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ON SUPERSINGULAR PRIMES OF THE ELKIES’ ELLIPTIC
CURVE

NAOKI MURABAYASHI

Abstract: Let E be the elliptic curve y2 = 23 + (i — 2)2? + = over the imaginary quadratic field
Q(%). In this paper, we investigate the supersingular primes of E. We introduce the curve C of
genus two over Q covering a quotient of E and for any prime number p, we state a condition
(over Fp) about the reduction of the jacobian variety of C' modulo p which is equivalent to the
existence of a supersingular prime of E lying over p (Theorem 5.10).

Keywords: curve of genus two, quadratic twist, supersingular abelian surface, ideal class,
Magma, Groebner basis.

1. Introduction

In [2] Elkies proved that for any number field K of odd degree over Q, every elliptic
curve defined over K has infinitely many supersingular primes. He remarked that
for number fields of even degree over QQ, the situation is more complicated. As
examples, he also presented the elliptic curve

E: =2+ (Gi—-22+x

defined over Q(i) (i2 = —1), to which his method for existence of infinitely many
supersingular primes does not apply. He showed that an odd supersingular char-
acteristic p of E must be inert in Q(7) (i.e., p = 3 (mod 4)) and the number of
supersingular primes (p) of E with p < z is expected to behave as C - loglog z for
some constant C' when z tends to infinity. He also stated that a computer search
found no odd supersingular prime less than 74000. Since the prime ideal (144) is a
bad prime of E, this means that E has no supersingular prime whose characteristic
of the residue field is less than 74000.

Using Magma [1], the author obtained that F has no supersingular prime whose
characteristic of the residue field is less than 5 x 10'°. The program is very simple:
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for t in [m..n] do
if IsPrime(3+4%t) then
F:=FiniteField (3+4x*t) ;
PF<x>:=PolynomialAlgebra(F);
F2<a>:=ext<F|x~2+4*x+5>;
E:=EllipticCurve([0,a,0,1,0]);
if IsSupersingular(E) then
print 3+4xt;
end if;
end if;
end for;

where m and n in the first line are non-negative specified integers with m < n. We
executed this program at intervals 125 x 10° with respect to t for prime numbers
less than 7 x 108. For other prime numbers, intervals with respect to t were the
following.

prime number p interval with respect to t
7x 108 <p<9x 108 250 x 10°
9 x 10% < p <42 x 108 500 x 10°
42 x 108 < p < 70 x 108 1000 x 10°
70 x 10® < p < 15 x 10° 2000 x 10°
15 x 102 < p < 5 x 1019 2500 x 10°

One of the reasons why supersingular primes of E are rare is that for any
supersingular prime (p), the reduction of E modulo (p) has no model defined
over F,,.

In this paper we construct a curve C' of genus two defined over Q whose jacobian
variety J(C) is isogenous to E x E° over Q(7) (Gal(Q(7)/Q) = (o)) and investigate
properties over F,, of the reduction of J(C) modulo p for any supersingular prime
(p) of E.

2. A curve of genus two covering a quotient of F
Let C be the curve
y? = 2% +162* — 823 — 642 + 162 (= x(z — 2)(z + 2)(z% + 162 — 4))

of genus two defined over Q. Set P := (0, 0) € E[2], the set of 2-torsion points of
E and E; := E/(P). Then it is straightforward to check that F; is defined by an
equation

iy =2z +4)(o +1)

1 1 2i
v:C — Eq, (x,y)r—)(ix (1+Z>y>

" 8z x

and



On supersingular primes of the Elkies’ elliptic curve 43
is a morphism of degree two. Therefore C' has the automorphism
4
n:C— C, (x, y) — (—, —8iy>
x

which is the generator of the Galois group of . Putting
Yi=pxe’:C— E x EY,
we consider the isogeny
®:J(C)— E; X EY, cl(Py + Py — 200) — ¢(Py) + ¥(P2),

where oo denotes the unique Weierstrass point of C' at infinity and ¢l( Py + Py —200)
denotes the linearly equivalent class represented by a divisor P, + P, — 200 of C.
Let Ry, R2, R3, R4, R5 and Rg be the Weierstrass points of C' whose z-coordinates
are infinity, 0, —2, 2, —8 —2+/17 and —8+2+/17, respectively (therefore, R; = 00).
Theorem 2.1. The kernel of ® is
{0,cl(Ry — R1), cl(Ra — R3), cl(Rs — R5)}

and isomorphic to (Z/27)%2.

