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SOME LP INEQUALITIES FOR POLYNOMIALS
ABDULLAH MiIR, KuM K. DEWAN, NARESH SINGH

Abstract: In this paper we establish some LP inequalities for polynomials having no zeros in
|z] < k, where k > 1. Our results not only generalizes some known polynomial inequalities, but
also a variety of interesting results can be deduced from these by a fairly uniform procedure.
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1. Introduction and statement of results

n .
Let p(z) = ) a;2’ be a polynomial of degree at most n and p’(z) its derivative,
§=0
then
max [p'(2)| < nmax |p(z)| (1)

|z|=1 |z|=

and for every r > 1,

{/ " |p’<e’”>|*de}’l" <f [ " |p(€w)|,«d9}? 2)

Inequality (1) is a classical result of Bernstein [13] (see also [16]), whereas in-
equality (2) is due to Zygmund [17] who proved it for all trigonometric polynomials
of degree n and not only for those which are of the form p(e??). Arestov [1] proved
that (2) remains true for 0 < r < 1 as well. If we let r — oo in inequality (2), we
get (1).

If we restrict ourselves to the class of polynomials having no zeros in |z| < 1,
then both the inequalities (1) and (2) can be sharpened. In fact, if p(z) # 0 in
|z| < 1, then (1) and (2) can be respectively replaced by

max |p’(z gﬁmax z 3
masx /()] < e (2 3
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27 % 27 ) %
{ / |p’<e”>|rde} <nc,«{ / |p<e“’)|7“do}, 4)
0 0
1 2w . 7%
cr:{/ |1+ew”da} .
27T 0

Inequality (3) was conjectured by Erdos and later verified by Lax [11], whereas in-
equality (4) was found out by De-Bruijn [6] for > 1. Rahman and Schmeisser [15]
have shown that (4) holds for 0 < r < 1 also. If we let r — oo in (4), we get (3).

As a generalization of (3) Malik [12] proved that if p(z) # 0 in |z| < k, k > 1,
then

and

where

max |p'(2)| < g maxp(=)] (5)

|z|=

whereas under the same hypothesis, Govil and Rahman [10] extended inequality (4)
by showing that

1

27 % 27 ) ”
{ / |p’<e“’>|rd9} < nE{ / |p<e’9>|rde} , ©)
0 0
1 2 . 7%
ET:{/ |k—|—ew‘|rda} , r>1.
271' 0

It was shown by Gardner and Weems [9] that inequality (6) also holds for
0<r<L
Chan and Malik [5] generalized (5) in a different direction and proved that, if

where

p(z) =ap+ > ayz¥, t = 1, is a polynomial of degree n which does not vanish in
v=t

|z| < K, where k > 1, then

n
max P'(2)] < TR Ip(2)]- (7

Inequality (7) was independently proved by Qazi [14, Lemma 1] who also under
the same hypothesis proved that

/ < n
()] < (15 ) maxlo(a) ®
where
(t) S gt=1 41
_ t+1 n ao
Sl =k (t) a (9)
— )| =kt +1
n agp
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n 4
Ifp(z) =ap+ >, apz” #0in |z| < k, k > 1, then — a
v=t n|ag
also be taken as equivalent to S; > k!. Hence inequality (8) is an improvement of
inequality (7).
Recently, Aziz and Shah [4] investigated the dependence lmlax |p(Rz) —p(2)| on
z|=1

k! < 1, which can

Imla)i Ip(2)| and proved that if p(z) = ap+ Z a,z%, t > 1, is a polynomial of degree
z|= =t
p(z) #0in |2| <k, k > 1, then for every R>1and |z| =1,

() = () < { s bt (10)
where R 1
[ (e
n(m) =kt | S (1)
(=) e

If we divide the two sides of (10) by R — 1, make R — 1 and noting that
Y1(R) — S; as R — 1, we get (8).

The following result which is due to Gardner, Govil and Weems [8] is of inde-
pendent interest, because it provides generalizations and refinements of inequalities

(3), (5), (7) and (8).
Theorem A. If p(z) = ag + > ap2z¥, t = 1, is a polynomial of degree n having

v=t
no zeros in |z| < k where k > 1, then

max ! 2) < (5 ) {maxlota)l - m (12)

where m = mln |p(2)| and

2=
(t> | ||at Kl
_ i n ) lag| —m 1
SO n ‘at| ( 3)
— )kt +1
n ) |ag] —m

In this paper, we shall generalize inequalities (10) and (12) to the L" norm of
p(z) for every r > 0. We first prove the following interesting generalization of (12).

