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BILATERAL ¢-SERIES IDENTITIES AND RECIPROCAL
FORMULAE

WENCHANG CHU, WENLONG ZHANG

Abstract: By splitting bilateral series into two unilateral series, we derive several reciprocal for-
mulae from Ramanujan’s 111 and Bailey’s g6 series identities, which generalize the reciprocity
theorems due to Ramanujan and Andrews (1981).

Keywords: Ramanujan’s 111-series identity, Bailey’s well-poised g1g-series identity, reciprocity
theorem.

For two indeterminate x and ¢, the shifted-factorial of x with base ¢ is defined by
(259)p =1 and (23¢),=(1—2)(1—2q) - (1 —z¢" ") for n € N.

When |q| < 1, we have two well-defined infinite products
@0 = [[A—d"2) and  (250), = (€:0) / (20" 0) o -

k=0

The product and fraction of shifted factorials are abbreviated respectively to

(o, B, viql, = (49), (B;a), (Vi)
{Oz, By ey ‘q] _ (@9), (8:9)n - (13),
A, B, -, CT - (49),(Bq), - (Cq),’

Following Gasper and Rahman [14], the basic hypergeometric series is defined by
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ag, ai, -, G
1+r¢s|: 0 bi . b. Q;Z:|
— — _1\n (”)}877“ ag, a1, -+, Qr n
ZO{( 1)q2 q, blv Ty bév‘qnz7
ay, a2, -, Gr .
Tws |: bl) b27 Tty bs G Z:|
= () ST ar, ag, - a
= _Z_ {(_1)(]2} |:b1, b2, e bs q:|n27

where the base ¢ will be restricted to |¢| < 1 for nonterminating g-series.
In his lost notebook [16, P 40], Ramanujan recorded a beautiful reciprocity
theorem, which may be reproduced equivalently as follows.

Theorem 1. For two complex numbers a, ¢ # q~™ with n € N, then

(l B 1) 9, 9a/c, q¢/a; q)oo

c [qa, 4¢; qloo

pla,c) = p(c,a) = . ¢

where

plae) = (1- 1) i (a/e" (),

¢/ = (qa;:q)n

The first published proof of this theorem is due to Andrews [3]. Other proofs
can be found in [1, 8, 15, 17]. In particular, Berndt et al [6] gave three proofs,
one of which being purely combinatorial. In the same paper, Andrews generalized
Ramanujan’s j1;-series identity to a four-free-variable formula, which may be
stated in the following more symmetric form.

Theorem 2 (Andrews [3, Theorem 6]).

= [q/az, bdzy; q] — [q/ay, bdzy; q|
Y 2 (gy)" — =R (qx)"
7;) by, dy; Q]n+1 r;) [bx, dx; Q]n+1

C-a)| qr/y, qy/x, abry, adry, bdry
y axr, ay, bx, by, dx, dy q Oo'

Liu [19] rederived this relation by applying the g-exponential operator to Ra-
manujan’s 1¢-series identity. As conceived by Andrews [3] and Agarwal [2], the
last relation could be deduced from a three-term relation [14, III-33| for 3¢a-series
by Sears (1951). This is fulfilled recently by Kang [18], who established also mul-
tiparameter generalizations of the quintuple product identity.

The purpose of the present paper is to show reciprocal relations exclusively
by writing bilateral basic hypergeometric series in terms of two unilateral ones.
First, we shall review a couple of easier reciprocal relations through Ramanu-
jan’s 111-series identity. Even though this has been an extensively beaten path
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(cf. [1, 6, 7, 15, 17]), it seems that the approach through Bailey’s well-poised g1)6-
series identity has not been explored. Therefore our next natural task is to employ
Bailey’s identity on well-poised gig-series to generalize Andrews’ identity and de-
rive a common extension of Jacobi’s triple product identity and the quintuple
product identity. Finally, the three-term relation expressing nonterminating well-
poised g¢7-series in terms of two balanced 4¢3-series will be used to reformulate
our generalized reciprocal formula to another one. This last result not only ex-
tends again Andrews’ theorem, but also remedies the failed attempt recently made
by Zhang [20], who proved a false result via the g-exponential operator method.

