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ON THE MOMENTS OF HECKE SERIES AT CENTRAL POINTS
ALEKSANDAR IVIC

Abstract: We prove, in standard notation from spectiral theory, the following asymptotic for-
mulas:

1
E ujH?(E) = K?Ps{log K) + O(K5/%10g%"/4 K)
ny &K
and 1
E ‘IJ'H;(E) = K?Ps(log K) + O(K3/?10g%%/2 K),
K
whete P3{z) and Fg(z) are polynomials of degree three and six, whose coefficients may be

explicitly evaluated.
Keywords: Hecke series, Maass wave forms, hypergeometric function, exponential sums

1. Introduction and statement of results

The purpose of this paper is to obtain asymptotic formulas for sums of HJS(%) and
H;(%), where H;(s) is the Hecke series, to be defined below. Sums with H;(3)
are important for several reasons, one of which is that they appear in the spectral
decomposition of weighted integrals involving |(3 + it)|*, which is of fundamental
importance in the theory of the Riemann zeta-function ((s).

We shall first present the relevant notation involving the spectral theory of
the non-Euclidean Laplacian will be given below. For a competent and extensive
account of spectral theory the reader is referred to Y. Motohashi’s monograph [15].

Let {)\; = &2+ 1} U {0} be the eigenvalues (discrete spectrum) of the

hyperbolic Laplacian
N’ 8\
A= -2 — -
Y ((%) * (By) )
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acting over the Hilbert space composed of all I'-automorphic functions which are
square integrable with respect to the hyperholic measure (I' = PSL(2,Z)). Let
{¥;}32, be a maximal orthonormal system such that A; = A;¢; for each j > 1
and T'(n)y; = t;(n)y; for each integer n € N, where

(T(n)f)(2) = % Z i (az;-b)

ad=n b=1

is the Hecke operator. We shall further assume that ;(—%) = e;4;(z) with
g; = £1. We then define (s = o + it will denote a complex variable)

Hi(s) =) timn™ (o >1),

which is the Hecke series associated with the Maass wave form ;(z), and which
can he continued to an entire function. It satisfies the functional equation

Hj(s) = 2% 0% 720 (1 — s + ik, )T (1 — s — ik;) (g, cosh(mk;) — cos(ms)) H;(1 — s),

which by the Phragmén-Lindelof principle (convexity) implies the bound

+e
Hi(3) <. 677, (1.1)
where here and later £ denotes arhitrarily small, positive constants, not necessarily
the same ones at each occurrence. It is also important to note that, from the work
of Katok-Sarnak [9], it is known that H;(1) > 0.

The sharpest asymptotic formula for sums of a;HZ(3) is due to Y. Moto-
hashi [14]. His result is

Z o H2(3) = 2n72T%(log T + v — 1 — log(2m)) + O(T log® T), (1.2)
%;&T
where v is Euler’s constant,

a; = |gj(1)|*(coshmr;) ™",
and g;(1) is the first Fourier coefficient of ;(z).

In what concerns known results on sums of ajH;.’(%) and ajH]f‘(%) we have
(see {15, Chapter 3])

)" o HHL) < K log* K (1.3)
KjSK
and
- 8 1
>} (3ho(x;) = (5 +0 (by{)) 7732K3G log® K (1.4)

=1
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with
Kilog® K <G < K'*, (1.5)

ho(r) = (r* + 1) {exp (- (r ;K>2) + exp (— (r JE;K)z) } - (1.6)

In (5] the author proved that

> aH}(3) < KM (1.7)
K<n; <K+1
This result immediately implies, since H J(%) 2 0 and o; > K;° (see H. Iwaniec
[6]), that

e

HJ(%) Le ki ‘ (1.8)

which improves the convexity bound (1.1), and represents hitherto the sharpest
known unconditional upper bound for H;(3). The bound (1.8) also follows from
the result of M. Jutila [7], namely

> aHG) < K3 (1.9)
K<r;SK+K1/?

and an extension of the bound (1.9) to sums of |H;(} + it)|* has been attained
by Jutila-Motohashi (8].

Note that (1.7) and (1.9) do not seem to apply one another, and that for the
derivation of (1.8) from (1.9) the non-negativity of H;(3) is not needed.

Our new results on sums of sums of a; H}(}) and o, H;(3) are contained
in
Theorem 1. We have

Y o;H}(3) = K2Ps(log K) + O(K®/4log®"/* K), (1.10)

K-J’SK
where Pi(z) is a polynomial of degree three with leading coefficient 4/(37?%),
whose remaining coefficients may be explicitly evaluated,
Theorem 2. We have

> a;HML) = K?Ps(log K) + O(K*/?10g™/? K), (1.11)

K,jsK
where Ps(z) is a polynomial of degree six with leading coefficient 16/(157%),
whose remaining coefficients may be explicitly evaluated.

The proofs of (1.10) and (1.11), which will be given in subsequent sections,
depend on several ingredients. Besides the transformation formulas for sums of
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ajH}‘(%) (see Section 3), two salient ones are the short interval bounds (1.7)
and (1.9), and the estimates for the sixth and eighth moments of [((} + it)|.
Indeed, it is a deep and beautiful fact that sums of ajHJ’-"(-;-) and moments of
I¢(3 +it)|** (k € N) are closely related, at least for k < 4. Both quantities tend
to increase in complexity as k increases. One of the reasons why Motohashi was
able to get the sharp error term O(T log® T) in (1.2) was that the continuous part
of his relevant formula, namely the integral on the left-hand side of (1.12) below,
contained |(( +it)[*. However, for fOT [¢(3 +it)]* dt we know that the correct
order of magnitude is Tlog* T, and actually the asymptotic formula with error
term O(T?310g® T) is known (see e.g., [4] and [15]). Unfortunately, to this day
such type of result is not known for any power moment of |¢ (—;— + 1t)| greater than
the fourth.

As to the true order of sums of ajHJ’.‘(%), perhaps it is true that, for k € N
fixed,

2 T ‘C(l +it)[2k Y C+E
> ajHJ’f(%H—/O -'-C(f—Jrai—t—)l—zdtxTzP%(kz_k)(logT)+O(Tl+ +€), (1.12)

where Pj(2_;(2) is a suitable polynomial of degree 3(k? — k) in z whose coef-
ficients dzepend on k, and 0 € ¢ < 1; perhaps even ¢y = 0 is true. We actually
have ¢; = 0 in view of (1.2), and from the proofs of Theorem 1 and Theorem
2 it follows that we may take ¢z = 1/7,¢4 = 1/3. For example, (5.5) and (5.6)
(for k = 4) clearly show why the left-hand side of (1.12) appears, and in view
of H;(3) 2 0 it is positive. It would be interesting to evaluate (or estimate) the
sum in (1.12) when k =1 and k > 5. The case k = 1 will be briefly discussed
at the end of the paper, while k > 5 lies outside the scope of this work. However
the latter case is of potential importance since it could yield upper bounds for the
2k-th moment of |((3 + it)]. Namely if for some k > 6 the right-hand side of
(1.12) is bounded by T?*¢, this would essentially give a bound at least as strong
as the (known) twelfth moment of |((3 +it)| (see (4.2)). If this bound holds for
every k, then this implies both HJ-(%) <, «; and the Lindelof hypothesis that
(3 +1it) <. [t|. It is yet unknown what is the connection between these two
conjectures, namely whether one of them implies the other one.

