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A GENERALIZED DIVISOR PROBLEM AND THE SUM
OF CHOWLA AND WALUM II

X1AODONG CAO, JUN FURUYA, YOSHIO TANIGAWA, WENGUANG ZHAI

Abstract: In this paper, we study the relation between the discrete and the continuous mean
values of A2(z), where Aq(z) (=1 < a < 1) is the error term in the generalized divisor problem.
We try to find the formula of the difference of these mean values in a sufficiently explicit form.
As an application we give the asymptotic formula of the discrete mean square of Aq(n) in the
range —1 < a < 1,a # 0. We also study the integral containing the error term in the weighted
two-dimensional divisor problem.

Keywords: a generalized divisor problem, mean values of the error term, sum of Chowla and
Walum.

1. Introduction

Let 04(n) denote the sum of a-th powers of positive divisors of n. This function
0q(n) is an important arithmetical function in the theory of zeta-functions. Let
A, () be the error function defined by

Bafa) = Y oalm) = (1 - a)e — SEDgree .z ()

nL

For the mean value anr A, (n), many deep results were obtained. For instance,
see Chowla and Pillai [7], Segal [19], MacLeod [16] and Ishibashi [13]. See also
Pétermann [18] for Q-results of A, (x).

The case a = 0 is of special importance, in which case the error term Ag(x) (we
use the notation A(z) instead of Ag(x)) should be defined by Ag(z) =", .. d(n)—
z(log x + 2y — 1), where + is the Euler constant. Hardy [12] studied the difference
between the continuous and the discrete mean squares of A(x) and its relevant
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function, and consequently he derived the upper bound estimates of two kinds of
mean squares. See also our forthcoming paper [5] for this topic.
Recently Furuya [10] proved that

Z A?(n) = / A?(t)dt + éxlog2 x
1

nx

8y — 1 8% — 2y +1
Yl loga 4 YT

+ 12 12

+ R(z), (1.2)

where

R(z) = {O(wi log ),

Q4 (21 log ).

Cao and Zhai [2] obtained the precise expression of R(x),

2v/272
+ O(v/zlogx).

R(z) = (log + 2’7);32 i d n) sin (47r\/rﬁ— g) + <; - w(x)> A?(x)

In this paper, as a continuation of Furuya’s result (1.2), we shall investigate the
relation between the discrete mean value >, . AZ(n) and the continuous mean
value flw A2(t)dt. We shall try to express the formula of the difference between
these two mean values in a sufficiently explicit form.

In our formulation, the sum of Chowla and Walum and its generalization play
an important role. We shall prepare some notation. Let By(x) be the Bernoulli

polynomial of degree k. We define the periodic Bernoulli function of degree k by
Py(x) = By(x — [x]),

where [z] denotes the largest integer not exceeding z. It is well-known that, for

instance, Bi(z) = @ — %, Bo(z) = 2> —x + ¢, Bs(z) = 2® — 322 + Lz and

By(z) = 2* — 223 + 22 — %. The Bernoulli number B,, of degree n is defined
by B, = B,(0). Especially we use the notation ¢(z) = z — [2] — 3 for the first
periodic Bernoulli function. Let a = (a1, a2) be a vector such that a; and ay are
positive numbers. We define the generalization of the sum of Chowla and Walum

by

pr(x) = Z n® Py ((1;2)1/&1) . (1.3)

1
n<xe1taz

When a = (1,1), the above sum is so-called the sum of Chowla and Walum. In
this special case, we follow the traditional notation Gp i (x) = GS];D(I').
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For later use, we shall recall some known facts on the sum of Chowla and Walum
and the mean square estimate of A, (z). In [8], Chowla and Walum considered the
sum Gy i (z) and posed a conjecture

b 1
Gb, k(a:) < p2tate
for every non-negative integer b, where ¢ is any positive real number. Furthermore

they proved that this conjecture is true for b = 1 and k = 2. After that, Kanemitsu
and Sita Rama Chandra Rao [14] proved that

z2 logx ifb= %7
Gpi(z) < zeti if b> %, (1.4)
00 ifo<b< L

2

for k > 2. The bound in the last line of (1.4) was recently improved to

26944100

Gpp(r) < a™ om (1.5)

by [4, Theorem 2|.

The mean square estimate of Gy i () is also known, for instance, by Kanemitsu
and Sita Rama Chandra Rao [14] for the case |b| < 1/2 and k = 2 and by Balakr-
ishnan and Srinivasan [1] for the case b > —1/2 and k > 2. In [3], by showing the
analogue of the Voronoi formula for Gy 1 (z), we derived the asymptotic formula

/G t)dt = cT3H0 4 O(T3H0=00k) 1668 T) (1.6)

for the case b > —1/2 and k > 1, where ¢ > 0 is some constant and 6(b, k) > 0
See [3] for the details. This means that the conjecture of Chowla and Walum is
true in the sense of average. Especially the estimate in the middle line of (1.4) is
best possible.

The investigation of the continuous mean value ff AZ2(t)dt also has a long and
rich history. Cramér [9] proved that

/ A2(D)dt ~ Cla)adt®  if |a < 1/2,
1

where C(a) is the function of a defined by (1.12) below. Walfisz [21] (see also
Introduction in [6]) showed that

/ A2 (t) 36+257r 1:3+O(zglogx),

2
9 B v+ log 27 5m? 1
/1 A% (t)dt = <<2 > +— 14 z+ O(z? log z).
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Chowla [6] studied the mean square of A,(z) in detail for 1/2 < |a|] < 1. In fact
he showed that

Ca) | (20 —a)\
4 12((2—2a) |
+0(z3tlogz) if —1<a< -3,
/ A%(t)dt = { O(zlogz) ifa=—3, (1.7)
' O(z%log ) ifa=1,
((2a)¢*(1 +a) 142 142 el
@ @ fs 1.

B0 f2ac@ eyt tolw ), iy<as
Sixty four years later, Meurman [17] showed that

Cla)zzte + O(x) if -1 <a<o,

’ AZ(t)dt = { (2 (1.8)
/1 gi?(/??))xlogx—i—O(x) ifa=—1.