1. Reciprocal Formulae from Ramanujan’s ;1;-series Identity

One of the fundamental identities in the theory of basic hypergeometric series is
Ramanujan’s identity of bilateral jt;-series (cf. [11] and [14, II-29]):

" [ g ’q;z] _ [ g, c/a, az, qfaz

¢, q/a, z, claz

q] , where |c/a| < |z| < 1. (1)

Splitting the bilateral 11;-series just displayed into two unilateral series

O e I T R I e

and then applying Heine’s transformation formula [14, 111-2]

q;z] _ { céa, az ’q} vy [ abz/c, a

, z az

a,

201 [

’ T

to the first 5¢1-series, we get the following relation

¢, q/a, z, claz q])o

_(I-a)zl-c q, ch/C‘, q, q/c‘,C
=g, 1_Z2<f)1 P e + 201 g/a el

Replacing a, ¢, z respectively by 1/a, cz, ¢ and then making some simplification,
we obtain the following reciprocity theorem.

Theorem 3. For two complex numbers a, ¢ # ¢~ ™ withn € N and |ax|, |cx| < 1,

then
V2! q, gqaj/e, qcla, acx
Aa, ) = A(c,a) = (a - E) [ ga, qc, ag, e ‘q N
where
_ I\ o (q/cx;:9),,
)\(a,c) = (1 — E) Z W(afl]) .

n=0
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Instead of Heine’s transformation (3), applying Jackson’s formula [14, T11-4]

b

c

a, ¢/b

az, ¢

to both o¢1-series displayed in (2), Kang [18, §4] finds another relation

201 { ¢ ik bz] (4)

{q,c/a,az,q/az ’ LO : (1—a)z 2¢2{ ,c/a

¢, q/a,z,claz 1—c)(1—2) qc, qz

1 b [ q, c/a ‘ q}
1—c/az’"? | qc/az,qfa T az]|"

a; qaz}

Replacing a, ¢, z respectively by 1/a, cx, ¢ and then simplifying the result, we
recover another generalization of Ramanujan’s reciprocity theorem.

Theorem 4 (Kang [18, Theorem 4.1]). For two complex numbers a, ¢ # q~"
with n € N and |az|, |cx| < 1, then

1 1)[ q, qajc, qcla, acw ’qLO

plase) = plesa) = (5 = A

where

pla,c) = (1 - 1) i (acz; q),, (—a/c)" L.

¢/ = (qa;q), (az;q),

When x — 0, both Theorems 3 and 4 reduce to the reciprocity theorem of
Ramanujan anticipated at the beginning of the paper.

2. Reciprocal Formulae from Bailey’s g1g-series Identity

Among the classical hierarchy of basic hypergeometric series identities, the most
important one perhaps is the very well-poised gig-series identity discovered by
Bailey [4] (see also [12] and [14, 1I-33]), which may be stated as

,ll} q\/&7 _q\/ga ba C, da ‘q 2
ore \/&’ _\/&a qa‘/bv qa/c, qa/d7 qa/e ' de@

_ | ¢.9a,9/a,qa/bc,qa/bd, qa/be,qa/cd, qa/ce, ga/de ’ (5b)
| qa/b.qa/c,qa/d,qa/e,q/b,q/c,q/d,q/e, qa* [bede

provided that |ga?/bede| < 1 for convergence.
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Split the last bilateral giyg-series into two unilateral series

6’(/}6 Q\/a, _q\/av b7 c d’ € q; ﬁ (6&)
Va, —ya, qa/b, qa/c, qa/d, qa/e |’ bede

1 — ag? b, c d, e ga® \n
- Z 1—a [ qa/b, qajc, qa/d, qaje Hn (@) (6b)
(1 —¢*/a)(1 —a/b)(1 —a/c)(1 —a/d)(1 - a/e)

a(l—a)(1 —q/b)(1 —q/c)(1 — q/d)(1 — q/e)

1 —¢>""2/a [ gb/a, qc/a, qd/a, qe/a ga® \"
X;W qz/bv q2/c, qz/d» 2/3 ’ (bcde) ’ (Gd)

(6¢)

Equating (5b) with (6b-6¢c-6d) and then relabeling the parameters a, b, ¢, d, e
respectively with qy/z, q/bx, q/cx, q/dx, q/ax, we derive, after some routine
simplification, the following general reciprocity theorem.

Theorem 5 (|abedz?y?/q| < 1).

- lg/az,q/bx,q/cz,q/dx; q],, 2,2
y 1— g2t abedx“y*/q)"
Z{ v/} lay, by, cy, dy; ql, 41 = /4)

a3 1 eyl /ay, 400, 4/, 110y gy g
n=0

[az, bx, cx, dx; q]n_’_1

R q,qy/, qx/y, abry, acxy, adry, bexy, bdry, cdry
-\ ax, ay, bz, by, cx, cy, dzr, dy, abcdx*y*/q .

