Functiones et Approximatio
42.2 (2010), 113-129

EXPONENTIAL SUMS AND THE ABELIAN GROUP PROBLEM
H.-Q. Liu

Abstract: We give new estimates for multiple exponential sums, which infers
1
A(z) = Ciz + ng% + C393% + O (xiev(z)) , Viz) = %(LlogL)% + 0 ((LlogL)%> ,

where L = logz, A(x) is the number of non-isomorphic abelian groups of orders < z, and z is
large.
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1. Introduction

For a positive integer n let a(n) be the number of distinct abelian groups (up to
isomorphism) of order n, and let

Alz) =) a(n),

n<r

where x is a large positive number. Recently in [RS] the authors deduced the
following wonderful result:

A(w) = Cyz + Cox® + Csa¥ + A), A(z) < zite, (1.1)

where € is any given small positive constants (as usual, C, Cy and Cj are the three
standard constants). Previously, in 1993 in [L2] we showed the estimation:

Ax) < atte, 2% _go5195. (1.2)

199
and in 2000 in [SW], the authors improved the exponent of (1.2) to 2% = 0.25114.. ..
by using an ingenious result of [BS]. Stimulated by works of Bombieri and
Iwaniec [BI], and [W], the new idea of [RS] is to give up the use of the Weyl’s
inequality of van der Corput’s method, and instead it uses only the Cauchy’s
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inequality (and then it reduces the related "spacing problem” to a problem of
evaluating an integration). In fact, just as we observed in [L2] (see p.296, the
”Concluding remarks”), that if we use the Weyl’s inequality, we can never attain
the exponent i, because to study the corresponding ”spacing problem” one must
use the Taylor’s expansion, which then requires that ¢ cannot be too large as
compared with M.

In this paper, we are stimulated by the work of Vinogradov’s mean-value the-
orem (see Chapter VI of [T]), to present a refined version of the work of [RS| for
evaluating an integration, and from which we can deduce a new estimation for
triple exponential sums with monomials.

Theorem 1.1. Let M, M, Ny > %,

5
S = § § § Qﬁmwmlnle (Amam’lynl) s
mi~My ni~Ny mel

(as usual e(§) = exp(2mi€)), andt ~ T means 1 < t/T < 2) here ¢y, is meaningful
form ~ M, and |¢pm| < 1, |[¥Ymn,| < 1, Aavd # 0,0 # 1,a # 2, A, a,7,0 are
real, I is an interval, I C [M,2M), and I may depend on both m1 and ny. Let
F =|AIM*M] N}, L =1log(9M), and L = log(10M;Ny). Then, if F > 1 we have

S« (1\41\41J\/1F—1/4 + /MA(MNy)3 + MyN,MY? 4§ (MlNl)SFMz) (PO

where ®(M) = (Llog L)% + O (L%(log L)—%) ,

Our Theorem 1.1 is an improvement of Theorem 1 of [RS].

Let 7(1,2,3;n) = [{(n1,n2,n3)|n =nin3n3, n;(1 < i< 3) be positive
integers} | . In 1968, P.G.Schmidt [S1] first got the symmetric version for the error
term in the asymptotic formula:

27(1,2,3;71) = 17 + 17 + c3wF + Ay (2), (1.3)

n<x

e =C2)B),  e=C (;) ¢ (2) L = (;) ¢ @ .

Using Schmidt’s formula, from Theorem 1.1 we can deduce the following:

where

Theorem 1.2. For x > 10, L = logx, one has the bound
1
V3
In [S1], Schmidt showed that for all 3 > 1,

A(z)=0 (xieR(m)) ., with R(z)=—=(LlogL)? + O (L%(log L)_%) .

A (z) < 2° = Ax) < 27,

where A(z) and Aq(z) are given by (1.1) and (1.3) respectively. Along the similar
line of approach, from Theorem 1.2 we can deduce the following essentially new
bound for A(x):
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Theorem 1.3. For the abelian group problem, we have for x > 10,
Alx) =0 (Xiev(z)> ,

where V(z) = %(LlogL)% +0 (L%(logL)*%), L =logz.