When 0 < a < 1/2, Cao, Tanigawa and Zhai [3] proved that

/‘ A2 (t)dt = C’(a)w%+“ +0 (x%”r% log® x) . (1.9)
1

We note that the definition of A,(x) in [17, 3] is slightly different from (1.1).
However, by Lemmas 2.4 and Proposition 5.1 below we can modify their proofs to
get (1.8) and (1.9).

As is stated before, we are interested in the detailed description of the difference
between the discrete and the continuous mean squares of A, (x). Our main results
can be stated as follows.

Theorem 1. Let —1 < a <1 and a # 0 and let U,(x) be the function defined by

Uuto) = 30 )~ [ azioyie - (5 - (o)) adto)

n<e



(i)
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For a # £1/2, we have

Uu(z) = C1(a)z + Cz(a)z' ™ + Cs(a)z? !
~¢(l+a)
3

Ps(z)2%* + lggga_—l)l) ByC*(1 + a)z?* !

+¢(1+a) {C(;‘)Pz(x) _ %(13_“)133@)} 20

- <§P3<\/5> T w(ﬁ)Pz(x/E)) (1= a)a™ +¢(1 4+ ™)

-0 { "GPP + JuVDRVA

HLRE) + (Pae) - 5 ) (2P + g5 ) ot
e+a {222 P + S oD

+ 2P + <P2(:r) - é) <2p2(\/5) + 112) } %

+ Eu(x) + € (a) + O(xBa=1)/2  gla=1)/2) (1.10)

with

Ci(a) = (d-a) (C(l —a) —C(—a)> ’

2 3
_((1+4a) (¢(1—a) ((—a)
Cola) = =1 ( 3 2 )
_ (1+4a)
Cs(0) = a5 20)

where &,(x) and € (a) are the functions given by (3.10) and (3.11) below.
For a = +1/2, we have

U_1)5(z) = C, (—i) z+Cy (—;) 2% + q(z)z7 + pylogz + po
+@2(2)27 T + g3(@)a7 2 + E g (@) + O™ H),
and
Uijo(z) = C3 <;> 22 4+ Oy <;) z7 + Q4(x)x% +gs5(z)x + %(:17)95%

);

where p; are absolute constants and ¢;(x) are bounded functions of x.

Al

+ q7(x)x% + &1 2(x) + O(x
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For a simpler form, we have the next corollary whose proof is immediately
obtained by Theorem 1, (1.4) and (1.5).

Corollary 1. Let -1 <a <1 and a # 0. Then we have

Cr(a)z + Ca(a)z™* + O(a ") if-1<a<-},
Vo) = Ci(a)z + Cy(a)z'+ + Cy(a)z' 20 + O(z™2")  if —L <a <0,
a - ( )$1+2a+02(a)$1+a+C1(G)$+O(J;
(a)

Oy S ifo<a< i,
143a

Cs(a)x! ™2 + Cy(a)a' T + O(z72 ) ifi<a<1

a

+ &, (), (1.11)
where the constants Cj(a) are the same as those in Theorem 1, and
- 1
Sa(z) = =5 (C(1 —a) + ((1 + a)a®) (Gr4a2(2) + 2°G1a2()).

In particular, for every e > 0, we have

679+410a
9as 1€

T if —l<a< —%,
m%logx ifa= f%,
5 ERR if —3 <a<0,
Ea(z) < 3a43 ) 1
T2 if0<a<3,
23 logx ifa=3,
679+1486a .
zooes e ifl<a<l

For the mean square of A, (z), we shall prove the following Theorem 2, which
improves the last two formulas in (1.7) and the formula (1.9).

Theorem 2. we have

C (3/2)(2:(671@—:_63);22)5((;)/2 - Cl) J)%+a + O($1+2a) ZfO <a< %’
’ _ )1 ¢B/2) L
/1 AZ(t)dt = ERE) a?logx + O(a?) ifa=1,

((2a)*(1 +a)
12(1 + 2a)C(2 + 2a)

212 4 Oz log x) iff <a<1.

As an arithmetic application of Theorem 1 and Theorem 2, one can study the
discrete mean square of A,(n) for any —1 < a < 1,a # 0.. The main result is the
following
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Theorem 3. Let —1 <a <1 and a # 0. Then we have

Cla)z + O(z2 T log x) if-1<a< -3,
C(a)zlogz + O(x) ifa=—-1,
2/ Cla)z=t + O(x) if -3 <a<0,
;Aa(n) ) Cla)z2te + O(alt2e) if 0 i a<j
) C(a)a?logx + O(a?) ifa=14,
C(a)z'?* + O(z3+elogz) if & <a <1,
where
_ 1 o~ ga(n) _ (3(3/2)¢(a+3/2)¢(3/2 — a)
Cl0) = Ga T gym2 2 a2 = (4a + 6)72C(3) (1.12)
if la] < 1/2
_¢(—a) (¢(l-a) 1 ((=2a)¢*(1 - a)
ot = U7 (U2 - gea)) + 300 + S0
if —1<a<—1/2 and
¢?(3/2) o
24¢(3) fa=-3
_)¢B2) (1 T
C(a) = N <4<(3)+1) ifa=3,
Cl+a), QaE(+a)
60120 T 201 r2actaa) YEO<l

Remark 1.1. From Theorem 2, Theorem 3, (1.7) and (1.8), we see that
T

> A(n) - / A2Z(t)dt
1

n<x
(/ A2(t dt> if — % a<7anda7é0

(é(a) + o(1 (/ A2(t dt> if -l<a<-—-jori<a<l,

where ¢é(a) is a positive constant.! This means that the leading terms of the
asymptotic formulas of 33 AZ(n) and [, AZ(t)dt are the same for —1/2 < a <
1/2 and a # 0 and different for —1 < a < —1/2 orl/2<a<1.