In particular, specifying a, c respectively by \/q/zy, —+\/q/xy, we get from the
last theorem the following reciprocity theorem.
Proposition 6 (Reciprocal formula).
o [g/bx, q/dz; q] o [9/by, a/dy; d]
Y =" (—bdzxy)" — x =" (—bdzxy)"
RZ:% by, dy; ql,, 4, ( ) ,;J bz, dx;q],, ( :

(bdxy; q)o (0%, @*y/x, ¢ xy, b*wy, qdPwy; ¢7]

= (-2 [b, by, dz, dy, —bdzy; q]

Letting b — 0, d — 1, x — b, y — d further, we obtain the following reciprocal
formula, which is quite different from those displayed in Theorems 1, 3 and 4.

Corollary 7. For two complex numbers b, d # q~" with n € N, then

1 1)[qQ,qu/d,qu/b,qbd;qQ]m

olb,d) — o(d,b) = (5 — - [gb,ad; 4

where

Q(b7 d) = (1 - é) iq(ngl)Mbn

= (¢b;9),,
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Proof. The last reciprocal formula can also be derived from the following trans-
formation due to Andrews [3, Eq 3.27]:

q"(gbd;q*)n (1 1\ o= (n11) (4/D;0)n n (gbd; ¢%) "+
nz::o [4b, 4 g _(1_b),§q< )(qd;q)nd blab, 4d; gl Z (=d/b)”

In fact, writing

¢"(abdi¢*)n  (abd;¢*) <~ o(n)
— q b/d
7;, [gb,qd; gl dlgb, qd; qlos T; (=b/d)"

and then canceling the symmetric parts in common, we can reformulate the sym-
metric difference as follows:

o00.0) — o, t) = (D51 o {2 Zq a5 Y A v

[gb; ad; qloc ~

Making the replacement n — —n—1 for the second sum and then applying Jacobi’s
triple product identity, we can factorize the difference displayed in the last line into
the following product:

Z O =y + 5 i AU (—d by

n=—oo

+
1 " 1 1 2 9 2 /1. 2
5 3 ey = {5 - G by

This confirms the reciprocal relation stated in Corollary 7. |

Letting a — 0 in Theorem 5 recovers also the following reciprocal formula.

Proposition 8 (Kang [18, Theorem 1.2]).

- ey lq/bx,q/cx,q/dx;q], (n
yz{l Hyfe} S by, cy, dy; d],, 14 o) (—bedzy?)”

= by,q/cy,q/dy;ql, (»
_ 1 — g2t lq/ (2) _ 2 \n
xZ{ 9} e T, 0 (beda’y)

o 4, qy/x, qx/y, bexy, bdry, cdry
= x){bx, by, cr, cy, dz, dy qoo'

As observed by Kang [18, §4], this proposition is equivalent to Andrews’ reci-
procity displayed in Theorem 2, which is justified by reformulating both sums
in the proposition via the limiting case of Watson’s transformation formula [14,
ITI-17] from the terminating very well-poised g¢7-series to the balanced 4¢3-series.
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Therefore, Theorem 5 may be considered as a generalization of Theorem 2 due to
Andrews.

Performing the replacements y — 1, a — y, b — b/xy, ¢ — ¢/xy, d — d/zy
and appealing to the following relation

(a/aq),, = (~1)"q"#)a™" (¢ "asq) .

we derive from Theorem 5 the following common generalization of Jacobi’s triple
product identity and quintuple product identity with five free-parameters.

Theorem 9 (|bcd/qry?| < 1).

- n q xy,q "b/y,q "c/y,q "d Y5 q),, nGnin "
o [y, b/ﬂvy,C/ﬂcy,d/xy,q]n+1
i ) la/y,q "b/xy,q "c/zy, ¢ "d/zy; Q]nqLLLTU (—a2y)"

- [zy,b/y, c/y. d/y; dl, 1

{q, x, q/r, b, ¢ d,  befxy®, bd/zy?, cd/ry? ”
y, wy, bly, c/y, dly, blxy, c/ry, dfxy, bed/quy® 7| -

This theorem contains the following interesting special cases.

e Berndt et al [6, Theorem 3.1]: b, ¢, d — 0.
e Bhargava et al [7]: b, d — 0.
e Kang [18, Theorem 6.1]: ¢ — 0.

