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THE WALSH TRANSFORM OF WAVELET TYPE SYSTEMS:
CONVERGENCE ALMOST EVERYWHERE

BARBARA WOLNIK

Abstract: The main results of the paper are the following: the Fourier expansion of f € Lp,
1 < p < oo, with respect to the Walsh transform of a wavelet type system converges a.e. to f
and if f € L1 then the same is true for the Cesaro means.
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1. Introduction

The subject of this paper is to study pointwise convergence of Fourier expansions
with respect to the Walsh transform of a wavelet type system on [0,1] or T. By
a wavelet type system we mean a biorthogonal system of functions which have
dyadic scaled estimates. The Walsh transform of a wavelet type system is the
systern which arises from a wavelet type system in the same way as the Walsh
system arises from the Haar system. It appears that this new system is uniformly
bounded.

This method has been first used by Z. Ciesielski [4] to construct a bounded
system of polygonals starting from the Franklin system. An analogous construction
has been applied by S. Ropela [17] to orthogonal spline bases. He has obtained
bounded orthogonal spline systems (called Ciesielski’s systems) and has proved
that these systems are bases in Ly, for 1 < p < co. In [5] Z. Ciesiclski has used this
construction to the biorthogonal splines. The problem of pointwise convergence
of Fourier expansions with respect to the Walsh system has been considered by
P. Billard in [2] (p = 2) and P. Sjdlin in [19] (p > 1), with respect to the Walsh
transform of the Franklin system by Z. Ciesielski, P. Simon and P. Sjélin in (8]
and in the Walsh transform of arbitrary spline system by Z. Ciesielski in [5]. We
extend their results to the Walsh transform of wavelet type systems in Theorem
3.4, which states that the expansion of f € Ly, for 1 < p < co converges a.e. to f.
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41A15, 42C40..
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The situation is different when f € L;(0,1) is considered. By the well-
known result of S.V. Botkariev [3] for each uniformly bounded ONS {f,}nen on
[0,1] there is a function f € 1,(0,1) whose Fourier series in the system {fn}nen
diverges unboundedly at every point of a set E C [0, 1] of positive measure. More-
over, K.S. Kazarian and A.S. Sargsian [13] proved that there exists a function from
L,1(0,1), whose Fourier series in the bounded system of polygonals introduced by
Z. Ciesielski diverges a.e. on [0,1]. This result was extended to the Walsh trans-
form of biorthogonal wavelet type systems by A. Kamont and the author in [12].

Therefore, in the case of functions from L, various methods of summation
are studied. In this direction, N.J. Fine [10] has proved that the Cesaro means of
the Fourier series of any f € L,(0,1) with respect to the Walsh system converge
to f a.c. on {0,1] and F. Weisz [20] has proved this fact in the case of the Walsh
transform of spline systems. It occures that this result can be extended to the
Walsh transform of arbitrary wavelet type systems (see Theorem 4.1).

2. Preliminaries and notation
Let (I,d) denote either the metric space (|0,1},d;) or (T,ds), where

di(z,y) =lo—yl, z,y€(0,1], do(z,y) =min(lz -y ,1-[z-yl), z,yeT.
By I; x we will denote the interval [£32, 2%] and for n € N we define n* I;; as
theset {z €I: d(z, £ 3) S5}

By a biorthogonal wavelet type system on I we mean a biorthogonal system

{thn, $n} N, where natural N > —1 is given, consisting of functions on I
satisfing the following conditions:

(F) There is a constant M > 0 such that for any n € {-N,...,0,1} and
el
[n(@)| <M and |ga(a)| < M

(II) For 7 20, ke {1,2,...,27} and r €1

b2 4 @) < 22S(dlm, ), I x(@)] < 285 (Hd(z, 1)),

where
(IIT) S : [0,00) — R is a nonincreasing function such that

/00 In(1 + z)8(z)dz < +oc.
0

In this paper we will suppose an additional condition, namely, that the system
{#}e2__, is a Riesz basis in Ly(I).

