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1. Introduction

Grothendieck spaces with the Dunford–Pettis property (briefly, GDP) play a promi-
nent role in the theory of Banach spaces and vector measures, see [15, Ch. VI].
In the last years, these properties have been also investigated in the more general
setting of locally convex Hausdorff spaces, mainly in connection with the study of
mean ergodic operators in Fréchet spaces (see [1, 2, 3, 11]). In the papers [1, 11]
many properties and examples of non normable GDP spaces have been pointed
out. The aim of the present note is to study further permanence results of the
Dunford–Pettis and Grothendieck properties in the setting of locally convex Haus-
dorff spaces and then to combine them in order to obtain the proper analogous
results for GDP-spaces.

After recalling some definitions, the first part of the paper is mainly devoted
to establish permanence results with respect to quotient spaces of the Dunford–
Pettis and Grothendieck properties. As a consequence, it is shown, e.g., that the
quotient space λ∞(A)

λ0(A) is a GDP space whenever the Köthe matrix A is regularly
decreasing. Then, both properties are investigated in the setting of Köthe (LF )-
sequence spaces. Finally, the last section is devoted to prove some permanence
results under taking projective and injective tensor products of Fréchet spaces.

Notations. Let E be a locally convex Hausdorff space (briefly, lcHs) and ΓE

a system of continuous seminorms determining the topology of E. Denote by B(E)
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the collection of all bounded subsets of E. If ΓE is countable and E is complete,
then E is called a Fréchet space. The identity operator on a lcHs E is denoted
by I.

By Eσ we denote E equipped with its weak topology σ(E, E′), where E′ is
the topological dual space of E. The strong topology in E (resp. E′) is denoted
by β(E,E′) (resp. β(E′, E)) and we write Eβ (resp. E′

β). The strong dual space
(E′

β)′β of E′
β is denoted simply by E′′. By E′

σ we denote E′ equipped with its
weak-star topology σ(E′, E).

Let F be another lcHs. Denote by L(E, F ) the space of all continuous linear
operators from E in F . The strong operator topology τs in the space L(E, F ) is
determined by the family of seminorms

qx(S) := q(Sx), S ∈ L(E,F ),

for each x ∈ E and q ∈ ΓF (in which case we write Ls(E, F )). The topology τb of
the uniform convergence on bounded sets is defined in L(E,F ) by the seminorms

qB(S) := sup
x∈B

q(Sx), S ∈ L(E,F ),

for each B ∈ B(E) and q ∈ ΓF (in which case we write Lb(E,F )).
Finally, we refer to [28] for definitions and notions about projective and injec-

tive tensor products of locally convex spaces.

2. Dunford–Pettis and Grothendieck properties

A lcHs E is said to have the Dunford–Pettis property (briefly, DP) if every element
of T ∈ L(E,F ), for F any quasicomplete lcHs, which transforms elements of B(E)
into relatively σ(F, F ′)-compact subsets of F , also transforms σ(E,E′)-compact
subsets of E into relatively compact subsets of F , [25, p.633–634]. Actually, it
suffices that F runs through the class of Banach spaces, [11, p.79]. A reflexive
lcHs satisfies the DP-property if and only if it is Montel, [25, p.634]. A lcHs E
is called a Grothendieck space if every sequence in E′ which is convergent in E′

σ

is also convergent for σ(E′, E′′). Clearly, every reflexive lcHs is a Grothendieck
space. Grothendick spaces with the Dunford Pettis property are called briefly
GDP spaces. Every Montel lcHs is a GDP-space, [11, Remark 2.2], [1, Corollary
3.8]. Other examples of non-normable GDP spaces are given in [1], [11].

Equivalent and useful reformulations of the DP-property for some classes of
lcHs’s are the following.

Proposition 2.1. Let E be any Fréchet space or any complete (LF)-space or any
complete (DF)-space. Then the following properties are equivalent.
(i) E has the DP-property.
(ii) For every σ(E, E′)-null sequence {xk}∞k=1 ⊆ E and every σ(E′, E′′)-null

sequence {x′k}∞k=1 ⊆ E′ we have limk→∞〈xk, x′k〉 = 0.
(iii) For every σ(E, E′)-Cauchy sequence {xk}∞k=1 ⊆ E and every σ(E′, E′′)-null

sequence {x′k}∞k=1 ⊆ E′ we have limk→∞〈xk, x′k〉 = 0.
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Proof. (i)⇔(ii). See [1, Corollary 3.4].
(ii)⇒(iii). Let {xk}∞k=1 ⊆ E be a σ(E, E′)-Cauchy sequence and {x′k}∞k=1 ⊆ E′

be a σ(E′, E′′)-null sequence. Suppose that 〈xk, x′k〉6→0 as k → ∞. Then, there
exists ε0 > 0 such that

|〈xk, x′k〉| > ε0 (2.1)

for all k ∈ N (eventually, by passing to a subsequence). On the other hand, for
each k ∈ N there exists nk(> nk−1) such that

|〈xk, x′nk
〉| < ε0/2 (2.2)

as {x′k}∞k=1 ⊆ E′ is a σ(E′, E′′)-null sequence and hence, 〈xk, x′n〉 → 0 as n →∞.
Now, we observe that