Conjectures for moments of various L-functions have been recently proposed
by considerations from Random matrix theory (see J.B. Conrey [1] and the com-
prehensive work by J.B. Conrey, D.W. Farmer, J.P, Keating, M.O. Rubinstein and
N.C. Snaith {2]). In all cases which can be predicted by this theory and where the
asymptotic formula in question was rigorously proved, the main terms coincide.
In our context this theory says that one should have

> aHF(3) = K*Pyya_y)(log K) + oK) (1.13)

I‘.;{K
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for k € N fixed. The leading coefficient of Py _x(z) equals

Ak Gk

C) =

(1.14)
2

In the notation of this theory gi is the so-called geometric part. In our case it is

k-1
gk = (3k(k — 1)1k D 21 TT _(233;)!, (1.15)
=1

so that g; = 1,92 = 2,93 = 8,94 = 128. The constant ax is the arithmetic part.
It equals

B INFEDR R k1N (k-2 1
ol () R S G [

P 7=0

We have a; = az = a3 = 1,24 = 1/((2) = ;6;. In general, ax can be expressed in
terms of hypergeometric functions. Note that

Z(k+j~1)(k+j—2)ja:1 (lol < 1)

pr J J

is a rational function of x whose denominator is (1 — z)**~3 and numerator is 1
for k=2,3,and is equal to 1 + x(k =4), 1 + 3z + z2 (k = 5) etc. This shows
that, for k > 5, ax will not be expressible in a simple closed form, but as an
Euler product over the primes. We have the values ¢; = 1/7%,¢; = 2/7%,¢c5 =
4/(37%), ¢y = 16/(157*), which coincide for k = 2,3,4 with the ones that follow
from (1.2), Theorem 1 and Theorem 2. Note that Random matrix theory also pre-
dicts the asymptotic formula for the sum in (1.13) without the normalizing factor
@;. The shape of the conjectured formula will be similar to the above one, only
the constants will be different, and somewhat more complicated. Unfortunately,
the methods at hand permit one to deal only with the sum in (1.13).

Acknowledgement. I wish to thank Prof. Brian Conrey and Prof. Matti Jutila
for valuable remarks.
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2. Kuznetsov’s work on sums of H;(%)

N.V. Kuznetsov’s preprint [12] states as the main result (Theorem 1 on p. 5) the
asymptotic formula

> a;HH(3) = T?Pe(log T) + O(T*/3+9), (2.1)

nng

where Ps(z) is a polynomial in  of degree six whose leading coefficient is equal to
2%/(1573). This is actually stronger than our (1.11) of Theorem 2. Unfortunately,
Kuznetsov did not prove (2.1), and even the leading coefficient of Pg(z) is not
correctly stated (it equals 16/(157*), see Section 9 for details). We shall analyze
his preprint and substantiate our claim, using certain valid parts of his work,
namely the derivation of the main term to shorten the proof of our Theorem 2.
A complete list of misprints, errors etc. of [12} is not given, but just some of
the important ones will be stated here. Further discussion concerning {12} will be
given in subsequent sections.

Page 8, line after (21) it is not shown why (2w) is regular for Rew > -5/2,
which is claimed in the text. Namely

113(2w) = /w 1221 (w ~ 4u)[(w + 4u)h(u)usinh (mu) du (Rew > 0), (2.2)

-0

where (Q < T1/3)

h(r) = q(r) {exp (— (""252)2) e (' ( ET) 2) } 23

() = (T HEE+3)
! (r2+ D)2+ 3) + 626’

so that h(r) is even, regular for |Smw| < 3, h(x3) = h(x%) = 0, and h(r)
decays like exp(—c|r|?). To analyze the function )(2w), note that from

Fr(1-z)= Sn(me) (2.4)
one obtains the identity
. N ™ [(w + 1u) MNw - iu)
Llw + au)l(w — i) = 2 sinh(mu) cos(mw) {F(l —w+w) I(l-w-—iu) } '

Since h(r) is even, this gives

= o ) (2.5)
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where (see Y. Motohashi {14, eq. (2.12)])

R b I(s + iu) _ .. T(s+w)
h*(s) = /_w uh(u)m du_—/(o) wh(tw)m dw (2.6)

is regular for Res > 0, where [ «) means integration over the line Rew = a. If
h{r) is entire (cf. (1.6)), then in (2.6) the line of integration may be shifted to
Rew = C > 0. Thus h*(s) is seen to be regular for Res > —C, and since C may
be arbitrary, it follows that h*(s) is entire and of polynomial growth in |s| for o
in a fixed strip. In the case of (2.3) h*(s) is regular at least for Res > —3, and
we have h*(:{:%) = h*(:t%) = 0. For example, by using taking Re w = 2 in (2.6)
and using the functional equation sI'(s) = I'(s + 1) one obtains

I‘(—%+w) _ 1
FE+w) (w2-}w?-3)

Thus this cancels with the corresponding factor of h(iw), and h*(—3) = 0 follows
since h(r) is even. Likewise it follows that h*(n+ 1) =0 (n € N), hence PH(2w)
is indeed regular for Rew > —5/2, the first pole at w = —5/2 coming from the
zero of cos(mw) in the numerator in (2.5).

Page 9, in the formulation of Theorem 2 the numbering (27) is missing, and
the condition (contradicting Reu = Rev = -;-) Re p, Re v # %— should be p,v # % .

More importantly, Kuznetsov did not prove Theorem 2 (which yields the
spectral decomposition for the sum in (3.2), and is the basis of [12]) in [10] as he
claimed. The result was used there in his unsuccessful attempt to prove the eighth
moment for the Riemann zeta-function, namely

T
f lc(3 +it)P dt « T1og® T.
0

The same formula was also used in [11] in his failure to prove the Lindelof hy-
pothesis that ¢(§ + it) <, |t|*. A corrected version of the formula is due to Y.
Motohashi {13] in 1991, and recently this was updated and improved in {16]. Hence
due to Motohashi’s work {16] this important obstacle in dealing with the asymp-
totic evaluation of the sum in (2.1) has been removed but, unfortunately, this is
not the only shortcoming of {12] as will be clear from the sequel.

Page 10, 1. 8. Kuznetsov chooses s = v = p = p = I, which violates
the assumptions of Theorem 2, without mentioning that first one has to take
n= % +it,p = % +17 and then to take t,7 — 0. In (30), in the first line, 1 — 2s
should be 1 — 2p.

Page 14, in L. 10 (32) should be (38), in (44) 4° = 1012 is false.

Page 24, 1. -5,6 it should be shn/2 = .

Page 25. 1. 2,4 of (91), £ is repeatedly written in place of (. Formula (92)
is incorrect, detailed discussion will be given below in Section 4. In (93), on the
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right-hand side, Q is missing twice. In (94), in the exponent in the O-term, ve
should be replaced by €. In (95), dt should be dT', r*/2 should be K:;-/z. Line
below (91), £ should be (6).

Page 26, in (97) @ is missing once on both sides, ve should be €.

3. Formulas for products of three and four Hecke series

The essence to the approach of dealing with sums of H?(3) and H}(3) are the
transformation formulas for the sums

Za] (3 ho(x;) (3.1)

with ho(r) given by (1.6), and

Za, HON (3.2)

with h(r) given by (2.3). The notation in (3.2) corresponds to Motohashi {15],
while that of (2.3) is from Kuznetsov [12]. We shall adhere to this for practical
reasons, but of course it would have been possible to use hg(x;) instead of h(k;)
etc. To obtain transformation formulas for the weighted sums (this facilitates the
resolution of the problems involving analytic continuation) one starts from general
expressions, namely H;(u)H;(v)H;(}) in (3.1) and H;(u)H;(v)H;{w)H;(z) in
(3.2) in the region of absolute convergence. In the former one replaces H;(3) by
an approximate functional equation (e.g., {15, Lemma 3.9]) which reduces it to
suitable sums of t;(f)f~'/%2. The product of two Hecke series is transformed by
the use of the identity (in the region of absolute convergence; see {15, (3.2.7)|)

Hi(s)Hj(s —a) =((25s — a ZU“ in)n™* (oa(n) = Zd“),

which is the analytic equivalent of the multiplicativity of the arithmetic function
tj(n), namely (see e.g., [15, eq. (3.1.14)])

m)t;(n) = Et( - (3.3)

d{(m,n)

After this there is summation of t;(m)t;{(f) in both cases, which is effected by
applying the Kuznetsov trace formula (see [15, Theorem 2.4]). It is here that
delicate questions of analytic continuation arise. In {7} M. Jutila used a variation
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of this approach in proving (1.9). Namely he used ([14, pp. 266-267| or {15, Lemma
3.8]) Motohashi’s formula for

ZO‘J (3)t5(Nhlxy)  (fEN),

combined with his explicit expression for H 72(%) (see (9.2)).