As we will see, conditions (I), (IT), (IIT) and the fact that the system {}3°. 5
is a Riesz basis in La(I) are sufficient to secure a lot of good properties of wavelet
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type system. Let us note that many classical or newly introduced systems satisfy
these conditions. The most known ones are: the Haar system, the Franklin system,
the orthogonal and biorthogonal bases discussed in [6], adaptations of Daubechies’
wavelets to the interval [0, 1] (see [1], [9], [15]), periodic wavelets (see for instance
[21]) and the Petrushev systems [16] consisting of rational functions of uniformly
bounded degrees.

Remark. As a consequence of the monotonicity of S and of condition (III) one
can get

Lemma 2.1. There is a constant C such that

oo oo

Y N Ysky<C (1)
F=0 k=1
and for 7 20 and z,y €1
z k k
Y 8(2d(z, 55))8(2d(y, 5)) < CS(2 d(z,y))- (2)
k=1
Moreover,
lim log(z + 1)S(z) = 0. (3)

Let {Xn}nen and {wn}nen denote the Haar and Walsh functions, respec-
tively. For any j 2> 0 we define the matrix (see for instance {18])

j i 201 ‘
Aij,z = (Wi 4k, X2i 41) = 2 B (m) , k1=12,...,2 (4)

which is orthogonal and symetric (the last fact was proved in [4}).
The Walsh transform of the wavelet type system {1, ¢} _, is the system

{1/):, ¢;}f3f=_N given by formulae:
for e {-N,...,0,1}
b b
Yn(T) = Pn(x), @n(x) = @n(x),
for j20,k=1,...,27

23 of
Wi x(@) =3 AN 1(2), B k(@) = S AN ().
=1

{=1

Let P,: Li(I) — L;(I) denote the projections

Paf= Y (f,¢:)%s, n>-N.

i=-N

Theorem 2.2 below summarises necessary facts concerning the systems
{¥ni2_n and {92} N
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Theorem 2.2. Let {n, 9o} _ be a biorthogonal system fulfilling conditions
(I), (IT), (III). In addition, assume that {{,}52 _ 5 is a Riesz basis in La(1). Then
we have:
(o) The system {n}S> _ 5 is an unconditional basis in Ly(l) for 1 < p < c0.
Moreover, the systems {¢n}oz, and {xn}32, are L,-equivalent.
(i) The maximal operator

P'f(z) = sup |Pnf(z)]
is of type (p,p) for 1 < p < co and of the weak type (1,1).
(ii) For any f € L,(I) we have P, f(z) — f(z) ae. on 1.
(iii) The system {4,,}22_y is & basis in L,(I) for 1 <p < 0.

(iv) The series
[s, o] R o0
Z any, and Z AnWn
n=2

n=2
are equiconvergent in L,(I) for 1 < p < 0o and their norms are equivalent.

The above properties of the wavelet type systems have been proved by the
author in [22]. We have decided not to present here the proof of Theorem 2.2,
since the methods of proofs are similar to the proofs of the analogous results in
the case of wavelets on R. More precisely, the unconditionality of {n}32 5
in L,(I) is proved analogously as the unconditionality of wavelet bases on R in
P. Wojtaszczyk [21], and its Ly -equivalence to the Haar system is checked as in
G.G. Gevorkyan, B. Wolnik {11]. The proofs of properties (i) and (ii) follow by
arguments analogous to those used in S.E. Kelly, M.A. Kon and L.A. Raphael {14]
in case of wavelets on R™. Once we know (o), properties (iii) and (iv) are obtained
similarly as the corresponding results for the spline systems or the Franklin system
in S. Ropela {17] and Z. Ciesielski and S. Kwapien [7].

3. Convergence a.e. for f € L,(I), 1 <p <o

We start with the theorem concerning the type (p,p) of maximal operator for the
partial sums with respect to the system { Wi}ﬁi_ ~ - The crucial role in the proof
is played by P. Sjolin’s result [19] concerning (p, p)-type for the maximal operator
for partial sums with respect to the Walsh system:

Theorem 3.1. (P. Sjolin [19]) Let 1 < p < co. There is a constant C, such that

n fo )
Isup > aiwil llp < Gpll D aiwilly.
M i=) ime1

The type (p,p) for the maximal operator for the bounded orthonormal set
of polygonals was proved in [8] and for the remaining Ciesielski’s systems in [5].
We extend this result to the Walsh transform of arbitrary wavelet type systems.
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Theorem 3.2. Let {¢m ¢n}oo _n be a biorthogonal system fulfilling conditions
(D), (IT), (). If {4 }S _ 5 is a Riesz basis in Ly(I) then the maximal operator
T*

T*f(t) = sup | 32(S, )% (0)] (5)
Tz =1

is of type (p,p) for 1 <p < 0.