〈xnk
, x′nk

〉 = 〈xk, x′nk
〉+ 〈xnk

− xk, x′nk
〉, k ∈ N,

where {xnk
− xk}∞k=1 is a σ(E,E′)-null sequence. So, from (ii) it follows that

〈xnk
− xk, x′nk

〉 → 0 as k →∞ and hence,

|〈xnk
− xk, x′nk

〉| < ε0

4
, k > k0, (2.3)

for some k0 ∈ N. Combining (2.1), (2.2) and (2.3) we obtain

ε0 6 |〈xnk
, x′nk

〉| < ε0

2
+

ε0

4
=

3ε0

4
, k > k0.

This is a contradiction.
(iii)⇒(ii). It is obvious. ¥

A sequence {xn}∞n=1 in a lcHs E is called a basis if, for every x ∈ E, there
is a unique sequence {αn}∞n=1 ⊆ C such that the series

∑∞
n=1 αnxn converges

to x ∈ E. By setting fn(x) := αn we obtain a linear form fn : E → C. If
{fn}∞n=1 ⊆ E′, then {xn}∞n=1 is called a Schauder basis for E. A sequence {xn}∞n=1

in a lcHs E is called a basic sequence if it is a Schauder basis for the closed linear
hull [{xn}∞n=1] := span{xn}∞n=1 of {xn}∞n=1 in E. Moreover, a basic sequence
{xn}∞n=1 in a lcHs E is called equivalent to the canonical unit basis vectors of `1

if there exists an isomorphism J : `1 → [{xn}∞n=1] with J(en) = xn for all n ∈ N,
i.e., if there exist q0 ∈ ΓE and M0 > 0 such that

‖x‖1 6 M0q0(Jx), x ∈ `1, (2.4)

and for each q ∈ ΓE there exists Mq > 0 satisfying

q(Jx) 6 Mq‖x‖1, x ∈ `1. (2.5)

Therefore, {xn}∞n=1 is a bounded sequence in E and infn∈N q0(xn) > 0.
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Lemma 2.2. Let E be a Fréchet space and F ⊆ E be a closed subspace. Let E
F

be the quotient space endowed with the lc-topology defined via the quotient map
Q : E → E

F . If {xn}∞n=1 ⊆ E is a basic sequence in E which is equivalent to the
canonical unit basis vectors of `1 such that limn→∞Qxn = 0 in E

F , then F contains
an isomorphic copy of `1.

Proof. Let ΓE = (qk)k>0 be increasing. Since {xn}∞n=1 is equivalent to the canon-
ical unit basis vectors of `1, by (2.4) and (2.5) we may suppose (eventually by
relabelling), for every x =

∑∞
n=1 αnxn ∈ [{xn}∞n=1], that

1
M0

∞∑
n=1

|αn| 6 q0

( ∞∑
n=1

αnxn

)
6 M ′

0

∞∑
n=1

|αn|, (2.6)

where M ′
0 := Mq0 , and that

qk

( ∞∑
n=1

αnxn

)
6 Mk

∞∑
n=1

|αn|, k > 1, (2.7)

where Mk := Mqk
. On the other hand, the lc-topology of E

F is generated by the
increasing sequence of seminorms (q̂k)k>0 given by

q̂k(Qx) := inf{qk(x− y) : y ∈ F}, k > 0, x ∈ E,

and hence, q̂k(Qxn) → 0 as n →∞ for all k > 0.
Let {εk}∞k=1 be a decreasing sequence of positive real numbers with ε :=∑∞

k=1 εk < 1
2M0

. Then we can find an increasing sequence {nk}∞k=1 of positive
integers such that

q̂k(Qxnk
) < εk, k > 0,

and hence, a sequence {yk}∞k=0 ⊆ F satisfying

qk(xnk
− yk) < εk, k > 0. (2.8)

These inequalities imply that {yk}∞k=0 is a basic sequence in F which is equivalent
to the canonical unit basis vectors of `1 and hence, F contains an isomorphic copy
of `1. Indeed, from (2.6) and (2.8) it follows, for every h ∈ N and every choice of
scalars α0, α1 . . . , αh, that

q0

(
h∑

k=0

αkyk

)
6 q0

(
h∑

k=0

αk(yk − xnk
)

)
+ q0

(
h∑

k=0

αkxnk

)

6
h∑

k=0

|αk|εk + M ′
0

h∑

k=0

|αk| 6 (ε + M ′
0)

h∑

k=0

|αk|
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and that

q0

(
h∑

k=0

αkyk

)
> q0

(
h∑

k=0

αkxnk

)
− q0

(
h∑

k=0

αk(yk − xnk
)

)

> 1
M0

h∑

k=0

|αk| − ε

h∑

k=0

|αk| > 1
2M0

h∑

k=0

|αk|.