Proof. We take any element cl(P; 4+ P, —200) of J(C). Under the assumption that
Py € {R1, Ra}, cl(Py + Py —20) € Ker @ is equivalent to Py € {R;, Ry} because
of the fact that ¢ =1(0) = {R1, Ra}, where O is the point at infinity of E;. In this
case we have two elements 0 and ¢l(R;+Ra—200) = cl(Re— Ry) of Ker ®. Therefore
it is enough to consider the case P; ¢ {R1, Rz} (j =1, 2). Then considering the

coordinate (z;, y;) of P; (j = 1, 2), we have that cl(P1 + P, — 200) € Ker ® if
and only if

1 1 1 1
T — = Ty — — 2.1
4331 X 4372 1’2, ( )
1 21 1 21
— |14+ — =— 14+ — 2.2
871 ( +x1>y1 825 ( +m2)y2, (2.2)

1 21 1 21
— 1 - — =—(1—-— . 2.3
811 ( 331) Y1 89 < 56‘2) Y2 ( )

It follows that (2.1) is equivalent to

1( ) Xr1 — T2
—\X1 —X2) = — .
4 ! 2 12

It is divided into two cases: £1 — x2 # 0 and 1 — x5 = 0.
In the former case, we have that xo = f%. By substituting this for (2.2) and

(2.3), we have that
1 2 1 1
— 1+ — = - 1—-— 24
o < + 561) =g < 2I1> Y2, (2.4)

1 24 1 )
—(1-— = - 14 = . 2.5
X1 < .’El) h 4321 < + 2-131) Y2 ( )
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If 1 = 2i (resp. —2i), xo = —% = 24 (resp. —2i). Hence we have that 21 = x4, so
a contradiction. Therefore we obtain that x1 # +2i. If y; # 0 and yo # 0, dividing
both sides of (2.4) by both sides of (2.5), we obtain that

(1+2) (+20)-(-2)-3)

and this implies z; = 42i, so a contradiction. We consider the case: y; = 0.
If yo # 0, (2.4) implies 1 = —2i. This is a contradiction. We have that yo = 0.
Therefore 21 and x5 are roots of the equation x(x+2)(z—2)(z?+162—4) = 0 whose
product equals to —4. Hence we have that {Py, P»} = {Rs3, R4} or {R5, Rg}, i.e.,
Cl(Rg + Ry — 200) = Cl(R4 — Rg), CZ(R5 + Rg — 200) = CZ(RG - R5) € Ker ®. In the
case: yo = 0, the same argument implies the same result.

In the later case, since 1+ i—: #0or 1— i—i #0, (2.2) or (2.3) implies that
y1 = —y2. Therefore we have that P, = 7(P;), where 7 denotes the hyperelliptic
involution of C. Hence we have that

cl(Py + P, — 200) = cl(Py + 7(Py) — 200) = 0. =

3. On the Frobenius morphism of a supersingular reduction of E

Proposition 3.1. For any supersingular prime (p) of E, the Legendre symbol

(%) s equal to 1.

Proof. Let

Fy(x, y) = 2 + 3> — 2%y + 148822y 4 1488xy* — 16200022 — 162000y
+ 407733752y + 8748000000 + 8748000000y — 157464000000000

214

be the modular polynomial of level two. The j-invariant jg of E is equal to ;—;.

Using Magma we obtain the factorization over Q(i):

g4 1
F. = — (974608 — 292800i
) (x Z,_4> {x+ 3 (974608 — 29 800@)}

1
X {xz — (19834336 + 8863808: )z — ﬁ(881201733376 + 313519195136i)} .
Let f(x) be the second factor and D be the discriminant of f(z). By assumption
the roots in I}, of the equation f(x) = 0 (mod (p)) over F,> are supersingular

j-invariants, especially they must be contained in F,.. Therefore we have that
D mod (p) is a square in [F,,2. We obtain the prime decomposition in Z[i]:

17D = (1 +14)*(2 —)%(5 + 20)*(7 4 104)*(30 + 314)*(90 — 61i)*(1 — 44).

Multiplying 1 4 44 on both sides and cancelling 17, we have that 1+ 47 mod (p) is
a square in F,2. It follows that this is equivalent to (%) = 1. (Indeed, (%) =1
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implies that a congruence equation 22 — z — 4 = 0 (mod p) has integer solutions

a, b. Since (_71) = —1, we have (%’) = —1. We may assume (%) = 1. Therefore
there exist integers ¢, ¢ such that ¢> = a (mod p) and ¢/ = 1 (mod p). Then we
have that (c + 2¢/i)? =1+ 4i (mod (p)).) [ ]

We consider the field L(F1[4]) generated over L := Q(4) by the coordinates of
all 4-torsion points of Fj.

Lemma 3.2. L(E[4]) = L(Vi, V4 —1).
441

Proof. By replacing x by = — =3+, we see that £ is isomorphic over L to the
elliptic curve defined by the equation:

_ —1544i

y2:x3+Ax+B, A—T, B

140 — 50i
h 27

Set f(z) := 2® + Az + B and let
Yh(x) := 2% + 5A2* + 20823 — 5A%2% — 4ABx — 8B* — A3

be the x-part of the 4th division polynomial (see Exercise 3.7 in [8] (p. 105)). We
obtain the prime factorization over L:

8+ 2 15 — 28: 16 — 24 81 — 204
/ _ 2 2 _
vy(z) = (m 3 x + 5 > (ac + 3¢ 5 )

<2 8 —4i 21+20i>
X | x® — T+ .

3 9

Let a; and ag be the zeros of the jth polynomial in this factorization (j = 1, 2, 3).
Then using Magma we obtain that

L(Er[4]) = L(ay, o, \[f(aj), \/f(@)) [i=1, 2, 3)

:L(Oél, 042) ZL(\[’L, \/4—i). |

For an abelian variety B defined over a finite field F, and a positive integer r,
we denote by Frobp, 4~ the ¢"-th power Frobenius morphism of B.

