’“)) > —(m—j),
k

or equivalently
2k rom—k k . . j .
v Z (k_j)!([z 14(22)%) | > j with equality iff (m_j) is odd.
k

Since £(2z) = 1+ z mod 2, and v((k — j)!) < k — j with equality iff & = j, all
terms in the sum have v(—) > j with equality iff £ = j and (7 ) is odd. [ |

Lemma 3.7. Let ¢,,(—) be as in Definition 3.1, and let x be any integer. Then
v(gm(z)) = v(m!) with equality iff (*") is odd.
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Proof. We have

m—1

gm(2) = (@ + ) 22 'bj,mq;(2)-

j=1

Note that v((z + 1),,) > v(m!) with equality iff (*1') is odd. By induction, the
j-term T in the sum satisfies

v(T;) =z m—j+v(m!)—v(g) — (m—j)+v(!) =v(m!)

) is odd and ("L ]) is odd. This implies the inequality.

m—j

with equality iff (
Equality occurs iff

m— 1
]:0

is odd. By Lemma 3.10, Z (mj_j) (1;]) = (“*') mod 2. Thus the expression in
=0
(3.8) is congruent to (*™), establishing the claim. [ |

Proposition 2.6 follows immediately from Theorem 3.4 and the following result,
which is a refinement of Lemma 3.7.

Theorem 3.9. If m is a positive integer and x is any integer, then, mod 4,

(@)l = () + {2(”;_";) if x and m are even

0 otherwise.

The proof of Theorem 3.9 requires several subsidiary results.

Lemma 3.10. If m and x are integers with m > 0, then

m

DGI)E) = +2(50)  (mod 4).

Jj=0

Proof. This follows easily from Jensen’s Formula (see e.g., [10]), which says that
if A, B, and D are integers with D > 0, then

D
(J+B Z A+B j

7=0 7=0

D

This implies that the sum in our lemma equals " o= i ]) We prove that
this is congruent, mod 4, to the RHS of our lemma when 2 > 0 by induction on z.
The formula is easily seen to be true if z = 0 (note that when z =0 and m =1
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the LHS equals —1 while the RHS equals 3), and the induction step is by Pascal’s

formula. For z < 0, let y = —z with y > 0. The equation to be proved becomes
(W) = () —2()  (mod 4).
j=0

When y = 1, both sides equal d,,,0 + 20,,,1 and the result follows by induction on
y using Pascal’s formula. |

The next result refines Lemma 3.6.
Lemma 3.11. If b, is as in Theorem 3.1, then, mod 4,
. . I ) if j is even
2"l /ml = () ) +2¢jm, where ¢jm = (m*.ﬁl
J J» / (m—]) 75 7 {(m_jj_2) ij is Odd
Proof. As in the proof of 3.6, we have

2" b /ml =) =y (2 (22)"). (3.12)
kzj

Since, mod 4, £(2z) =1 — 2z — 22%, and 277 /(k — j)! = 0 unless k — j equals 0 or
a 2-power, (3.12) equals

(") (1= 2 = 22%) 42 [ (1 - 2 — 225
e=0

- [zmq(1—z_2z3)j+22< jt+ )

e m—j —2¢
Replace m — j by £. We must prove, mod 4,
Ajye + 2Bj’g = Cj,l + 2Djyg, (313)

where

and

(lzl) j even
By = -
e {(/2) j odd.

If j = 0, both sides of (3.13) are congruent to &g + 2,1. For the RHS, note
that if £ = 27 with f > 1, then 2Dy, = 0 as it obtains a 2 from e = f and from
e=f—1.
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Having proved the validity of (3.13) when j = 0, we proceed by induction on
j. If j is even, then, mod 4,
Ajyre+2Bjr1e = Cjyre = 2Djpe
=Aje+ Aje1+2(Bje1+ Bjea) = (Ce = Cje1 — 2Cj4-3)
— 2(Dj7£ + Dj,zf1)
= (A4 + 2B — Cj0 = 2D;0) + (Aje-1 +2Bje1 — Cje1 = 2Dj14)
—2Bj ¢ +2Bj -2+ 2Cj -1+ 2Cj 43
=-2(,2,) +2(,25) +2(,21) +2(,25) =0,
and a similar argument works when j is odd. ]

The following result relates the even parts in 3.9 and 3.11.