We should add a few more words here to clarify the historical background
for the study of the abelian group problem. B.R.Srinivasan’s work of [Sr| was
untenable, because Srinivasan’s theory of the so-called "two dimensional exponent
pairs” was suspected by P.G.Schmidt, see the paper [S2] of Schmidt. The result
of G.Kolesnik [K] was also untenable, because although we can remedy the proof
of Theorem 1 of [K] dy developing some new techniques (see [L4]), we are unable
to remedy the proof of the last bound of Sy of Lemma 6 of [K]. Our works of [L1]
and [L2] are tenable, for although they used Theorem 1 of [K], for the statement
and the proof of Theorem 1 of [K] have been corrected in our recent paper [L4].

2. Preliminaries

We prove several lemmas in this section.

Lemma 2.1. Let A be a set of finitely many distinct positive numbers, A1 and As
are two positive constants, such that if n € A then A1 < n/N < Ay. Let w(u) be
a real valued function with positive arguments, let 6 > 0, and V(A,d) denote the
number of ordered (uyi,us,v1,v2)’s of the four dimensional euclidean space such
that

z (W () —w (o)) <6, and  uy,ug,vy,vy € A
1<m<2

Let

T(Aa) = S utewlu), WA = [T
ucA 0
where D = (25)71.
(i) We have
SAITTEN2W (A, 0) < V(A,8) < m*ASN?6W (A, ).

(i) f AC A, 0 >8>0, and D' = (28')71, then (for A',n € A = n/N €
[A1, A2))
SAZSW (A, 0) < m* AZ6W (A, 8).
(iii) Let hy, be any complex numbers with |h,| < 1, then
D
V(A,0) = 8AIN?5 2 /
0

4

Z w1 2hye(zw(u))| do

ueA
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Proof. (i) can be proven similarly with the proof of Lemma 2.1 of [W]. Using (i)
and the obvious inequality V (A, d) < V(A,d") < V(A',d’), we can get (ii). Using
again the method of showing (i), but in a more careful manner, we can get (iii)
(see also (2.3) on p.5 of [RS]). [ |

Lemma 2.2. Let M > 0,¢c > 2,M < N1 < Ny < cM, z,,, be complex numbers.
Then

4 : 4
Z Zm| < (1+4log(cM + 1))3 / Z zme(mt)| L(t)dt |,
Ni<m<Nsy 1 | M<m<cM
where L£(t) = min (CM, ﬁ) .
Proof. It can be proven similarly with Lemma 2 of [RS]. |

Lemma 2.3. Let 2X > X; > 0, X > Y > 0,M > 0,¢ > 2,]am| < 1,9(m)
is a real valued function with natural number arguments, M;(z) = x"K;, here
h, Ky and Ky do not depend on x (i = 1,2), and when X7 < x < 2X holds
M < Mi(z) < Ma(z) < cM, then

2X 4
amm_%e(xqb(m)) dx
X, |Mi(z)<m<M;(z)
2y 4

. %(1 +log(eM + 1))* / Z m—%e(x(b(m)) dx

0 M<L<m<cM

n8ct

<
64

Proof. It can be proven similarly with Lemma 3 of [RS|, by using instead our
Lemmas 1 and 2. |

Lemma 2.4. For a real number o with o # 0, o # 1, there is a positive number
c(a), such that

M3/? 4

/ | Z m e (a: <%)a> dr < c(a) M?>.

o |M<m<aM

Proof. It can be proven similarly with Lemma 5 of [RS], by adding one more step
to the partial summation. |

3. Estimation of integration

The purpose of this section is to deduce the following important theorem by using
the mathematical induction.
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Theorem 3.1. Let M > 1,0<e<1, a#0, a <1, then