Theorem 3.3. For any supersingular prime (p) of E, it holds that FrobE(p),pz =
[~plE,,,, where Eq) denotes the reduction of E modulo (p) and [—p|g,,, denotes
the multiplication by —p map of E,).

Proof. Since F and FE; are isogenous over L, the claim is equivalent to
Frobg, ,, p2 = [=DlE,,,- Since Ej(,) is supersingular, the multiplication by p map
is purely inseparable. Since

282413

Nio(ip,) = = and Ny g(jp, —1728) =285"13%,
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we see that Aut(Ey(,)) = {£1}. Therefore we have that [p]g,, = £Frobg,  p.
The condition p = 3 (mod 4) (resp. Proposition 3.1) implies that ¢ mod (p) (resp.
4 —i mod (p)) (€ Fp2) is a square in F,2. Therefore, by Lemma 3.2, we have
that (p) splits completely in L(E;[4]). This implies that Frobp, , ,2 induces the
identity map on Ej(,)[4]. Hence we have that Frobg, = ,2 = [—p|g,, - [ |

For any prime number p which is congruent to 3 modulo 4, we consider the
elliptic curve
Ay =2 -2
defined over F,. Then it is well known that A is supersingular and its endomor-
phism ring End]pp2 (A) defined over F2 is isomorphic to the maximal order

(1+a)s
2

of the quaternion algebra B over Q ramified precisely at p and oo by the cor-
respondence: Froba , to a; I : (z,y) — (—xz, /—1y) to B (see |2|). For any
supersingular prime (p) of F, we consider the reduction of ® (in Theorem 2.1)
modulo (p)

O=Z+ZHTQ+Zﬁ+Z (0% = —p, 8 = —1, fa = —af)

(I)(p) : J(C)p — El(p) X Ela(p),
where & denotes the p-th power Frobenius automorphism of [, induced by o (in
Introduction). Let o, be the group scheme SpecF,[X]/(X?) over F,. Since the
degree of @) is 22, we have the dual isogeny

D(p) 1 Brp) X Effyy — J(O)y

with <IT(;) 0 ®) = [4] ), and P 0 <IT(;) = [4}E1(p>xE§p)' Then we can consider

the two homomorphism of Fp—vector spaces:

@1+ Hom(ay, J(C)p) — Hom(ayp, By X Ef,,), h—— &4y oh

and

— —

©a : Hom(ap, El(p) X Ela(p)) — Hom(apv J(C)p)a h+— (I)(P) oh.

For any h € Hom(ay, J(C),), we have [4] ;¢y, o h = ho[4],. Therefore @g 0 ¢ is
the scalar multiplication by 4 map of Hom(e,, J(C),), which is an automorphism
of the F,-vector space Hom(a,, J(C),). Similary ¢; o ¢o is an automorphism of
the F,-vector space Hom(a,, Ey(py x Elﬁ(p)). In particular ¢ is an isomorphism of

F,-vector spaces. Hence the dimension of Hom(a,,, J(C),) is two. Theorem 2 in [6]
implies that there exist two supersingular elliptic curves E5 and E3 such that J(C),
is isomorphic to Ey x E3 over F,,. On the other hand, by Theorem 3.5 in [7], E2 X E3
is isomorphic to A x A over F,,. Hence there exists an isomorphism ¢ : J(C), —
Ax A defined over F,. Since Frob ¢, 2 = Frobg, . p2 % FrObEf(pyPQ = [-plsc),

and Frob sy 4, p2 = [=plaxa, it holds that 6 o Frob s, p2 = Frobaxa, 2 04, i.e.,
0 is defined over 2.
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For any prime p with (%) =1, 224162 —4 splits completely into linear factors
in Fp[z]. Therefore, for any supersingular prime (p) of E, the group J(C),[2](F,)
of F,-rational 2-torsion points of J(C), is isomorphic to (2)22)%*.

Proposition 3.4. For any supersingular prime (p) of E, J(C), = A x A over F 2
and J(C),[2](F,) = (Z,/22)%*.

It is not trivial to answer the question of whether J(C), is isomorphic to
A x A over F,. We next study the surfaces defined over F, which are isomorphic
to A x A over F ..

4. Restricted quadratic twists of A X A

Set

TWiSt[sz /F, (A X A) = {[B]

B is an abelian surface defined over F),
such that B = A x A over [F2 ’

where [B] denotes the isomorphism class over I, represented by B and

TwistFS)/Fp (A x A) := {[B] € Twistg , 5, (A x A) | B[2](F,) = (Z/22)*'}.

In this section we construct all the elements of Tvvist]F(;L)/IF (A x A) explicitly by
P 2

following the paper of C. F. Yu [11]. In the following we restrict the arguments in

[11] to the case where the dimension is two.