Theorem 1. Let p(z) = ag + Z ay2¥, t = 1, be a polynomial of degree n which

does not vanish in |z| <k, k > 1 Then for every complex number 8 with |3] <

and for each r > 0,
Pyt m :
a} <uc [Thenral’,
0

{(

mn/3
1+ .5y

p(e) +
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where

_1
r

|z|=k 2w

1 2 )
m = min |p(z)], C, = {/ |So + em|rda}
0

and Sy is as defined in Theorem A.

1
If we let 7 — oo in (14), noting that C, — T and choose argument of 3

0
with |3] = 1 suitably, we get (12). For k =1 =t and 8 = 0, Theorem 1 reduces
to De-Bruijn’s Theorem.
If we do not have the knowledge of lrrllir}C |p(z)|, we obtain the following result

which is a special case of Theorem 1.

n

Corollary 1. If p(z) = ap + Y. ay,2¥, t = 1, is a polynomial of degree n having
v=t

no zeros in |z| <k, k > 1, then for each r > 0,

{/0277 Ip’(ew)’"da}i < nDT{/O% |p(ez’9)|7-d9}i’ 15

1

1 27 ) -
D, ={— g 16
{27r /0 151+ ¢ a} (16)

and Sy is defined by formula (9).

where

If we let r — oo in (15), we get (8). Several other interesting results easily
follow from Corollary 1. Here, we mention a few of these. Since it is well known
that S; > k'. Using this fact in inequality (15), we immediately get the following
corollary.

n

Corollary 2. If p(z) = ag + Y. ay2", t = 1, is a polynomial of degree n having
v=t

no zeros in |z| <k, k > 1, then for each r > 0,

27 %
{ [ wenra} < " :
0 1 o kt i rd v
%/0 |k* + " da

X{A%WM%WQé (17)

For t = 1, inequality (17) reduces to inequality (6) for r > 0.

Instead of proving Theorem 1, we prove the following more general result which
includes not only Theorem 1 and inequality (10) as special cases, but also leads to
a standard development of interesting generalizations of some well known results.
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n
Theorem 2. Ifp(z) = ap+ Y, a,z", t > 1, is a polynomial of degree n which does
v=t
not vanish in |z| <k, k > 1, and m = min |p(z)|, then for every complex number

|z|=k
dﬂ}r

B with |B| <1, r >0, R>1 and « real,
27 L
<t -vp{ [Cweral’ o)
0

([

i i R" -1
p<Re0>—p<e9>+(1+ %(R))mﬁ

where

1 2m . ,14
B, = {/ [0 (R) + ew‘|rdo¢}
2 0

and

Rt —1 ‘at‘ -1 1
_ R* —1) |ag] —m

Rt —1 |at|
|
(1)l

Yo(R) (19)

If we let r — oo in (18) and choose argument of § with |3| = 1 suitably, we get

R" -1
max |p(Rz) — p(z é(){maxpz m}. 20
max p(82) = () < ( T ) e (o) (20)
Dividing the two sides of (20) by R—1, letting R — 1 and noting that 1(R) — Sp
as R — 1, we get Theorem A.

From inequality (20), it follows that

R" +1o(R) R"—1
Eﬁﬁm@”<<1+¢MR))gﬁp@)—(1+wmﬂ>m. (21)

It can be easily verified that for every n and R > 1, the function

R"+x R™ -1 . : : :

max |p(z)| — m, is a non-increasing function of z. If we
1+2 /) |z=1 1+

combine this fact with Lemma 6 (stated in Section 2), according to which ¢y (R) >

kt for t > 1, we get

R™ + Kkt R*"—1
< [ = I e —
mas b1 < (5 ) mexb) - (T ) (22)

which is a generalization of a result due to Aziz [2, Theorem 4].
If we divide the two sides of (18) by R — 1, make R — 1 and note that
Yo(R) — Sp as R — 1, we get inequality (14) of Theorem 1.
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2. Lemmas

For the proofs of these theorems we need the following lemmas.

n
Lemma 1. If p(z) = ap + > ay,2%, t > 1, is a polynomial of degree n having no

v=t
zeros in |z| < k, k > 1, then for |z| =1 and R > 1,

(Rt_1>atkt—1+1
R*"—1/|a
lg(Rz) — q(2)| = k" 1 - Ip(Rz) —p(z)|  (23)
Qg1 41
R*—1 a

z

where q(z) = Z"p<1>

The above lemma is due to Aziz and Shah [4].
The following lemma is due to Aziz and Rather [3].