We shall present now Motohashi’s explicit formula for sums of H?(3), needed
for the proof of Theorem 1. We have (see (3.1)) with A = Clog K (C > 0) (this
is (15, (3.5.18)], with the extraneous factor (1 — (x;/K)?)” omitted)

c(k,6) = Y Hexp(~(L) )lsimo)

J<3K
n (3.4)
=3 N AAUUEYH(S R + O(1),
v=0 [<3K
with (hg(r) is given by (1.6))
ho(r) = Ro(r) (1- (%)2) v=01,2..), (3.5)
ki
=Y "H.(f;h),
v=1
H; (f;h)=—2vf"3i{ (v = log2nV/N)(R)(3) + 1(B)" (1) } a4,
Halfih) =73 Fam)d(m+ NV (Fih) (dlm) = 301),
m=1 8in
Hy(f) =72 3 (m + 1) Fdm)d(m + ¥ (1 + TR, (3.6)
o
Ma(f;h) =n~ SZlm Yd(m)d(f - m)¥ (%h),

HS(f)h) (27!’3) lf !d(f)‘l, (1 h‘):
Ho(s; W) = —12n %o (1) 1K (),
roiim == [ KL o gy o

where (see (2.6))

Ut (z;h) = [ﬁ) I?(3 — s)tan(ws)h*(s)z° ds,
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and
h*(s)

8§
d
cos(ws) T oS

¥ @n = [ G-
(8)
with —3 < 8 < 1. In (3.4) N, is a sufficiently large integer and

— 1 2 qr—2, \w lﬁ}i’ 2
Uz) = Y /(L/\_q(&rr K™*1) u,,(w)F( )dw < (K2> log” K, (3.7)

where u,(w) is a polynomial in w of degree < 2N;, whose coefficients are
bounded. A prominent feature of Motohashi’s explicit expression for C(K,G)
is that it contains series and integrals with the classical divisor function d(n)
only, with no quantities from spectral theory. Therefore the problem of evaluating
C(K,G) is a problem of classical analytic number theory.

As for (3.2), we adopt the notation of [12], primarily since we intend to
correct Kuznetsov’s proof. As already stated, a correct and rigorous proof of
the spectral decomposition for (3.2) is given by Y. Motohashi {13] and [16]. The
formulation is technically complicated, and for the sake of brevity will not be
reproduced here.

4. The asymptotic formula for sums of H;‘(-;—)

We shall provide in fact two completely different proofs of Theorem 2. The first is
obtained by correcting and simplifying the proof given by N.V. Kuznetsov in {12].
The second approach consists of elaborating the method of M. Jutila (7], used in
the proof of the bound (1.9), which is one of the crucial ingredients in the proof
of Theorem 2. It will be outlined in Section 9.

We shall begin now with the proof of (1.11) of Theorem 2, correcting and
simplifying [12]. We remark first that one obtains (1.11) from

> a;H}(3)+0 (log T / " ¢ +it)® dt) = T?Ps(log T) + O(T*3+5). (4.1)

#i KT

Namely one has (e.g., see [3]) the bounds

T T
/0 1¢(3 +it)]* dt <« Tlog* T, /0 16(3 +it)|"2dt <« T?log " T.  (4.2)

Hence by the Cauchy-Schwarz inequality for integrals it follows from (4.2) that

T
/ 1¢(3 +it)[® dt < T*?10g®' /2 T, (4.3)
0
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which is still the sharpest known upper bound estimate for the integral in (4.3).
In {12] N.V. Kuznetsov assumed that the bound

T
/O IC(3 +it)]Pdt < Tlog®T (4.4)

holds for some C > 0. This is what he claimed to have proved in {10]. Although he
never officially withdrew the claim (the proof was faulty), this fact was mentioned
in the review in the Zentralblatt (Zbl.745.11040). The asymptotic formula (4.1)
shows clearly that one cannot attain the exponent 4/3 + £ in (4.1) unless it is
attained in (4.3). This, however, would be a big achievement in zeta-function
theory. '

The plan of the proof is as follows: from the fundamental formula for sums
of products of four of Hecke series (|12, Theorem 2| or (16, Theorem]) one obtains
first the formula

lf(z +ir)[®
;%H“( 5)h(k J)+ mh(r) dr
+ g(k) 3 ajeH (D)
k212,k=0(mod)2 1<i<vk (45)
= 3" o HE(A) (ho(ks) + €5Ra(x5)
izl

1 ( +ar
= / W[_z(ho(r)+h1(r))dr+R+O(Qlog6T).

—0a
Here h(r) is given by (2.3), the quantities in
> 9k D ankHi(3), (46)
k;lz,kEO(mod)z 1€ 7€V

which are associated with holomorphic cusp forms are precisely defined in [12] or
[15},
Q =T, (4.7)

g(k) = ! : / (k-3 + w)F (3 —w) sin(mw)(2w) dw

2m3 J Tk + 3 2 + w)
O)
ho(r) = % / L(w+ir)(w —ir)[*(3 ~ w) sin(2mw)(2w) dw, (4.8)

sin®(mw) + 1 -

hi(r) = 2—;-§£/F(w +ir)T(w — ir)[* (3 — w) cosh(nr) Y(2w) dw

(4)

cos(mw)
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where ¥ is given by (2.2) and & > 0 is a small constant. The choice of Q in
(4.7) seems optimal, and any improvements (namely Q =7 with o < 1/3) will
require the use of new methods. Actually, instead of (4.7) the correct choice of Q
is Q = CT'/® with some C > 0, since we shall integrate (4.5) over the interval
[Ty, 210}, so Q should ultimately depend on Ty and not on T'; e.g., one can take
Q= Tul/3 (this fact is not mentioned in [12]). The symbol R in (4.5) stands for
the residual (main) terms. This has been calculated by Kuznetsov in [12] to be
equal to

1024

6
2 akJJ(ﬁ“k)(l) +0(Qlog® T) (a0 = -1-5?)

k=0

It can be shown that the contribution of (4.6) is O(Qlog®T) (note that the sum
with o; xH},(3) is easily majorized; see [15]) and so is the contribution of g(k)
and hg in (14 5) (see (6.2) and (6.3)). What remains then is the basic formula

%ﬂﬂ%w(—(“’aﬂﬂ

3 ()

(4.9)

(4.10)
= Zamﬁ“‘""(l) +2_ o H} (i)
k=0 321
[ lcG+in® -
+ m h(r)dr + O(Qlog® T),

where ﬁ(r) is the oscillatory integral transform obtained by replacing sin®(mw)+1
in the definition of hi(r) (see (4.8)) by sin®(ww). The terms containing this
function will be small, while 1 will give rise to the main term T3P;(logT) in

(4.1).
In the relevant range one has (this follows from Kuznetsov's Lemma 4.7)

R(r) < Qr 2 exp(-CQ*r*T~2)  (C > 0). (4.11)

Hence by the non-negativity of the integral on the left-hand side of (4.10), (1.3)
and (4.11) it follows that

Seiten(~(257))

<QTg*T+Q > oH}I (4.12)
k; STQ-V1og T

& QT logb T + T3/2Q~1/210g"% T « T*/310g"®
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Observe that (4.12) is a sharpened variant, in view of (4.7), of (1.9), as it gives
(1.9) with the right-hand side replaced by K4/3log!® K. By using (4.3) and (4.11)
it follows that the integral on the right-hand side of (4.5) is <« T'**. Also note
that we have (Q = T1/3)

> IC(%+':T)[8 r—T\? /3116
/0 IC(L + 2in)2 P ‘(“—‘Q ) dr < T**1og™ T, (4.13)

which can be easily obtained from the mean square bounds for ¢( % + it) over short

intervals (see (3, Chapter 15]) and the classical bound ((} + it) < [t]*/¢. One also
has to use e.g. the standard bound

m < loglt]. (4.14)

After these considerations it remains to integrate the basic formula (4.10)
over T from Ty to 2Ty and then to replace Ty by To2 7, and sum the resulting
expressions for 7 > 1. This will lead to (4.1). The technical details are given in
the next section, as well as the calculation of the main term.

