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UNITS IN REAL CYCLIC FIELDS

Roman Marszałek

Abstract: Let N/Q be a real cyclic and tame extension of prime degree l with Γ = G al(N/Q).
We give the Hom description of the class of the torsion-free part of the group of units in N in
the class group of the order ZΓ/(

∑
γ∈Γ γ). This representation depends only on the structure of

the ideal class group of N and determines the Galois module structure of the torsion-free part
of the group of units in N as an ideal of the lth cyclotomic field. Using this approach we derive
necessary and sufficient conditions for all real and tame cyclic fields of prime degree to have
Minkowski units. We extend also the class of known cyclic real fields with Minkowski units.
Keywords: Galois module structure, cyclic fields, Minkowski units.

1. Introduction

In this paper we consider the Galois module structure of the group of units of
real cyclic and tame fields of prime degree. Let N be such a field with the prime
l = [N : Q] and the Galois group Γ = G al(N/Q). Let EN be the group of units of
N and denote by EN the torsion-free part of EN , i.e. EN = EN/{±1}. Moreover
hN is the class-number of N . The group EN in natural way admits the structure
of A -module where by A we denote the factor ring ZΓ/(

∑
γ∈Γ γ).

The main purpose of this paper is to describe the class of EN in the locally
free class group of A denoted by Cl(A ). In [5] the so-called Hom description
of the class of EN in Cl(A ) is given by means of a representing homomorphism
on the group of characters of G al(N/Q). This representing homomorphism (see
Theorem 5.6. in [5]) involves Gauss sums, Galois Gauss sums, values of Dirichlet
and p-adic L-functions at 1. Using the approach introduced in [5], we provide
another representing homomorphism of the class of EN which depends only on the
structure of the class group of N (see Theorem 2.2). Since a class equality in Cl(A )
implies an isomorphism of A - modules (A is commutative), this representation
gives a simple and complete classification of EN as A -module for real tame and
cyclic fields of prime degree over Q.

The order A is isomorphic to the ring of integers of the lth cyclotomic field,
so the locally free class group of A is the class group of that field and EN is
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isomorphic to an ideal of Z[ζl]. This observation and Theorem 2.2 enable us to
derive an even more explicit and natural classification of A -modules EN . In
Theorem 2.3 we shall prove that EN is isomorphic to a product of powers of prime
ideals of Z[ζl] lying above prime divisors of hN . The exponents of these prime
ideals in this product depend only on the QpΓ-structure of the class group of N
for any prime p dividing hN .

Note that up till now there are no results giving a global Galois module classifi-
cation of EN for large classes of real Abelian fields as those obtained in Theorem 2.2
and 2.3.

In Section 3 (Theorem 3.1) we shall prove that conditions given in [5] (Theorem
6.1) are also necessary and sufficient conditions for fields to have Minkowski units
in the whole class of real cyclic and tame fields of prime degree (the degree [N : Q]
need not to be a regular prime as it is assumed in Theorem 6.1 in [5]). Note
also that the above criterion is the first one where the sufficient and necessary
conditions for the existence of Minkowski units are given for such large class of
real Abelian fields.

Finally in Corollaries 3.2 and 3.3 , by applying Theorem 3.1 , we shall extend
the class of the fields with Minkowski units given in [5](see Corollaries 6.2, 6.3).

We shall adopt most notations and definitions from [5] and [7].

2. The Hom description of the class (EN)A

In order to formulate the result we shall use in this section we need some notation.
First we put

sp =





0 if fp = gp = 1, l | p− 1,

2 if f2 = 1 or g2 = l,

1 otherwise,

where fp and gp are the residue class degree of p in N and the number of prime
ideals in ON above p respectively.

We put

dp,χ = νp(Lp(1, χ∗))− νp(hχ
p )/Φχ,p(1) for odd primes p ,

d2,χ = ν2(L2(1, χ∗))− 1− ν2(h
χ
2 )/Φχ,2(1),

where Φχ,p is a Qp-irreducible character of Γ with χ as its summand, hχ
p is the

order of the Φχ,p-component of the class group for N and χ∗ is the primitive
character corresponding to χ.

We also put

ml = νl

(
lRl(N)√

dNnl

)
+ 1, where nl is the absolute norm of

∏

t∈Tl

t(l).

The following theorem is fundamental for our study of EN as a module over
ZΓ/(Γ̃) (For a proof see [5]).
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Theorem 2.1. Let N be a tame real cyclic field of prime degree l > 2 and let γ0

generate Γ. For any prime p 6= l put

ωp,χ = pdp,χ+sp , ωl,χ = Detχ(1− γ̃0)ml l and ω∞,χ = 1.

Then the map

χ 7−→ τ(N/Q, χ)
(

[(χ∗(p)/p− 1)τ(χ∗)]δ

Lp(1, χδ∗)
ωp,χδ

)

δ,p

with δ ∈ ŤpSp

is a representative of (EN )A in

HomΩ(R′Γ, J (F )))/[HomΩ(R′Γ, F ∗)Det(U(A ))],

where τ(N/Q, χ) is the Galois Gauss sum and τ(χ∗) is the Gauss sum.