Therefore, we obtain, for every h ∈ N and every choice of scalars α0, . . . , αh, that

1
2M0

h∑

k=0

|αk| 6 q0

(
h∑

k=0

αkyk

)
6 (ε + M ′

0)
h∑

k=0

|αk|. (2.9)

Moreover, from (2.7) and (2.8) it follows, for every l > 1, h > l and every choice
of scalars α0, α1 . . . , αh, that

ql

(
h∑

k=0

αkyk

)
6 ql

(
h∑

k=l

αkyk

)
+ ql

(
l−1∑

k=0

αkyk

)

6 ql

(
h∑

k=l

αk(yk − xnk
)

)
+ ql

(
h∑

k=l

αkxnk

)
+

l−1∑

k=0

|αk|ql(yk)

6
h∑

k=l

|αk|εk + Ml

h∑

k=l

|αk|+ Nl

l−1∑

k=0

|αk| (2.10)

6 (ε + Ml + Nl)
h∑

k=0

|αk|

with Nl := max06k6l−1 ql(yk) < ∞. By the arbitrariness of h and of α0, α1 . . . , αh,
(2.9) and (2.10) imply that {yk}∞k=0 is a basic sequence in F which is equivalent
to the canonical unit basis vectors of `1. ¥

Let E be a lcHs and let Q : E → E
F be a quotient map with F closed subspace

of E. We say that Q lifts bounded sets (lifts bounded sets with closure, resp.) if for
every bounded set B in E

F there exists a bounded set A in E such that Q(A) ⊇ B

(Q(A) ⊇ B, resp.). If E is a metrizable lcHs, we know by [9, Theorem] that Q lifts
bounded sets with closure if and only if Q lifts bounded sets. Moreover, in case E
is a normable lcHs, it is obvious that every quotient map lifts bounded sets.

For Banach spaces, the following useful result is due to Lohman [30].

Lemma 2.3. Let E be a Fréchet space and F ⊆ E be a closed subspace. Let E
F

be the quotient space endowed with the lc-topology defined via the quotient map
Q : E → E

F . If F does not contain any isomorphic copy of `1 and the quotient

map Q lifts bounded sets, then every σ
(

E
F ,

(
E
F

)′)-Cauchy sequence in E
F admits

a subsequence which is the image of a σ(E, E′)-Cauchy sequence in E under the
map Q.
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Proof. Suppose that {x̂n}∞n=1 ⊆ E
F is a σ

(
E
F ,

(
E
F

)′)-Cauchy sequence which does
not admits any subsequence coming from a σ(E,E′)-Cauchy sequence in E under
the map Q. Since {x̂n}∞n=1 is bounded in E

F and Q lifts bounded sets, there exists
{xn}∞n=1 ⊆ B(E) such that x̂n = Qxn for all n ∈ N. Then the sequence {xn}∞n=1

does not contain σ(E, E′)-Cauchy subsequences and hence, by [16, Lemma 3,
p.172], it admits a subsequence {xnk

}∞k=1 which is equivalent to the canonical unit
basis vectors of `1. For the sake of simplicity, we denote such a subsequence again
by {xn}∞n=1.

The sequence {x̂2n−x̂2n−1}∞n=1 is a σ
(

E
F ,

(
E
F

)′)-null sequence in E
F and hence,

there exist an increasing sequence {kn}∞n=1 of positive integers and a sequence
{ŷn}∞n=1 in E

F with ŷn a convex combination of elements of {x̂2j − x̂2j−1 : kn 6
j < kn+1} (i.e., {ŷn}∞n=1 ⊆ co{x̂2n − x̂2n−1}∞n=1) such that limn→∞ ŷn = 0 in E

F .
If {yn}∞n=1 is the corresponding sequence of convex combinations in E of elements
of {x2j − x2j−1 : kn 6 j < kn+1}, then the sequence {yn}∞n=1 is also equivalent to
the canonical unit basis vectors of `1. But, Q(yn) = ŷn → 0 in E

F as n →∞. So,
by Lemma 2.2 we can conclude that F contains an isomorphic copy of `1, which
is a contradiction. ¥

For Banach spaces, the following result is given in [14, Theorem 9].

Theorem 2.4. Let E be a Fréchet space with the DP-property and let F ⊆ E
be a closed subspace. If F does not contain any isomorphic copy of `1 and the
quotient map Q : E → E

F lifts bounded sets, then E
F has the DP-property.