We have restrained ourselves from analyzing the difficult lemmas of [12,
Section 4], especially of the Lemma 4.7 which claims an asymptotic formula for the
crucial function E(T) appearing in (4.10). The function k1(r) in [12, Lemma 3.2}
is first transformed into a complicated expression involving the hypergeometric
function. This is said to follow from the use of Parseval’s formula for Mellin
transforms. The author was unable to follow the proof of Lemma 4.7, which
claims an asymptotic expansion of k(r). However, this asymptotic expansion
will be proved, in Section 6, by a method which is different and simpler than
Kuznetsov's.

5. Integration of the basic formula and the main term

We shall deal first with the main term in (1.11). One way to obtain this expression
is to go through Kuznetsov's paper [12]. Therein he claimed (eq. (92) on p. 25)
that

Pi™(1) = \%_TQT log™ T - (1 +0 (%)) (m=0,1,2,--1), (5.1)

where v is defined by (2.2). On the right-hand side of (4.10) there appears

6
2w P,
k=0
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which will give rise to the main term K2P;(log K ) in (2.1). Hence we have to
evaluate explicitly 1,1)("")(1) for m=20,---,6

The case m = 0. From (2.2) we have, on using (2.4) and recalling that h(r)
is given by (2.3),

H(1) = _72? /°° T3 + iw)T(} — iu)uh(u) sinh (ru) du
0
©  uh _ 00
B 2/0 ;in—:(%ggi_u) sinh (7u) du = 2/0 uh(u) tanh (mu) du
T+Qlog T ) .
- 2/ exp(—(u ~ T)ZQ_Z)uh(u) tanh (7u) du + O(e” 2 log T),
T—-QlogT

where

h(r) =1+ 0(r™%).
Change of variable u = T + Qz gives then

log T
1)—2Q/1g'r T+Q:L')tanh1r(T+Q:z:)d:c+O( )
o8 (5.2)

= 2Q(v7T(1+ O(1/T)) + O(Q)) = 2v/7QT (1 +0 (%)) ,

The case m 2 1. We need the formula (see e.g., [4, p. 272])

k
[®s) = E bik(s)log? s+ co1ps™ +- o1 T+ O(Is] TN (5.3)
['(s) s ’ - "

for fixed integers k > 1, r > 0, where each of the functions bj;x(s) (~ b;x for a
suitable constant b;x as s — o0) has an asymptotic expansion in non-positive
powers of 5. As in the case m = 0 the main contribution to $(™ (2w) will come

from an interval of length « QlogT, when w lies in a neighbourhood of 3.
Namely we have

T+Qlog T
T-GQlog T

1
+O(e” 38T,

—— (22T(w + iu)[(w — iu)) uh(u)sinh (7u) du

To calculate the derivatives in the above integral we apply Leibniz’s rule. We have
to evaluate (r =0,1,---,m)

, u=T+O0(QlogT).

—I(w + iu)r‘(w — iu)
dwT 1
w=§
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By using (5.2), (5.3) and (2.4) it is seen that this expression equals

Lo

> (;)W)(% + )LD (L —du)

=0

— -1 T
= —_-—cosh ) (Z derlog"u+ O log T))

with suitable constants dy,. Proceeding as in the case m = 0, we obtain

m

$™(1) = QT (Z ¢jmlog™ T + Om(QT ' log™ T)) (m € N) (5.4)

F=0

with suitable constants ¢; ,», which may be explicitly evaluated (cm,m = 227™/T).
From (5.2) and (5.4) we see that Kuznetsov’s claim (5.1) is incorrect.

Now we integrate (4.10) over T from Ty to 2T, taking Q = Tgla (cf. (3.7)),
which clearly may be done. We have first

3 ayHE )/mexp( “’QT)Z) dT

521

= > 01H§(%)LjTo exp (—(K"(;T)z) dT + o(1).

To—Qlog To éKaj £2To+Q log Ta

By change of variable and (4.12) (or (1.9)) the sum on the right-hand side equals

(2To—r35)/Q
Q Z aJ-H;(-;—) e_:':z dz

To—Qlog To<x;<2To+Qlog To (To—r5)/Q

(To-r)/Q
= O(QzTOH'E) +Q Z a,-HJ‘f"(-lz—)/ e T dx

To+Qlog To x5 2o —Qlog To (To—x;)/Q
__l] 2
= 0(Q*Ty**) + v7Q 3 o Hf(3) +O(e" 28 T)
To+Qlog To<s;€2Ta ~Qlog To

=vIQ Y. oHI(3)+ O(Q T ).

To <Nj <2Tﬂ

(5.5)

In a similar fashion, by using (4.3) and (4.13), it follows that

2To lC(l +1T)]8 T——T 2
/ f l<1+2zrizexp(_( Q ))'MT
Al AT e

2T,
< Qlog? Ty / K(% +ir)Bdr + Q3T « QTS/Z logzs/z To.
Ts

dr + O(Q*T***) (5.6)
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To bound the second sum on the right-hand side of (4.10) we use Lemma 4.7
of [12], or the discussion on hy(r) in Section 6. We need especially the terms
(T - r)log(T — r) — (T + r)log(T + r) in (6.10), in conjunction with the first
derivative test (Lemma 2.1 of {3]) and (1.3). The derivative in question is > /T,
and we shall obtain (%(nj) = TL(K]', T))

3 oy HA() ] R(xj, T) dT

321

4 ~3/2 Q?*«?
< ZajHj (3)QTox; " exp | - 4T2] +1
0

i

(5.7)

«Qh Y oHIG)K 41
£ KToQ logT
< QTS
Finally from (5.2) and (5.4) we have

/ Zak«p(ﬁ ¥)(1)dT
T

k_
2T, 6 6k 4
-Q TY ar ) ejmlog™ TdT + O(QT5 ) (5.8)
To k=0  j=0

6 2T
=QT*Y flogT|  +0(QTF™).

k=0

To

with effectively computable constants e;m and fi. Therefore (4.1) will follow
from (5.5)—(5.8) when we divide by Q, replace Tp by Tp2~7 and sum over j.

