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FACTORIZATION IN THE EXTENDED SELBERG CLASS
JERZY KACZOROWSKI & ALBERTO PERELLI

Abstract: We prove that every function in the extended Selberg class S* can be factored into
primitive functions. ‘The proof is definitely more involved than in the case of the Selberg class S.
Keywords: extended Selberg class, factorization, general L-functions.

1. Introduction

We denote by S the Selberg class of Dirichlet series with functional equation and
Euler product. It is well known that S contains several classical L-functions,
and it is expected that S essentially coincides with the class of automorphic L-
functions. We refer to the survey paper [5] for definitions, notation and basic
properties of S and related classes of Dirichlet series, such as the extended Selberg
class St of Dirichlet series with functional equation, but not necessarily with Euler
product. We recall that a function F(s) in S is primitive if F(s) = Fi(s)F2(s)
with F,F5 € 8 implies F; == 1 or F5 = 1. It is well known that every function
in S can be factored into primitive functions; see Conrey-Ghosh [2]. The proof is
an immediate consequence, by a simple induction on the degree, of the following
three facts:

i) the degree is additive, i.e., dpg = dp + dg for F,G € §;
ii) there are no functions F' € S with degree 0 < dp < 1;
iii) the only function of degree 0 in & is the constant 1.

The notion of primitive function is defined in the extended Selberg class S*
as well, and hence the problem of the factorization into primitive functions can
also be raised in the framework of S!. In view of Lemma 1 below, in this case
we consider only factorizations up to constants, since the non-zero constants are
invertible in S'. Note that the first two of the above facts still hold in S*, see
[4], but Sg is not any more reduced to the single function F(s) = 1 identically.
We refer to Theorem 1 of [4] for the characterization of functions in Si. As a
consequence, the above simple induction on the degree is not enough to show
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the existence of the factorization in S'. However, the argument can be suitably
modified to prove the following

Theorem 1. Every function in the extended Selberg class S' can be factored into
primitive functions.

The basic tools in the proof of Theorem 1 are the notion of conductor of
F € S' and the characterization of the functions of degree 0 in S*, see [4]. Indeed,
we recall that the conductor qr of F € S! is defined as

k
ar = 2m)*rQ* T A7,

=1

see [6]. Note that gr is multiplicative, i.e., grc = qrqe if F,G € S*, and
gr = Q% if F ¢ Sg. Moreover, if F € Sg then g is a positive integer and F(s)
is a Dirichlet polynomial of the form

F(s)= Y a(n)n"*. (1.1)

nlqr

Further, Sg =0 for 0 < d <1, and F(s) is constant if and only if dg = 0 and
gr = 1; see Theorem 1 of [4] for the above results.

We call almost-primitive a function F' € S such that if F(s) = Fy(s)Fa(s)
with Fy,F> € S*, then dp, =0 or dp, = 0. We have

Theorem 2. If F € S is almost-primitive, then F(s) = G(s)P(s) with G, P €
S', dg =0 and P(s) primitive.

We remark that Theorem 1 is a simple consequence of Theorem 2 and of
the above recalled results. In fact, an induction on the degree shows that every
F € S! can be written as

F(s) = Fi(s) -+ - Fx(s),
where each F(s) is almost-primitive. Therefore, by Theorem 2 we have
F(5) = G(s)Pi(s) - - - Pr(s)

with primitive P;(s) and dg = 0. Since the functions in Sg have integer conductor
and those with conductor equal to 1 are constant, an induction on the conductor
shows that G(s) is a product of primitive functions, and Theorem 1 follows.