1t is clear that é(a) > 0 for 1/2 < a < 1. While in the case —1 < a < —1/2, we have
é(a) = ¢(1 —a)(¢(1 —a)/3 —¢(—a))/2, from which we can find that é¢(a) > 0 since ((—a) < 0
and ¢(1 —a) > 0.
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This paper is organized as follows. In Section 2, in the category of a general
weighted two-dimensional lattice points problem, we give a sharper form for its
error term. Although the method used in this section is very elementary and clas-
sical, we would like to give a full proof for the sake of completeness. In Section 3,
we shall give a proof of Theorem 1 based on Lemma 2.4. In the following section,
we first use the idea of Chowla [6] to prove a key auxiliary lemma (i.e. Lemma 4.1
below), then give the proof of Theorem 2, and finally finish the proof of Theorem 3.
In the last section, we further develop our method in the previous paper [4] and
derive an asymptotic representation of the integral defined by (5.1) below. The
formula of Proposition 5.1 is interesting in itself.

For confirmation, the authors have checked all formulas in Theorem 1 and
Proposition 5.1 with the help of Mathematica 8.0.

2. A weighted two-dimensional lattice points problem

Let a = (a1, az) with positive numbers a1 and as, and let b = (b1, ba) with by # —1
and by # —1. We consider a weighted two-dimensional lattice points problem

D(a,b;z) = Z nbinl?.
nitny? <
As usual, the error term of D(a, b;z) is defined by
A(a,b;z) = D(a,b;z) — H(a, b; x),
where, in the case aj(bs + 1) # aa(by + 1), for instance,

by +1)%&2 —p by+1 by +1)% —p by41
H(a7b§$) = C(( - by _)'_ai 2)1‘% + C(( 2 by _)’_ai l)m ?12

is the well-known main term. See (2.11) for details. If a; and ay are positive
integers, this is a weighted two-dimensional divisor problem. For the history and
the results of the two-dimensional divisor problems, see Vogts [20] and Chapter 5
in Krétzel [15].

The main purpose of this section is to give a sharper form for A(a,b;x). For
this purpose, we prepare some lemmas.

Lemma 2.1. Let z be any complexr number and let

W, (z) = / "t

1

Then we have for x > 1 and a positive integer N,

N
W.(z) = B(z) + Y _ Bi(2)P(z)x* 277 + O™ =), (2.1)
j=2
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where
B(z) = %log?w -1 if z=—1, (2.2)
z ((—z—-1) .
- 2+ D12 + P otherwise,
and
fae) =g ond () = ((p EEDEEIED gy

Proof. First assume that Rz < 0. It is well-known that 8(z) of (2.2) is equal to
/ 21 (t)dt.
1

Splitting the line of integration at = and applying integration by parts we get
1 z < > z—1
/B(Z) = Wz(x) - §P2(93)1' ) t Pg(t)dt.

The integral in the right hand side converges in the region Rz < 1. Repeating this
process, we get

W.(z) = B(2) + Y _ Bi(2) Pj(a)a™ 277 4 O(x"=+1M) (2.3)

j=2

for any positive integer M > 2 with Rz +1 < M.

Let N be given. If Rz < N, we can take M = N + 1. If Rz > N, we take
M > Rz + 1 in (2.3) and evaluate the terms for j > N + 1 as an error term. This
completes the proof of (2.1). |

Lemma 2.2.

(i) For z # —1, we have for x > 1

. xFtl . oz—1
> nt= T Y@ gy A Wea(@). (2.4)

n<e

(ii) Let z be a complex number with z # —1. Then we have for x > 1

R+ 0@, (2.5)

>ont =02+ T

n<
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and

z*Tllogz A
z+1  (z41)2

Z n®logn = —('(—z) +

ne

(2.6)

+ Ru(2)logz + Q. (x) + O™ log ),
where we put

R.(z) = —¢(2)a” + ()2 Pa(2)2* ™" — (2)3 P(2)2* ™% + (2)a Py ()2 >

(2.7)
with
2(z—=1)---(z—754+2 )
(o) = EEEIED
and
1 2z —1 322 -6 2
Q.(x) = 5P2(a:)alcz_l — Z6 Py(x)x* % + %R;(x)xz_:‘.

Proof. The assertion (2.4) is Lemma 1 in [11]. The formula (2.5) follows imme-
diately from Lemma 2.1 and (2.4) by taking N = 4. For (2.6), we note that the
error term of (2.5) can be expanded into an asymptotic series with the error term
as

£(2) / TN py ()t

for large N > Rz + 1, where f(z) is a polynomial of z of degree N. Since this
integral converges uniformly with respect to z with Rz < N, we can differentiate
this formula under the integral sign with respect to z, hence we get the error
term described above. Noting that %Rz(x) = R.(z)logz + Q,(x), we get the
formula (2.6). |

Remark 2.1. When z = —1, the formulas (2.5) and (2.6) hold true in the forms:

1
Y~ =logz+y+ Roaw) +O@~),

n<T

and

1 1

> 2% = Slog’ — 1 + Roa(w)loga + Qa(x) + O(c " loga),
n<x n

where 71 is the generalized Euler constant of order 1 defined by ((s) =1/(s—1)+

¥+ 71(s — 1) + O((s — 1)?) for s near to 1.

Remark 2.2. The asymptotic expression (2.6) may be obtained by (2.5) with an
error term as an integral form and partial summation. But by the above method,
we can determine the constant —('(—z) very easily.
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Now we shall state the main result of this section. In this lemma and in the
sequel of this paper, we write @ = (us,u;) for the vector u = (u1, uz).