6. The estimates for the oscillatory terms

In this section we shall complete the proof of Theorem 2 by estimating the os-
cillatory functions defined by (4.8). We shall use the function h*(s), defined by
(2.5)—(2.6) to simplify the functions in (4.8). We obtain

Ck—1+w
g(k):ﬂ—g-( /) 22‘"“m§—1'_;_;r4(% — w)tan(rw)h* (w)dw (k > 12),
L]

ho(r)= f22‘"+1F(w +ir)[(w — ir)[*(3 — w) sin(rw)h* (w) dw, (6.1)
(¥
sin?(mw) + 1

os(mw) h*(w) dw,

hy (r)— 22(w + ir)[(w — ir)["*(3 — w) cosh(nr)
(5)
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where 4 > 0 is a small constant, and we may assume r > 0, since both hg and
h, are even. From s['(s) = ['(s + 1) and Stirling’s formula it follows that

Lk — £ +iv) s '
— & kT 12<k € .
FkT ST < (12 < k < ko)
In the integral for g(k) we shift the line of integration to Rew = -2, taking
Rew = 2+ ¢ as the line of integration in (2.6). Using Stirling’s formula and the
above hound we obtain

g(k) « QT "/?k75, (6.2)

and this bound can be further sharpened. Moreover directly from (6.1) we have
ho(r) € Qe™™. (6.3)

From (6.2) and (6.3) it is easily seen that the expressmns in (4.5) containing the
functions g(k) and ho(r) contribute O(Qlog®T). It remains to deal with the
contribution of khy(r). Since h*(w) is entire (to be rigorous, one has either to
work with h defined by (1.6), or replace the constant 626 in (2.3) by a larger
constant), it transpires from (6.1) that in the expression for h;(r) the poles of the
integrand are at w = %—n (n=3,4,5..)andat w =mztir (m=0,-1,-2,..).
The former ones are harmless and could be avoided by inserting factors 24+ n2 4 %
in the numerator and denominator of g(z) in (2.3). We shift the line of integration
in the expression for hi(r) to Rew = — N, letting eventually NV — oo0. The main
contribution will then come from the poles at w = %ir (these contributions are
evaluated analogously), since the residues at other poles are evaluated similarly,
only they will be of a lower order of magnitude. The residue at w = ~ir will be

< |D(2ir)|e®™ |0 (3 + ir) [ |h* (—ir)] <« e ™ r 72 |R* (—ir)] (6.4)
with r )
o N —ir 4+ iz
h*(—ir) = Lmz=—€zh( )_(1+zr+zz) dz,

where h* is given by (2.6). Since g(z) = 1+ O(|z|™*), it is seen that h*(—ir) is
majorized by two similar expressions, one of which is (z = T + Qy — i¢)

‘/ T+Qy V22 y LT - ir +iQy + €) (65)
T 108 .

+r+Qy CET +ir +1iQy + €)

where we used s['(s) = ['(s+1). For |y| = log(rT) the portion of the above integral
is negligible, as is also the portion for r > T + T*Qy, by Stirling’s formula. Also
note that |T+r+ Qy|—|T —r+ Qy| < 2r, so that the exponential function coming
from ™™ in (6.4) and the gamma factors will have a non-positive exponent. If

T-TQ<r<T+T°Q (6.6)
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holds, then from (2.2) and (4.8) we have

hi(r) < r—1/2g=7r

/L[‘(-—ir —1z)['(—ir + iz)zh(z) sinh(nz) dz| (6.7)

where L is the real line with small indentations above and below the points z = —r
and z = r, respectively. It follows (by Stirling’s formula) that the right-hand side
of (6.7) is of exponential decay if (6.6) holds. Hence we are left with the most
interesting range, namely

l«r<T -T%Q. (6.8)
Recall that the gamma-function admits an asymptotic expansion, for t 2> g > 0,
whose first two terms are
C(o +it) = V2rt~ "% exp{—-lrrt +i(tlogt —t+ 3m(o — 3))}-
(14 %it"l(a o? - -) + 0, (t'z))

The quotient of gamma factors in (6.5) thus equals

1 |
1 T—r+ NI
(1+o) (L) Perentiomnu, 69

where the term O(1/T") admits an asymptotic expansion, and by Taylor’s formula
we obtain

W(Tz r,Q, y)
=2r+ (T —r)log(T —r) = (T +r)log(T +7)

“2u(5 5 () 5 () )
(:r?y)2 +(T -7+ Qy) ( ((Qy)rz)2 * l(:(rQij :3 i )

_(Qy)? Q) 1 (Qy)?
Tar +(T +r +Qy)< YRR v )

(6.10)

By (6.8) we have Q|y|/(T £r) < T~ %¢ for |y| < logT, so that we may truncate
the contribution of the last two series ahove in such a way that the tails will make
a negligible contribution. The remaining terms are inserted in

/log e~ ¥ 242i=Q” yF(1T-T+le+£) dy_fw+o(e“%log2T)
~logT LT+ r+1Qy + ) '

-0

where the term in (6.9) with the exponent ¢ — .-1— is again simplified by Taylor’s
formula. The integrals with the remaining terms are evaluated by using the formula

/ yelV ¥ dy — Pi(A)ett”  (j=0,1,2,..., Py(4) = V7),
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where Pj(z) is a polynomial in z of degree j, which may be explicitly evaluated
by successive differentiation of the classic formula

o0
[ eV dy = /reth,

~ 00
considered as a function of A. The major contribution will come from the term

r 1lysr\3 1 ,/7r\5

ooy (L 4= (_ = (_
Qy(T+3 ) +3(7) + )

in ¢(T,r,Q,y), hence the total contribution will be, in view of (6.9),

C 212
< e ™ r 12| h* (—ir)] « Qr/ % exp (- }2Q ) (C>0).

The analogous bound follows for the residue at w = ir. In fact, it follows that
by the above procedure we obtain not only an upper bound, but an asymptotic
expansion of the hy(r) in the range (6.8). This proves then the key bound (4.11),
establishes (5.7), and completes the proof of Theorem 2.

7. The asymptotic formula for sums of Hf(%)

We shall present now the proof of the asymptotic formula (1.10) of Theorem 1.
We start from (3.4)—(3.6), restricting ourselves as to the range

K° <G <K?i™® (7.1)

and follow the approach developed in [5]. It is seen that it is the term ¥ =0 in
(3.4) whose contributions should be considered, because the bound for the v-th
term will be essentially the same as the bound for the term v = 0, only it will
be multiplied by (G/K)¥. We note that the factors exp(—(f/K)*) and U, (fK)

in (2.1) can be conveniently removed by partial summation. Next we follow the
analysis carried out in [15, pp. 120 and 128-129] to show that the contribution of
v=23,56 in (3.4) to (2.1) will be small. Indeed, we have

Ha(fiho) < e CE K (C > 0)

and

Hs(fiho) < d(f)f 72, Ha(fiho) < o-1()f/K.

The contribution of Hy(f;h,) was shown in [5] to be « GK*%. To estimate the
contribution of H~(f; ho) we note (see [3, Chapter 1)) that

Zﬂzir(")"-i'ﬁ ={(s—ir){(s+ir) (r €R, Res>1).
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Consequently by the Perron inversion formula (see e.g., (3, p. 486])

> ou(N)fTTTT & K#ITT (K < |r] < K), (7.2)
[<3K

where as usual the Lindelsf function u(o) is given by

L log [((a +4t)|
ulo) = limoup =5

Instead of using directly (7.2) it is more expedient to use the main contribution
to the left-hand side of (7.2), which is

1 e+iU ds
— s+ 3 —ir)l(s+1+inK— (K*<U<K'™),
2m Jo U s

and obtain a contribution which is, by the residue theorem,

e+iU C( + “.)l4 . : ) i d
fs [ B 12+ P Wr)C(s+ 3 —ir¢(s + 1 +in)K _Sf dr

—3U
163 +in)l® r)l“ Tetil oo (7.3)
f ICQ+ zimyp )4 +/E w /_w”'dm
= J1 + J3,

say. After evaluating (3.1), we shall integrate it over K from Ky to 2Kj, similarly
as was done in Section 5. The integral J; in (7.3) is the analogue of the integral

on the left-hand side of (4.5). Its total contribution will be O(GK33/4 log®/* Ky),
since (4.14) holds and we use the best known estimate

T
/0 0L +i6)[5 dt < TS/*10g™/ T, (7.4)

which follows by Holder’s inequality from (4.2). The contribution coming from
J2 will be analogous. Namely note that the relevant range of r in Hz(f; ho) is
|r£ K| < Glog K, hence it follows from (7.3) and the argument given below that
the total contribution of H(f; ho) to the integrated version of (3.1) is