A well known conjecture states that S has unique factorization into primitive
functions. Moreover, it is well known that the Selberg orthonormality conjecture
implies such a conjecture; see section 4 of [5]. Note that the analog of the Selberg
orthonormality conjecture does not hold in S'. Indeed, let x;(n) and x2(n) be
two primitive Dirichlet characters with the same modulus and parity, and consider
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F(s) = L(s,x1) + L(s,x2) and G(s) = L(s,x1). Then F(s) and G(s) belong
to Sf and are primitive (since the functions of S are linearly independent over
the p-finite Dirichlet series, see [3]), but it is easily checked that the Selberg
orthonormality conjecture does not hold for F(s) and G(s). It remains open the
problem of determining if the unique factorization holds in S*. We conclude with
another interesting problem related with the factorization in &%: is it true that a
primitive function in S is primitive in S' as well ?
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ported by the Istituto Nazionale di Alta Matematica, by a MURST grant and the
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2. Proof of Theorem 2

We first characterize the invertible elements of S*.
Lemma 1. The invertible functions in St are the non-zero constants.

Proof. Clearly, the non-zero constants are invertible in S*. Let now F € S* be
invertible, and let G(s) = F(s)"!. Then dg + dg = 0, and hence both F(s) and
G(s) are Dirichlet polynomials (see the Introduction). Denoting by ng and myg
the largest indexes of non-zero coefficients of F'(s) and G(s), respectively, we have
that the coefficient of index ngmg of F(s)G(s) is non-zero. Therefore ngmg = 1,
and Lemma 1 follows. |

It is well known that every F € S* has a zero-free half-plane, say ¢ > op.
By the functional equation, F'(s) has no zeros for ¢ < —o g, apart from the trivial
zeros coming from the poles of the ['-factors. We denote by p = 3+ i the generic
zero of F(s), and write

Ne(T) = #{p: F(p) = 0, 18] < or, |yl < T}.

The classical proof of the Riemann-von Mangoldt formula can be adapted to show
that

d
Ng(T) = —TrflT logT + cpT + O(log T) (2.1)

with a certain constant cp, for T > 2 and any fixed F € S' with dp > 0;
see section 2 of [5]. The proof of Theorem 2 is based on the following uniform

estimate for the number of zeros of functions in Sg, i.e., for Dirichlet polynomials
of type (1.1).

Proposition 1. We have
T
Np(T) = P log g + Oo . (log® gF)

uniformly for T > 2 and F € S} with a(1) =1 and gr > 2.
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A similar result already appears as Proposition 1 of Bombieri-Friedlander
[1]. However, Proposition 1 of [1] deals with more general Dirichlet polynomials
but gives only an upper bound for Ng(T'), while we need a lower bound. We first
show how Theorem 2 follows from our Proposition 1, and in the next section we
prove Proposition 1.

Assume that F € S* is almost-primitive. If I°(s) is not primitive, it can be
written as
F(s) = L1 (s)F(s)

with dr,, =0, qr,, > 2 and Fi(s) almost-primitive. If F\(s) is not primitive we
apply inductively the same reasoning, and hence arguing by contradiction we may
assume that for every n € N

F(s) = Li(8) - Ln(8)Fn(s) (2.2)

with dy,; = 0, qr,, > 2 and F},(s) almost-primitive, j = 1, ...,n. Moreover, looking
at the Dirichlet series of both sides of (2.2), we have that only a finite number of
L;(s) can have first coefficient ar (1) = 0. Therefore, by a normalization, for n
sufficiently large we can rewrite (2.2) as

F(s) = H(s)Hy(s) - - - Hn(s)Fa(s)

with dgy = 0, dy, = 0, qu; 2 2, ay;(1) = 1 and Fu(s) almost-primitive,
7 =1,..,n. Writing G,,(s) = H,(s)--- H,(s), for large n we finally obtain

F(s) = H(5)Gn(3)Fn(3) (2.3)

with dg = 0, dg, = 0, ¢z, — 00 as n — o0, ag, (1) = 1 and Fy,(s) almost-
primitive.