Lemma 2. If p(z) is a polynomial of degree n having all its zeros in |z| < t, where
t <1, then

Ip(Rz) — p(2)]

WV

(R 1> min |p(z)], for |z|=1 and R>1.

tm |z|=t

Lemma 3. The function

(E (e
S(z) = g1 AL R>1,

is a mon-decreasing function of x.
Proof of Lemma 3. The proof follows by considering the first derivative test for
S(z). |
Lemma 4. If p(z) = > ayz’ is a polynomial of degree n, p(z) # 0 in |z| < k
v=0
then |p(z)| > m for |z| < k, and in particular
lag| > m,

where m = min |p(z)].
|z|=k
The above lemma is due to Gardner, Govil and Musukula [7, Lemma 2.6],
however for the sake of completeness we present the brief outline of the proof. For
this, we can assume without loss of generality that p(z) has no zeros on |z| = k,
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for otherwise the result holds trivially. Since p(z), being a polynomial, is analytic
in |z| < k and has no zeros in |z| < k, by the minimum modulus principle,

p(2)| =m  for |2 <k,

which in particular implies |ag| = [p(0)] > m.

n
Lemma 5. If p(z) = ap + >, a,z¥, t = 1, is a polynomial of degree n having no

v=t

zeros in |z| <k, k=1 and q(z) = z”p( >, then for |z| =1 and R > 1

Rt —1 |at| kt71 1
i1 R*—1)]ag| —m

Rt -1 |CLt|
k141
(#=1) ‘

Wl =

where m = min |p(2)|.
|z[=k
Proof of Lemma 5. Since m < |p(z)| for |z| = k.

Hence, it follows by Rouche’s Theorem that for m > 0 and for every complex
number « with |a| < 1, the polynomial h(z) = p(z) — am does not vanish in
|z| < k.

Applying Lemma 1 to the polynomial h(z) = p(z) — am, we get for every
complex number « with |a] <1,

Rt -1 \at\ k,‘t_l + 1
i1 R* —1) |ag — am|

Rt -1 |at|
B+l 11
(R"1>|aoozm| +

Ip(Rz) — p(2)] (25)

< lg(R2) — q(2) — ma(R" —1)z"|
for |z| =1 and R > 1. Since for every «, |a| < 1 we have
|ag — am| > |ag| — |a|m = |ag] — m (26)

and |ag| > m by Lemma 4, we get on combining (25), (26) and Lemma 3 that for
every o where |af < 1,

Rt —1 |at| Bl
i R*—1)]ag| —m

Rtfl |6Lt|
R 41
(Rn—1>|ao—m *

for |z] =1 and R > 1.
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< 1, it follows by Lemma 2 (with p(z)

=

Also all the zeros of ¢(z) lie in |z| <
replaced by ¢(z) and ¢t by 1/k) that

lg(Rz) — q(z)| = (R" = 1)k" min [q(2)].

=1

But

. 1 .
min |q(z)| = — min |p(z)],
min lg(2)| = 5 min ()

therefore, we have
l¢(Rz) — q(2)| = (R" — 1)m for |z]=1 and R>1. (28)

Now choosing argument of a with |a| = 1 on the right hand side of (27) such that
for |z2| =1and R > 1,

la(Rz) — q(z) — ma(R" —1)z"| = [¢(Rz) — q(2)| — (R" — 1)m

which is possible by (28), we conclude that

RNl piea
pt+1 ) AB" = 1) |ag| —m

Rt — 1 \at\
K+l 41
(Rn—l)ma—nl -

[p(Rz) — p(2)]

<lg(Rz) —q(2)| = (B" — 1)m

for |z = 1 and R > 1, which is inequality (24) and that proves Lemma 5 com-
pletely. |

n
Lemma 6. If p(z) = ap+ > a,2%, t > 1, is a polynomial of degree n having no
v=t
zeros in |z| <k, k=1 and m = ‘H‘lil}c Ip(2)]|, then
zl=

Rt —1 |at| i1 1
R —1) |ag| —m
_ it

Rt -1 |at|
k41
()l

Yo(R)

Proof of Lemma 6. Since, we have

R —1 t
gi
R -1 n

(29)

holds for all R > 1 and 1 < t < n by considering the first derivative test for the
function p(R) = nR! — tR™.
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Also, we have by an inequality (see [8, Proof of Lemma 3]),

kt
ek m oy (30)
lag| —m ~ t
Considering (29) and (30), we get
\at|kt < R"—1
lap] —m ~ Rt —1"

The above inequality is clearly equivalent to

(Rt—l) ok 1y < k- 1),

R*—1) lag| —m

which implies

t t+1 t t

R*—1) |ag|—m R*—1) lag| —m

from which Lemma 6 follows.