Yu considers the set

5= {15

B is an abelian surface defined over I,
such that B is isogenous to A x A over I,

Then we have that
S= TWiSt]sz /Fp (A X A)

Indeed, for any [B] € 8, Lemma 2.2 in [11] implies that B is superspecial (i.e., iso-
morphic to a product of two supersingular elliptic curves). By Theorem 3.5 in [7],
we get that B is isomorphic to A x A over F,. Lemma 2.2 in [11] also implies
that Frobg 2 = FronBm = —p. By the above arguments in Section 3, we obtain
that B is isomorphic to A x A over Fj2. So we have [B] € Twistr , /r, (A x A).

Conversely, for any [B] € Twiste , /F, (Ax A), we have that Frosz, p = Frobp ;2 =
Froby ,2 x Froby ,2 = [—p]p. So the characteristic polynomial of Frobg , is
(X2 + p)?, which coincides with that of Frobax, ,. A theorem of Tate (Theo-
rem 1 (c) in [10]) implies that B is isogenous to A x A over F,,.

We will take A x A as a fixed abelian variety Ay in Section 3 of [11]. Let

. — 1 =
R and X denote Z[\/—p] and Q(\/—p), respectively. Set R :=7Z {%ﬁ} Let
Ty(A x A) be the f-adic Tate module of A x A for any prime ¢ # p and let
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M(A x A) be the covariant Dieudonné module of A x A. Since the endomorphism

ring Endr, (Ax A) of Ax A defined over [F,, is isomorphic to M(R), Ty(Ax A) (resp.
M(A x A)) has the structure of R ® Z; (resp. R ® Z,)-modules compatible with
Gal(F,/F,)-action. For any prime ¢, R® Zy is a DVR or a product of DVRs.
Therefore Ty(A x A) (resp. M(A x A)) is a free R ® Z; (resp. R ® Z,)-module of
rank 2, i.e., we have that

Ty(Ax A) = (RBR) Rz Zy
for any prime ¢ # p and
M(Ax A) = (ROR) @7 Z,.
Therefore on the isomorphism ()
T(Ax A) @5 Ay = (XK X)®qAy
in the proof of Theorem 3.1 in [11], where

T(Ax A)=M(Ax A)x [[Tu(A x A),
L#£p

we can assume that

ReR={veXaoXK|valeT(Ax A}
For any [B] € Twist]F(j)/Fp(A x A) C 8, we have an isogeny f : B — A x A
defined over F,,. On the other hand, since B[2] is contained in Ker(1 + Frobg, ,),

we have that % is an element of Endg, (B), i.e., R C Endg, (B). So the
lattice corresponding to B

{fveROR|v®le f(T(B))}

has the structure of R-module. Thus we obtain that on the correspondence of
Theorem 3.1 in [11], elements of TwistF(j)/Fp(A x A) correspond to isomorphism
p

classes of finitely generated R-submodules of R @ R of rank two.

For any ideal a in R = Endy, (A), we set Afa] := {P € A|a(P) = O for Va € a}
and A, := A/A[a]. Since Ala] is invariant under the action of Gal(F,/F,), A, is
defined over F,. Let {q1, ..., qn} be a complete set of representatives of the ideal
class group of X such that q; (1 < j < h) is a prime ideal lying over an odd prime
number ¢; which splits in K. Then {q;, ..., §,} is also a complete set of represen-
tatives, where q; := {7 |v € q;} and ¥ denotes the image of v by the automorphism

of R sending 1+\2/jp to 1_\2/_7’. It is well known from the general theory of mod-

ules over Dedekind domains that {R @y, ..., R @4, } becomes a complete set of
representatives of the set of isomorphism classes of finitely generated torsion-free
R-modules of rank two. For 1 < j < h, we set

Tt Ax A, — Ax A, (P,Q)— (P, ¢;Q) (P,QEeA).
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Then it is easily seen that
Ref;={veROR|velem(AxA)}
(1 € j < h). Consequently, we have obtained the following:

Theorem 4.1. Twist; )p (A x A) = {[A x Ag,], ..., [Ax Ag,]}.

5. A property of J(C), over Fj,

In this section we prove that for any supersingular prime (p) of E, J(C), is iso-
morphic to A x A over [F,. More generally, we show the following:

Theorem 5.1. Let p be a prime number such that (i) p = 3 (mod 4); (ii) p # 3 and
q be an element of {q1, ..., qn}. Let @ be the p-th power Frobenius automorphism
of Fp. Assume that there exist an irreducible principal polarization D on A x A,
and an automorphism € of A x Aq with € =1 such that

(i) D7 is algebraically equivalent to D (this is denoted by D° = D);
(ii) e*D = D;
(iii) €7 = —e.

Then we have that q is principal, i.e., A x Ag =2 A x A over F),.

We note that for any supersingular prime (p) of E, the principally polarized
abelian surface (J(C),, ©) (O := {cl(P—o0) | P € C,}) satisfies the assumptions in
Theorem 5.1. In fact, Proposition 3.4 and Theorem 4.1 imply that J(C), = A x A,
over ), for some q. Let

n:J(C)p — J(C)p,
cl(Py+ Py = 200) = cl(n(P1) + 1(P2) — 2n(00)) = cl(n(P1) + n(Pz) — 200),

where 7 is the automorphism of C' defined in Section 2 (n(c0) = (0,0) = Ra).
Then it follows that 7j(0) = 0 and 7> = 1, i.e., 7] is an automorphism of A x Aq
with order 2. We can easily check that ©7 = O, 70 = O + cl(co — Ry) = © and
n° = =1

The strategy for proving Theorem 5.1 is that we derive the following simul-
taneous equations (5.6) from the assumptions in Theorem 5.1 and solve (5.6) by
using a Groebner basis and construct a generator of q from some integral solution
of (5.6).