Lemma 2.3. Let a = (a1, a2) with positive numbers ay and as, and let b = (by, by)
with by # —1 and by # —1. Define p, p, Cs1(a,b), Cs1(a,b) and Cy2(b) by

by +1
p=plab)=b, - 2OFD. 2.8)
1
5 I by +1
p=pla,b)=b — %2)7 (2.9)

Cs1(a,b) = — (<p>zl—+<11)2>3 <ﬁ>22—+<1171>3) |
Cyi(a,b) = (p)a — (b2)4 n (P)a — (b1)4

b1 +1 by +1

and

Ca2(b) = —((b1)3 + (b2)3)

Let x > 1 and let y = wate . Then we have

D(a,b;z) = H(a, b;z) + A(a, b; x), (2.10)
where
H(a,b; w) (2.11)
e ((=p) |
oty T o2 if a1(bz + 1) # az (b1 + 1),
b be +1
2 + b1 + bQ IngE >
= +
b1+1 b2+1) aj + as
1 by+1 th .
—m xr 1 otherwise,
and
4
A(a, b;x) ZEJ(G b; x)
j=1
with
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4
; oG-y bp=G=1) o
Bala,bia) = (1) ({04768 (o) 4 Oy n 62 (@)

= Tay J az
L fax  a 2 bi+b
Bala,bia) = C(-b)c(-t) ~ {5 (2 4+ 2 ) Pal) + 020 o

+ (03,1(a7b)P3(y) n b1 ;b2w(y)P2(y)> yitba-1
+ <C4,1(a» b)Py(y) + Ca2(b)y(y) Ps(y) — bfng(y)> yhrtba—2

and

by —4 bo—4

Es(a,b;z) =0 ((:c a4 mT) logz +y" 4 + 2271 4 ybﬁb?*g) . (2.12)

Here Gy () is the generalized sum of Chowla and Walum defined by (1.3).

Remark 2.3. In fact, the coefficients of y**+%2=7 (j = 0,1,2) in E3(a,b;r) are
polynomials of degree j + 2 in 9 (y).

Remark 2.4. For the case @ = (a,b) and b = (0,0), Lemma 2.3 is superior to
Lemma 3.1 in Cao and Zhai [2].

Remark 2.5. The coefficient C5 1(a, b) is explicitly given by

a2(2b2 — 1) T a1(2b1 — 1) _ a%(bl + ].) . a%(bg + 1)
6a; 6as 6a? 6a2

0371((1,, b) =
Remark 2.6. If we assume
as (bl + 1)

b 1
@b +1) and —1<by <4+ 22
as ai

—1<b <4+

the error estimate (2.12) becomes
Ex(a,byz) <y 7

Remark 2.7. The assertion of Lemma 2.3 holds for any fixed complex numbers
b; # —1 (j = 1,2). But b; in the error term E4(a, b; z) should be replaced by Rb;.

Proof. We first consider the case aq(bs + 1) # az(by + 1). Applying the Dirichlet
hyperbola method, we have

COURED ST MRTED S VRt

a a a a
ni1<y ny2<z/nit N2y nil<z/ny?

- Z nf! Z nf? (2.13)
n1 <y na <y
=%+ X — X3,

say.
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Applying (2.5) in Lemma 2.2, we get

1

bo+1 1/as
T o2 5 T
e s e (7))

n1<y n1<y n1<y
by —4 bl_al(b2*4)
+O0 |z = E ny 2 . (2.14)

ni1<y

The last error term in the right hand side of (2.14) is dominated from above by
x(b2=4/e2 Jog o 4 9210273 Applying (2.5) again to the first two sums of the right
hand side of (2.14) and rearranging the terms, we have

C(—b2)
by +1
((=p) ‘ot 1 bitba+2 | L bZlRﬁ(y)

1 =¢(=b1)¢(=b2) + Yt 4 ((=b2) Ry, () (2.15)

a

+-44444444ij4447
by+ 1" (b2+1)(P+1)y b+ 1"

1/@2
x ba—4
+ E nll’lez ((m) ) + 0 (m = loga:+yb1_4 +yb1+b2_3).

n1<y 1

Similarly to X7, we have

= ()G + S () R ) (2.16)

((=p) bttt 1 bitbat2 4 L

a

1T 4+ a
bt 1 b+ D+ 1) bt 1

1/aq
b x ? by —4 b1+b2—3
+Zn22Rbl <<ng2> >+O({£ L1 10gm+y2 +y1 2 )

n2Ky

+ R,(y)

As for X3, we use (2.5) again to get

fﬁ*+mxw+0w“40

Yy = (g(—bl) + b

X (C(—bz) + ﬁybﬁl + Ry, (y) + O(yb2—4)> . (2.17)

Substituting (2.15), (2.16) and (2.17) into (2.13), and noting that

1 1
RO Dip+1) (b1 + )by +1)

(bs+ D5+ 1
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we easily get

1 nt bi1+1
Tl (w Ro(y) —y sz(y))
1 ba+1
Tl (17 = Ry(y) —y™ "Ry, (y)) — Ry, (y) Ru, (y)
1—4 by —4

b -
+0 ((z a4 xT) logz +y 4 4¢P~ 4 ybﬁbz*‘i) . (2.18)

The second and the third terms in the right hand side constitute the main
term H (a, b; z), and we can easily see that the fourth and the fifth terms become
Ei(a,b;x) and Es(a,b;x) by the definition (2.7) of R, (z). For the other terms,
substitute the definition (2.7) of R,(z) again, and we get

b1+

o Ry(y) — y" T Ry, (y)

_ yb1+b2+1{_®(glajl)1)2(y)y_l = ((p)s — (b2)3) Pa(y)y

+ ((p)a — <b2>4)P4(y)y_3}7

byt
z o Ry(y) —y" T Ry, (y)
— yb1+bz+1 {_

(- <b1>4>P4<y>y—3}

a1(62 —+ 1)

2y Py(y)y~" — ((p)s — (b1)s) Ps(y)y >

and

by + b B
%w(y)Pz(y)y“*b? !

62 3 ] + P2 b1+by—2

+ O(yPr 1023,
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Substituting these formulas into (2.18) we get

D(a,b;z) = H(a,b;x) + F1(a,b;z) + Ea(a,b;z) + ((—b1)((—b2)
3 (245 P + 0 o

+} ( 3 — (b2)3 +<ﬁ>3—<bl>3)P3(y)

b1 +1 by +1

b b
LR s <y>}ybl+b2-1

n <<p 14— {b2)4 n (p)a — <b1>4> Puly)
b

b1 +1 by + 1
— ((b1)3 + (b2)3)¥(y )Pg(y)fﬁpz( )}yb1+b22

b1 —4 by —4
+ O ((xlail + l-?lT) Ing +yb1—4 +yb2—4 +yb1+b2_3> .