Before we begin the proof of Theorem 3.2 we show the following auxiliary
result, which for the Franklin system was proved in [8]:

Lemma 3.3. Let {¢n,¢n}2_» be a biorthogonal system fulfilling conditions
(I), (I), (III). Let r; be the j-th Rademacher function. For j 2 0 we define the

functions on 12 by formulae
- -1 k

G;(t,s) = 2311 (8)thos o (t) for 5 Ss<g; and k= 1,...,28.  (6)
Then there is a constant C such that for h € Li(I) we have

[/Gj(t, s)h(s)ds| < CMhA(t), tel,
1
where Mh denotes the Hardy-Littlewood maximal function of h.

Proof. It follows directly from the definition of G; that if s € I; %, then

|Gs(t, )] < PS(27d(t, 5 )) {ﬁjﬁg 1d(s,1)) g jgz 2;;3 &

Now, let t € I. Then
Jowanens< [ Gk [ 166 =

f} <2J
=: By + B».
For the first term we obtain from (7)

B; < 5(0)27 /d < [h(s)lds < CMh(t).

For the second term we get using (7) and Lemma 2.1

j-1 1

; 12

J Jj—12

B < {2 : / oz TS IS <
=1

71
<3 s f Ih(s)lds <

d(s, )< ’H"
j—1
<Y s
=1

'{s: d(s, 1) < 2; 1}

Mh(t) <

i1
<CY 52729 Mh(t) < C' Mh(t). =
I=1
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The proof of Theorem 3.2: Introduce

T*f(t) :=sup sup IZ(L%H Vs (8],

720 1<k 27

Since for each 5 2 0 and £,5 €1

23 27
D ta(S)Pnlt) =D ¢nl(s)pn(t)
n=1 n=1

then it follows from (i) of Theorem 2.2 that it is enough to show the type (p,p),
l<p< o, for the operator .
Since 1,bz,+k(t fo Was 11 G4 (t, s)ds, thus from Lemma 3.3 we have

k

lZ(f ¢2:+z)¢2:+2(t (Z(f ¢0:+1)w21+l)(t)

l=1

which gives N
7 £(t) < CMu (), ®)

where

* (t) = Sup Bsup IZ(fr ¢2J +1 'UhJ +l(t)l

20 1<k

Using Theorem 3.1, (iv) of Theorem 2.2 and the fact that {¢n}$1°: _n is a basisin
Ly(1) we get

lw*ll, < 2CpuZ £ ¢ willp < CllZ(f,¢, i llp < Cll fllp- (9)
=1

i=1

Now, from (8), the (p, p)-type for the Hardy-Littlewood maximal function and (9)
it follows that _
T fllp < CliIMw*|l, < C'llw*llp < C7||fllp, (10)

which proves the type {p,p) of operator 7. ]

Combining Theorem 3.2 with the usual density argument (see [18], Theorem
3.1.2) we get

Theorem 3.4. Let {1, $.}52 _n be a biorthogonal system fulfilling conditions
(D), (ID), (IIT). If {¢n}32 _ N is a Riesz basis in La(1) then for f € L,(I) (1 <p<
< 00 ) the series

Z (f, $)m

n=—N

converges a.e. to f.
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4. Cesaro summability for f € L;(I)

In this part of the paper we will prove that the sequence of the arithmetic means
of the Fourier series of f with respect to the system {1,0:,};";_ N converges to f
ae. on I,

Without loss of generality we can assume that d = d. (If the system {1}
fulfils condition (II) with d; then of course it fulfils (IT) with d2).

First we introduce a notation. The Walsh-Dirichlet and the Walsh-Fejér
kernels are denoted by D, and F, respectively, i.e.