By the identification

Endy ,(4) =2 0= Ro R

(the first is explained in Section 3 and the second is done by assigning a to \/—p),
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it is obtained that

Endg (Ax Aq) =Endg , (A x Ag)
{(71 72)’ 71 € R+ RB, Y2 €q+7p8 }

I

Y3 V4 Y3€q +q71B8, v eR+q 198
» ( R+ RB q+as )
‘g '+g'8 R+q7'g8 )

Through this identification, the action of & on My(X) + Ma(XK)S
(= Endg , (A x Aq) ®z Q) is given by

U+VB)=U-V]
for any U, V € M>(X). We set X := A x {O} + {O} x A, and consider

dx : Ax Ag = Pic’ (A x Ay), (P, Q)+ (T} 5y X — X),

where T(*P o)
AxAg = Ax Ay, Z+ Z+ (P, Q). 1t is easy to check that the Rosati involution
L on Ende2 (A x Ay) ®z Q with respect to X is given by

X denotes the pullback of the divisor X by the morphism Tipo :

Y4

143
L My(B) > < mon > — € My(B),
Y3 V4

<[

where for v = uy 4+ u2f8 (u1, us € X), 7 denotes ay — uz3, the image of v under
the main involution of the quaternion algebra B in Section 3 and ¢ is the prime

number lying under g.
—_ X
Since ¢}1 o ¢p is contained in Auty, (A x Ay) = (qiRl ng) and fixed by the
Rosati involution with respect to X (see p. 190 in [4]), there exist r € q and

s, t € Z such that
T
. .

Since ¢! o ¢p is positive definite (see Prop. 2.8 in [3]) and R = {#£1}, it holds
that s > 0,¢ > 0 and

¢X10¢D=<

QI3 ®»

rr
st—— =1. 5.1
. (5.1)

By assumption ¢ is expressed in the form:

_(* Y ) = IR BT
e—(z w)ﬁ (ve€X yea, zca = @ weqa=_d).
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Since €2 = 1, we obtain four equations:

T +yz = —1,
ww + 2y = —1,
xy +yw = 0, (5-2)

2T+ wz = 0.

By assumption we obtain that ¢.-p = ¢p, hence €0 ¢p o e = ¢p, where &
denotes the induced map Pic’(A x Aq) — Pic’(A x A,) from ¢ by the pullback of
line bundles. Therefore we have that

€o¢xo( ; 2)06=¢xo(f Z)-
a q
Since
1~ T qz
o ogoox —ua =~ (1 %)
q

we obtain three equations:

st +712=0,

% +tw =0, (5.3)

rr +qtz = —sy — Tw.

We also have that

_ 1~ TT + qzZ Y + qrzw
63 0burx = 65 0Z0x 0c = () oc = ( ).

%—f—w? %—l—w@

Since €*X is principal, its determinant is equal to 1. Therefore we obtain one
equation

(2T + q2Z) (yy + quw) — (27 + qz0) (yT + quwz) = q. (5.4)

To solve the simultaneous equations (5.1), (5.2), (5.3) and (5.4), we introduce
the canonical basis of R, § and §°. We put w := HQﬂ. Then R = [1, w]. Tt is well
known that we can take a, b € Z such that

(i) 0<a<qg—1,0<b<®—1;
(i) a®+a+ 2 =kq, b +0b+ 2 = (g2 (for some k, £ € N);
(ili) b—a = mgq (for some m € Z);
(iv) T=lg, a+w], T =[¢% b+w].

(For any non-zero ideal a of R, let ag be the minimum positive integer in a and
let bg 4+ cow be an element of a such that the coefficient of w is minimum positive.
Then it follows that a = [ag, by + cow| and both ag and by are divisible by c¢p.
Therefore we have that a = ¢gfa1, by + w|, where ag = cpa; and by = cpb;. Since q
splits in Q(y/—p), we have ¢y = 1 for g and g°.)