Now we prove the main result of this paper. We shall construct the representing
homomorphism of the isomorphism class of EN which depends only on the QpΓ-
structure of the class group of N .

Theorem 2.2. Let N be a tame real cyclic field of prime degree l > 2. For any
prime p 6= l,∞ and χ ∈ Γ̂ \ {1Γ} put

ap,χ = −νp(hχ
p )/Φχ,p(1) and al,χ = a∞,χ = 0.

Then the map F defined by

χ 7−→ (pa
p,χδ )δ,p with δ ∈ TF,p

is a representative of (EN )A in

HomΩ(R′Γ, J (F ))/[HomΩ(R′Γ, F ∗)Det(U(A ))].

Proof. Note that, by Remark 3.2 of [5], we may always assume that the compo-
nents at ∞ of representing maps of any class in A are equal to 1 e.i. a∞,χ = 0.

Let q be the conductor of the field N , so q is the least integer such that
N ⊆ Q(ζq). As N is tame, q is also square-free.

From now on we choose F to be the cyclotomic field Q(ζlq) so F contains N

and the values of characters from Γ̂. Thus Ω = G al(F/Q) = G al(Q(ζlq)/Q) and
by putting H = G al(F/N), we have

Ω/H ∼= G al(N/Q) = Γ (2.1)

so we can identify Γ with Ω/H.
By (2.1) any character of Γ can be treated as a suitable character of Ω which

is trivial on H.
For any γ ∈ Γ let γ̄ denote an automorphism of Q(ζlq) such that γ̄H corre-

sponds to γ via the isomorphism in (2.1). Thus for any χ ∈ Γ̂, there is χ0 ∈ Ω̂ such
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that χ(γ) = χ(γ̄H) = χ0(γ̄) for any γ ∈ Γ. Using the isomorphism Ω ∼= (Z/lqZ)∗

we assign to each γ̄ ∈ Ω an integer γ̄∗ mod lq satisfying

γ̄(ζlq) = ζ γ̄∗
lq

Since we identify the group Ω with (Z/lqZ)∗, we can regard the character χ0

as a Dirichlet character modulo lq. Subsequently we assign to this character the
primitive character χ∗ with the conductor q.

Thus χ 7→ χ∗ is a correspondence from Γ̂ to the group of primitive Dirichlet
characters associated with the field N .

We also have
χ(γ) = χ0(γ̄) = χ0(γ̄∗) = χ∗(γ∗),

where γ∗ is defined by γ∗ = γ̄∗ mod q.
Assume that ζq = ζl

lq. Then γ̄(ζq) = γ̄(ζl
lq) = ζ γ̄

q = ζγ∗
q , whence

γ̄(ζq) = ζγ∗
q .

For any γ̄ ∈ Ω (each element of Ω has the form γ̄ for some γ ∈ Γ) and any χ 6= 1Γ

we compute

γ̄(τ(χ∗)) =
q∑

a=1

χγ̄
∗(a)ζaγ∗

q =
q∑

b=1

χγ̄
∗(γ

−1
∗ b)ζb

q =
q∑

b=1

χγ̄
∗(b)ζ

b
q

where γ−1
∗ is the inverse of γ∗ mod q. Thus we get

γ̄(τ(χ∗)) = χγ̄
∗(γ

−1
∗ )τ(χγ̄

∗) = χγ̄(γ−1)τ(χγ̄
∗). (2.2)

Now we apply Theorem 20B.(ii) of [4] (p.119) in the case K = Q. Then the co-
transfer vK/Q is trivial and considering γ̄ ∈ Ω as the restriction of an automorphism
(which we also denote by γ̄) of the algebraic closure of Q we obtain

γ̄(τ(χγ̄−1
, N/Q)) = τ(χ,N/Q)detχ(γ̄),

where detχ is a character of the group G al(Q/Q) defined via the surjection
G al(Q/Q) 7−→ Γ. Hence detχ(γ̄) = χ(γ) and so by replacing χ by χγ̄ we get

γ̄(τ(χ,N/Q)) = τ(χγ̄ , N/Q)χγ̄(γ). (2.3)

Now it follows from (2.2) and (2.3) that

ω(τ(χ,N/Q)τ(χ∗)) = τ(χω, N/Q)τ(χω
∗ ))

for any ω ∈ Ω. Thus the map defined by

χ 7−→ (τ(χδ, N/Q)τ(χδ
∗))δ,p with δ ∈ ŤpSp

is an element of HomΩ(R′Γ, F ∗).
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Consequently if R0 denotes the representing map defined in Theorem 2.1 ,
then the map

R(χ) = R0(χ)[(τ(χδ, N/Q)τ(χδ
∗))δ,p]−1 =

(
(χδ
∗(p)/p− 1)
Lp(1, χδ∗)

ωp,χδ

)

δ,p

is a representative of (EN )A .
After putting Vp,χ = pLp(1,χ∗)

χ∗(p)−p we can write R(χ) =
(
ωp,χδ/Vp,χ

)
δ,p

for any
χ 6= 1Γ.