- n - 1 < -
Dn(t,:s):Zwi(t)w,-(:z:), Fﬂ(t: 1;): ;ZDJ(tIE)
i=1 F=1
It is known (see [18]), that if we denote by + the dyadic addition then

Dy,(t,z) = Dn(t4z) = Xn:wi(t-i—:z), Fo(t,z) = Fo(t4z) = Z D (t+u)

and
Dan(z) = 2™ 2-) (2), (11)
Fon(z) € ) 2" Dyn(z+27771). (12)
F=0
Moreover, for 2¥-1 < n < 2N
N1 ) N-1 )
[Fa(@) <3 297N 3" Dy(z+2777). (13)
§=0 i=j

For the partial sums S, f and the Fejér means g, f of the function f with respect
b
to the system {v,}3° _n we have

Suf(z) = Z (f, 62)6 (2) = / DY (z,t) f(t)dt

onf@) = 138, 1(5) = [F¥E 0100
=1 I

where

S it

j=11i=-N

:IP—'

D¥(z,t)= Y ¢:(t)i(z), Fl(z,t)=
i=—N

are the Dirichlet and Fejér kernels for the system {1/15‘};':’: _n, Tespectively. (For
the simplification in the definition of o, we consider the sum from j = 1, the
partial sums S_p, ..., S¢ can be ignored.)
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The main result of this section is

Theorem 4.1. Let {1,()m ¢n}° _n be a biorthogonal system fulfilling conditions
(D), (O0), (IID). If {n}S2 N is a Riesz basis in L(I), then for any f € L1(0,1)
we have

onf— f ae.

Our method is based on the proof of Weisz’s result [20] concerning the
bounded Ciesielski systems, but there are some diflerences. I, Weisz proved that
the maximal operator for Cesaro means is bounded from the Hardy space H, to
L, for 1/2 < p < oo and by the interpolation he obtained the weak-type (1,1)
of this operator. The usual density argument (see [18], Theorem 3.1.2) then im-
plied the convergence result. His proof depends heavily on the estimates for the
derivatives of basic functions. In our case we do not have such estimates. How-
ever, it occures that in case of wavelet type bases, it is possible to prove that the
limes superior operator for the Cesaro means of the Fourier series with respect to
the system {1[);}‘,’1":_ ~ is of the weak-type (1,1) (as a consequence of its quasi-
locality). Moreover, this result is also sufficient to obtain the required convergence
as it follows from the following weaker version of Theorem 3.1.2 from {18]:

Lemma 4.2. Let X, be a dense subset of L1(I). Let T, (n € N), S be linear
operators from L;(I) to Lo(I). Let us assume that the operator S is of the weak-
type (1,1) and that for any function f € Xo we have lim, 00 T f = Sf a.e. on
I. If the operator T defined as

Tf(z) = limsup T, f(zx)|,

300

is also of the weak-type (1,1), then for every function f € Li(I) we have
lim T, f=S8f ae on [
n—00

Proof. Let us fix f € L;(I). Let us choose f;, € Xo such that lim ||f— fo|1 =
= 0. Since limsup|T}, fm — Sfm] =0 a.e. on T hence

™300

hmsup]T f- Sfl l]]'[lsupi n(f - fm)t +lim5up¥Tnfm - Sfm] + lem - Sfi =

n—oo n-—300 00

=T(f - fm) + ‘Sfm - Sf!
As T and S are of the weak-type (1,1) we have

{z € I: limsup |Tf(x) -~ Sf(z)] > 2y} < {z € I: T(f — fm)(z) > y}+

n—00

+ 1z €T |Sfm(@) - SF(@)] > ¥} < %Ilf — full,

where the constant C is independent of y and m.
Since |f — fmlli — 0, hence |{z: hmsup |Tnf(z) — S f(z)} > 2y} =0 for

every y > 0. We thus get limsup |T, f — Sf} —0 a.e. on [. | |

n—oQ

! Here and in Lemma 4.3 below Lo(I) denotes the space of measurable functions.
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Below we will use the notion of quasi-local operator (see [18}):
Operator T : L(I) — Lo(I) is called quasi-local if there is a constant C' such
that for every dyadic interval I and every function f € L;(I) satisfying suppf C I

we have

[ irs@las<cifia.
(2%I)c
Lemma 4.3. If the subadditive operator T : L1(I) — Lo(I) is quasi-local and of
the weak-type (2,2), then T is also of the weak-type (1,1).
The proof is similar to the proof of Theorem 6.2.4 from [18]. [ |

