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CONGRUENCES BETWEEN MODULAR FORMS AND RELATED
MODULES

MIRIAM CIAVARELLA

Abstract: Fix a prime £ and let M be an integer such that £ JM. Let f € Sa(I'1(M£?)) be
a newform which is supercuspidal at ¢ of a fixed type related to the nebentypus and special at
a finite set of primes. Let T be the local quaternionic Hecke algebra associated to f. The algebra,
TY acts on a module M;f coming from the cohomology of a Shimura curve. It follows from the

Taylor-Wiles criterion and a recent Savitt’s theorem, that T¥ is the universal deformation ring
of a global Galois deformation problem associated to p;. Moreover M;f is free of rank 2 over

TY. If f occurs at minimal level, we prove a result about congruences of ideals and we obtain
a raising the level result. The extension of these results to the non minimal case is still an open
problem.
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Introduction

The main goal of this article is to show the existence of an isomorphism of complete
intersection rings between an universal deformation ring and a local quaternionic
Hecke algebra and to prove the freeness of a quaternionic cohomological modules
over the Hecke algebra. We deduce some consequences of these results about the
congruences ideals. Our work belongs to the line of search which has its roots in
the works of Wiles and Taylor-Wiles on the Shimura-Taniyama-Weil conjecture
[24], [8]. In particular our results extend a work of Terracini [23] to a more general
class of types and allows us to work with modular forms having a non trivial neben-
typus. Our arguments are largely identical to Terracini’s in many places; the debt
to Terracini’s work will be clear throughout the paper. An important difference
is that we will work with Galois representations which are not semistable at ¢ but
only potentially semistable, and therefore use a recent theorem by Savitt [22]. This
result proves a conjecture of Conrad, Diamond and Taylor (|6, Conjecture 1.2.2
and Conjecture 1.2.3]), on the size of certain deformation rings parametrizing
potentially Barsotti-Tate Galois representations, extending results of Breuil and
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Mézard ([1, Conjecture 2.3.1.1]) (classifying Galois lattices in semistable represen-
tations in terms of "strongly divisible modules”) to the potentially crystalline case
in Hodge-Tate weights (0,1). Savitt’s result allows to extend Conrad, Diamond
and Taylor’s result [6] relaxing the hypotheses on the residual representation.
Given a prime ¢, we fix a newform f € Sy(Io(NA'#?), 1)) with nebentypus 9 of
order prime to ¢, special at primes dividing A’ and such that its local representation
mye of GLa(Qy) is associated to a fixed regular character x of Fj; satisfying
X|Zz< = @Z)g\zzx. Let p = p; be the residual Galois representation associated to

f and denote by B the set of normalized newforms in Sa(T'o(NA’¢2),4) which
are supercuspidal of type 7 = x° @ x at {, special at primes dividing A’ and
whose associated representation is a deformation of p. For h € B, let Oy be the
Z-algebra generated in Q, by the Fourier coefficients of h; let TY denote the
sub-Z-algebra of [], .z O generated by the Fourier coefficients of the forms in B
at primes p JMY.

By the Jacquet-Langlands correspondence and the Matsushima-Murakami-
Shimura isomorphism, one can see such forms in a local component M¥ of the
{-adic cohomology of a certain Shimura curve. By imposing suitable conditions on
the type 7, we describe for each prime p dividing the level a local deformation con-
dition of p,. By applying the Taylor-Wiles criterion in the version of Diamond [13]
and Fujiwara [15], we prove that the algebra T? is characterized as the universal
deformation ring RY of our global Galois deformation problem. We point out
that in order to prove the existence of a family of sets realizing simultaneously the
conditions of a Taylor-Wiles system, we make large use of Savitt’s theorem [22]:
assuming the existence of a newform f as above, the tangent space of the defor-
mation functor at ¢ has dimension one over the residue field. Our first result is
the following:

Theorem 1.

a) ®:RY — TV is an isomorphism of complete intersections;
b) MY is a free T¥-module of rank 2.

The problem of extending our result allowing the ramification on a set of primes S
disjoint from A’N/ is still an open problem. It is related to a conjectural extension
of Thara’s lemma to the cohomology of Shimura curves (see [5] for details).

Since we are interested in studying congruences between modular forms, we
observe that our result allows us to give a new interpretation of the congruence
module of f in terms of the integer cohomology of a certain Shimura curve.

Under the hypothesis that f occurs with minimal level (i.e. the ramification at
primes p dividing the Artin conductor of the Galois representation py is equal to
the ramification of p, at p) the module MY, used to construct the Taylor-Wiles
system, can be also seen as a part of a module M™°¢ coming from the cohomology
of a modular curve, as described in [6, Section 5.3].