Proof. Let {x̂n}∞n=1 and {fn}∞n=1 be null sequences in σ
(

E
F ,

(
E
F

)′) and in

σ
((

E
F

)′
,
(

E
F

)′′), respectively. Let {nk}∞k=1 be an increasing sequence of posi-

tive integers. Then {x̂nk
}∞k=1 is a σ

(
E
F ,

(
E
F

)′)-Cauchy sequence in E
F and hence,

by Lemma 2.3 there exist a σ(E,E′)-Cauchy sequence {yk}∞k=1 in E and a subse-
quence {jk}∞k=1 of {nk}∞k=1 such that Q(yk) = x̂jk

for all k ∈ N. Since {fjk
}∞k=1 is

a σ
((

E
F

)′
,
(

E
F

)′′)-null sequence in (
E
F

)′ and hence, {Q′fjk
}∞k=1 is a σ(E′, E′′)-null

sequence in E′, it follows that

〈x̂jk, fjk
〉 = 〈Qyk, fjk

〉 = 〈yk, Q′fjk
〉 → 0 as k →∞,

because E has the DP-property, see Proposition 2.1(iii).
The arbitrariness of the sequence {nk}∞k=1 implies that 〈x̂n, fn〉 → 0 as n →

∞. So, applying again Proposition 2.1(iii), we can conclude that E
F has the DP-

property. ¥

We recall for a subspace Y of a lcHs X (of X ′, resp.) that its annihilator
Y ⊥ := {x′ ∈ X ′ : 〈y, x′〉 = 0 ∀y ∈ Y } (⊥Y := {x ∈ X : 〈x, y′〉 = 0 ∀y′ ∈ Y }, resp.)
coincides with its polar Y ◦ := {x′ ∈ X ′ : |〈y, x′〉| 6 1 ∀y ∈ Y } (◦Y := {x ∈ X :
|〈x, y′〉| 6 1 ∀y′ ∈ Y }, resp.).
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A consequence of Theorem 2.4 is the following result.

Corollary 2.5. Let E be a complete (DF)-space and F ⊆ E be a closed subspace
which is quasibarrelled. If E′

β has the DP-property and F⊥ does not contain any
isomorphic copy of `1, then F ′β has the DP-property and hence, F has the DP-
property.

Proof. Denote by J : F → E the canonical inclusion. Then J is an isomorphism
into and hence, the dual operator Q := J ′ : E′

β → F ′β is a homomorphism onto
with kerQ = F⊥, i.e., Q coincides with the canonical quotient map from E′

β

onto the quotient space E′β
F⊥ . So, F ′β = E′β

F⊥ algebraically and topologically via the
map Q. Moreover, the quasibarrelledness of F ensures that Q lifts bounded sets.
Therefore, by Theorem 2.4 F ′β has the DP-property.

Since F is quasibarrelled and its strong dual F ′β possesses the DP-property,
from a result of Grothendieck (see [25, §9.4.3(e), p.637]) we can conclude that F
has the DP-property. ¥

The next result is a dual proper analogue to Theorem 2.4 and is inspired by
[24, Theorem 2].

Theorem 2.6. Let E be a complete (DF)-space with the DP-property and F
be a σ(E′, E)-closed subspace of E′ which does not contain any isomorphic copy
of `1. If ⊥F is quasibarrelled, then ⊥F has the DP-property.

Proof. Denote by J : ⊥F → E the canonical inclusion. As already observed in
the proof of Corollary 2.5, the dual operator Q := J ′ : E′

β → (⊥F )′β coincides with

the canonical quotient map from E′
β onto the quotient space E′β

F (as (⊥F )⊥ = F

by the assumption) and lifts bounded sets. So, (⊥F ′)β = E′β
F algebraically and

topologically via the map Q. Moreover, ⊥F is a complete (DF)-space as a closed
and quasibarrelled subspace of a complete (DF)-space.

Let {xn}∞n=1 ⊆ ⊥F be a σ(⊥F, (⊥F )′)-null sequence and {x̂′n}∞n=1 ⊆ (⊥F )′

be a σ((⊥F )′, (⊥F )′′)-Cauchy sequence satisfying infn∈N |〈xn, x̂′n〉| > c > 0. By
Lemma 2.3 there exists then a σ(E′, E)-Cauchy sequence {x′nk

}∞k=1 ⊆ E′ such
that Qx′nk

= x̂′nk
for all k ∈ N. It follows that

〈Jxnk
, x′nk

〉 = 〈xnk
, Qx′nk

〉 = 〈xnk
, x̂′nk

〉 > c > 0, k ∈ N.

On the other hand, by Proposition 2.1(iii) the DP-property of E implies that

〈Jxnk
, x′nk

〉 → 0 as k →∞.

So, we have a contradition. Then the proof is complete. ¥

We recall that a lcHs E has the Schur property (briefly, E is a Schur space)
if every σ(E, E′)-convergent sequence is also convergent in E. If E is any Fréchet
space or any complete (DF)-space or any complete (LF)-space with the Schur
property, then, by Proposition 2.1, E has the DP-property.
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Theorem 2.7. Let E be a Fréchet space. If E has the DP-property and does not
contain any isomorphic copy of `1, then E′

β is a Schur space and hence, E′
β has

the DP-property.