M2—e 4

[ ke (o (5)")] dr < a2 top@1 )0,

0 M<L<m<2M
(3.1)
where [1/€] is the largest number not exceeding 1/e,

Q(M,a):2<|a|+ ’041’+1>M+e3,
o

8+ca)+c< a )+/\10() o
Pla) = Mo (= ) (a)+u( al), 7

8+ c(a) + c< 1>+)\10(a) e

+>\10< a1>—|—,u(a)+u(a(il), 7

where ¢(a) is the positive constant of Lemma 4, u(€) and A1o(§) are the positive
functions defined for £ € (0,1), their expressions can actually be written down
explicitly, and similarly (&) and M\o(§) are the positive functions defined for & < 0,
their concrete values will be clear in the context of our following arguments. (note
that P(a) = P(a/(a— 1)), and Q(M, o) = Q(M, /(e —1))). (we think that it is
unnecessary to give the precise expressions of ¢(&), u(§), (&), A1o(€) and )/\\1/0(5)
here, which is possible)

Proof. For any € € (0, 1], there is the unique positive integer N for which € €

( N}‘rl’ N} We shall use the mathematical induction for N, to show that the

estimation (3.1) is true for any € € (0,1], any M > 1, and any o < 1 (a # 0).

For N=1,€e€e (1 ] by Lemma 4 we see that (3.1) is true for any M > 1 and
0 # a < 1. Assume that (3.1) is true, when € € (k+1’ ;] (k > 1), with arbitrary
M > 1 and any o < 1 (o # 0). Then, to complete the induction, we must show
that (3.1) is true also whenever ¢ € %ﬁ, %ﬂ , with any M > 1 and any o < 1
(o # 0). Denote the left hand side of (3.1) as S(M, &, a). Let 6 = €¢/(1 — ¢€), then

o€ (Hl,k} We have

M3~e 4
_ “te (2 (2| da. .
S(M,e,a) = S(M, 6, a) +M2/5 M<;2Mm e(a:(M) ) dx (3.2)

Since k < 6! < k+ 1, thus [(5_1} = k. By the inductive hypothesis we get
S(M,6,0) < M?(P(a)** (log Q(M, ) *. (3.3)
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Let [ = g(logMJ*f)/log2)] (= 0), then 21M279 < M27¢ < 21F1M2790 Let
X, =2'M ’5, where 0 < ¢ < I, then

M2~¢ 4

o5 |M<m<2M

2X; 4

< Z / Z miée(x(%>a) de | . (3.4)

0<i<I \ ¥, |M<m<2M

For each i (0 < i < I), write X; = X for simplicity, and denote the integration
inside the summation of the right hand side of (3.4) as T'(X, M, «). For the tech-
nical reason of using Theorem 3 of [L3], we shall consider respectively the cases
for @« € (—00,0) and o € (0,1). First, consider the case of @ € (0,1). When
X <z < 2X, by Theorem 3 of [L3] we get

Z mée(x(]\n;)a><i(1a)§>< Z vée(g(x,v,M))) (35)

M<m<2M Vi<v<Va
+ FEy + E> + E3

where
Vi =Vi(z,a, M) = a2 taM 1,
Vo = Va(z,a, M) = axM ™1,
9,0, M) = (o' = 1) (awdr—) VO yaslam),
Byl + Bl < ex) (Mx 1),
| B3| < CQ(OZ)M_% log(3 + M)

(we use ¢;(a) to denote certain positive constants which depend on «). Let L =
X/M, then 1 < M'™% < L < M'~¢. We have g(z) = T(Z‘)(%)ﬂ, here 8 =
a/(a—1), and

m(z) = (o' = 1) (o) A=) B, (3.6)
By Hoélder’s inequality we have
4 3
Sl < Dot > @i, (3.7)
1<ig4 1<ig4 1<ig4

thus from (3.5) we get

> we(s(3))] <ni

M<m<2M

> wte(rin(2))]

Vi<o< Vs
+ Ao (@) L™2 + X3(a) M2 (log(3 + M))*,
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and thus