Next we shall prove that for any σ ∈ G al(Qp(ζlq)/Qp)

σ(Vp,χ) = Vp,χσ . (2.4)

To this end we apply Theorem 3.5 of [5] and obtain

Vp,χ =
τ(χ∗)

q

q∑
a=1

χ̄∗(a) logp(1− ζa
q ).

Then using (2.2) for σ ∈ G al(Qp(ζlq)/Qp) (we treat such σ as an extension of a
suitable element of Ω) we get

σ(Vp,χ) =
χσ
∗ (σ

−1
∗ )

q
τ(χσ

∗ )
q∑

a=1

χ̄∗(a) logp(1− ζaσ∗
q )

=
χσ
∗ (σ

−1
∗ )

q
τ(χσ

∗ )
q∑

b=1

χ̄∗(σ−1
∗ b) logp(1− ζb

q)

=
τ(χσ

∗ )
q

q∑

b=1

χ̄∗(b) logp(1− ζb
q) = Vp,χσ

where σ∗ is an integer defined by σ(ζq) = ζσ∗
q and σ−1

∗ denotes the inverse of σ∗
mod q.

Since the values of the characters of Γ are lth roots of unity, then (2.4) , applied
for σ ∈ G al(Qp(ζlq)/Qp(ζl)), gives

Vp,χσ ∈ Qp(ζl). (2.5)

By the definition of ωp,χ for p 6= l one has

ν2(ω2,χ/V2,χ) = s2 + ν2(χ∗(2)− 2)− ν2(h
χ
2 )/Φχ,2(1)− 1

and for p 6= 2

νp(ωp,χ/Vp,χ) = sp + νp(χ∗(p)− p)− νp(hχ
p )/Φχ,p(1)− 1.

Observe that νp(χ∗(p)− p) = 0 for p - q and νp(χ∗(p)− p) = 1 for p | q. Hence, as
2 - q, we obtain

νp(ωp,χ/Vp,χ) =

{
sp − νp(hχ

p )/Φχ,p(1)− 1 for p - q
sp − νp(hχ

p )/Φχ,p(1) for p | q or p = 2.
(2.6)
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In order to evaluate νl(ωl,χ/Vl,χ) we apply Leopoldt’s class number formula (see
Theorem 5.24 in [7])

2l−1hNRl(N)√
dN

=
∏

χ∗ 6=1

(
1− χ∗(l)

l

)−1

Ll(1, χ∗)

and we obtain
2l−1hNRl(N)/

√
dN =

∏

χ 6=1Γ

Vχ,l. (2.7)

Since all nontrivial characters of Γ are conjugate over Ql, it follows from (2.4)
that all Vp,χ are also conjugate over Ql. Hence for any nontrivial µ, χ we have
νl(Vl,µ) = νl(Vl,χ) and so by (2.7)

νl(Vl,χ) =
1

l − 1
νl(2l−1hNRl(N)/

√
dN ).

As N/Q is tame and l 6= 2 we get

νl(Vl,χ) =
1

l − 1
νl(hNRl(N)).

Now we calculate

νl(ωl,χ/Vl,χ) = νl(Detχ(1− γ̃0)ml l)− νl(Vl,χ)
= νl((1− ζl)ml l)− νl(Vl,χ) = (1− νl(hN ))/(l − 1)

and we have

νl(ωl,χ/Vl,χ) =
1− νl(hN )

l − 1
. (2.8)

Observe that by (2.5) we may write

R(χ) = (Rp(χδ))p,δ ∈ HomΩ(R′Γ, J (F )) with δ ∈ ŤpSp

where Rp(χ) = tp,χprp,χ , tp,χ ∈ Zp[ζl]∗ and rp,χ ∈ Z for p 6= l, and

Rl(χ) = tl,χ(1− χ(γ0))rl,χ

where tl,χ ∈ Zl[ζl]∗, rl,χ ∈ Z.
Since R(χ) =

(
ωp,χδ/Vp,χδ

)
δ,p

, by virtue of (2.6) and (2.8) we have

rp,χ =





sp − νp(hχ
p )/Φχ,p(1)− 1 for p - q

sp − νp(hχ
p )/Φχ,p(1) for p | q

s2 − νp(h
χ
2 )/Φχ,2(1)− 2 for p = 2

1− νl(hN ) for p = l.