This proves the assertion of Lemma 2.3 in the case aq(by + 1) # az(by + 1).

If a1 (ba+1) = az(by +1), we can prove the assertion of the lemma similarly. W

In the application to the generalized divisor problem, we shall consider the case
a = (1,1) in Lemma 2.3. Tt is appropriate here to present the explicit formula in
this case. To avoid the complicated notation, we shall use the simplified one like

Lemma 2.4. Let b = (by,b2) such that b; # —1 and |by — ba| < 5. Then we have

Db(lL') = Hb(IL') + Ab(l‘),

where
SO =bot D) i Slba=bit D) pr ey g
Hy(z) = bit1 b2 1
® logz +2y —1/(bi +1) 4,41 if by =b
bl +1 1 2
and

Ab(x) = Elyb(x) + Egyb(l') + Egvb(l')
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Ey b(x) = _xbleszl,l(x) - $b2Gb1*bz,1(x)7

b _ b _
Eap(z) = 51951“ 'Grymby+1,2(2) + §2$b2 'Ghy—by1,2(2)

by (by — 1
B %xbrngz_bﬁw(m) _

by(by — 1)(by — 2)
24

ba(by — 1)(by — 2)
24

ba(by — 1)

5 2?2 Gy, _p,12,3(2)

JC1717:3Gl)2—bl-i-374 (93)

xb2_3Gb1 —b2+3,4 (I)

and
B p(w) = ((=b1)¢(~ba) — (Pa(v) + 92 (VD))o 5
+ (WPSWSE) i b2¢(\/5)P2(\/5})> .

6 2
_ (2()% + Qb% — 3b1by — 2by — 2by + 6
12

bi4by—1
2

Py(Vx)

BVE)P(VE) + blbzP%(ﬁ)) .

by4by—2
2

+b%+b§—b1—bz

6 4

by by by +by—3
+O(m2 Zypm 242 2 )

Remark 2.8. Lemma 2.4 is a generalization and an improvement of Lemma 15
in Chowla [6].

3. The Proof of Theorem 1

Lemma 3.1. Let f(n) be an arithmetic function and E(x) be the error term
defined by

E() =) f(n)—g(x).

nLx

Suppose that g(x) is continuously differentiable. For every fized positive integer k,
we have

; E*(n) = (; - 1/)(17)) E*(z) + /1 E*(u)du

4 k/lx (; - 1/}(u)) o () BF L (w)du. (3.1)
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Proof. This is Lemma 1 of Furuya [10]. [ |

Proof of Theorem 1. As before, we shall use the abbreviated notation

Dln,bz (CC) = D((L 1)7 (blv b2)§x)

in the sequel. Let —1 < a < 1 and a # 0. We take f(n) = o4(n), g(z) =
((1—a)x+ %xl‘*‘“ in Lemma 3.1. By (3.1) with k = 2, we have

38 = (5 -vin) sl + [ ok
+ 2/136 (; - w(t)> (C(1— a) + C(1 + a)t?) Aq(t)dt

_ <; _ W;)) A2 () + /135 A2(t)dt + Ty — 2T, (3.2)

where we put
T, = /m (C‘(l — a) —+ C(l + a)ta) Aa(t)dta
1

7= [ €0+ ¢+ @) v A0

In order to derive the asymptotic behaviour of 77 and T3, we have to consider the
integrals of the types

Jl(x,é)/lrt%a(t)dt and J2(z,5)/1xt5¢(t)Aa(t)dt

for § = 0 and a. However, we treat more general § in the following lemma.

Lemma 3.2. Let —1 < a < 1, a # 0 and suppose § is a real number such that
d#—1,-2,—(2+a) and 6 < min(3 — a,3). Then we have

plto 1 ((1-a
Ji(z,8) = mDa,O(Q«”) - mDa+1+5,1+5(m) - (2+ 5) (%7 —1)

(A+a) (o
“iroerary @ (33

and

Ta(w.8) = (W(z) ~ B(0)) Do) ~ 5 Duss (@) — Ba(6) BiDuss2,5-a()
FOA0)AG) (1~ aWas(w) — D)

+ O0(2° 3 (z* + 1)), (3.4)

where A(0) is a certain constant depending only on a and §.
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Proof. We follow the method used in [11]. First we treat Ji(x,d). Substitut-
ing the definition (1.1) of A,(x) into the integral and interchanging the order of
summation and integration, we get

$1+6

1 1 ((1—a), 4
T3 2 7o)~ g 2 oalon H_(QT(S)@ ")

n<x n<w

Jl(l‘, (5)

C(1+CL) 24a
(1+a)2+a+o) CHEY

By noting that

Z oa(n)n* = Daypu(z) (3.5)

ne

for any u, we get the assertion (3.3).
Next we consider the integral Js(x,d). We again substitute the definition (1.1)
of A,(x). In this case we obtain that

To(w,6) =Y 0a(n)(Ws(x) — Ws(n)) = ((1 — a)Wiys(x)

n<e

- 74(11j;) Witats(). (36)

In view of Lemma 2.1, it remains to consider the sum . 04(n)Ws(n). In order
to get the precise evaluation of this sum with x =n and N =5 in (2.1), we need
the integral expression of the error term. In fact, we have

W(;(TL) = ﬂ(é) + %Bgné + 64(5)84?’2,672 - 6ﬂ6(5) /OO t674P5(t)dt.

n

Hence, by (3.5),
> oa(n)Ws(n) = B(6)Dao(x) + %Daw(x)

+ $4(0)BsDgts-2.5-2(x) —686(0)R (3.7)
with

R=> o0a(n) / h 24 Py (t)dt.