< K**GU—Y(G + K% + GK 4 10g® /4 K,

plus a quantity which is

&« / {/ZKO -/»00 K% exp(—(r - K)2G'2) log? Kox
- 00

IC(3 +ir) (3 —e+iu—ir)(3 —e+iu+ir)[drdK}

N (7.5)

1+ |u}
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We shal] take the maximum over u in the integral in (7.5) and then integrate;
this will account for a loss of a log-factor in the final bound. The integral in curly
brackets resembles the one in (5.6), only it has six and not eight zeta values, since
now we are dealing with Hjs(%) and not with H;(%) . It equals O(exp(—clog® Ko))

plus

2Kt]+GlOgKg
/ IC(3 +in)*|¢(5 — e+ iu—ir){(3 — e + fu+ ir)|x
Ko—Glog Ky

2Ky
/ exp (—(r — K)?G™?) dK dr

Ky
2Ka—Glog Ko KQ+GI()S Kg 2Kq+Glog Ku
- / + / +/ o dr
Ko+Glog Ka Ky—~Glog Ky 2K,—-Glog Ky
=5 +I+ I3,

say. The integrals I, and I3 are estimated similarly. By Holder’s inequality for
integrals we have

b b b
12<<G(/1<(.;.+ir)[ﬁdr)*(/]g(%_eﬁum)ﬁdr)“(/lg(%-eﬁu-irnﬁdr)‘

with ¢ = Ko — GlogKg, b = Ko + Glog Ko. Therefore we have to estimate

the integral of [((3 +it)|% over a short interval. By using the trivial estimate

for |¢(3 +it)|* and the asymptotic formula for the integral of {((3 +it)|* ([4,
Chapter 5]) it follows that

1
2 -
L+ « GKXPY (@ 4 K213, (7.6)

There remains (on this occasion we fix €)

2Ku~G log Kq
II:Gf K3 +in*C(3 — e +iu—ir)C(2 — e +iu+ir)|x

Ka+GlOg Kg
(2Ko—+)/G
x/ e * dz - dr
(Kg—7)/G
2Ky—Glog Ky
- 6 | (4Ic1cl dr + Ofexp(~clog? Ko)
Ko+G lOgKn

2K, 2/3 2K, 1/6
<G (/ K(%— +ir)|® dr) (] [C(% —&+iu+ir)l® dr) X
Ky Ko
2K, 1/6
x (/ K(G —&+iu—ir)® dr)
Ky

-3
< GK: 108374 K,
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on using the functional equation for {(s) for the factors with ” —£” and the bound

(7.4). The gain of £ and one log-factor is more than compensated by K3 *log? K,

in (7.5). We choose now U = K;/Z—E and note that p(%) <1/6 and G € Kg/z-e.

It follows from (7.6) and the last bound that the total contribution of H»(f; ho)
to the integrated version of (3.1) is

& GKY* 108> Ko. (1.7)

It remains to deal yet with the contribution of Ha(f;ha) and H;(f; ho), which
will produce the main term. We have that the latter contributes

4n~2K°G {C(K, G) +C3(K,G)} + O(K'**G?), (7.8)
where

CH(K,G) = f72d(f)(log K + v — log(2m/f) exp(—(f/K)*),

fz1
C3(K,G) == f'd(f)(log K + v — log(2n/f)Un(fK),
21 .
and the function Up is given by (3.7). As in [15] we note that C}(K, G) equals

1

Yy ((log K+ —-log(2e))C2(w+ 1) + ¢’ (w + 1)¢(w + 1)) K¥T'(w/A) dw,
miA (1)

and likewise C5(K,G) can be represented by a similar type of integral. The line
of integration is shifted to Rew = —~1, where the integrand is regular. There is a
pole of order three at w = 0, hence by the residue theorem and Stirling’s formula
for I'(s) we obtain

3
C1(K,G) =) A;log’ K + O(K*™),

§=0

(7.9)
3 .
C3(K,G) =Y _ Bjlog’ K + O(K*™Y),
j=0
with A3 = B3 =1/3. The O-term in (7.8) comes from the fact (see the definition
of Hy(f;h) in (3.6)) that we have
(ho)'(3) = 2ir*?K3G + O(K G®),
(ho)”(}) = 8ir* 2 K3G log K + O(KG® log K).
From (7.3)—(7.9) we obtain (G = G (Ko) (< K3/*7*) will be suitably chosen
a little later; see (8.9))

2K,

2K B
/ C(K,C)dK = GK*Py(log K)

Ky (7.10)

Ko
+ O(GK33/4 log37/4 Ko) + O(G3K02+E),
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where P is another cubic polynomial, this time with leading coefficient 2/(373/2),
Here we have assumed that the total contribution of H2(f;h) can be absorbed in

the error terms in (7.10), which will be shown in Section 8 with suitable G.

On the other hand, applying (1.7) in the form

3 eiH ()< K'"H (1< H<K)
K<rx;<K+H

and using the method of proof of Section 5, it is seen that

2Ky
/ C(K,G)dK
Ko

2K,
_.Zasz( )/ (3 + 1) exp(—(x; — K)’G %) dK + o(1)
21
=VrG Y oHi(3)K] + O(K§tGP).

Kogr;<2K,

Therefore we obtain from (7.10) and (7.11)

301y,.2
Z ajHj (E)K.J
Kogx; €2K
2Kg

2
= K% (Wlog3K+azlog2K+a1 logK+ao>

Kg
+ O(K2* 10g®"/4 Ko) + O(GK3Te)

(7.11)

(7.12)

plus the contribution of H3(f; k). We apply partial summation (to get rid of n?),
replace Ko by K277, and sum over j. The O-terms will be absorbed in the

O-term of Theorem 1 if G = K§ with any 0 < @ < 1/4.

8. The contribution of H2(f;h)

To complete the proof of Theorem 1 it remains to show that the total contribution
of Ha(f;h) is absorbed in the O-terms in (7.12) with suitable G. We follow, as
before, the proof given in {5]. We use the observation made in [7] which states

that the relevant sum to be estimated is, after integration over {Kjy, 2Ko],

GKY* S £ 3 (m/)V4d(m)d(m + f)x

F<3Ko mgfG-2log? K

I S

(8.1)
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Note that (8.1) corresponds to (3.1) of [5] with the- additional factor (m/f)/4,
namely to (16) of [7]. As in (3.2) of [5] we replace m + f by n and consider
subsums of the sum in (8.1) where m ~ M (meaning M < m < 2M), n~ N,
If we get rid of the last two factors in (8.1) by partial summation and Taylor’s
formula, respectively, we are left with the sum

G’K(‘:'/2 Z d(n)n"1/4 Z d(m)m =34 exp(iF(m, n)),

n~N m~M

F(m,n) = —2Kplog (\/n’_"m + \/nfm),

and we have, with effectively computable constants b,,

1og<\/n’_”m+\/n_’_‘m) Zb( )’/2 (8.3)

g=1

(8.2)

As in [5, eq. (3.4)], we have the conditions
K< G < KM%, MG?log? Ky < N < K. (8.4)

By applying the Cauchy-Schwarz inequality we see that the sum in (8.2) is

1/2 2\ 1/2
< (Z dz(n)n'l/z) Y1 S dm)ym™3/* exp(iF(m, n))
i~ N n~N |m~M
1/4).,2 1/2
< N'Y2log? NY T,
where we have set
2
Z = Z Z d(m)m~3/% exp(iF(m,n))
n~N |m~M
= Y d¥m)ym~*20(N)
m~M
+ Z d(m1)d(mz)(mymy) ™34 Z exp(iF(my,n) — iF(ma,n))
mi#mag neN