(2.9)
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Now we put

Fp(χ) = pap,χ where ap,χ = −νp(hχ
p )/Φχ,p(1) for p 6= l and al,χ = 0,

Sp(χ) =





psp−1 for p - q
psp for p | q
2s2−2 for p = 2
(1− χ(γ0))1−νl(hN ) for p = l

,

Tp(χ) = tp,χ ∈ Zp[ζl]∗

and

F p(χ) = (Fp(χδ))δ, S p(χ) = (Sp(χδ))δ, T p(χ) = (Tp(χδ))δ

with δ running over ŤpSp. Note that F p(χ), S p(χ),T p(χ) ∈ F ∗p .
Finally we define

F (χ) = (F p(χ))p, S (χ) = (S p(χ))p, T (χ) = (T p(χ))p

and by (2.9) we can write
R = FS T .

The proof of our theorem will be completed if we show that

S , T ∈ HomΩ(R′Γ, F ∗)Det(U(A ))

i.e.
S̄p, T̄p ∈ HomΩ(R′Γ, F ∗)Det(A ∗

p ) for any prime p.

We recall that we treat F as embedded into Fp by ip and then into J (F ).
Since for almost all primes p we have sp = 1 and νp(hχ

p ) = 0, then
F , S ∈ Hom(R′Γ,J (F )). Note that for any σ ∈ ∆F,p

σ(Fp(χ)) = Fp(χσ) and σ(Sp(χ)) = Sp(χσ), χ ∈ Γ̃ \ {1Γ}.

Consequently by Remark 2.1 in [5] we infer that Fp, Sp ∈ HomΩ(R′Γ, F ∗p ). Hence
F and S ∈ HomΩ(R′Γ, J (F )) and so by T = F−1S −1R we get
T ∈ HomΩ(R′Γ, J (F )). Since, for any p any χ 6= 1Γ, Tp(χ) = tp,χ ∈ Zp[ζl]∗,
one has

T p ∈ HomΩ(R′Γ,
∏

t

Zp[ζl]∗) ⊆ HomΩ(R′Γ, F ∗p )

where t runs over the set Tp,Q(ζl) of representatives for the cosets of the decompo-
sition group of p in Q(ζl).

We shall prove that T ∈ Det(U(A )) i.e. T p ∈ Det(A ∗
p ) for any prime p.

For any prime p 6= l define T̃p ∈ HomΩ (RΓ,
∏

t Zp[ζl]∗) to be T̃p(χ) = T̄p(χ)
for χ 6= 1Γ and T̃p(1Γ) = 1. Since p - l = |Γ|, then ZpΓ is a maximal order in
QpΓ and by Proposition 2.2 in [4] we get HomΩ (RΓ,

∏
t Zp[ζl]∗) = Det((ZpΓ)∗).
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Consequently T̃p ∈ Det((ZpΓ)∗) and so T p ∈ Det(A ∗
p ) because the image (under

γ 7→ γ̃) of any unit of ZpΓ is a unit of Ap and they have the same Detχ.
For p = l let χ 6= 1Γ and let γ0 be a generator of Γ such that χ(γ0) = ζl.

Put Tl(χ) =
∑l−2

j=0 ajζ
j
l ∈ Zl[ζl]∗. Since the mapping

∑l−1
j=0 xj γ̃0

j 7→ ∑l−1
j=0 xjζ

j
l

is a ring isomorphism Al
∼= Zl[ζl], then

∑l−1
j=0 aj γ̃0

j ∈ A ∗
l and note that

Detχ(
∑l−1

j=0 aj γ̃0
j) = (Tl(χδ))δ , δ ∈ ŤpSp. Let µ be any nontrivial character

of Γ. Since, in this case, all nontrivial characters of Γ are conjugate over Q l, then
µ = χρ for some ρ ∈ Gal(Q l(ζl)/Q l). Observe that any such ρ is a restriction
of an element of the decomposition group ∆F,l so, by Remark 2.1 in [5], one has
ρ(Tl(χδ) = Tl(χρδ).

Then we compute

Detµ(
l−1∑

j=0

aj γ̃0
j) =




l−1∑

j=0

ajχ
ρδ(γj

0)




δ

= (ρ(Tl(χδ))δ

= (Tl(χρδ))δ = (Tl(µδ))δ = T l(µ)

which shows that T l ∈ Det(A ∗
l ). Thus we proved that T ∈ Det(U(A )).

Observe that Sp(χ) = 1 for almost all primes p so we can put S′(χ) =∏
p Sp(χ) ∈ F ∗ for any χ 6= 1Γ and define the map S̃ : χ 7→ (S′(χσ))p.σ. It is clear

that S̃ ∈ HomΩ(R′Γ, F ∗). As Sp(χ) is a power of p for p 6= l and Sl(χ) is a power
of 1− ζl times a unit of Z[ζl] we deduce that S /S̃ ∈ HomΩ

(
R′Γ,

∏
p

∏
t Zp[ζl]∗

)

where t runs over TQ(ζl),p. Then after proceeding as for T we obtain S /S̃ ∈
Det(U(A )), whence

S = S̃ (S /S̃ ) ∈ HomΩ(R′Γ, F ∗)Det(U(A )).