Now R is transformed as
R=Y" Ja(n)/ 74P (t)dt — Ja(n)/ 2= Py (t)dt.
n=1 n n>w n

Since [ 074 Ps(t)st < n®~* and Y gy Ta(n) < y(1+y*), we find that the first
sum in the right hand side, which we denote by A(¢d), converges absolutely, while
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the second one is estimated by 2°~3(2®+1) from the assumption § < min(3—a, 3).
Hence

R =A(8) + O(z°3(2% + 1)). (3.8)

Combining (3.6), (3.7) and (3.8), we get the formula (3.4). |

We note that for 6 = 0 we have the more precise form of Jz(x,0) than that in
Lemma 3.2 as

Ja2(x,0) = Wo(x)Dgo(z) — (1 — a)Wi(z) —

Now we go back to the expression (3.2). Since
T; =¢(1 —a)J;j(z,0)+((1+a)J;(z,a) for j=1, 2,
we have

Ty — 215
=¢(1- a){xDaﬁo(x) —Dgt11(z) — 2W0(ac)Da,0(m)}

+¢3(1 —a) {—;(ﬁ —1) +2W1(m)}

x1+a
+C(1+ @) { 55 Dool@) — Tz Dansrara(z) = 2AWao) = B(@) Dao(a)
+ %Dga’a(fli) + %;1)34D2a72,a72(x) - 1256(@14(@)}
+ 3 (1 +a) {2(1_|_a>2(:£2‘“r2 -1)+ 1_?_GW2a+1(x)}
+¢(1—a)(1+a) {—1_Ll(x2+a — 1)+ 2Wyii(x) + ailVV(H_l(x)}
+ Oz 3 (2" +1)). (3.9)

We suppose further that a # +1/2. Then we can apply Lemma 2.4 to each of
the function Dy, p,(2) in the right hand side of (3.9). After some simplifications,
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we obtain the assertion (1.10) of Theorem 1 with

bul) = (P2<x> - (1).) (¢ = a) + C(1 + @)2%) (2°C—a 1 () + Gar(2))  (3.10)

(C(1—a)+ (14 a)z”) (#*G1—q2(2) + G1ta2(2))

DN | =

— g <P2(sc) — é) (C(l —a)+ 21+ a))Gl,a,g(x)x“_l
+ %((1 +a) (xaGl,a’g(a:) + G1+a,2(l‘)>xa_1

+ %C(l +a) (J:“Gg,a,g(x) + G2+a,3(x))xa_1

+ %(C(l —a)+ 21+ a))Gg,a’g(:v)a:“_l
_ a(a’S_ 1)C(]~ _ Q)G37G’4(£L')1L'a72

_ %C(l +a) ((Ta —4)z°**Gs_qa(z) + (a — 1)2*"*Gsy0.4(2))
;- Si-a)k(za) (P2<x> - 1) )

2 6 3
and
- SO =201 —a) | (O 200=0) o
a+1 6
e -a-1-a)+ LY Bt ae - 22 -0
Clta) (1
N <2a T3 e Qa)>
L xa *1‘%1 ) (a i = +((-2- a)> —12¢(1 + a)Bs(a) A(a).

We shall consider the case (ii) of Theorem 1. We note that Uiq/p(z) =
lim,,41/2 Us(2) and the error term (1.10) is bounded near the point a = 41/2.
Hence we can take the limits as @ — £1/2 in (1.10). In fact, if @ = —1/2, the

divergent terms in (1.10) and (3.11) are é?é}li’igu’cz““ and w and
their residues at a = —1/2 are £¢?(1/2) and —-5¢?(1/2), respectively. Hence the
sum of these two terms are holomorphic at a = —1/2. Furthermore we can see

easily that

. Cl+a) o, ((1+a)¢(—2a)((—a)
fim {6(2a ¥ 1):‘72 T 6 }

() (c(a) e ae (3) v (2))

1
a——1

1
6
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The other terms have their values at a = —1/2. Therefore we get the assertion for
U_12(x) in (ii) of Theorem 1. The assertion for U, /5(z) follows similarly, but we
note that the log-term is contained in the error term in this case.

This completes the proof of Theorem 1. |

4. The proof of Theorem 2 and Theorem 3

To prove Theorem 2, we shall need the following relations, which improves Lemma 27
of Chowla [6].

Lemma 4.1 (Reciprocal relation). Let —1 < a <1 and a # 0. Then we have

Ay(z) = 2°A_4(2) + @m“ - @ + %:Fl (2°G1-a,2(®) + G11a,2(2))

- %ﬂ {(a=1)2°Ga_a3(2) — (a +1)Goras(2)}

L0730 —1la = 2a"Ga-oala) + (a-+ 1)(a+2Casua(o))

+a (VDR PV ) oF

a a—3

S (PuUVE) + 0V Py (V) 231 4+ 0", (1)

In particular, we have

+

+

Ay(z) = 2A_g(x) + @xa — @ gafl (Grog2(x) + Gita2(z)) (4.2)
+ O(x%)

Proof. The assertion (4.1) is obtained from Lemma 2.4. We obtain (4.2) from
(4.1) easily. |

Now we begin to prove Theorem 2. For convenience, we let

1 ¢(—20)¢*(A—a) .
S e
Ay ) CE(3/2 e 1
C(a) = 24((3) ifa=—3,
G2t 32—
(4a + 6)m2((3) z

In the latter discussion in this section, we may assume that 0 < a < 1.
Squaring (4.2) we have

A2(t) = t22A% (1) + icQ(a)tQ“ + C(a)t? A4 (t) — C(—a)t®A_q4(t)
+at® A, () {t°G1_a2(t) + Giian(t)}
+O(t™

T A, (t)]) + O(F). (4.3)
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For the integral of the first term of the right hand side of (4.3) for 1/2 < a < 1,
we apply integration by parts and use the estimate in the first line of (1.7). Thus

we get for 1/2 <a <1

T T x t
/ 22 A% (t)dt = x2“/ A2 (t)dt — Qa/ t2a=1 </ Aia(u)du> dt
1 1 1 1

_ 1 (. 14+2a 3+a
= 1_|_2aC’( a)x +O(z2"%logx). (4.4)

In the same way, by the two estimates in (1.8), one has for 0 < a < %,

9% -
z 3 aC’(—a)m%+a +0(z'), f0<a<i,
/ tQaA%a(t)dt — i))-i- 2@1 (45)
1 iC(fi)leongrO(aﬂ), ifa=1.