Since the conductor of the functions in S} is integer and 83 =@ for 0 <
d < 1, from (2.2) we immediately have that dp > 1. Hence we may use (2.1) and

Proposition 1 to show that (2.3) is impossible. Indeed, for n suificiently large we
have

Np(T) 2 Ng..(T),

and G,(s) #0 for 0 > op. Therefore, from (2.1) and Proposition 1 we have

dp 1 6
iy o | > — L
- TlogT 27rTlogqc:ﬂ + O(log" gG.,.)

for sufficiently large T, and hence we get a contradiction as n — o0 by choosing
T =T, = q&_ with a small § > 0.
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3. Proof of Proposition 1

Since a(1) = 1, we can find a sufficiently large oq > oF such that
1
IF(s) — 1] € 1 for o > og; (3.1)

we will choose ag later on. Moreover, we may assume that £T is not the ordinate
of a zero of F'(s) and that gr > 2. Recalling that g = Q? for F € Sg, by a
standard technique based on the argument principle, the functional equation and
(3.1) we have

Np(T) = %Am arg (Q*F(s)) = %Awﬂum arg (Q°F(s)) (3.2)

_ f;’r: log g + O(1) + O (1AL, arg (Q°F(s))]),

wherc R is the rectangle of vertices 0q £:T', 1 —0g £ iT and L;UL,U L3 is the
right half of its perimeter, Lo being the vertical side.

The second error term in (3.2) does not exceed 7 times the number of zeros
of
$(F(s+iT) + F(s £ iT))
in the circle with center og and radius ag — -% Therefore, by Jensen’s inequality
such an error term is

< a(,log(1 max |F(siT)|),

s—ap|<ao
and hence from (3.2) we have
T
Ng(T) = = loggr + O(0oq log (max|F(s)])). (3.3)
™ 20
Writing
M = max |a(n)] (34)
nlqr

(and assuming that M > 2) we have
max |F(s)] < ¢3-M,
20

and hence (3.3) becomes

Ne(T) = = logqr + O(oo log(gi M)). (35)
Suppose now that
M <,, el08 er (3.6)
Then (3.1) holds with the choice
oo = clog® g (3.7

for a suitable constant ¢ > 0, and hence Proposition 1 follows immediately from
(3.5)—(3.7). Therefore, in order to conclude the proof of Proposition 1 we need the
following
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Proposition 2. Let F € 53 have a(1) = 1 and qF > 2. Then, with the notation
in {3.4), we have
M = Oop (610]og3 (IF).

We first prove a lemma. Let Q(n) denote the total number of prime factors
of n and, given & > 1, define the sequence a(n, &) by induction as a(1, &) = &

and
ﬂ(ﬂ)

a(n, 8o) = do + Z Z a(ni, %) - - - a(ni, 6o)

22
1 "! n

=2

for n > 2, an empty sum being equal to 0. We have

Lemma 2. Forn > 1 .
So < a(n, So) < S5H™ 25U’

Proof. We first note that for [ > 2 and a,,...,a; > 1 we have
alt o tay<lar ) = (a1 + -t a)t (3.8)
Indeed, (3.8) holds for | = 2 since 3a1a3 + 3aias > a? + a3 + 2a1a; = (ay + a2)?.
Moreover, by induction we have
(@14 +a+as)’ 2 (a4 - +a)® +ajyy + (a4 +art ayg)?
>a}+ -t af taf g+ (et Hatag)?

Note that the lemma is trivial when n is a prime number. We prove the
lemma by induction, and we may assume that n > 4 and Q(n) > 2. Assuming
that the lemma holds for m < n — 1 and using (3.8) we have

2 4

o (TL 60 = 0g + Z Z a(nl, 60 (nl: 50)

oAn)
< o+ Z Z MR m)* )’

=2 “l. 't>2

. L, e
<o + 82T YT N

[=2 Ny np22

Note that we have at most 2™ possible choices for each n; in the last sum, and
hence