The proof of Theorem 4.1: For the natural number n > 1 we define i and 7
as the unique natural numbers such that n = 2# 4+ n and 1 € € 2#. Using this

notation we can write

1 (& "
onf =~ (;S:f+ ;szp+¢f) =

1 p—1 2¢ p—1 )
:; Slf+ZZ(SQi+lf—Szif)+Z2152x’f+’
i=0 =1 i=0

+ i (Souiaf = Sauf) + nSzpf) .

=1
= TOf+ TP+ T f,

where -
TOf <= = (S + Y280 f + 05 f)
1==0
TS = (Zl Z (S2af = S2f))
fe=Q =]

3

T f = %(2(52p+gf—52pf)).

1=1
Since S f = Pai f, where P, f is the partial sum of f with respect to the
unbounded system {1}, we get

M f(z) = —Plf(m)+ ny(z)+ ZQ’Pzef(l‘)

It follows by (ii) of Theorem 2.2 that P,. f(z) — f(z) a.e. on 1. Let us fix = € I,
for which the above convergence is true. Let us choose any € > 0. Then there is

M such that for 1 > M we have
Py f(2) - f(@)] <e.
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For n > 2™ we can write

T f(z) - ()] <
< 2P - f@) + LPaf (@) - f@)]+ ZTPztf(x fla)l <

< HP (@)~ @) + et = szusz(x) f@)] + = 22’

M

2
L e+ — sup |Pyf(z) — f(z)],
L ogi<M

hence TS f(z) — f(z) a.e. on I.
It remains to prove that

lim (T f(z) + T f(2)) =0 ace. (14)

Since for any function 1[;: we have anzp: (t) — 1/)2 (t), and the finite linear
combinations of 1,, are dense in L;(I), the convergence (14) is fulfilled on the
dense subset. It is not hard to prove that operators TX?) and T® defined by

T f = limsup [T f], m=2,3

n—oo
are of type (2,2). In fact, from the definitions of 52 and T we have
T® ¢ T T® T

Therefore the type (2,2) follows from (10). By Lemmas 4.2 and 4.3 it suffices to
show that the operators T? and T are quasi-local,

In [20] F. Weisz gives formulae and estimates for the kernels of the operators

T? and T, in the case of the bounded Ciesielski systems ([20], Theorem 1 and
Lemma 1). Below we extend his result in the general version (Lemmas 4.4 and
4.5).

Lemma 4.4. For n =247 (u 20, 1 <n<2*) we have
1 - 1
(2) = )
SICEEDY [ s,

1
1916 = 1 [ Malz0f 00,
nJo
where _—
L,-(:r:,t):/ ] ri(54—u)2iF2a(s4-u)G:-j’(z:,s)Gg’(t,u)dsdu,
o .
Mn(:r:,t)z/ / rp(sqLu)nF,,(s{Lu)G:f(:z,s)Gﬁ(t,u)dsdu,
o Jo

and G¥, G? are defined by (6) for the systems {n} and {¢n.}, respectively.
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Proof. We will present the sketch of the proof only for T,SZ) . Since

¢;.+k(t)=/(; w2,+k(s)G?(t, s)ds:/(; 7 (8)wi(s)GY (t, 5)ds
B i (t) = f was i (5)GH(t, 5)ds = f ri(s)wr(s) G2 (4, 5)ds

hence

ot

Z Z(f’ Poi k) W2y k(T) =

=1 k=1

:/(‘)1(/-01 /1iXl:ri(S)wk(s)r;(u)wk(u)G?(t,u)G:."(z,s)dsdu)f(t)dt,

0 =1 k=1
By the definitions of D, and F, we obtain

l

227‘,’ (8)wy (8)rs (w)we(u) = ri(s+u) Zzw" stu) =

1=1 k=1 I=1 k=1
2:'
= ri(s+u) Z Dy(s+u) = ri(s+u)2" Fai (s+u).
1=1

Putting above formulae to the formula of T,(lz) we obtain the thesis. n

Lemma 4.5. Using notation of Lemma 4.4 we have

|L; 02*223( S@ 7 ala, T ) +S@ N d(m r_u8))  (15)

F=0
and
| My (z, t)[ <
LR L, L S |
<C Zz* 223 3 (S(Q“'"ld(m, 74.t) + 524 (s, T_,T.Ft)))
i=0  j=0 [=36-i-l_3p—i]
(16)
where

ot = t+h for0 €t <1 —h
M= Vt+h—=1 forl—h<t <.