Here note that C'(a) = g;ggé(fa) =C(a) for 0 <a< 1.
For the integral of the third and the fourth terms of the right hand side of

(4.3), we use (3.3) of Lemma 3.2 and Lemma 2.4, and get

x x1+2a 1
/tQaA,a(t)dt_ D_ao(®) = ——D11a112a(%)

) T 1420 1+2a
S ) - g )
— e - G ali) ~ 55 Gaa(o)
+0(x2r2)
_ _2(14(;‘)2@901”@ +O(ier, (4.6)
and
r xlte 1
/1 A0t = T D-ao(#) = 1= Ditrae)
— ot Griaala)
1

— 52°Ciaa(®) + O(a™F)

<zt (4.7)
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Furthermore, by Cauchy’s inequality, integration by parts and (1.6), we have

/I t"EA (1) (t°Gh_aa(t) + Grpan(t)) dt

1
< (/1 Aza(t)dt)é {(/lm(pa—lc;la,z(t))%@é
+ (/j(ta_lGHa}g(t))th) : }

< git3e (/ A%(t)dt) . (4.8)
1

Hence the left hand side of (4.8) is estimated as

3 3 .
z2et1 ifl<a<l,

< {z2logx ifa= 1 (4.9)
xotl if0<a<i.
By Cauchy’s inequality again,
- zetsifl<a<l,
3a—1 5 . 1
/ t 2 A g (H)]dt < {zilogx ifa= 3, (4.10)
! zota if0<a<i.
We also note that
r 1
/ t20dt = —— (120 — 1), (4.11)
1 1+ 2a

Now, by combining (4.3)—(4.11), the assertion of Theorem 2 is obtained. This
finishes the proof of Theorem 2. |

Finally Theorem 3 follows immediately from Corollary 1, (1.11), (1.7), (1.8),
Theorem 2 and the upper bound estimates of A, (). [ |

Remark 4.1. If we use the Cauchy inequality in (4.7), we get the estimate
x®/25/% for 0 < a < 1/2. This estimate is worse than z'*%, hence (4.7) can
be said to be non-trivial.

5. An asymptotic representation of the integral I, ,(0; x)

In the previous sections, we saw that the integral of the form flm t9A,(t)dt plays
an important role. We treated this kind of integral in our previous papers [4] and
[11], where we used the notation —6 instead of § under the assumption 6 > 0.
It is interesting to consider the generalization of this integral in the frame of the
weighted two-dimensional divisor problem. In this section we are concerned with
such a problem.
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Let z > 1 and 6 be a complex number. We define
xr
Iap(0;7) = / t=?A(a, b;t)dt, (5.1)
1

here A(a, b;t) is the error term defined by (2.10).
To state the result we prepare the following notation. For a = (a,as2) and
b = (by,b2), we define

ll = b1 + (1 — 0)0,1 and lQ = b2 + (1 — 9)@2.

Note that p(a, (I1,12)) = p(a,b) and p(a, (11,12)) = p(a, b).
Now we shall show the following (more general) asymptotic representation
under the assumption that a; and ao are positive integers.

Proposition 5.1. Let a = (a1, a2) with positive integers ay and as and let b =

1
(b1,b2) with —1 <b; <4+ %’fl) and —1 < by <4+ %IIH). Let y = xoitaz,
and let p and p be the numbers defined by (2.8) and (2.9), respectively. Suppose
that 0 is a complex number such that

b+l byt1
§R9<min{1+ (R s } (5.2)
ai a2

Then we have

Ia,b(ﬂ; .18) = Aa,b(e; 93) + Bayb(G)

4
byt1-j < bati-y ~
btloi g +1-6
+ g {)\jx o1 Gz+mj(x)+)\jx *2 G?% a (x)}
0.17

j=2 P+¥,J
]:
bi+bo—1 o
- (5371P3(y) + 53,2¢(y)P2(y))x arFag T170
9\ tifba=2., 9
+ (5471P4(y) + 54’2w(y)P3(y) + (54’3]32(:[/) )LL' a1Faz
b by —

O (g ) o

where
C(=b1)C(=ba) 15 C(=11)((=l2) ‘
Agp(b;z) = 1-6 @™ = 1-0 o 71,
C(=b1)¢(=b2)logx + a1¢(=b2)¢" (=b1) + ax((=b1)¢ (=b2) if 0 =1,

and

(=p)ar ((=p)az
(br+ (1 +1) " (b2 + 1)l + 1)

Basl®)={ M (j.m
+(0) (b + 1)l + 1) ( s
a?(by +1; +2)

_ag(bl + 1)2(11 + 1)2

Zf al(bg + 1) 7é CLQ(bl + 1),

otherwise.
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The coefficients Aj, 5\j and 6; ; are given by

ay T az
Ay = —— g = ——
2 9 ) 2 2 )
A3 = %(21;1 —14a(1-6), A3= %(2b2—1+a2(1—9)>,
1
i = =57 {307 = 6by + 2)ar +3(by — 1)(1 — 0)af + (1 - 0)ai},
~ 1
M= -1 (3b3 — 6bs + 2)as + 3(ba — 1)(1 — 0)a3 + (1 — 0)%a3 },
1 2 2
(53’1:(%4‘%)7 (5372:a1+a27
6 al a2 2
1 3(b2 — 1)&% 3(b1 — 1)&% (bl + l)ag (bg + 1)&?
54,1 = o1 + - 2 - 2
24 ay as ay a3

3 3
+(1-0) (a2+al>},
aq a2
1
042 = 6 {(2b1 — 1)ay + (2by — 1)az + (1 — 0)(af + a3)},

1
6473 = Z {blag =+ a162 + (1 — 9)(11(12}

and
1 ifo=1,
€ =
0 otherwise.