They have originally been discovered by different approaches.
In addition, two special cases are worth mentioning. First, letting b, ¢, d — 0
in the last theorem, we recover the following limiting case of Bailey’s g1¢-series:

+oo

{1 2n+1/ } q/ LY, q)nqd( )(7q2y/x)n _ [ q, T, Q/m ’q:| ) (7)
nzz_oo (ay;9),, ay, vy 1]

Then, multiplying both sides of the formula in Theorem 9 by 1 — y and letting
y — 1 and  — 1/, we recover the well-known g-Dougall sum [14, IT-20]:

— lgz,q""b,qa""c,q "d;q],, sy, o
1_mq2n+1 nq (2) —¢*x n 8a
z; { J g, gbz, qcz, qd; q],, ( ) (82)

| gz, bex, bdx, cdx ‘

= { S I o q X where |bedx/q| < 1. (8b)
The first identity extends both identities of triple and quintuple product (cf. [9]
and [10, 13]), while the last one results in a generalization of Sylvester’s identity.
For the details, the readers can consult Kang [18, §6].
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3. Further Reciprocal Relation

Recall the nonterminating three-term transformation formula [14, III-36]:
(b a, Q\/aa *Q\/aa ba ) da ¢, ‘q (93)
= Va, —va, qafb, qaje, qa/d, qa/e, qa/f ’bcdef

_[ gogetde.qofdfiasfes | ] [ galedes (9b)

qa/d. qa/e.qa/f,qa/def |*] 17| qa/b.qa/c.def/a |7

qa, qa/bc> d7 €, f7 Q/bdef q2a2/0d€f 9
g /bl g0, gl gl . 40 fvedef. e aa | _ (9c)
qa/de,qa/df ,qa/ef,q*a® [bedef |
X aPs [ 2a% /bdef, q*a? [cdef, ¢?a/def ‘ } ’ (9d)

We utilize this relation to transform Theorem 5 to another reciprocity theorem.

Writing (6b) in terms of a g@7-series and then reformulating it through the last
three-term transformation formula, we have

a, qva, —qy/a, b, c, d, e, q | qa?
8¢7{ va, —a, qa/b, qajc, qa/d, qale, a q’bcde]
qa,qa/de,a/d,a/e q,d, e, qa/bc
- [ qa/d,qa/e,a,a/de C]])o4¢3 { qa/b,qa/c,qde/a ’q;q}
[ qa, qa/be, d, e, q, qa? /bde, ga* cde ‘ ]
qa/b,qa/c,qa/d,qa/e, a,qa? /bede, de/a

a/d,a/e,qa?/bede ‘ .
><3¢2{ qa?/bde, qa? /cde 4] -

Similarly, we can reformulate (6d) as the following expression:

p { @*/a, @/Va, —d*/Va, qbla, qc/a, qd/a, qe/a, g
e a/Va, —a/va, &b ¢le. ¢¢ld, Ple, ¢la !
_ [ ¢*/a,qa/de,q/d,q/e by | ©10/a0¢/a;qa/bc
| @#/d e, a,ajde IT] TP ¢?/b,q? e, qde/a
q®/a,qa/be,qd/a, ge/a, q,q*a/bde, ¢*a/cde
+ q?/b,q*/c,q*/d, q? e, q* |a, qa* /bede, de/a ‘

Q%Q]-

Substituting both three-term transformation formulae into (6a-6b-6¢-6d) and then
replacing a, b, ¢, d, e respectively by qy/z, q/bx, q/dzx, q/ax, q/cx, we find, after
some simplification, the following equivalent form of Theorem 5.

qa
" bede

q; CI]

X 3y | VD 0/e00° [bede
3721 q2a/bde, ¢*a/cde
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Theorem 10 (Reciprocal formula).

l[q/az, q/cx bdzxy;ql, q — lq/ay,q/cy,bdxy;q], q"
yZ —r)

T
(¢?/aczy; q), [by,dy,q]nﬂ — (q*/aczy; q),, [bx, dw; q], 4

—— qy/z, qr/y, abry, acry/q, adry, bery, bdzy, cdry ‘
=\ ax, ay, bz, by, cx, cy, dz, dy, abedx?y?/q

+acrvy{ ¢, qfax, qlay, q/cx, q/cy, bdzy ”

q bz, by, dz, dy, q¢*/acxy, abcdx®y?/q -

« {y[ bx, dx, abcxy?, acdry? ‘ ] é [ ay, cy, abedxy? /q ) ]
ay, cy, q/ay, q/cy 7 abeay? acdey? T

by, dy, abcx?y, acdz?y ax, cx,abedr?®y?/q
- q| 302 2 ) ) iq| o
ax,cx,q/ax,q/cx abcx?y, acdx?y

When ¢ — 0, the last theorem reduces to Andrews’ one displayed in Theo-
rem 2. This theorem corrects the reciprocal formula due to Zhang [20], where the
correcting terms displayed in the last three lines have been missing.
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