(5.5)
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: 2
(r1, r2, =1, T2, Y1, Yo, 21, 22, wi, wp € Z). Using w® —w
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By reselecting {q1, ..., qn} if necessary, we can assume that ¢; > p%l for 1 <
< h. Therefore we can add the conditions that a # 0 and b # 0. We set

r=gqri+ra(a+w), r=x1+2w, y=qy+y2(atw),

a+w b+ w
zZ =21+ 22 7 , W= qwp + w2

relations (ii) and (iii) in (5.5), we get the following simultaneous equations
respect to s, t, r1, ro, X1, T2, Y1, Y2, 21, 22, w1, we from (5.1), (5.2), (5.3) and (5.4)
by comparing coeflicients of 1 and w:

qu + (26 + 1)r1r2 +kr3 —st+1=0,

22 + 21130 + p4 23+ quiz1 + (2a+ Dy 29 + kyaze +1 =10,

y122 —y221 =0,

Pw? + (2b + 1)w1w2 + (w3 + qy121 + (2a + V)y120 + kyazo + 1 =0,

qr1y1 + T1Y2 + p4 Loy + ¢*yr1wr + y1ws + aqyawr + (k + am)yaw, = 0,

T1Y2 — qT2Y1 — aT2Y2 + Yrwz — qyawi — mysws = 0,

T121 + Toz1 + 9x1z2 + %(a + %)xgzg + gz1wy + (a+ 1)zowy + gzle
+( b;n)ZQwQ = 0

ToZ1 — %mle + 550222 + 22wy — %le2 + %Zzwz =0,

STy + 1120 — 1221 =0,

sx1 +qriz1 +arize + (a+ 1)7“221 + kroze =0,

qriy1 + ariyz2 + argyr + (k— 2 — 1. p+1)7”2y2 + qtwy + th =0,

q q
r1y2 +royr + ¢ (2@ + D)rayz + th =0,

qrizy +arer; — %17"2$2 + th1 + atzy + qsyr + asyz + ¢*riwy + briw;
+q(a + 1)rawy + (g€ — bm)raws = 0,

qrize + rox1 + (a + 1)r2x2 + tzo + sys + riws — growy — mraws = 0,

o (27 + xlxz + a2 + g2 + (2a + 1) 2120 + k23)

x(¢*y7 + q(2a + Dyryz + gkys + ¢>wi + ¢(2b + Dwiws + glw3)
—(¢*w? + (2b + Dwiws + lw3)(¢?2? + q(2a + 1) 2122 + gk23 — 2¢%y121
—q(4a + 2)y1z0 — 2qky2zo + ¢*yi + ¢(2a + Dy1ye + gky3) — ¢ = 0.

+pT+1:0 and the

with

(5.6)

We compute a Groebner basis of the ideal associated to (5.6) by using Magma
V2.19-7. For this we view m, ¢, k, b, a, ¢, p as indeterminates and consider the
residue class ring

1
R:=Q[m, k, ¢, p, q, a, b]/(a —I—a—&—i— qk, b2—|—b+p+ — g%,

4 4
b—a—qm,m(a+b+1)— gl +k)

because of that the relations (ii) and (iii) in (5.5) imply g(m(a+b+1)—gl+k)

=0.
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Then we can see that the simultaneous equations

ea’+a+ —qgk=0,

o b2+ b+ 2 — g% =0,
eb—a—qgm=0,
em(a+b+1)—gl+k=0

is equivalent to

eb=a+gm,
o k=gl —qm?— (2a + 1)m,
o p=4¢*0 — 4a® — 4a — 4¢°>m? — 4(2a + 1)gm — 1.

So R is isomorphic to a polynomial ring in four variable over Q. Therefore we

can consider the field of fractions of R, denoted by K. Let fi, ..., fi5 be the
polynomials appearing in the left hand sides of equations in (5.6) in turn. Put
J = (f17 T flS)a

the ideal in the polynomial ring K|[s, t, r1, re, 1, X2, Y1, Y2, 21, 22, Wi, Wal.
In this setting, we can compute a Groebner basis of J by Magma. It should be
remarked that the Groebner basis is computed using the standard lexicographical
order of variables (default in Magma). We denote the resulting basis by G (see
[5] for Magma’s commands to calculate G and I, ..., Is defined in the following
paragraphs). Then the number of the elements of G is 48. The 48th element of G,
denoted by (G[48], is a polynomial with respect to z1, 22, w1 and wy only and has
the factorization:

20+ 1 42 +4b+p+1 1
2 2
w; + ——wiwy + ———ws + —
( 1 e 12 4¢* 2 q2)
b—a+b 2a?
x (Z3wy — %z%zzwl + %z%:@wg — %zlzgwl
+—4a2b—2pa—8a2—|—pb+4ab—2a+b 9 +—4a3—|—pa+a3
Z125Wy + ————————— 25w
4q%b 122 4qb 27
—4a3b — 2pa® — 4a® + pab — 2a® + ab 4
+ Z5W3).
4430

The assumptions in Theorem 5.1 imply an integral solution of the simultaneous
equations associated to G. From now on (s, t, 1, 2, 1, T2, Y1, Y2, 21, 22, W1, W2)
denotes one integral solution of the simultaneous equations associated to G, not
indeterminates.

The first factor in this factorization is equal to

2b+1

2q2 w2)2 +

b 2 1
ot T
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Since the first two summands are non-negative and the last is positive, we have
that the first factor is a positive rational number. Therefore the second factor is
zero. The second factor is equal to

2
—p—1
7%22(q22% + 2aqz120 + %zg)wl
a —a+b —4a?b — 2pa — 4a® +pb—2a + b
+ws (21 + 522)(2% g ant o7 22). (5.7)

Lemma 5.2. 25(q%2? + 2aqz122 + 7171 22) £ 0.