Thus the homomorphism F is a representative of the class (EN )A . Since isomor-
phism classes in Cl(A ) do not depend on the choice of the sets TF,p used in the
construction of the representing homomomorphism, our theorem follows. ¥

Now we present the first application of the Hom description of the class of
EN given in Theorem 2.2. Since A ∼= Z[ζl] and rankZ(A ) = l − 1, then EN is
isomorphic to an ideal of Z[ζl]. In the following theorem we give such an ideal
explicitly as a product of powers of prime ideals. These prime ideals and their
exponents depend only on the structure of the ideal class group of N .

Theorem 2.3. Let N be a real cyclic and tame field of odd prime degree l and µ
a nontrivial character of its Galois group. For any prime p dividing hN , let Pp

be a prime ideal above p in Z[ζl] and Rp be a set of representatives of cosets with
respect to the the decomposition group of Pp. Then

EN
∼=

∏

p|hN

∏

ρ∈Rp

ρ(Pp)ap,µρ

as A -modules.
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Proof. For any prime p let Pp be the maximal ideal in Cp and ξp be a nontrivial
lth root of unity in Cp. Let Pp = Pp∩Q(ξp) and let ζ = ζl ∈ C denote a nontrivial
lth root of unity.

Without loss of generality we may assume that µ(γ0) = ζ, where γ0 is a gen-
erator of Γ.

Let Rp = {ρp,1 = id, ρp,2, . . . , ρp,kp
} be a set of representatives of cosets with

respect to the the decomposition group Dp of p in Z[ζ]. For any j = 1, . . . , kp we
define an integer sp,j mod (l − 1) by

ρp,j(ζ) = ζsp,j .

Note that by definition sp,1 = 1. We also define field isomorphisms

βp,j : Q(ζ) −→ Q(ξp) by βp,j(ζ) = ξup,j
p

where up,j = s−1
p,j mod (l − 1) for j = 1, . . . , kp. Observe that by replacing ξp by

its power, if necessary, we may assume that βp,1(Pp) = Pp.
For any j = 1, . . . , kp put Pp,j = β−1

p,j (Pp) and note that Pp,1 = Pp.
By β−1

p,j = ρp,j ◦ β−1
p,1 we have Pp,j = ρp,j(Pp) for j = 1, . . . , kp and so

Pp,1, Pp,2, . . . , Pp,kp are all distinct prime ideals of Z[ζ] extending the ideal pZ.
To any complex character χ of Γ we assign the p−adic character χp = βp,1 ◦ χ

and we also write Γ̃p = {χp : χ ∈ Γ̃}.
Let F be a homomorphism representing the class (EN )A defined in Theo-

rem 2.2. Observe that ap,χ 6 0 for any p and χ 6= 1Γ, so the ideal in the assertion
of the theorem may not be integral . Therefore it will be convenient to consider
the representing map F−1 instead of F . Then we have F−1

p (χ) = p−ap,χ .
For any prime p 6= l put

αp =
∑

χ 6=1Γ

p−ap,χ ẽχp ∈ Qp(ξp)Γ/(Γ̃) and αl = 1, (2.10)

where ẽχp = 1
|Γ|

∑
γ∈Γ χp(γ−1)γ̃ is an idempotent in Qp(ξp)Γ/(Γ̃). Now we shall

prove that αp ∈ A∗p. Note that if we write αp =
∑

γ∈Γ bγ γ̃, then there exists
w ∈ Qp(ξp) such that bγ = 1

l

∑
χ 6=1Γ

p−ap,χχp(γ−1) + w for each γ ∈ Γ.
For p 6= l we identify Dp with G al(Qp(ξp)/Qp). As F is an Ω-homomorphism

it follows from Remark 2.1 in [5] that ap,χσ = ap,χ for any prime p, χ 6= 1Γ and
σ ∈ ∆F,p. Since each element of Dp is the restriction of a suitable automorphism
from ∆F,p we also have ap,χδ = ap,χ for δ ∈ Dp. Note also that for any nontrivial
character χ we have {χρδ

p : ρ ∈ Rp, δ ∈ Dp} = Γ̂p \ {1Γ}. Therefore we obtain

bγ − w =
1
l

∑

ρ∈Rp

∑

δ∈Dp

p−a
p,χρδ χρδ

p (γ−1) =
1
l

∑

ρ∈Rp

p−ap,χρ
∑

δ∈Dp

χρδ
p (γ−1).

Since clearly
∑

δ∈Dp
χρδ

p (γ−1) ∈ Qp , we get bγ − w ∈ Qp for each γ which shows
that αp ∈ Ap. Consequently αp ∈ A∗p because p−ap,χ 6= 0 in the formula (2.10).
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Observe that

Detχ(ẽχp
) = (1)δ, and Detχ(ẽνp

) = (0)δ for ν 6= χ.

This with (2.10) gives

Detχ(αp) = (p−a
p,χδ )δ, δ ∈ ŤpSp for any prime p and χ 6= 1Γ.