K NM=2 g 32 %"

my#ma

Z exp(iF(m1,n) —iF(mg,n))|.
n~N

The effect of this procedure is that the exponential sum over n does not contain the
divisor function, and consequently can be estimated by the technique of exponent
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pairs (see e.g., |3, Chapter 2]). Note that by (8.3) we have (in the relevant range
for m,n)

d
5 (F(m1,n) = F(ma,n)) < |mq — ma| KoM ™Y2N3/2,

Thus if (k,A) is an exponent pair, then we have

N3/2p1/2 KoM1/2\"
e-1/2 £—~3/2 0 A
ST« NME2 4 e YT ( +( i ) N

my#my lml B szKO

< NM= V2 4 Na/ng—l + M%‘*?KSN""%“,
Hence in view of (8.4) the expression in (8.2) is bounded by
GR* (NiM~E 1 NEG + KE M EN i)
< GKETNIM~t 4 GK3** 1 GK S T MEING
< GKET NIM~Y + GK3** + GKET KE(NG-Y)ENY
< GKEF NIM~} + GK3* + GKf TGt

(8.5)

with (x,2) = (3, 3). The bound in (8.5) will be used for large M. For small M
we shall transform the sum

S(N) = Z @(n)d(n)n~Y* exp(i F(m,n))

iINKng<EN

by Voronoi’s summation formula (see e.g., [3, Chapter 3]), treating the real and
imaginary part separately. Here ¢(z) > 0 is a smooth function supported in
[N, 2N] such that it equals unity in [N, 2N] and ¢ (z) <, N7 (r =0,1,...).
Then we have

N
S(N)= fLN (log = + 27)x "4 p(z) exp(i F(m, z)) dz

o] EN (86)
2 ~1/4 .
+ 3 [ p@)a a(ne) exp(iF (m, o) bz
n=] %N
where a(nr) admits an asymptotic expansion whose first term is
—2Y/2(gn)~Y4sin(4ry/nz — 7/4).
By the first derivative test the first integral in (8.6) is

N%/%log N
L —7,
M1/2K,
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hence it contributes to (8.2)
< GK3ANS/4M~1/410g? Ko = GK}Y*1og® Ko.

Further consider the main contribution of the terms in (8.6), which is a multiple
of

iN o0 1,

2 2

A ., p(z)o ™ P04 exp | dmiy/nz £iKo Y b; (%)2 dz.  (8.7)
2 =1

The case of the “minus” sign is less difficult, and in the case of the “plus” sign, let
o0 m é’j
f@) = f(z; m,n, Ko) = 4nv/nz + Ko Z;bj (;) ,
j.:

so that

of 1/2,-3/2-1
3z = 2m ——KOZ sjbym? cx™I

If n > CKZMN~? with sufficiently large C > 0, then gé =< /2. Therefore the
above integral hecomes, on integrating by parts,

N [ o(x)e-12\
in_l/"_LN (ﬂ—)gl—) exp(if(z)) dz.

But as

w(z)z=1/? , < 1
%ﬁ vnzN’
it follows by repeated integration by parts that the contribution of n > CKZMN 2

is negligible. If n < CKZMN 2, then the exponentlal integral in question may
have a saddle point zp, namely the solution of —L = 0. Hence

1/ Ko Z Jb '1'77«‘7/2 ~3/2 —1

giving (since by = 1)

and 7o € [N, 5N] for n x KIMN~?. By the saddle point method (see [3,
Chapter 2|) the main contribution comes from the saddle point and is
orf |™V% /1 [aNTY?
i S N3/4,-1/4
< (N N) < n

<522

=T
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Thus the integral in (8.7) is <« N1/4n~!/2, and consequently the sum in (8.6) is

< N4 Z d(n)n-l/z & KoMY2N~3/40g Ko,
nSCKIMN-2

and the total contribution is therefore
< GK M *1og? Ko+ GKI* M3AN—3/410g? K. (8.8)

Hence for M > N3/%2/K, we use (8.5) and otherwise we apply (8.8); if N < K§/3
then N3/2/K, < 1, but then we can simply use (8.5). We obtain, in view of (7.11)
and (7.12) and the discussion thereafter, that the total contribution of the error
terms in Theorem 1 will be

& K§/4 log37/4 Ky + GK&+‘ + KS/HEG—3/4 &« Kg/"‘ log37/4 Ko

for
G=K". (8.9)

This completes the proof of Theorem 1. Note that, apart from the contribution of
the integral with six zeta values (cf. (7.3)), the remaining terms are of the order
Kg/ ™€ with the choice G = Ké/ ’ , and more refined exponential sum techniques
could yield even smaller values of G. From (7.12) it follows that the leading
coefficient of P3(z) in (1.10) is 4/(372).

9. Another proof of Theorem 2

We shall sketch now another proof of Theorem 2 (cf. (4.1)), namely

K
> oHiL +O (log2 K/O I¢(3 +it))® dt)

ki< K

(9.1)

= K?P;(log K) + O(K*/3+%).

The argument is based on M. Jutila’s proof [7] of (1.9), and will be outlined below.
Similarly as in the proof of Theorem 1, it is the contribution of Hz(f; h) (see (3.6))
that is the essential one. To introduce HZ(3) in Motohashi’s transformation
formula for sums of H?(3) (|15, Lemma 3.8]) and obtain the formula for sums of
H?(3), one uses [7, Lemma 1]. This formula says that

Hi() = Y tj(m)t;(n)(mn) /% exp(—(mn/K?)*)
mn<3K?

— 3 tj(m)t;(n)(mn) V2R (mnK?) + O(1),
mn<3K?

(9.2)
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for |k; — K| < Glog K with log? K < G < K' ¢ for 0 < § <1, A = ClogK
with sufficiently large C > 0. The function R; in (9.2) comes from the squaring
of the functional equation for H;(3 + w), namely

1 ~a"14ia2
Ri(z) = =iy / o (167*2) T2 (1 — w+ ik P2 (L — w —ikj)x

x (cosh(mk;) + sin(nw))?L (w/\) dw.

In the context of [7] the error term O(1) in (9.2) suffices, but similarly to [15,
Lemma 3.9] this error term can be considerably sharpened. The main term (i.e.,
K?Ps(log K) in (9.1)) is derived analogously as was done in the proof of Theorem
1; it is obtained in terms of the expressions resembling the functions C; (1=1,2)
in (7.8), only in this case they will be somewhat more complicated. Namely to
obtain the asymptotic formula for the sum

> i H}(3)ho(s;) (9.3)
=1

with hg given by (1.6), we use the Mellin relation

A -z
—z*) = L(z/A d A>0
() = g [ TE/erd @250
in conjunction with (9.2) and [15, Lemmma 3.8]. We use the identity (3.3) to
transform the product of two ¢;-functions into one, and extend summation over all
values of m, n, producing a negligible error. Then we obtain two divisor functions,
and we use the classical identity

Z:dz('n)'n“‘g = g(;s)) (Res > 1).

It follows that, similarly to the case of Theorem 1, the main term for (9.3) will be
of the form
4n—*K3G(Di (K, G) + D3 (K, G)),

where D} (K, G) comes from the first sum on the right-hand side of (9.2). We have
(7 is Euler’s constant)

. 1 fw+1)

Di(K,G) = 5— /( 1){(logK +y- log(Zﬂ))m 0
L(¢w+1)Y v |
3(Caura) 10w+ DR TG/ d,

and analogously D3(K, G) comes from the second sum on the right-hand side of
(9.2). The integrand in (9.4) has a pole of order six at w = 0. We shift the line of
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integration to Re w = —1, developing the integrand into power series to calculate
the residue. The coefficient of log? K is found to be 4/(1572), and clearly the
coefficients of lower powers of the logarithm can be also evaluated explicitly. This
is the analogue of As = 1/3 in (7.9). The coefficient of log® K coming from
D;(K, G) will be the same. Proceeding as was done in Section 7, we see then that
the leading coefficient of Ps(x) in (1.11) is 16/(157%), as claimed.