Proof. Since the proof of Lemma, 4.5 is similar to the proof of the original lemma
of Weisz from [20], we present only the sketch for L;.
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By the definition of L;, G; and by (12) we conclude that

|Li(z, )] <

<?2’§EI2JIEIZ£3J/ Pttt gl @ 0 <

3=0 k=1 =1

<2 ZWZZ/ / Dm(s+u+2j+l)2 'S(2%d(z, 2.)) (2'd(t, 2,))

=0 k=1 l=1

From (11) it follows that if we fix j and k then there are at most two numbers
I such that the integral f; [, , Das (s+u+5¥r)dsdu is not equal to zero. For
j=1,i—1 wehavethan | =k, and for j =0,..,i—2 we have [ = k£ 2"7 1
Hence

ILi(e, 1)) <

k_+£)) +S(2 d(t k_%z:]_l))J

< co 223 ZS 2d(z, *—)){S(Td(

F=0 k=1

=2y ¥ Zs (2 d(:c, d [S(Td(v‘ et 5’-‘;)) + S d(r_ s, 5’5{))] .

J=0 Je==1

Hence by Lemma 2.1 we have
|\Ls(z, £)] < 021227[ (@ d(m, m_y 1) + S (s, 1)]

The estimates for M,, we obtained similarly using (13). |

Now we are ready to prove that T and T(® are quasi-local, which will
complete the proof of Theorem 4.1.
Lemma 4.6. The operator T} f := limsup,_,, ]Tn )f] is quasi-local.

Proof. Let I be any dyadic interval of lenght 275 and f let be a function from
L, (1) with support contained in I. Then, according to the definition of T() and
the assumption concerning the support of f we have

1 [ 1 3
T®f(z) < limsup|~ ﬁ > Li(z,0f (0at] < sup —supS |Li(z, 1) I/l
nooo i=0 n>2% i=0

Hence

-1

Lmﬂ%mhgﬂ sup L sup 3™ Ltz lds - Il

(2eI)e n>2K Tt tel 5
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The estimate for L;(z,t) in (15) consists of two terms. We show calculations for
the first one, for the second they are similar. We divide the considered integral

into three pieces:

/ sup ZTZT sup S(2* 1d(z, T4 t)) dz <
(2

«I)¢ n>2K ico -0 €l

i

l
/ sup Z2’Z2Jsup.5'(2' Yd(x, = t)) dr+
(

261)¢ n>2K im0 j-o €I

N

p 1
+/ sup 22' Z 27 sup S(2d(z, T_,;_t)) dz+
{2

x])e n> 2K 1»}1 tel

+/ ZTZZJSUpS (28 d(=, T3 t)) dx ==:
(2«I)= n>2" i

vvvvv el
=: Ay + As + As.
The term A, is estimated as follows:
11( 1
A1:/ su 2! 27 sup §(2¢ ld:r:T_L_t dr <
(26 D)= n>zK g JZO tElI) ( ( )
2% 1 K1 i
< Z/ °F Z Z‘ZQJSupS(T Yd(z, T3 t))
= e 2% 2 j=0 €l
2k 1
SZQK sup 21{ Z 2iZQJsupS(2’ td(z, T4 t))
P im0 oo t€l
1 K1 i ak
< =73 Z 2‘22-72 sup supS(2:td(z, T;K == ak—i-1t)} <
(2 ) i=0 .’]= =1 IEI}‘ t tel

K-1 i 2k
1 i . i
s (2K)2 Z 2 22'723(2 ld(II(,c,sz—é—x 1)).
i=0 =0 [=1 2

Note that d([x 1, 7,x-i-1 I) takes only the values J%, m € N, because 25371 ¢
3K
€ N. Moreover, if j is fixed, then for each m € N there are at most three { such
that m
d(IK,t’TzK—j"-l I) = 2—K