183

Proof. Suppose that 6 # 1. We first assume that a1(ba + 1) # a2(by + 1). Since

we assume that a; and ay are positive integers, we have
D(a,b;x) = Y d(a,b;n),

n<x

where
d(a,b;n) = Z mbimb2.

ar,, 22 __
ml m2 =N

We substitute the definition (2.10) of A(a, b;t) into the integral I, (0; z) and

get

Ia,b(e;x)z/ ") "d(a,b;n) dt—/ t~"H(a, b;t)dt
1

1

n<t
xl—@ 1 1o
=177 Zd(a,b;n) “1-% Zd(a,b;n)n
nLx n<x

bo+1
2

=p) (a0 —1) (=) (e

) )

(br+1)(1=0+55) o+ 1)(1-0+225)

(5.4)



184 Xiaodong Cao, Jun Furuya, Yoshio Tanigawa, Wenguang Zhai

We note that

Y d(a,b;n)n' ™’ = D(a, (I, 12); z).

nLx

Clearly aq(b2+1) # az(by+1) is equivalent to a1 (l2+1) # az(l1 +1). Furthermore
it is easily seen that

L 1
_1<§ml<4+%, —1<§R12<4+%
2 1

by (5.2) and the assumption on b; (j = 1,2). Hence /; and [, satisfy the condition
in Remark 2.6. Therefore we can apply Lemma 2.3 to the first and the second
terms in the right hand side of (5.4) with the simplest error term. After some
simplifications, we get the assertion of Proposition 5.1 in this case. We should
note that the conditions on a;,b; (j = 1,2) and 6 in the proposition implies that
the error terms are included in O(z(01+02=3)/(a1+az)+1-R0)

If a1 (b2 + 1) = az(by + 1), the difference from the above is only the main term
H(a,b;x) of D(a,b;z). So using the lower formula of (2.11) we can obtain the
corresponding assertion similarly.

Next we treat the case § = 1. As in the case above, we assume aj(by + 1) #
az(by + 1) first. Then we have

Ia,b(e;x):/ t1> " d(a,b;n) dtf/ t~'H(a, b;t)dt
1

n<t 1

=logz Z d(a,b;n) — Z d(a,b;n)logn

n<x n<x
a1¢(=p) ( it agl(=p) ( 2t
o (x o 1) -y (:c 1) . (55)

The first sum in the right hand side of (5.5) has already been studied in Lemma 2.3.
Hence it remains to consider the second sum. It is transformed as

Z d(a,b;n)logn = Z Z mbimb? | logn

n<w n<w nﬁlng2:n
= E mbimb? logmy + ay E mbrmb? log my,
m‘flmgz <z m?lmgzgw

which we shall denote the sums in the right hand side by 57 and S5 in this order.
Similarly to the proof of Lemma 2.3, we estimate S; (j = 1,2) by Dirichlet’s
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hyperbola method, namely we have

S1 = a1 Z mll’1 log mq Z mg‘z

miKy ma< (=% )/ 22
’VTLl
+ E mb? E mb logmy — E mb log my E mb?
ma <y mlg(mﬁz Y1/ a1 mi1Ky ma <y
2

and

Sy = as Z mlfl Z mgz log mo

m1<y ma<(—% )1/ a2
ms

+ E m52 log my E mbr — E mb E m52 log my
ma <y my<(—%5) /" m1<y M2y
M2

1

By repeated use of (2.5) and (2.6) in Lemma 2.2 in the right hand side of S; and
S, we have finally that

Z d(a,b;n)logn = Ki(z)logz + Ka(z) + O(y* 2 3 log z),

n<x
where
C(—=p) wt1  ((=p) batt 1 =+ 1 ki1
K — a a a a ~
1(x) b1+1x 1 b2+11: 2 +b1+1x 1 Rp(y)+b2+1x > R;(y)
1 bi+1 bat1
- ——y 'R, ———y?" R — R R
b1+].y bz(y) b2—|—1y b1 (y) by (y) bz(y)

1/az 1/a1
X X
+Y R, ((m) )mgl + Y R, ((m) )mgz 5:5)

m1<y ma <y
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and

Ky (x) = —a1¢(=b2)¢" (—=b1) — a2((—=b1)¢ (—b2)

1/(11 1/(12
X x
+ aq E le ((maz) > mgQ + as E ng <<ma1) ) mll’l
2 ) 1

ma <y m1<y
e G+ R} - e )+ o)
ai bi+1 a2 bo+1
+ my TRy, (y) + 7(()2 T 1)2y Ry, (y)
az b1 1 a1 pot1
M) - T )
— a1Qs, (Y) Ro, (y) — a2Qu, (y) Ro, () (5.7)

Using the formula (2.18) for D(a,b;z) and (5.6), we find that

> d(a,b;n) — Ki(x) = ((=b1)¢(=ba) + Oy 72 7%). (5.8)

n<
Combining the formulas (5.5), (5.7) and (5.8), we have

Tap(0;2) = C(=b1)¢(—b2)logz + a1{(—b2)¢' (—b1)

+ asC(—bi)¢'(—bo) + (‘;jfif)l ‘ffil))

1/a1 1/a2
—a1 Y Qu ( mee Poa > Qu, ((W) >mlf1
1

ma <y miKy

a b1+1
P A Bal) — o R )}
a byt
+ m {ff 2 Rs(y) — y"* "' Ry, (y)}
a2 b4 1 byl
+b1+1y QbQ(y)—i_bg—‘rly Qb1(y)

+ a1Qp, () Roy (y) + a2Qu, () Re, (y) + Oy T2 3 log z).

Substituting the definitions of R, (x) and @, (z) into the above formula, we find
that the assertion (5.3) also holds in the case 6 = 1.

The case aj(be + 1) = az(by + 1) can be treated in a similar way.

This completes the proof of Proposition 5.1. |
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