We continue now the second proof of Theorem 2. From the discussion above
it is seen that the relevant sum to be estimated (this corresponds to [7, eq. (16)])
is, up to a constant factor,

GK®? 3 v 35 mTMAd(m)d(m + )

f&K?2 mEfG-2log? K

I )
()

where v is a smooth weight function supported in [F, 2F] with F <« K¢, and
Ko € K € 2Kg. A new ingredient is the last log-factor (coming from integration),
which is of the order « +/ f/m. Consider now the sum over f < F and m < M.
Then, by the above remarks, the final estimate in [7], namely

& GKE(F_I/zKMl/Z)S/Z,

should be modified by cancelling the factor G and multiplying by +/F/M . There-
fore the contribution coming from M2 (f;h) will be

< K3/2+£(M/F)1/4 < Kg/3+5,
since M/F <« G~2log*> Ky and G = K;la (< Q of Section 4). This finishes the

discussion concerning the second proof of Theorem 2.

10. The first moment of H;(3)

As promised in the Introduction, we shall say a few words at the end on the sum

> aiH;(2). (10.1)

K‘J'ST

In conjunction with the conjecture (1.12) I expect the sum in (10.1) to be equal
to

AT? + O(Tlog®T) (A= =), (10.2)
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where the error term in (10.2) comes from the integral with |(3 +it)|® in (1.12),
and the value of A is provided by Random matrix theory (see the discussion at
the end of Section 1). However obtaining (10.2) is rather difficult. Namely, simple
specialization (simplification) of the procedure used by Y. Motchashi [14] for sums
of H?(3) does not work directly. In any case it can be shown that

T?(logT)"* < Y a;H;j(}) « T?(log T)'/2. (10.3)
x; <T

The upper bound in (10.3) follows from the Cauchy-Schwarz inequality and (1.2).
To derive the lower bound, let

S(T):= Y a;H;(}).
T<R; 2T
For a given V > 0 we have (since H;(3) > 0)
ST 2V > aj,
TR <2T,H;(3)2V

and we obtain

T?logT <« Z O!JHZ Z Z

TEx,;<2T
SK;S HJ(2)2V HJ(2)<V
1/2
S T e ¥ oemw] v T o
TSR 2T Hi (5)pv TSusAT TEx;<2T

< (V71S(T)T?10g® T)'? + T2V,
Here we used the best possible bounds (cf. [4, eq. (5.48)] and (1.11))
Y o<1 Y oHNE) < T?logT.
k; &T ki ST
The choice V = 84/logT for sufficiently small § > 0 yields then
T*log’? T <« V-1S(T)T?10g® T,
giving the lower bound in (10.3).

One way to tackle the sum in (10.1) is to take n = 1 in Kuznetsov’s trace
formula ([14, eq. (2.5)]) and multiply by m™ to obtain

Zh%umm “h(k;)

- _l = Foir (N m—u-ir h(r)
N wlwz“ ) i+ 2 (1049

+Zm 18 (m, —1; 0 (47r\/—)
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where S(m,n; £) is the Kloosterman sum, h(r) is given by (2.3), while with h*(s)
given by (2.6) we set

w(z) = = %)——zsh*(s) ds  (=3/2<a<3/2). (10.5)

(a) cos(ms)

We proceed now, assuming that ®ex > 2 and a@ = —2/3 in (10.5). Using
the trivial bound |S(m, —1;£)} < £, we note that summation over m in (10.4)
yields, by absolute convergence,

> 1 [ . . h(r)
;EjajHj(u)h(ij) + :l: ‘/—OOC(‘U. + 'lT)C(U — ‘Lr)m dr

— - —1 - ~1 . \/f-ﬁ
—Zm Zl S(m,—1,£)¢(47r7).

me=] E==1

(10.6)

By deforming suitably the contour and applying the residue theorem, we see that
the integrated term admits analytic continuation to the region Reu < 1 which is
of the form

Lo k) Ai(u = 1)
2 [ St it i g )

Since H;(3) = 0 if £; = ~1 and h(%1i) = 0, (10.6) reduces to (compare with
(1.12) when k = 1)

]X—;aj 3 (3)h(k;) + = L /_m !C(%+ir)fzm%~igdr=L(%), (10.7)

where L(u) is the analytic continuation of the function

- —u - -1 . ﬁ
SomY e S(m, ~L Oyp(4r¥=)  (Reu > 2). (10.8)

m=1 E=1

One can try to transform the expression for L(u) by using the propertles of the
Kloosterman-Selberg zeta-function

Zmon(8) = (2my/mn)?1 iS(m,n;e)rz’-‘ (Res > 1).

£=1

Namely one has the spectral decomposition (see {4, egs. (5.65)—(5.68)] of Z,,; n(s).
This can be used in (10.8), and one expects that the main contribution will come
from the discrete spectrum (i.e. [4, (5.66)]). However this will lead eventually to
the same type of sum as the one we started from.
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One can follow the approach of [14] and write (-3/2 < a < ~1/4)

L(u) =72 if‘lP(u; f),

P(u;£) = (2m/€)~ 2% h'(s) Q(s; u, £) ds,
(@) cos(7s)
Qs;u,l) = Z m~ ¥ *S(m, -1;¢) (10.9)

= Z e(—a/f)E(u+ s;e(a/f)),

(a,£)=1,ad=1(mod¥)

where E is the Lerch zeta-function (1 < h < k, k 22, bk € N, e(2) = e2™%)

E (s; e (%)) = i e (%’1) m = ji;e (%) k™*¢(s, %);

m=1

initially defined for Res > 1. It can be expressed in terms of the Hurwitz zeta-
function, defined for 0 < a < 1,0 > 1 by {(s,a) = 322 /(n+a)~*. Since {(s, {)
has a only the simple pole at s = 1 with residue 1, it follows that E is entire, and
satisfies the functional equation

10

I'(l-s)

y b » b (10.10)
= o {e?‘”’C(l — 8 )+ eI -5 1 - ;)} :

This means that the second expression in (10.9) provides the analytic continuation
of Q(s;u, £) as an entire function of both u and s, of polynomial growth in |u|+/|s}.

This, however, differs from Motohashi’s situation [14], where he obtained the
Estermann zeta-function D, represented in the region of absolute convergence by
the series

D(s,€; e(b/e)) = Zn oc(n)e(nb/e) (1 <b< £ bLeN).

n=1

This function has two simple poles (at s = 1 and 1+ £) which are (in part)
responsible for the main term (2.34); in [14]. But we do not have such a term
here! What we get is simply, since F is entire,

L(3)= ;15/( )(27r)“2~*cos ns) Z > e(—a/0)** ' E(s+ };e(a/e)) ds. (10.11)

£=1 (a,8)=1
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In (10.11) we have —3/2 < a < —1/2. To transform further L(1) we make the

change of variable s = 1 — w in (10.11) and use the functional equation (10.10).

It follows that L(3) is a linear combination of

Iy = /;ﬁ)(zﬂ)wh*(% _w)g;llj(—g-uﬂl-u)-)-M+(w) dw (1<8<2)
a I :=/ (2m)*h* (% —w)ﬂM_(w) dw (1< p<2)
(8) 2 cos(3mw) '

where for Rew > 1

Mi(w) =3 > e(—a/OL ((((w,a/) + ((w, 1 - a/8)),

£=1 (a,£)=1,a8=1(mod¥)

=y > e(—a/O) ™% ((¢(w, 5/€) — C(w,1 —a/L)).

€=1 (a,f)=1,a8=1 (modl)

The problem is to obtain analytic continuation of the functions My (w) to the left
of the line Rew = 1, since one would like to move the contour of integration in
I, and I_ to the left.

It transpires that in any case it seems difficult to show that the sum in (10.1)
equals the expression in (10.2).
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