Proof. Suppose that E′
β is not a Schur space. So, there exists a sequence {x′n}∞n=1 ⊆

E′ such that x′n → 0 in (E′, σ(E′, E′′)) as n →∞ but, {x′n}∞n=1 does not converge
to 0 in E′

β . Therefore, there exists B ∈ B(E) such that

sup
x∈B

|〈x, x′n〉| > c > 0, n ∈ N,

(eventually by passing to a subsequence). So, we can find a sequence {xn}∞n=1 ⊆ B
satisfying

|〈xn, x′n〉| >
1
2
c, n ∈ N. (2.11)

By [16, Lemma 3, p.172] the bounded sequence {xn}∞n=1 ⊆ B has a subsequence
{xnk

}∞k=1 which is either σ(E, E′)-Cauchy or is equivalent to the canonical unit
basis vectors of `1. But E does not contain any isomorphic copy of `1 and hence,
{xnk

}∞k=1 must be a σ(E, E′)-Cauchy sequence. Since E has the DP-property, by
Proposition 2.1(iii) it follows that

〈xnk
, xnk

〉 → 0 as k →∞.

This is in contradiction with (2.11). Then the proof is complete. ¥

We end this section with a result concerning the Grothendieck property.

Theorem 2.8. Let E be a lcHs and F ⊆ E be a closed subspace. If E is
a Grothendieck space and the quotient map Q : E → E

F lifts bounded sets with
closure, then the quotient space E

F is also a Grothendieck space.

Proof. The assumption on the quotient map Q ensures that its dual operator
Q′ :

(
E
F

)′
β
→ E′

β is a topological isomorphism into and hence, it is also a topologi-

cal isomorphism with respect the weak topologies σ
((

E
F

)′
,
(

E
F

)′′) and σ(E′, E′′),

[28, Proposition 9.6.1]. Moreover, Im Q′ = F⊥.
Let {x′n}∞n=1 ⊆

(
E
F

)′ be a σ
((

E
F

)′
, E

F

)
-convergent sequence. Since Q′ also

belongs to L
((

E
F

)′
σ

, E′
σ

)
, it follows that {Q′x′n}∞n=1 is a σ(E′, E)-convergent

sequence in E′ and hence, it is also a σ(E′, E′′)-convergent sequence in E′

because E is a Grothendieck space. But {Q′x′n}∞n=1 ⊆ F⊥ and σ(E′, E′′)|F⊥ =
σ(F⊥, (F⊥)′), [28, Corollary 8.7.3]. Therefore, {Q′x′n}∞n=1 is a σ(F⊥, (F⊥)′)-
convergent sequence in F⊥. Via the weakly isomorphism Q′ we obtain that
{x′n}∞n=1 is a convergent sequence with respect to σ

((
E
F

)′
,
(

E
F

)′′). So, the proof
is complete. ¥
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3. Köthe sequence spaces

Let I denote a fixed countable index set and A = (an)n∈N be a Köthe matrix on I
(i.e., A is an increasing sequence of strictly positive functions on I). Then the
Köthe echelon space λp(A) of order 1 6 p < ∞ is defined as the vector space

λp(A) :=



x ∈ CI : ∀n ∈ N qp

n(x) :=

(∑

i∈I

(an(i)|xn(i)|)p

)1/p

< ∞


 ,

and the Köthe echelon space λ∞(A) of order∞ (λ0(A) of order 0, resp.) is defined
as the vector space

λ∞(A) =
{

x ∈ CI : ∀n ∈ N q∞n (x) := sup
i∈I

an(i)|xn(i)| < ∞
}

,

(
λ0(A) = {x ∈ CI : ∀n ∈ N lim

i
an(i)xn(i) = 0}, resp.

)
.

The spaces λp(A), with 1 6 p 6 ∞ or p = 0, endowed with the sequence of norms
(qp

n)∞n=1, are Fréchet spaces. Moreover, if 1 < p < ∞ then λp(A) is reflexive.
For a Köthe matrix A = (an)n∈N, let V = (vn)n∈N denote the associate de-

creasing sequence of functions vn := 1/an, and set

kp(V ) = indn `p(vn), 1 6 p 6 ∞, and k0(V ) := indn c0(vn).

So, kp(V ) is the increasing union of the Banach spaces `p(vn) (c0(vn), resp.)
endowed with the strongest lc-topology under which the natural injection of each
Banach space `p(vn) (c0(vn), resp.) is continuous. The spaces kp(V ) are called
co-echelon spaces of order p. The canonical inclusion k0(V ) → k∞(V ) is clearly
continuous but it is even a topological isomorphism into.

Given any decreasing sequence V = (vn)∞n=1 of strictly positive functions on I,
let

V :=
{

v = (v(i))i∈I ∈ [0,∞)I : ∀n ∈ N sup
i∈I

v(i)
vn(i)

= sup
i∈I

an(i)v(i) < ∞
}

.

Since I is countable, the system V always contains strictly positive functions.
Next, we introduce the family of spaces

Kp(V ) := projv∈V `p(v), p ∈ [1,∞], and K0(V ) := projv∈V c0(v).