2X
T(X,M,a)g)\l(a)/ dx

5 vt (2))]

x Vicw<V,
+ X2(@) X L2 + \3(a) X M~ %(log(3 + M))*

(3.8)

(M\i(«) are indeed explicite positive constants depending at most on «). We make
the variable substitution 7(z) = y in the integration of the right side of (3.8), and

since we have dy = a=? (X/xz)” dz by (3.8), we get

2X NE
1 v
/ Z vZe(T(x) — > dx
X Vi<v<Va <L)
Yi(a) N (3.9)
_1 v
< i) >oow e(y(L)) dy,
Yg(a) Wi<v<Wa

where Yj(a) = (7! — 1) 20)V/3=9 X, Y3(a) = (a7t — 1) /=) X and W; =
Wi(y) = c3(@) XM 1yl = Wy = Wa(y) = c3(a)2 72 XM 1y~ with c3(a) =
20-1 (a=1 —1)*7". Since

Wi > e3() XM (Ya(a)' ™ = a2 L,

Wy < e3()2'7 XM (Vi(a)' ™ = 2aL < 29T L,

if we set Yi(a) 2X (note that this "X” is not the one appearing in (3.8)
and (3.9)), X1 = Ya(a), cs(a) = %min ((a20‘_1)2 , (a_l - 1) (204)““““), Y =

cs(a)L>7°V = a2° 1L and ¢ = 4 in Lemma 2.4, then from X > Y (by M?~¢ > X
we get X > L2_6) we have

> (o))

Wi<v<Ws

Y1 (Ot)

Y2 ()
3.1
- . (3.10)

< As(a)(log(2aL + 3))4X L2 / v 7e (y (;/)B) dy

By the choice of the parameters we get 2Y < V27°. Thus using Holder’s inequality
(similarly with (3.7)) we get

V<v<4V

2y 4

1 v\ B « o

—3 - < — — ).
/ Z v e(y(L)) dy\S(S(V,(S,a_1>+S(2V,(5,a_1)>
0 |V<v<av
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If V < 1, then obviously (using the trivial estimate)
S(v,6,— ) +5(2v,6,—2—) <8 3% (3.12)
a—1 oa—1

If V> 1, then by the fact § € (i, %] and inductive hypothesis we get (note

+1

that here —%5 < 0)

o o 6 o 4k

S R ) ST
a—1 o — a—1

k
1 og Q)
<2V5 ><2V2 (P( a )>6k(logQ<2V a >>4k (3.14)
a—1 Ta—1
>

If 2V > M, then from (see the arguments after (3.5))
X
ML 7L< Me, V=a291L,

it follows that o - 2% - M17¢ > M, and thus M€ < a - 2%, and the trivial estimate
gives (for the definition of T(M, 0, ), see (3.8) and (3. ))

a 43 r—2 aal/e 4 -9 4/e
T(M,5,a) < X(M +1)*M <(( 29) +1) < (20-2% +2) 15

< (0274 42)" < (P()

(here we can show a bit more by distinguishing the cases 2% -« > 1 or 2% - a < 1,
and choose p(a) = - 2%t +2). If 2V < M, then from

() e =12 P@-r( ).

a—1

(by the definitions), we can deduce in view of (3.9) to (3.14) that (using log(2aL +
1) <log(2aM +1) < log Q(M, o))

> wte (s (3))]

Vi<v< Vs

2X

/

dx

< )\e(oz)(logQ(M7 a))4XL6_2V2(P<a))6k(IOgQ(M, Oz))4k (3.16)
+ A7 (@) (log Q(M, a))4XL5—2
< /\g(Oé) (XIJF‘SM*‘S + M) (P(Oé))ﬁk(logQ(M, 0[))4(k+1).