Lemma 7. If A, B and C are non-negative real numbers such that B+ C < A,
then for every real number a,

(A= C)e + (B+C)| < |Ae™ + B].

Lemma 8. If p(z) is a polynomial of degree n which does not vanish in |z| < 1,
then for each r >0, R > 1 and « real,

{A%KﬂRJ%_p@w»+éaOWp(ﬁ>—m@WOVM}i
< =of [T}

The result is best possible and equality holds for p(z) = Az"™ + p, |A| = |ul.

The above two lemmas are due to Aziz and Rather [3].

3. Proofs of the Theorems

Proof of Theorem 2. Since p(z) # 0 in |z| < k, k > 1, therefore, by Lemma 5,
for each 0, 0 < 0 < 27 and R > 1, we have

_ _ ¢i0 _
%wmww%—mﬂn<h%(R)—mw>_mWMJL

where 1)g(R) is as defined in inequality (19).
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This implies

sol® {IpRe?) = o) + (s )

4 4 _ R" -1
B = |p(Rei®) p(ei®)] and C = (H%(R))m

i0
Taking A = ’R”p(eR) —p(e®)
in Lemma 7 and noting by Lemma 6 that t(R) > k' > 1,

B+C<yo(R)(B+C)<A-C<A,
we get for every real a,

(1) - (Ei

)
+{ntret) - pie )+ (12 | a
< ’\R"p(ew ~ p(e)]e + Ip(Re®) — ple?)]|.

This implies for each r > 0,

/ 2” |F(6) + e G(0)]"df
0

< /QW |R"p<ei0) —p(e")]e + |p(Re™) — p(e™))| Tda (32)
S 0 R ’
where
B i0y 0 ﬁ
F(6) = [p(Re") = p(e”)| + <1+¢0<R>>m
and

()
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Integrating both sides of (32) with respect to « from 0 to 27, we get with the help
of Lemma 8, for each » > 0, R > 1,

/0% /0% [F(6) + € G(6)|" dbda
< [T pa(55) et et -t
- /o { /0 (Rp(z;) - p<@”>> ¢ + (p(Re™) — p(e™))
- /o% { /o% (Rp(ez;) - p<@”>> ¢ + (p(Re) — p(e))

27 27
<(R"— 1) / / ()| dbda
0 0
27

da}d@
da}d9

d@}da

=271(R" — 1)T/ Ip(e?)|"dh . (33)
0
Now for every real o and t; > t3 > 1, we have
[t1 + ™| > |ta + '],

which implies for every r > 0

2 ) 27 )
/ |t1+em|’“da>/ its + ¢ dar

0 0

If F(6) # 0, we take t; = ‘ggz;‘ and to = ¥o(R), then from (31) and noting by

Lemma 6 that ¥o(R) > 1, we have t; > t2 > 1, hence

- o "do = . @eiaTa
/o IF(0) + =G O) da—\F(G)\/O 1+ Fgte|
— [FO) / ;igg;+ do
_ - (TGO, Ll
—\F(H)\/O ]m\+ da

21 )
> |FO)" / Wo(R) + ¢ " da

= {iptre®) - s+ (Tt Jmf
« /O% lbo(R) + ¢ dar.
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For F(#) = 0, this inequality is trivially true. Using this in (33), we conclude that
for each r > 0, R > 1,

/ 7 o(B) + ¢ da / " {Inre®) = pie) + (%)m}rw

2m

< 2n(R" —1)" /O pE®)do.  (34)

Now using the fact that for every complex number 3 with |3| < 1,

]pa%e*’”) —p(e) + ﬁm( % ) ‘

; ; R" -1
< p(Re) =) (=),
the desired result follows from (34). |

Remark 1. If we divide both sides of (24) by R — 1 and let R — 1, we get

<f>|atlkt1H

n/ |ag| —m

kt-l-l : | ||at| |p/(z)| < \q/(z)| . (35)
Sl I ] B R S T |
(n) lag| —m +

This inequality was also recently proved by Gardner, Govil and Weems [8, Lemma 8§].

Remark 2. The proof of Theorem 1 follows along the lines of the proof of Theo-
rem 2, by applying inequality (35) instead of Lemma 5.
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