These spaces are equipped with the complete lc-topology given by the system of
seminorms

q
(p)
v (x) :=

(∑

i∈I

(v(i)|x(i)|)p

)1/p

, 1 6 p < ∞,

and
q
(∞)
v (x) := sup

i∈I
v(i)|x(i)|,
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for each v ∈ V . For 1 6 p < ∞, kp(V ) = Kp(V ) as vector spaces and also
topologically. In particular, the inductive limit topology is given by the system
of seminorms {q(p)

v : v ∈ V } and kp(V ) is always complete. Moreover, K0(V ) is
the completion of k0(V ) and the inductive limit topology of k0(V ) is given by the
system of seminorms {q(∞)

v : v ∈ V }. However, it can happen that k0(V ) is a
proper subspace of K0(V ). In particular, K0(V ) is a barrelled (DF)-space. Finally,
k∞(V ) and K∞(V ) are equal as vector spaces and the two spaces have the same
bounded sets. Moreover, k∞(V ) is the bornological space associated with K∞(V ).
For 1 6 p < ∞ or p = 0, if 1

p + 1
q = 1 (where we take q = ∞ for p = 1 and q = 0

for p = 1), then (λp(A))′β = Kq(V ) and (kp(V ))′β = λq(A). For p = 0 we also have
(λ0(A))′β = k1(V ) and (K0(V ))′β = λ1(A).

For a systematic treatment of co-echelon spaces (and echelon spaces) we refer
to [6].

An old result of Grothendieck ensures that if E is a quasibarrelled lcHs such
that its strong dual E′

β possesses the DP-property, then so too does E (see [25,
§9.4.3(e), p.637]). If we combine this result with the recent results in [1, Theo-
rem 4.4], [11, Proposition 3.1], we obtain that:

Remark 3.1.

(a) The space K∞(V ) is the strong dual of the echelon space λ1(A) and has the
DP-property, see [1, Theorem 4.4]. So, by [25, §9.4.3(e), p.637] the echelon
space λ1(A) also has the DP-property.

(b) By [25, §9.4.3(e), p.637] the barrelled (DF)-space K0(V ) has the DP-property
as its strong dual (K0(V ))′β = λ1(A).

(c) The space λ∞(A) is the strong dual of the co-echelon space k1(V ) = K1(V )
and has the DP-property, see [11, Proposition 3.1]. So, by [25, §9.4.3(e),
p.637] the co-echelon space k1(V ) has the DP-property.

(d) By [25, §9.4.3(e), p.637] the echelon space λ0(A) has the DP-property as
(λ0(A))′β = k1(V ).

Moreover, by the results in §2 and Remark 3.1 we deduce the following result.
We refer to [5] and the reference therein for the definition of regularly decreasing
sequences V and for results about the lifting bounded sets property.

Proposition 3.2. The following holds.

(i) The quotient space K∞(V )

K0(V )
is a Grothendieck space.

(ii) If the sequence V associated to the Köthe matrix A is regularly decreasing,
then the quotient space λ∞(A)

λ0(A) is a GDP space.

Proof. (i). We observe that K0(V ) is a closed subspace of K∞(V ) and that the
quotient map Q : K∞(V ) → K∞((V ))

K0(V )
lifts bounded sets with closure as K∞(V ) is

a (DF)-space. Since K∞(V ) is a Grothendieck space, the result then follows from
Theorem 2.8.
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(ii). We first observe that λ0(A) is a closed subspace of λ∞(A) and that the
assumption on V ensures that λ0(A) is quasinormable. We can then apply Merzon–
Palamodov theorem to conclude that the quotient map Q : λ∞(A) → λ∞(A)

λ0(A) lifts
bounded sets as kerQ = λ0(A). Since the space λ∞(A) is a Grothendieck space,
from Theorem 2.8 it follows that λ∞(A)

λ0(A) is also a Grothendieck space. On the other
hand, as it is easy to prove, the space λ0(A) does contain any isomorphic copy
of `1. So, since λ∞(A) possesses also the DP-property, from Theorem 2.4 it follows
that λ∞(A)

λ0(A) has the DP-property too. ¥

Next, let (an,k(j))j,k,n∈N, be a matrix of strictly positive number satifying the
following properties

an,k(j) 6 an,k+1(j), an,k(j) > an+1,k(j)

for all j, k, n ∈ N. For 1 6 p 6 ∞ or p = 0 and for n ∈ N we denote by Ep
n the

echelon space of order p corresponding to the Köthe matrix An = (an,k)k∈N. Then
all these spaces are Fréchet spaces and, Ep

n ↪→ Ep
n+1 continuously for every n ∈ N

and 1 6 p 6 ∞ or p = 0. The inductive limit Ep := indn Ep
n is called a Köthe

(LF)-sequence space of order p.
Moreover, let

d× := {(aj)j∈N ∈ RN :
∀j ∈ N aj > 0, ∀n ∃αn > 0, k(n) ∈ N ∀j ∈ N aj 6 αnan,k(n)(j)}.

By [34, Proposition 5.1] a fundamental system of seminorms in Ep is given by the
seminorms

‖x‖a :=




∞∑

j=1

|x(j)|pap
j




1
p

, a ∈ dx, for 1 6 p < ∞,

‖x‖a := sup
j∈N

|x(j)|aj , a ∈ dx, for p = 0.