Proof. We suppose that zo = 0. Then (5.7) implies wg2{ = 0. If 27 = 0, then 2 = 0
and this contradicts the first equation in (5.2). If wy = 0, then the 4th equation
in (5.6) implies that ¢?>w? + qy121 + 1 = 0. Hence we have that 1 = 0 (mod q), a
contradiction. Therefore z5 # 0.

The discriminant of the quadratic polynomial q2T2—|—2aqT+4‘127+71 is ¢*(p+1).

2
This is not a square because of p # 3. Hence the equation ¢?T2+2aqT + 4“271771 =
0 has no rational roots. |

We obtain the fractional expression of w; with respect to z1, z2 and ws, denoted
by I (therefore wy = Iy).

G[47] is a polynomial with respect to ya, 21, 22, w1 and wy and the degree of
G[47] with respect to yo is 1. The coefficient of y, in G[47] is

20+ 1 40 +p+4b+1
7 (wf + T L + B E— w3).

2b+1

Lemma 5.3. w? + ww # 0.

Proof. We suppose that ws = 0. By (5.7) and Lemma 5.2, we have wy = 0, i.e.,
w = 0. By the second equation in (5.3), we have that y =0 or r = 0. If »r = 0, then
D = X. This contradicts the assumption that D is irreducible. Therefore y = 0.
This contradicts the first equation in (5.2). Therefore we # 0.

EESLA % is 2

= 0 has no real roots. | |

_ P
I-

The discriminant of the quadratic polynomial 72 +

iy Whaptibel

Hence the equation T2 4 2
q

We obtain the fractional expression of y, with respect to z1, 29, w1 and ws.
By substituting I; for w;, we obtain the fractional expression of ys with respect
to 21, z2 and ws, denoted by Is.

We see that y; does not appear in G[n] (n =46, ..., 42).

The degree of G[41] with respect to y; is 1 and the coefficient of ¥ is

5  2b+1 47 +p+4ab+1 5, 1
'le(wl 711/1'[02 + TU}Q + ?

).
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By the same arguments as above, we see that it is non-zero. Therefore we obtain
the fractional expression of y; with respect to z1, zo and ws, denoted by I3.

Next we obtain the fractional expression I (resp. Is) of xo (resp. x1) with
respect to z1, zo and we from G[37] (resp. G[30]).

The polynomial G[24] is equal to

5 2¢° 2b+1 q> p+2b+1 2¢%
To — —X1W1 — T1W2 — —T2W1 — — 7 T2W2 — — W,
p 2p P
4gb + 2q 4% +p+4b+1
- WjWy — ———————————Wj.

2pq

By substituting I, Iy and I5 and setting u := :I:\/qz1 (2a + 1)z120 + k23, we
obtain

2
. m wa(z1 + qa—qb” 22) w (= Igu)
2= a 2 2a 4a2—p—1 2 —- t6t)-
z1 + g F172 2+ 17 ~2

The degree of G[23], G[22] and G[21] with respect to r; are all 1. But G[21] is
fairly shorter than G[23] and G[22]. The coefficient of r; in G[21] is equal to

21Wy — qzowy + ZoWsa. (5.8)

Lemma 5.4. zws — qzowy + ‘IT_bzgwg #0.

Proof. We assume that zjws — gzow; + “T*bzgwg = 0. Then the resultant of (5.7)
and (5.8) with respect to w; is 0. On the other hand this resultant is equal to

q(b—a) a? 2a+1 4a> +p+da+1
T1,[)22’2 (Z]_ + ng Z% + q Z122 + ng .

Therefore we have that z; + 2o = 0. By substituting (52 a) %2 for z; in the

q(a b)
assumption and dividing by 29, we also have that w; + 22 (ljl bb) wg = 0. By substi-

tuting q(;iia)ZQ and ;f(%i}f) wy for z; and wy, respectively, in G[47] and factoring

it, we have that

v lu2y 4g°m” 0
29+ —w =
Y222 q 2 4a2b2 + gm(pgm + 4ab + qm)

4(,‘(4m2
m(pgm+4ab+qm)

4a%b? + gm(pgm + 4ab + gm) divides 4m?. Especially

In particular g T is an integer. Since ¢ and 4ab are coprime,

4m? > 4a*b* + gm(pgm + 4ab + gm) > ¢*m? > 4m?.

This is a contradiction. |
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Therefore we obtain that
r = I7u

for some fractional expression Iy with respect to z1, zo and ws.
The polynomial G[8] is
twy + qriys + qroyr + (2a + 1)rays.

It is proved that ws # 0 in the proof of Lemma 5.3. Therefor we get ¢t = Igu for
some fractional expression Iy with respect to z1, zo and ws.
Finally, from G[1], we obtain that

S = —u.