Since M?79 < X < M?7¢,L = X/M, it is easy to verify that XM =0 > X [~2
and M > XM~2 and thus from (3.16) and (3.8) we get

T(X, M, a) < Ao(a) (XM + M) (P(a)** (log Q(M, a))** 1. (3.17)
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From (3.15) and X'*M~% = XL° > 1, we see that (3.17) holds also if 2V > M
(obviously, we can take A\g(a) > 1). Using X = X; = M?7927 (0 <4 < I) to make
summation for 4 on both sides of (3.17), and noting that

ZXH& _ (2(1+5)(1+1) _ 1) (21+5 _ 1)71 (M2—5)1+5

7

M(Z—(S)(1+6)2(1+6)(1+1)

M(276)(1+5)2(1+6)(1+(10g M°~¢)/(log2))

NN N

AM O—6)(1+)+(2-6)(146) _ 4M(2_€)(1+6),

and
M(276)(1+6)M76 _ M2,

we deduce from (3.17) and (3.4) that

M2 4
1 m\«
M2/5 MngQMm 26(36 (M) ) du (3.18)

< Alo(a)MQ(P(a))Gk(logQ(M,a))4(k+1).
From (3.2), (3.3) and (3.18), and the value of P(«), we obtain

S(M,e,a) < M?(P())5* D (log Q(M, ) E+1), (3.19)

Thus the estimation (3.1) is true also for 0 < a < 1 and € € (1%1—27 k%i-l} )
(]

When o < 0 (then -%7 € (0,1)), we can proceed by the same manner, but
replace the constants ¢;(a) and \;(a) of (3.5) to (3.18) by the similar constants
¢i(a) and S\;(a) respectively (in fact all these constants can be chosen explicitly),
and we can also obtain (3.19). Thus, the induction can always be completed. The

proof of Theorem 3.1 is thus finished. |

Theorem 3.2. Let « be a real number, and o # 0,1. Then for all M > 1 one has

M? 4

/ Z mZe (a: (%)a) d:r<<M26F(M),

log log 3M
implied by the "<” and the "O” symbols depending at most on «.

where F(m) = 4(log3M)z (loglog 3M)2 (1 +0 (*)) , and the constant
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Proof. At first we assume that o # 0 and o < 1. For any € € ((), %) , by (ii) of
Lemma 2.1 and Theorem 3.1, we get

M2 B e : (3.20)
<M 0/ Mg;QMm 2€($(M> ) dx

4/e

< M?* (log (C(a)M + €*)) 7 (P(a))¥,

+1),
and P(«) is a positive number depending only on «. Let M be large enough, such
that

where "< constant depends neither on « nor on €, C(a) = 2 <|a\ + 3%

Cla)M + e < M2, (3.21)
thus we find out that the quantity of (3.20) does not exceed
(3M)*+<(log 3M)¥/<(2P(a))"/<. (3.22)

For sufficiently large M, we have

1
2’

-+ () <

and we find that out the quantity of (3.22) is
(3M)? exp (4(L -log L)% +0 ((L/ log L)%)> )

where L = log3M. Thus there is a number My(«) such that for M > My(a) the
required bound holds. Of course, in case M < My(«) the required estimate holds
trivially. Hence, the result is true when o < 1 (« # 0).

For a < 0, we deduce similarly and obtain the result.

For a > 1, we note that actually we can first prove a theorem which is similar

to Theorem 3.1, and since %5 > 1 when « > 1, the corresponding constant P(c)
of (3.1) should be

P(a) =8 +c(a) +c¢ <a> + p(e) + p (L) + Ato(@) + Ao (a) ;

a—1 a—1

where the values of ¢(a), p(a) and Ajg(«) can all be determined similarly as those
appearing in the proof of Theorem 3.1; then, using such a theorem, we can deduce
the conclusion of Theorem 3.2 similarly. ]
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4. Proof of Theorem 1.1

Let a # 0,1 (v is real), A > 0, ¢(M,A) be the number of ordered lattice points
(mq, ma, ms, my) satisfying

|m$ +mg —mg —mg| < AMY, M <m; <2M (1<

N

4).
In [RS] the authors showed that
t(M,A) < (M? + AM*) M°,

for any given small positive constant e. Using our Theorem 3.2, we can improve
their estimation.