By using this projective representation for the spaces Ep, it is easy to verify that
the sequence of vectors (ei)i∈N, where ei = (0, . . . , 0, 1, 0 . . . ), is a Schauder basis
in Ep for 1 6 p < ∞ or p = 0.

An (LF)-space E = indn En is called boundedly retractive if for every bounded
set B in E there is n ∈ N such that B is contained in En and the lc-topologies
of E and En coincide on B. The results in [34, §5] ensure that Ep is boundedly
retractive if and only if the matrix (ank(j)), j, k, n ∈ N, satisfies the following
condition

∃(k(ν))ν∈N ∀n ∈ N ∃m ∈ N ∀l ∈ N, ε > 0 ∃(aj)j∈N ∈ d× ∀j ∈ N :

aml(j) 6 max
(

ε min
16ν6n

aνk(ν)(j), aj

)
. (3.1)
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By Theorems 5.10, 5.14 and 5.16 in [34] we know that the Köthe (LF)-space Ep

is regular if and only if it is complete. Therefore, we can obtain the following result.

Proposition 3.3. Let 1 6 p 6 ∞ or p = 0 and Ep be regular. Then the following
holds.

(i) If 1 < p 6 ∞, then Ep is a Grothendieck space.
(ii) If p = 0, then Ep has the DP-property. If p = 1 and the matrix

(an,k(j))j,k,n∈N, satisfies (3.1), then Ep has the DP-property.
(iii) If 1 6 p < +∞ or p = 0, then Ep is a GDP space if and only if Ep is

Montel.
(iv) If the matrix (an,k(j))j,k,n∈N, satisfies (3.1), then E∞ is a GDP space.

Proof. (i). If 1 < p < ∞ then each Ep
n is a reflexive Fréchet space and hence,

Ep is a Grothendieck space. If p = ∞ then each E∞
n is a Grothendieck space, see

[17, Proposition 5]. Since Ep is regular by assumption, the result then follows
from [1, Proposition 3.10].

(ii). For p = 1 or p = 0 each space Ep
n has the DP-property, see Re-

mark 3.1(a),(d). On the other hand, [34, Theorem 5.16] ensures that E0 satis-
fies the assumption in [1, Proposition 3.11]. In the case p = 1, [34, Theorem 5.6]
ensures that E1 satisfies the assumption in [1, Proposition 3.11] (see [4]). So, the
result follows by applying [1, Proposition 3.11] to Ep.

(iii). As already observed, if 1 6 p < +∞ or p = 0 then the space Ep has
a Schauder basis. Then the result follows from [1, Corollary 3.8].

(iv). For each n ∈ N the space E∞
n is a GDP space, see [11, Proposition 3.1].

On the other hand, (3.1) implies that E∞ satisfies the assumption in [1, Propo-
sition 3.11] (see [4]). So, we can apply [1, Proposition 3.11] to conclude that E∞

has also the DP-property. ¥

4. Projective tensor products of GDP-Fréchet spaces

It is well known that the DP-property is not preserved by projective and injective
tensor products. Famous examples of Talagrand [32] show the existence of Banach
spaces E with the DP-property such that L1(Ω, E) = L1(Ω)⊗̂πE and C(Ω, E) =
C(Ω)⊗̂εE do not have the DP-property. More results in the Banach spaces setting
can be found in [7, 27, 22, 23, 31].

Schur property has a better behaviour, at least with respect to the injective
tensor product. Extending a results of Ryan [31], Botelho and Rueda [12] proved
that the injective tensor product of quasibarrelled spaces with the Schur property
enjoys the Schur property. Moreover, they proved that if E′

β and F have the
Schur property, then the space Lb(E,F ) has the Schur property. Following an
idea of Ryan [31] and using this result, we can obtain a sufficient condition for
the DP-property with respect to the projective tensor product. We recall that
a pair of Fréchet spaces (E, F ) has the property (BB) of Grothendieck if every
bounded set of E⊗̂πF is contained in the closure of the absolutely convex hull
of the tensor product of a bounded set of E and a bounded set of F . The so-
called problem of topologies of Grothendieck asked if every pair of Fréchet spaces
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has the property (BB). It was solved negatively by Taskinen [33] in 1986. Since
then several authors (among them Bonet, Defant, Díaz, Galbis, Peris) studied the
problem finding classes of spaces satisfying the property (BB).

Proposition 4.1. Let E and F be Fréchet spaces. Then the following holds.

(i) If E and F have the Schur property, then E⊗̂εF has the Schur property
and hence, it has the DP-property.

(ii) If (E, F ) has the property (BB) of Grothendieck and both E′
β and F ′β have

the Schur property, then E⊗̂πF has the DP-property.