Lemma 5.5. LetT, Zy, Zs, Wy be indeterminates and we regard I, = I,(Z1, Za, Wa)
as the fractional expressions with respect to Z1, Zs and Wy (1 < n < 8). Then we
have that

(1) L(TZ1, TZs, W) = L(Z1, Za, Wa) forn =1, 4, 5;
(2) 1.(TZ1, TZs, Wa) = L1,,(Z1, Zo, Ws) forn=2, 3, 6, T;
3) Is(TZy, TZy, Wa) = L Is(Z, Zo, Wa).
Proof. They are checked by Magma. See [5]. |

Let d be the greatest common divisor of z; and 25 and set z,, = 2/, d (n =1, 2).
By Lemma 5.5,

5 ro
(77 dtv T, T2, T1, T2, dyl; dy27 21, R, Wi, w2)

d
is also a solution. But d? divides qz? + (2a + 1)z122 + k23 = u? = s2. Hence it is
an integral solution. Therefore we may assume that z; and zo are coprime.
Lemma 5.6. We have the following relations:

(1) z2 = 207k — 2172;

(2) w2 = —qzo™t — (qz1 + (2a + 1)22) 2.

Proof. Using the fractional expressions 7t = I7, 22 = Is and o = Iy, they are
checked by Magma. See [5]. |

Set

M= ( St —(gn + (Qa+ 1)z) ) € Mz(2).

By Lemma 5.6, we have that detM - (2, 2) € Z2, i.e.,

T u

(2q2120 + (2a + 1)23) (%, %2) c 7% (5.9)

Since u? = q2% + (2a + 1)z1 29 + k23, we also have that

(¢22 + (2a + 1) 2129 + k23) (%, %) €72 (5.10)
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Lemma 5.7. Set R := pq®. Then it holds that for any coprime integers Z1, Z,
gcd(qZ + (2a+ 1) 212y + kZ3, 292175+ (2a+1)Z3) | R.

Proof. We follow the proof of (a) of Lemma 3’ in [9] (p. 72). Since a® + a +

% = gk, we have that

4q 9 4q (1 20 +1
qX+2a—|—1X—|—k—(X—|—
9(gX? + 20+ DX +7) - 2 (5x+ 2

) (2¢X + (2a+1)) =1.

Let A, ag, D and d be the same as they are in the proof in [9]. Then we have that

A=p, a9 =¢q, D=1 and d = 2. Therefore we get the claim. |
By (5.9), (5.10) and Lemma 5.7, we have that

R RZ2cz.
u u

By multiplying (%)2 on the both sides of the first equation in (5.6), we have that

0 (R) + o+ 1) (RD) (R2) 4k (R2) v Lo B0 s
u u u u uu

By using y1 = I3, y2 = I and t = Igu, we have the following:

Lemma 5.8. It holds that y; = %zl, Yo = 5,22.

Proof. It is checked by Magma. See [5]. |

Since z; and zo are coprime, we have that % € Z by Lemma 5.8. Therefore, by
(5.11), we have that

u? = gz + (2a + 1)z120 + k23 | R? = p?¢S. (5.12)
Lemma 5.9. We have that q fu.

Proof. Assume that g|u. Since s = —u, we have that s = 0 (mod ¢). The first
and nth equations in (5.6) (n =9, 10) imply the following congruence relations:

e (2a+ 1)ryrg +krs +1=0 (mod q); (5.13)
e 7129 = 7921 (mod q); (5.14)
o arizy + (a+ Drozy + krozg =0 (mod q). (5.15)

By (5.14) and (5.15), we have that
ro((2a + 1)z1 + kz3) = 0 (mod q).
By (5.13), we have that ro # 0 (mod g). Therefore

(2a+ 1)z + kzo =0 (mod q). (5.16)
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By (5.14) and (5.16), we have that

) —T1 z1 _ 0
<2a+1 k )<22>_<0> (mod ).
Since z; and zy are coprime, (z1, z2) Z (0, 0) (mod ¢). Therefore the determinant

of the matrix is congruent to 0, i.e., kra + (2a + 1)r; = 0 (mod ¢). Therefore we
have that

krg + (2a 4+ 1)rire =0 (mod q). (5.17)
By (5.13) and (5.17), we obtain that 1 = 0 (mod ¢). This is a contradiction. N

By (5.12) and Lemma 5.9, it holds that ¢z? + (2a + 1)2z122 + k23 = 1 or p2.
Suppose that qz? + (2a + 1)2122 + k23 = p2. Since

Ny /o219 + 22(a + w)) = q(qz] + (2a + 1)z122 + k23),

the principal ideal (p) (in R) divides the principal ideal (z1q + 22(a + w)). In
particular z1q+ z2(a+w) € Zp+ Zpw, hence p|z; and p|ze. This is a contradiction.
Therefore we have that

Ny (219 + z2(a +w)) = gq,

ie., = (21¢ + 22(a + w)). Hence q is also principal. This completes the proof of
Theorem 5.1.
Altogether we have the following:

Theorem 5.10. Let

E:y* =2+ (i—2)2% +x,
Ay =03 -1,
C : y? =25+ 162* — 823 — 6422 + 162

be the curves defined over Q(i), Q and Q, respectively. Then, for any prime num-
ber p, the following conditions are equivalent:

(1) there exists a supersingular prime ideal of E lying over p;
(2) p=3 (mod 4) and J(C), is isomorphic to A, x Ay, over Fz;
(3) p=3 (mod 4) and J(C), is isomorphic to A, x A, over Fy,.
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