Hence
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Since h < 2771 % < h+1 if and only if 2X7* "2k <m < 2¥7#71(h4-1), it follows
by Lemma 2.1

c K-1 i 2! . C K-1 i
A; < aFy D2y 27y 2K ig(h) <5k =Y. > 2 g (17)
i=0  j=0 k=0 i=0 j=0

Let us estimate the second term, i.e. A,. Since 7 > K, and the function §
is nonincreasing,

1

B
Ang sup 12212215@5(2’ Yd(z,7_y 1)) | do <
(2

shen>2K \ T g F=0

1 p-1 -1
< sup | =Y 20 2supS(2¥td(a, Tt | dz <
/(L)ﬂ)c n>2Kk \ 1 2}:‘, Z tel )

K-1
< sup — 2! 29 sup S(25Yd(z, 7_1_t)
/(’2:-1)5 ( Z ) Z ( Rl )

n>2K T/~ j=o tel
K—-1
< 21'/ sup $(2K~Yd(x, 7_1_t))dz.
) j2=; (2«Iye tel ( (® 7ot )

Similarly as for A; we get

As < 2212 s(zK ld(I;“,nx )

F=0 l=]

and using the same argument we obtain

32

-1

2KZ2’ZS EK 29 < C. (18)

mz=0 i

I
o

To estimate Az let us note that if j > K, then 3% < i|I|. Thus, if
d(x,I) > 3&, then d(I,T#I) > 5%, and if we denote (2+1)°¢ = {z : d(z,I) >

)
p 2%} we obtain

1

1,
A =/ sup { — 2 2 sup S(2 Y d(x, 7_1_t)) | dz <
=/, , nz > ( (@, 7_4t))

«I)e n> 2K =k oK t€l
2K i
1 1
<2 u 2 27 g(2i-1 <
> g s £ 22 Lot e
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Thus, by Lemma 2.1 we have
>0 . b .
A3<CY 2D S g C (19)
=0 I=1

It follows from (17), (18) and (19) that
[ r@s@as <l
2x1)<

which completes the proof of Lemma 4.6. |

Lemma 4.7. The operator T® f := limsup,,_, ., |T,-(l3)f| is quasi-local.

Proof. Let I denote a dyadic interval of lenght 27K and let f € L,(I) have
support contained in /. Fix M such that log(z+1)S(z) < 5k for z > 2M~2 (the
existence of such M follows from (3)). Analogously, as in the proof of Lemma 4.6,
we can write

1
/ T f(w)ds < / sup = sup [Mn(t,)ld 1]
(2%1)¢

(2+])e n>2K+M T tc

This time we present the calculations only for the first element in (16). We
again decompose the integal

pTiTlyou-ig

/ sup Z 2! Z 27 sup > S(2*td(x, Ta t)) | dx
(2

+1)e n>2H+M 3=0 el me2p- il _gu—ig]
into three pieces and each of them we estimate separately. So

K+1 i gp=i=lyou—i_

By :/ sup 2t 27 sup S(2* 7 Yd(z, Tm t)) | dx.
e b Z 2o mw2+ (27 d(a, 1))
Since 2#7! > 2K we have from the fact that S is noincreasing
gu—i—l g gu—-i_) ap—itl
- K
> Sz, ) < ) S@¥d@ Tt 1, m1) <
m=2u-i~1.gs-ig] ms=1

QK —it2 pp— k=1

K
Z Zl S(2 d(IK’t’TE%Fng_lf‘*'ﬁ‘i‘iuﬁ’l))’

§==0

Let now

r(l,i,7,s) == sup{r e N : d(IK"’T;J%Fr e ——-—}

~yrtaRET
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Since % < 2K+1 , thus if d(IKi,'r -

5o I) 2 5k for certain r € N, then

1, s
20 T 2K +1

r
d(IK;l’T—mJI —;l;+2—;zsrr+ﬁr1)?2—f(—+_l’
hence

Kyl i 2K —i+2

2K
Bi<gw Y s (23237 T K sewige)) <

1) M 2HTM i=0  j=0  s=0
2K K+1 i :)K 42
oSSy setiia
1=1 =0 §=20

Changing the order of the summation we get

K41 i oK-it2 oK

(21{ 22‘225 Z ZS r(z,1,4,5)).