Theorem 4.1. For a #0,1,M > 1,A > 0, we have
HM,A) < (M? + AM*) 7D, (4.1)
where T(M) = 4(L -log L)z + O (L% (logL)fé) ,L =log6M.

Proof. By (i) of Lemma 2.1 we have

M2 4
1 «
t(M,M7?) < m”2e (:E (%) ) dzx. (4.2)
o |M<m<aMm

If A < M~2, then from t(M,A) < t (M, M~?), (4.2) and Theorem 3.2 we get
(4.1). If A > M~2, then by (i) of Lemma 2.1 we have

(28)7* 4
t(M,A) < M*A / Z m_%e(x (%) ) dx
0 |M<m<oMm 13
M2 4 ( N )
1 o
<M2A/ Z m”Ze (x (%) ) dx.
0 |M<m<a2M

Using Theorem 3.2 and (4.3) we also get (4.1). Thus Theorem 4.1 is true. |

Proof of Theorem 1.1. Suppose that min (M, M;N;) > 100. Let L = log9M.
At first, similarly with the work of p.264 of [L1], by using Lemma 2.1 of [L1] we
can get

Z dme (Aminim®)

me~ M

LS < Yoy

mi~Mi ny~Nq

b
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where ‘(E;l‘ < 1. By Cauchy’s inequality we have

2

L72|S|? < My N, Z Z Z dme (Aminim®)

mi~Mi ni~Ny |m~M

< M{N; (MlNlM + Sl),

S 3 ST dudne (Aming (m® —m®)).

m1~M1 TL1~N1 m,m~ M
m>m

Let X = C|A|M{N?,Y = CM®,C is a sufficiently large constant (it may depend
on 7,6 and ), such that |[Am]n{| < X and [m® —m®| <Y always hold. By
Lemma 4 of [L1] (which is the new type of the large sieve inequality) we get

151> < (XY +1)By B,
where By is the number of lattice points (mq,m1,n1,71) such that
|Am1n1 Am1n1| Yyt my,my ~ My, ni,ny ~ Ny,
and By is the number of lattice points (m,m,n,n) satisfying
Im® —m® —n® 4+ 0% < X1, m,m,n,n ~ M.
By Lemma 5 of [L1] we have
By < (MiNy + F7*M2N?) (log (10M; Ny))?.

By our Theorem 4.1 (choosing A ~ F~! in it) we have

By < (M? + F'M*) ™M),
Since XY ~ F > 1, combining the above inequalities we get

1512 < (MlNlMQF + MyN; M* + (MM, Ny)? + F‘1M12N12M4> T 2,

here £ = log (10M; Ny) . Put this bound into the inequality for |S|?, we find that

the required estimate for |S| follows. The proof is finished. |

5. Proof of Theorem 1.2

By the preliminary work on p.266 of [L1], to prove our Theorem 1.2 it suffice to
show that for each H € [%, :I:Q] we always have the estimate

OH,M,N)=H"> | > e(hf(m,n))

h~H |(m,n)€D (5.1)

1 1

9 =
Lz’ ex —L-10L2—|—O(L

p(\/g( g )

Nl
—~~
—
[}
0Q
h
\_/
no\»a
N———
N—



Exponential sums and the abelian group problem 125
where 0 = 4, (m,n) = (Jcm_bn_c) Ua, (a,b,c) is an arbitrary permutation of
(1,2, 3), and we have chosen K = z in the inequality between (3.14) and (3.15) on
p-266 of [L1], and M and N satisfy

MN > ¢ 2M > N > —, MATPNe < o, (5.2)

[N

Let G = (xM_bN_C)l/a . First, using our Theorem 1.1 directly to the triple sum
of ®(H, M, N) (recall that D = D(M,N) = {(m,n)|m ~ M,n ~ N,m**’n° < z,
m > n}), we get

L~'®(H, M, N) < (MN(HG)*”4 +VMINSH-T 4+ M% + GM2N3) 2(M),
(5.3)
where L = log z. From (5.2) we have M < z'/3, thus