Proof. (i). It is proved in [12, Proposition 4.1].
(ii). By [12, Proposition 4.3], Lb(E, F ′β) has the Schur property and hence, the

DP-property. Since (E⊗̂πF )′β = Lb(E, F ′β), from [25, 9.4.3(e), p.637] it follows
that E⊗̂πF has the DP-property. ¥

Concerning Grothendieck spaces and injective tensor products, we recall that
Freniche [26] characterized when spaces of vector valued continuous functions are
Grothendieck spaces. On the other hand, Domanski, Lindström and Schlüchter-
mann proved in [20, Theorem 3.6] that if E is a Fréchet space and F is a Fréchet
Montel space, and F or E′′

β has the approximation property, then E⊗̂εF is
a Grothendieck space if and only if E is a Grothendieck space. Moreover, they
observed that the assumption about the approximation property can be removed if
E is a Banach space and F is a Fréchet space, see [21, Corollary 2.7]. By combining
these results with Proposition 4.1 we obtain that

Proposition 4.2. Let E and F be Fréchet spaces. Then the following holds.

(i) If E has the Schur property, F is a Montel space and F or E′′
β has the

approximation property, then E⊗̂εF is a GDP space.
(ii) If E is a Banach space with the Schur property and F is a Schwartz space,

then E⊗̂εF is a GDP space.

In order to obtain sufficient conditions for the GDP property (and also for the
Schur property) with respect to projective tensor products, we recall the following
definition which was introduced in [10] (see also [8]) to give a partial positive
answer to the problem of topologies of Grothendieck.

Definition 4.3. A Fréchet space E is said to be a decomposable (FG)-space if
there is an increasing fundamental sequence of seminorms {|·|n}n∈N such that for
every sequence {αk}k∈N of scalars with 0 < αk 6 1 for every k ∈ N, there exists
a sequence of continuous linear operators {Pn}n∈N ⊆ L(E) such that

(FG1) x =
∑∞

j=1 Pjx for every x ∈ E;
(FG2) |Pkx|k−1 6 αk|x|k for all x ∈ E and k > 2;
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(FG3) for all k ∈ N and j > k there exists λjk > 1 such that |Pkx|j 6 λjk|x|k
for all x ∈ E;

(FG4) Pi ◦ Pj = δijPj for all i, j ∈ N.
Actually, (FG1) and (FG4) mean that {Pn}n∈N is a Schauder decomposition

of E.

Examples of decomposable (FG)-spaces are the Köthe sequences spaces of
order 1 6 p < ∞ or p = 0 (also Banach-valued); the Köthe space λ∞(A) with the
density condition; the Fréchet-Schwarz spaces with a finite-dimensional decompo-
sition and a continuous norm; the space Hb(X) of entire holomorphic functions of
bounded type endowed with the topology of uniform convergence on the bounded
subsets of a Banach space X; the weigthed Fréchet spaces of continuous func-
tions CA0(X).

We need also the following notion which was introduced in [18].

Definition 4.4. A decomposition {Pn}n∈N of a Fréchet space E is said to have
the property (M) if

lim
n→∞

n∑

k=1

Pk = I in Lb(E).

Let E and F be Fréchet spaces and {Pn}n∈N be a decomposition of E. Then,
we can define a canonical decomposition {Pn⊗̂πI}n∈N of E⊗̂πF in the canonical
way. Moreover, by [19, Theorem 5] we have

Theorem 4.5. Let E be a decomposable (FG)-space having a decomposition {Pn}n∈N
with the property (M). Then, for any Fréchet space F , the canonical decomposition
{Pn⊗̂πI}n∈N of E⊗̂πF has the property (M).

Finally, we recall the following result given in [1, Theorem 3.7].

Theorem 4.6. Let E be any quasicomplete, barrelled lcHs and {Pn}n∈N a Schauder
decomposition of E. Then the following holds.

(i) If E is GDP, then {Pn}n∈N has the property (M).
(ii) If {Pn}n∈N has the property (M) and each complemented subspace Pn(E)

of E is a Grothendieck space (has the DP-property, has the Schur property,
is Montel, resp.), then E is a Grothendieck space (has the DP-property,
has the Schur property, is Montel, resp.).

By combining the previous results we obtain the following stability theorem
for the projective tensor product of GDP spaces.

Theorem 4.7. Let E be a Montel decomposable (FG)-space and let F be a Fréchet
space which has the DP-property (has the Schur property, is a Grothendieck space,
is a GDP space, resp.). Then E⊗̂πF has the same property as F .

Proof. Let {αn}n∈N be a sequence of real numbers in ]0, 1]. Let {Pn}n∈N be
a {αn}n∈N decomposition of E. Since E is Montel and hence, it is a GDP space,
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{Pn}n∈N has the property (M) and dimPn(E) = h < ∞ by (FG3). So, the
canonical decomposition {Pn⊗̂πI}n∈N has also the property (M) by Theorem 4.5
and, for each n ∈ N the space (Pn⊗̂πI)(E⊗̂πF ) is isomorphic to Fh so that it has
the same properties as F . The assertion then follows by applying Theorem 4.6(ii).

¥

Corollary 4.8. Let F be a Fréchet GDP space. If E = λp(A), with 1 6 p 6 +∞
and λp(A) is Montel, or E is a Fréchet-Schwarz spaces with a finite-dimensional
decomposition and a continuous norm, then E⊗̂πF is a GDP space.
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