Lemma 3.14. Let

@] dj i), j even
N (= T P RN (FE
0, otherwise .

Then, mod 2, if x and m are integers with m > 0,

() =Y (G )pi@) +cim(757))- (3.15)
j=1

Proof. First let  be odd. By Lemma 3.10, mod 2,

z+1\ j z—j
(mtl) = Z (m—jj—l)( jJ)'
J
Since p;(x) =0 and (xj_]) = 0 for odd j, this is equivalent to (3.15) in this case.
Now suppose «x is even and m odd. We must prove, mod 2,

(i) = 20 (o) )+ 22 (GL) G2 + (i) (57))-
j odd j even
By 3.10, the LHS is congruent to > (mfjjfl) (x;j) If j is odd, (mfjjfl) = (mfin),
and if j is even, (m{ j) = 0. The desired result is now immediate.
Finally suppose x and m are both even. Again using 3.10, we must show

> )= 20 GG+ X () ()

j odd j even j odd

since (mfjjfl) = 0 if 5 is even. The terms on the LHS combine with the j-odd

terms on the RHS to yield 37, 44 (, 7 )(‘T;j) Letting k = j + 1, this becomes

m—j—1
& even (mk_k) (””;E'fl) Since x and k are even, (w;ﬁ'l) = (i:g), and so all terms

cancel. |
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Now we easily prove Theorem 3.9.

Proof of Theorem 3.9. The proof is by induction on m, with the case m = 1
immediate. Using notation of 3.14, equation (3.3) yields, mod 4,

g (z)/m! = (%51 29'2’” fbmqg( )

4!
T+ () ) +2¢m) (("57) + 2p; ()
7=0 ]:1
= (") =205 = 2 (L)) + ¢m (77))

1

= (")) + 2pm(2),

as desired. Here we have used 3.10 and 3.11 at the second step and 3.14 at the
last step. |

4. Relationship with Hensel’s Lemma

In [5], the author introduced Lemma 2.8 and applied it to study v(75(—)) and
v(Ts(—)) similarly to what we do here for all T;,(—). Clarke was quick to observe
in [3] that if T,,(—) is considered as a function on Zs, then our conclusion that
v(Tn(z)) = v(x — x9) + co when x is restricted to a congruence class C can
be interpreted as saying that T,,(xo) = 0. He showed that if T,,(z¢) = 0 and
|T) (z0)] # 0, then

T ()] = |2 = @ol|T, (o)

on a neighborhood of xg, which corresponds to our congruence class C. Here again
|z| = 1/2¥®) on Zy, and d(z,y) = |x — y| defines the metric. Also, T/, denotes the
derivative. Moreover, Clarke noted that the iteration toward the root xy in our
theorems is a disguised form of Hensel’s Lemma for convergence toward a root of
the function T,.

We illustrate by considering the root of T13 of the form 4zy 4 1. See Theorem
1.2 and Table 1.3. For our iteration toward xg, let

g(z) = v(T13(4x + 1)) — 10. (4.1)

Then g(0) = 1, g(2') = 5, g(2! + 2°) = 6, etc. Thus our early approximation to
4xg+11is
1+4(2' +2° +29), (4.2)

and, continuing, we obtain that the last 18 digits in the binary expansion of 4x¢+1

are
111001001110001001. (4.3)

Note that each 1 in the binary expansion requires a separate calculation.
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Now we describe the Hensel point of view, following Clarke ([3]). He showed
that

T (k) = (%) (20 + 1)FL(2i + 1),
where
L(2i4+1) Z Y (20)7 /4
j=1

is the 2-adic logarithm. Hensel’s Lemma applied to an analytic function f involves

the iteration k41 =k — %, which, under favorable hypotheses, converges to

a root of f. We have f = T3y3. Using Maple, we find

8, k=12 (4)
v(Tls(k)) = {9, k=0 (4) (4.4)
>11, k=3 (4).