8=20  l=cl

Bl\

_s I| = 5% therefore, for fixed i, j, s and r € N

2K +1 2
there are at most four l such that r(l,%, j,s) = r. Thus

Let us note that {T RN S
l

K+1 i 2K —it2 oy

By € (2K =3 2Y 2 Y N s EK 4 2 < (20)

i=0 3=0 =0 r=0

+
-
.

-
i
=]
.
I
=]

The second integral is treated similarly

F

a1 K41 sl ge-r g

:/ Z 2‘22’sup Z S(2 d(z, T t)) | drg
03

n
*I)°“>2KfM i=K12 j=0 €T p_gu-i-1_gu-ig)

25 u-1  Kg1 a#—itl

QCZQLK sup E 2‘227 Z S(2* (I, 7 T -]

n>2K+M 1.»~K+2 J=0 =1

Let us note that |5 — 2| < 3+ hence if for any r € N,

7.
d(IK,l,T;J%I) 2 oK

then

o] i

Wk, "2 -2 D) 2 5507
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which gives

gu—i+l
D ST Ak T g D) <PTTIS@T.
m=1

On the other hand if d(IK’hTETlFT I) < 3k, then

gu—itl gu-itl g
p—1 #_1_'.5__,
Y S TdUkyT a1y m D) <2 > 82 5) SC
m=1 §==0
Introducing

,B(l,]) = sup{'r eN: d(IK'hTE?l-FTI) P 27}

we note that
vi,r #{l: B(5,1)=r} <3 (21)
Thus,

C K+1 . 2K 1 #-1 )
Br<gg 2 ¥ 33 sup (' > 2‘2““+1S(2#-K-2r>)+
j=0

AL
c X, ] el
tox 2 2 3 swp = 3 2= B+ BY.
i=0  1p(jh=0 TN FrSyar

It follows from (21) that Béz) < C. Since S(z) is nonincreasing function, we may
estimate B$” in the following way:

C K+1 »2“’
B < T3 ST sup (u-K-2)5(2¢ K%)=
Jj=0

r=1 n>2K+M
c &
= 27 .25 sup (u—K —2)5(2* K2,

K
2 _7.:0 ﬂ>2K+M

By the choice of M we have

C

sup (u— K —2)S@2* %2 <« 5K

n>2K+M

Consequently, we get
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Finally

By < C. (22)
It remains to estimate the third term. We have

B3 =

arTImlygeiog
= / sup Z 2t Z 27 sup > S@*ld(w, T t)) | de <

KM n t A
@nne""? i=K+2 j=K+2 €1 gpogu-im1_gu-igg

oIl pu—i_y

zK

S § 21 2] S 2#__1d , I dES
[ / ﬂ>‘).k'+M 'n. ; o Z ) Z: . ( (I Tgﬂj} ))
€SS STV AVIT i=K42 j=K+42 m=2p—i-1_28-iy]

oB—i—l L ou—i_y

2" 148 &
I D DEID VDD sup  S(247d(w, Tz 1))
=2

n>2K+4 i=K42 j=K42 m=2p—j—1_.2,,_5+1IG(H—I)*I\E*I
Since | 2| < 34, thus if d(z, 1) > 5%, then d(z, 7z 1) > %=1 . Therefore

] p—1 i l

2K

1 . . .

B3 € K§ sup | — § 2! §f e 1S+ ) | <

; +1
2 t=2">2"+M M ik+2  j=K+2 2

g1 i

2K e .
sup | 2 s@ER) 30 Y <
1= z">° * i=K 42 j=K+2
v 2
< =z sup  (S(2# K-2)2#-1)
9K ;D"’KEM( ( ) )
2¥ o0
<CY Y 2502
=2 j=0

Changing the order of the summation we get from Lemma 2.1

[=5] 2K
Ccy 29) sy <c. (23)
=0 =1

Lemma 4.7 follows now from (20), (22) and (23). u
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