Thus by the definition of F we obtain

F (χ)−1 = (F p(χ))−1
p = (Detχ(αp))p. (2.11)

Note that ap,χ = 0 for p - hN and for each χ 6= 1Γ, whence, by (2.10), αp = 1 for
almost all p. Consequently αp ∈ A ∗

p for almost all p i.e. (αp)p ∈ J (A), where
J (A) = {(xp)p ∈

∏
p A∗p : xp ∈ A ∗

p for almost all p} is the idele group of the
algebra A. Put α = (αp)p.

It turns out that the idele α determines the locally free A - module Mα by the
formula

Mα = A ∩ {
⋂
p

Apαp} (see (49.5) p. 219 in [2]). (2.12)

Since α satisfies (2.11) it follows from Corollary (52.12) in [2] that Mα is A -
isomorphic to any locally free module in the class represented by F−1. Therefore
we have the equality

(EN )A = (Mα)−1
A (2.13)

in the classgroup Cl(A ).
Now we define a Qp-algebra homomorphism

Θp : Ap −→
kp∏

j=1

Qp(ξp)

by putting

Θp

(
l−1∑

i=1

aiγ̃0
i

)
=

(
l−1∑

i=1

aiξ
iup,j
p

)

16j6kp

where ai ∈ Qp and γ0 generates Γ. Observe that Θp is an isomorphism as the
superposition of the following isomorphisms

Ap
∼= Qp[x]/

(
l−1∑

i=0

xi

)
∼=

kp∏

j=1

Qp[x]/(fj) ∼=
kp∏

j=1

Qp(ξup,j
p )

where fj are Qp−irreducible factors of the polynomial
∑l−1

i=0 xi such that
fj(ξ

up,j
p ) = 0.
It turns out that the restriction Θp of Θp to Ap establishes an isomorphism

Θp : Ap −→
kp∏

j=1

Zp[ξp].

To prove this it suffices to show that Θp is surjective.



Units in real cyclic fields 149

In the case p = l one has kl = 1 and Θl is a ring isomorphism Al
∼= Zl[ξl].

Assume that p 6= l and let (yj)j ∈
∏kp

j=1 Zp[ξp]. Since Θp is surjective, there
exists x =

∑l−1
i=1 aiγ̃0

i with ai ∈ Qp such that Θp(x) = (yj)j i.e. yj =
∑l−1

i=1 aiξ
iup,j
p

for 1 6 j 6 gp. Put x =
∑

χ 6=1Γ
Aχẽχp

, where Aχ ∈ Qp(ξp). Since x ∈ Ap, then

Aχ =
l−1∑

i=0

aiχp(γi
0) and ai =

1
l

∑

χ 6=1Γ

Aχχp(γi
0) + v, (2.14)

for any χ 6= 1Γ, j = 1, . . . , kp, and where v ∈ Qp. As µp(γ0) = ξp we may write

yj =
l−1∑

i=0

aiµ
up,j
p (γi

0) and so δ(yj) =
l−1∑

i=0

aiµ
δup,j
p (γi

0)

for any j = 1, . . . , kp and δ ∈ Dp. Since {µδup,j
p : 1 6 j 6 kp, δ ∈ Dp} = Γ̂p \ {1Γ}

and yj ∈ Zp[ξp] we get
∑l−1

i=0 aiχp(γi
0) ∈ Zp[ξp] for any χ 6= 1Γ, whence by the

first part of (2.14) we have Aχ ∈ Zp[ξp]. Then the second part of (2.14) gives
ai − v ∈ Zp[ξp] (p 6= l) and because of ai, v ∈ Qp we obtain ai − v ∈ Zp for any
1 6 j 6 gp. This proves that x ∈ Ap and the surjectivity of Θp follows.

For any prime p let zp be a Q-algebra monomorphism

zp : Q(ζl) −→
kp∏

j=1

Q(ξp) defined by zp(x) = (βp,j(x))j , x ∈ Q(ζl).

By Θ we denote the isomorphism A ∼= Q(ζl) where Θ
(∑l−1

i=0 aiγ̃
i
0

)
=

∑l−1
i=0 aiξ

i
p,

ai ∈ Q. Then we may write

Θp = zp ◦Θ on A ⊂ Ap. (2.15)

Now we shall prove that Θ restricted to Mα establishes an A -isomorphism

Mα
∼= Q(ζ) ∩





⋂
p

z−1
p




kp∏

j=1

Z[ξp]Θp(αp)






 . (2.16)

Since Θ is injective it suffices to show that the second module in (2.16) is the
image of Mα under Θ. First observe that

Θp(αp) = Θp(
∑

γ∈Γ

bγ γ̃) = Θp


∑

γ∈Γ

1
l

∑

χ 6=1Γ

p−ap,χχp(γ−1)γ̃




= Θp


1

l

l−1∑

i=0

∑

χ6=1Γ

p−ap,χχp(γ−i
0 )γ̃i

0


 =


1

l

l−1∑

i=0

∑

χ 6=1Γ

p−ap,χχp(γ−i
0 )ξiup,j

p



j

=


1

l

l−1∑

i=0

∑

χ6=1Γ

p−ap,χχp(γ−i
0 )µup,j

p (γi
0)



j
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and then using the orthogonality relation for characters we get

Θp(αp) = (pap,j )j , where ap,j = −ap,µup,j , j = 1, . . . , kp. (2.17)

Thus 


kp∏

j=1

Zp[ξp]


Θp(αp) =

kp∏

j=1

(Zp[ξp]pap,j ) .