To prove this, which involves an infinite sum (for L) and infinitely many values
of k, first note that our only claim is about the mod 2! value of 775, and so the
sum for L may be stopped after j = 12. Since L(2i + 1) = 0 mod 4, we are only
concerned with (2i + 1)¥ mod 2°. Since (2i 4+ 1)* mod 2° has period 2% in k,
performing the computation for 256 values of k& would suffice.

Let kg = 1. Then Maple computes that k; = 1 — TISE ; has binary expansion

ending 1001001, and so agrees with (4.3) mod 64. Next ko = ki — ;1/38;51; has
binary expansion ending 0001110001001, agreeing with (4.3) mod 2!2. Finally
ks = ko — ;}22:2; agrees with (4.3), and hence is correct at least mod 28, This is
much faster convergence than ours.

Let 6(z) = Ti3(4x + 1). Our algorithm essentially applies Hensel’s Lemma to
O(x), but just takes the leading term each time. For all z, v(6'(z))
= v(4T]{5(4z + 1)) = 10, and so our g(z) equals v(6(z)/0'(x)). Thus when we
let 2;11 = x; + 290 we are adding the leading term of 0(z;)/6’(x;). Once the
limiting value, which we denote by z, is found, the root of T3 is 4x¢ + 1.

In [3], Clarke defines, for an analytic function f,

flx+h) = f(z) = hf'(x)
h2

gz, h) =

and shows that if f(z0) = 0 and |g(z,h)| < 2" for all relevant = and h, then the
desired formula

| (@)] = |z = o] |f' (o)
holds for all x satisfying
|z — o] < |f'(w0)]/2". (4.5)

He also notes that our T,,(—) are analytic when restricted to all 2-adic integers of
either parity.
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For f = T3, Maple suggests that v(g(z,h)) > 7 for h even, with equality iff
x+ h =0,3 mod 4. This can be easily proved using Maple calculations and some
elementary arguments. Hence r = —7. Using (4.4), we obtain the results of Table
1.3 for n = 13 which are listed there as C' = [1,2 (4)] and [0,4 (8)], since

[Tis(z)l _ [271 @0 =12 (4
2-7 272 2o =0 (4).

Being less than this requires |x — 29| < 272 or 273 in (4.5), whose reciprocals are
the moduli of the congruence classes in Table 1.3.
Another result of [3] gives a condition,

7 T /I 2
|f ()] < min( L& 00 (4.6)

or

(where |g(x, h)| < 2" and f is analytic on c+2%Zs), which guarantees that iteration
of Hensel from x converges to a root of f. For f = Tyz and x = 3 (4), |T{5(z)[?/2" <
(2711)2/277 = 2715 by (4.4), while by Table 1.3 |T}3()| takes on values 2711, 2713
and 271°. Thus the condition (4.6) does not hold, consistent with our finding in
Table 1.3 that |T13(z)| is constant on balls about 7, 3, and 11, so there is no root
in these neighborhoods.

Clarke’s approach is a very attractive alternative to ours. It converges faster,
and it is more closely associated with analytic methods, such as the Hensel /Newton
convergence algorithm. On the other hand, there is a certain combinatorial sim-
plicity to our approach, especially Lemma 2.8 and its reduction to consideration of
expressions such as (2.11) and (2.35), and subsequently to (2.38). We find it very
attractive that for each f = T, it seems likely that Zs can be partitioned into
finitely many balls B(zg, €) on each of which |f(x)]| is linear in |z — z¢| (including
the possibility that it is constant). It is not clear which approach will be the better
way to establish this.
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