1 1 oam) Qn)t
L5 1 S e S e 2
1=2 LS REEY] ng 22 {=2 =2

nl'”".l:'l
9(n)? 98Y(n)?
<
Sm 1t am)
and the lemma follows. [ |

—1< o(n)? _ 1,
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Proof of Proposition 2. For o sufficiently large we can write
o0
log Fs) = Y b(n)n™, (3.9)
n==2

the series being absolutely convergent. We may assume that op > 1, and we first
bound log F'(s) for o > op+ 4, & being a small positive constant. For o > o + %
we have

F(S) <5 M,

and hence
Rlog F(s) = log|F(s)| € c1(8) logM

with some c;(8) > 0. Moreover, for every € > 0 there exists cp(g) > 0 such that
F(s) =1+ 0(e)
for o > ca(€)log M, and hence
log F(s) = O(1).
Therefore, by the Borel-Carathéodory theorem we have
log F(s) = Os(log” M) (3.10)

for o 2 op + 4.

From (3.10) we deduce that the Lindelof p-function of log F(s) satisfies
u(o) =0 for o > op. Moreover, log F'(s) is holomorphic for o > og. Therefore,
by a general result in the theory of Dirichlet series, see chapter 9 of [7], we have
that the Dirichlet series (3.9) converges for ¢ > op, and hence it is absolutely
convergent for ¢ > o + 1. By the formula for the n-th coefficient of a Dirichlet
series, see again chapter 9 of [7], for 0 > op + 1 we have

1 [T .
- __ 1 ; » [} 2
b(n)n™?% = T!Hréo 57 | . log F(o + it)n'"dt <« log” M
in view of (3.10). Hence
[b(n)} < don” log® M (3.11)

for some 69 2 1 and every ¢ > op + 1.

Now we express the coefficients b(n) in terms of the coefficients a(n). For
o sufficiently large we have

F(s) =1+ G(s) with IG(s)| < 3,
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and hence

log F(s) = log (1 + G(s)) = Z( T G()

t+1
,_Z( 1) Yo S a(m)-a(m)).

n L ng =2
nl---nlzn

Therefore, comparing Dirichlet coefficients we obtain

(n)

b(n) = a(n) + Z

YA
( 11) ’ Z a(ny) - -a{m). (3.12)

np,..ang 22

nyoNy=n

By induction, from (3.11) and (3.12) we obtain
la(n)| < n%a(n, §o) log®¥™ M (3.13)

for 0 > oF + 1, where a(n, &) is the sequence defined before Lemma 2, starting
with the do in (3.11). Indeed, for n =2 we have

|a(2)] = [b(2)] < 8027 log” M < 2%a(2,80) log™*® M.

Moreover, assuming (3.13) for 2< m <n—1 we get

Q(n)
la(n)| < 1b(n)1+2 > la(n) - a(m))
Y ey “132
nyen=n
an)
< don? log M+Z Z a(ny, o) - -~ a(ny, o)n? log?™™ M
=2 "1 n122

< n%a(n, &) log?¥™ M
by the inductive definition of the sequence a(n, dg), and (3.13) follows. Note that

(3-13) implies
M < g} max (a(n, &) log?*™ M). (3.14)
niqr

Now we are ready to conclude the proof of Proposition 2. If M < exp(log® qr)
the result follows, and hence we may assume that M > e:v:p(log3 qr), t.e.,

log M > log® qp. (3.15)
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Since Q(n) < i%g-;—’ for n < z, from (3.14), (3.15) and Lemma 2 we have

log q g logq 3
M < ¢3(log M)* T 50‘“5 gtlos” ar
log g
log log log AMf r__?
<< q;M IE-:—E «—l—_qFogoi‘ £ 60 Of 64]053 F of
log q 5

2 L 3
& qg‘M]ogQ Iog ap 501032 84103 qF

log g
L Togt 3
L qE M, %% etlos  ar

Therefore, choosing for example ¢ == g + 2 we obtain
20 23-‘;:?"{- Slogs lO]og3 qr
M<<QF (50 (& QF Lor €

and the result follows. [ |
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