Let x ∈ Mα and for any prime p put x = xpαp for some xp ∈ Ap. This gives
Θp(x) = Θp(xp)Θp(αp) and so by (2.15) we obtain zp(Θ(x)) = Θp(xp)Θp(αp) ∈∏kp

j=1 (Zp[ξp]pap,j ). Hence Θ(x) ∈ z−1
p

(∏kp

j=1 (Zp[ξp]pap,j )
)
proving the inclusion

Θ(Mα) ⊆ Q(ζ) ∩




⋂
p

z−1
p




kp∏

j=1

Zp[ξp]Θp(αp)






 .

Conversely suppose that y ∈ Q(ζ) ∩
{⋂

p z−1
p

(∏kp

j=1 Zp[ξp]Θp(αp)
)}

and put y =
∑l−2

i=0 ciζ
i, ci ∈ Q. Note that for any prime p

zp(y) =

(
l−2∑

i=0

ciξ
iup,j
p

)

j

∈
kp∏

j=1

Zp[ξp]Θp(αp).

Thus by (2.17) we can write

l−2∑

i=0

ciξ
iup,j
p = xp,jp

ap,j , xp,j ∈ Zp[ξp] and j = 1, . . . , kp.

Let w =
∑l−2

i=0 ciγ̃
i
0 and observe that Θ(w) = y. Indeed, since zp(Θ(w)) = zp(y),

then by (2.15) Θp(w) = zp(y) = (xp,jp
ap,j )j . Consequently by (2.17) we have

w = Θ−1
p ((xp,j)jΘ−1

p (pap,j ) ∈ Apαp because Θ−1
p ((xp,j)j ∈ Ap. This completes

the proof of (2.16)
Our next step is to prove the following equality

Q(ζ) ∩




⋂
p

z−1
p




kp∏

j=1

Zp[ξp]Θp(αp)






 =

⋂

p|hN

kp⋂

j=1

P
ap,j

p,j . (2.18)

First we put

Jp = Q(ζ) ∩ z−1
p




kp∏

j=1

Zp[ξp]Θp(αp)




and suppose that x ∈ Jp. Then x ∈ Q(ζ) and by (2.17) zp(x) = (βp,j(x))j ∈∏kp

j=1 (Zp[ξp]pap,j ), whence βp,j(x) ∈ Q(ξp) ∩ Zp[ξp]pap,j for j = 1, . . . , kp. Thus
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there exist c, d ∈ Z[ξp] such that βp,j(x) = c/d and c ∈ P
ap,j
p \P

ap,j+1
p , d /∈ Pp.

Subsequently let c′ = β−1
p,j (c), d′ = β−1

p,j (d) ∈ Z[ζ] and then c′ ∈ P
ap,j

p,j \P
ap,j+1
p,j ,

d′ /∈ Pp,j for j = 1, . . . , kp, where Pp,j were defined as β−1
p,j (Pp).

Let Z[ζ]Pp,j
denote the localization of Z[ζ] at the prime ideal Pp,j and let

P̃p,j be its prime ideal. Thus x = c′/d′ ∈ P̃
ap,j

p,j for j = 1, . . . , kp, whence

Jp ⊆
kp⋂

j=1

P̃
ap,j

p,j . (2.19)

Conversely let x ∈ ⋂kp

j=1 P̃
ap,j

p,j . Then there exist r, s ∈ Z[ζ] such that x = r/s,
where r ∈ P

ap,j

p,j \P
ap,j+1
p,j , s ∈ Z[ζ]\Pp,j and j = 1, . . . , kp. This is equivalent to

βp,j(r) ∈ βp,j(P
ap,j

p,j ) \ βp,j(P
ap,j+1
p,j ) and βp,j(s) ∈ Z[ζ] \ βp,j(Pp,j)

and since βp,j(Pj) = Pp we obtain βp,j(x) ∈ Zp[ξp]pap,j for j = 1, . . . , kp. Hence
zp(x) =

∏gp

i=1 Zp[ξp]pap,j and so x ∈ Jp which shows the inverse inclusion to that
of (2.19). Thus we get for any prime p

Jp =
kp⋂

j=1

P̃
ap,j

p,j

whence by the definition of Jp

Q(ζ) ∩




⋂
p

z−1
p




kp∏

j=1

Zp[ξp]Θp(αp)






 =

⋂
p

kp⋂

j=1

P̃
ap,j

p,j .