B(M) < T(L log L)} + O(L%(logL)’%>. (5.4)

Since a +b+ ¢ =6, a+b > 3, from (5.2) we have MN < (M“H’N‘:)l/3 < z'/3,
and thus

M2N < (MN)*/* < 2%, M2?7PN3 ¢ « (MN)200=0=¢) « zo=1 (5.5)

and hence
VGM2N3 = N/xM2a-bN3a—c « gf. (5.6)
When H > M*N3z~1, we also have bounds (using (5.2))
VMAN3SH-! <« 2f, (5.7)

MN(HG)™ 3 < Wze—TMONe+e « /ga—TMatdNe < of. (5.8)

Hence, from (5.3) to (5.8) we see that (5.1) is true in case of H > M*N3z~!. In
the following we assume that

H < M*N3z~1. (5.9)
Similarly to (27) on p.269 of [L1], we get
®(H,M,N) < H! (HGM*Q)‘% &, (H,M,N)+ MN(HG) % + NL, (5.10)

where

Oy(H, M N)=> Y| Y Gi(we(Ga(h,n,u)),

h~H n~N |up<u<ug
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1/(a+b)

where |Gy (u)| < 1 and Ga(h,n,u) = By (zh*u’n~°) with

an b/ (a+b) p\ ¢/ (atb)
By = — (g) - (a> < 0.

By Theorem 1.1 we get the estimate

L™'®, (H,M,N) < (H(HG)?’/‘*M*N + VHTG*M—*N3

(5.11)
+VH3GM-IN? + <7H6G3M—2N3) P (e 7)),

where ¢; is an absolute positive constant. By (5.9) and (5.2) (see also (5.5)) we
find that

HG/M < M3*N3z~1G = (\%cl*aMQ‘l*bN“*C) M < M < 2\/3,
and thus
HG 1 1 1
o <01> 7(L log L)} + 0O ( (log L)~ ) (5.12)

From (5.10) and (5.11) we get

L72®(H, M, N) < (é/HGN4 + VHGEN?® + NM# 4/ GM2N3) (Pt HG/M)

+MNG™% + N. (5.13)

From (5.2) we have G > M > N, and hence VHGN* < VHG2N3, MNG~ 2 <
NM?2, and from (5.13) we get the estimate

L2®(H, M,N) < (VHGZNT + NM? + VGMIN?) X 0G0 (5.14)

In view of (5.9), by (5.5) and (5.6) we find that

VHG2N3 < VMANS2—1G2 <« Vx2—a)f4a—2b Nb6a—2c « 0
M= + VGM2N3 < 2°,

and thus from (5.12) and (5.14) we also get (5.1). The proof is finished.
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6. Proof of Theorem 1.3

Let > 100, L = logz, and M = [L/log2] + 1. Then, it is well-known that

A@)= Y, 1= > 1, (6.1)

nm%---n:---ém nﬂ?%”%ﬁz

(see p.261 of [L1], for instance), where the two summations of (6.1) are taken over
the lattice points (n1,ne, -+ ,n,, -+ ) and (n1,ng,- - ,nar) respectively (the latter
is an M-dimensional lattice point). Let

b(m) 1, ifm= glgggg’7 g1, 92 and gs are positive integers,
m) =
0, otherwise,

Bn) {1, if n=gj- g\, with positive integers g; (4 <i < M),
n) =

0, otherwise.

Then from (6.1) and our Theorem 1.2 we get

A(x)= > bm)B(n)=>_ Bmn)| > b(m))
+

mn<z n<a m<a/n
S0t (0 (2) +a () 4 (3) o () ) »
T |

6 T §
+ Olz 65( ) 7 5

n<e

where 6=}, €(s) = J5(L-log L)} + 0 (L¥(log L)1) , and

a= ] g(i) for 1 <4< 3.