Now observe that (2.18) is a consequence of the above and the following sequence
of equalities

⋂
p

kp⋂

j=1

P̃
ap,j

p,j =





⋂

p|hN

kp⋂

j=1

P̃
ap,j

p,j



 ∩





⋂

p-hN

kp⋂

j=1

Z[ζ]Pp,j





=





⋂

p|hN

kp⋂

j=1

P̃
ap,j

p,j



 ∩ Z[ζ] =

⋂

p|hN

kp⋂

j=1

(P̃ap,j

p,j ∩ Z[ζ])

=
⋂

p|hN

kp⋂

j=1

P
ap,j

p,j .

Since Pp,j = ρp,j(Pp), µup,j = µρp,j and ap,j = −ap,µup,j it follows from (2.16)
and (2.18) that

Mα
∼=

∏

p|hN

∏

ρ∈Rp

ρ(Pp)−ap,µρ .
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Hence by (2.13)

(EN )A =


 ∏

p|hN

∏

ρ∈Rp

ρ(Pp)ap,µρ




A

.

Now the theorem follows because a class equality in Cl(A ) implies an A -isomor-
phism of modules (see the arguments used in the proof of Theorem 6.1 in [5]). ¥

3. Minkowski units

Now we shall give sufficient and necessary conditions for a real tame and cyclic
field N of prime degree over Q to have a Minkowski unit i.e. EN is A -free. The
following criterion is a generalization of Theorem 6.1 in [5] to all primes.

Theorem 3.1. Let N/Q be a real tame and cyclic extension of odd prime degree l.
Then N has a Minkowski unit if and only if

νp(hχ
p )Φµ,p(1) = νp(hµ

p )Φχ,p(1) (3.1)

for any χ, µ ∈ Γ̂ \ {1Γ}, and for any prime p 6= l dividing hN .

Proof. Similarly, as in the proof of Theorem 6.1 in [5], it is sufficient to examine
when the class of EN is trivial in the group Cl(A ).

Assume first that the conditions of the theorem are satisfied. Then, by Theo-
rem 2.2 , for any prime p and any σ ∈ Ω, Fp(χσ) = σ(Fp(χ)) holds where F is
the representative homomorphism defined in Theorem 2.2. Since Fp(χ) is always
a power of p and equals 1 for almost all p, we can apply the same arguments as used
for the map S in the proof of Theorem 2.2 and get F ∈ HomΩ(R′Γ, F ∗)Det(U(A ))
which proves that EN is A -free.

Conversely suppose that EN is A -free. Then the representing function F of
the class (EN )A satisfies F ∈ HomΩ(R′Γ, F ∗)Det(U(A )). Subsequently proceed-
ing as in the final part of the proof of Theorem 6.1 in [5] we come to ap,χ = ap,µ

for any nontrivial characters of Γ and any prime p 6= l dividing hN . Hence the
conditions (3.1) hold. ¥

Now, as in [5], we can derive from the above theorem simple sufficient conditions
for the existence of Minkowski units.

Corollary 3.2. Let N/Q be a real tame and cyclic extension of prime degree l > 2.
Then N has a Minkowski unit in the following two cases:

(i) hN = 1,
(ii) any prime p dividing hN is a primitive root mod l.

Proof. (i) is an immediate consequence of Theorem 2.3. To prove the sufficiency
of the condition (ii) we proceed as in the proof of Corollary 6.2 in [5] using Theo-
rem 3.1 instead of Theorem 6.1 in [5]. ¥
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Note that the sufficiency of the condition (i) was proved in [3] (3.3.Lemme)
and it is also a consequence of Theorem in [1].

Let Q(ζq)+ denote the maximal real subfield of Q(ζq) and h+
q its class number.

Finally using the same arguments as in the proof of Corollary 6.3 in [5] we can
extend the list of known cyclic fields having Minkowski units.

Corollary 3.3. Let l and q be odd prime numbers such that l > 23 and q ≡ 1
(mod l). Let N be the unique real subfield of Q(ζq) such that (N : Q) = l. Then
N has a Minkowski unit for the following pairs (l, q) :

(i) (41, 83), (53, 107) (i.e. N = Q(ζ83)+, Q(ζ107)+), (23, 139), (37, 149)
(tables in [7]) on the assumption that the generalized Riemann hypothe-
sis holds.

(ii) l | q − 1 and q is a prime less than 10 000 from Schoof’s table ([6]) such
that h+

q = 1. There are 800 such pairs.
(iii) l | q − 1 and q is a prime less than 10 000 from of Schoof’s table ([6])

such that h+
q > 1 and all prime factors of h+

q (possible factors of hN ) are
primitive roots mod l. There are 80 such pairs.

Similarly, as in Corollary 6.3 in [5], the correctness of the examples in (ii) and
(iii) of the above corollary depends on whether the entries in Schoof’s table are
equal to h+

q for suitable q’s.
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