1<5<3
J#i

Using the inequalities

(1-1/y) ' <1+42/y (fory>2), z>log(l+2z) (forz>0)
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we deduce that

ZB(n)nfaz Z (91---981) (Zg) - ((M0)

n<x 92"'9%<$ gaszT
< L(GO)--cmo) =L T[] [T-p")"
5<k<M P
<L ] JJTa+207") =1 [ []exp (log(1+2p7"))
5<k<M p 5<k<M p
<L H Hexp(2p k) :LHeXp 2 Z p ko
5<k<M p p 5<k<M
<L (H exp (2p*59 (1 p9)1)> = O(L). (6.3)
p

Note that although the definition of B(n) depends on z (since M = M (z)), from
the derivation of (6.3) we see that we can already show that for A > @ there holds

S B =3 (dh...gdh) T =0,
n=1

ga=1 gm=1

and the constant implied by O-symbol is absolute. Thus, if ¢ > 6, letting § =
1(¢ —0), by (6.3) we get

Y B =Y B - Y B0y B L

n<x n=1 r<n<x2 n>x?
=> B ?+0 (La" %) = [ ¢(ke)+0 (La’?). (6.4)
n=1 4<k<M

Since (for k > 4)
> log ((1 —p"“d))_l) <2) pr <@gt

p=2 p=2

it follows that

H C(ko) —exp( Z Zlog _k‘g )

4<k<M p

= exp (Z Zlog (1- p_kg)_l +0 (33_¢)) (6.5)

k>4 p

= (H c(ms)) (1+0(@@™).

k>4
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From (6.4) and (6.5) we get, for any ¢ > 6, that

> B =[] ¢(k¢) + O (La"?). (6.6)

n<x k<4

Theorem 1.3 follows from (6.2), (6.3) and (6.6).

References

[BI] E.Bombieri and H.Iwaniec, Some mean value theorems for exponential sums,
Ann. Scu. Norm. Pisa Cl. Sci. 13 (1986), no.4, 473-486.

[BS] M.Branton, G.Sargos, Points entiers au voisinage d’une courbe plane a tres
faible courbure, Bull. des Sci. Math. 118 (1994), 15-28.

[K] G.Kolesnik, On the number of Abelian groups of a given order, J. reine
angew. Math. 329 (1981), 164-175.

[L1] H.-Q.Liu, On the number of abelian groups of a given order, Acta Arith. 59
(1991), 261-277.

[L2] H.-Q.Liu, On the number of abelian groups of a given order (supplements),
Acta Arith. 64 (1993), 285-296.

[L3] H.-Q.Liu, On a fundamental result in van der Corput’s method of estimating
exponential sums, Acta Arith. 90 (1999), 357-370.

[L4] H.-Q.Liu, On the estimates of double exponential sums, Acta Arith. 129
(2007), 203-247.

[RS] O.Robert, P.Sargos, Three dimensional exponential sums with monomials,
J. reine angew. Math. 591 (2006), 1-20.

[S1] P.G.Schmidt, Zur Anzahl Abelscher Gruppen gegebener Ordnung, J. reine.
angew. Math. 229 (1968), 34-42.

[S2] P.G.Schmidt, Corrigendum to "On the number of square-full integers in short
intervals and a related lattice point problem” (in German), Acta Arith. 54
(1990), 251-254.

[Sr] B.R.Srinivasan, On the number of Abelian groups of a given order, Acta
Arith. 23 (1973), 195-205.

[SW] P.Sargos and J.Wu, Multiple exponential sums with monomials and their
applications in number theory, Acta Math. Hungar. 87 (2000), 333-354.

[T] E.C.Titchmarsh, The theory of the Riemann zeta-function, 2nd edition, Ox-
ford University Press, 1986 (revised by D.R.Heath-Brown).

[W] N.Watt, Ezponential sums and the Riemann zeta-function (II), J. Lond.
Math. Soc. 39 (1989), 385-404.

Address: Department of Mathematics, Harbin Institute of Technology, Harbin 150001, P.R.China.
E-mail: mnpqr@163.com
Received: 5 January 2009; revised: 11 March 2009