In Section 8, we prove that as a consequence of the generalization of Conrad,
Diamond and Taylor’s result, it is possible to extend the results of Terracini about
the congruence ideals [23, Section 4] to the case of modular forms with non trivial
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nebentypus (Theorem 8.1). Moreover we interpret this result in terms of raising
the level problem and obtain Theorem 8.2. We underline that these results are
obtained under the assumption of minimal level. This hypothesis is fundamental
since it is not available an analogue of IThara’s lemma for Shimura curves under the
assumption that ¢ divides the discriminant of the indefinite quaternion algebra (for
the status of art of this open problem see [5]). In [11] and in [12], Diamond and
Taylor show that if ¢ does not divide the discriminant of the indefinite quaternion
algebra, the quaternionic analogue of Thara’s lemma holds.

1. Notations

For a rational prime p, Z, and Q, denote the ring of p-adic integers and the
field of p-adic numbers, respectively. If A is a ring, then A* denotes the group
of invertible elements of A. We will denote by A the ring of rational adéles, and
by A the finite adéles.

Let B be a quaternion algebra on Q, we will denote by Ba the adelization
of B, by B the topological group of invertible elements in Ba and B;'™ the
subgroup of finite adéles.

Let R be a maximal order in B. For a place v of Q we put B, = B ®q Q; if
p is a finite place we put R, = R ®z Z,.

If p is a prime not dividing the discriminant of B, including p = oo, we fix an
isomorphism i, : B, — M2(Q,) such that if p # co we have i,(R,) = Ma(Z,).

We write GL] (R) = {g € GLy(R)|detg > 0} and K = R*SO(R). If K
is a field, let K denote an algebraic closure of K; we put Gx = Gal(K/K). For
a local field K, K**" denotes the maximal unramified extension of K in K; we put
I = Gal(K /K"""), the inertia subgroup of G . For a prime p we put G, = Gq,,
I, = Iq,. If p is a representation of Gq, we write p, for the restriction of p to
a decomposition group at p.

2. The local Hecke algebra TV¥

We fix a prime ¢ > 2. Let Z;,2 denote the integer ring of Q2, the unramified
quadratic extension of Qg. Let M # 1 be a square-free integer not divisible by
0. We fix f an eigenform in Sp(I'y(M¢?)), then f € Sa(To(ME?),4)) for some
Dirichlet character v : (Z/M?Z)* — Q.

By abuse of notation, let ¢ be the adelisation of the Dirichlet character ¢ and
we denote by v, the composition of ¢ with the inclusion Q,; — A*.

We fix a regular character x : Z,, — QX of conductor £ such that X\Z; = 1/)£|z;

and we extend x to Q% by putting x(¢) = —t¢(¢). We observe that x is not
uniquely determined by 1 and, if we fix an embedding of Q in Q, and in C*, we
can regard the values of x in this field.

By local classfield theory, x can be regarded as a character of I, and we can
consider the type 7 = x @ x° : I; — GL3(Q,), where ¢ is the non trivial element
of Gal(Qpe /Qr).
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We fix a decomposition M = NA’ where A’ is a product of an odd number of
primes. If we choose f € S2(I'1(M#¢?)) such that the automorphic representation
T§ = Ru7yf, of GLa(A) associated to f is supercuspidal of type 7 = x @ x7 at £
and special at every primes p|A’, then 7f, = m(x), where my(x) is the represen-
tation of GL2(Qy) associated to x, with central character 1, and conductor ¢2
(see [16, Section 2.8]). Moreover, under our hypotheses, the nebentypus ¢ fac-
tors through (Z/N¢Z)*. As a general hypothesis, we assume that ¢ has order
prime to £.

Let p; : Gq — GL2(Q,) be the Galois representation associated to f and
p: Gq — GL(Fy) be its reduction modulo .

As in [23], we impose the following conditions on p:

p is absolutely irreducible; (1)

if p|N then p(I,) # 1; (2)

if p|A” and p? = 1mod ¢ then p(1,) # 1; (3)
Endg, (g, (P0) = Fu. (4)

if =3, 7 is not induced from a character of Q(v/—3). (5)

Let K = K(f) be a finite extension of Q, containing Qgz, Im(¢)) and the eigen-
values for f of all Hecke operators. Let O be the ring of integers of K, A\ be
a uniformizer of O, k = O/(\) be the residue field.

Let B denote the set of normalized newforms h in So(To(MF?),1)) which are
supercuspidal of type x at ¢, special at primes dividing A’ and whose associated
representation py, is a deformation of p. For h € B, let h = >°7 | a,(h)g" be

the g-expansion of i and let Oy, be the O-algebra generated in Q by the Fourier
coefficients of h. Let TY denote the sub-O-algebra of [1),c3 On generated by the

elements Tp = (ap(h))nep for p fML.

3. Deformation problem

Our next goal is to state a global Galois deformation condition of p which is a good
candidate for having TY as an universal deformation ring.

3.1. The global deformation condition of type (sp,T,%¥)q

First of all we observe that our local Galois representation py, = p is of type 7 [6].
We let A; be the product of primes p|A’ such that p(I,) # 1, and Ay be the
product of primes p|A’ such that p(1,) = 1.

We denote by Cp the category of local complete noetherian O-algebras with
residue field k. Let € : G, :— Z be the cyclotomic character and w : G, — F/
be its reduction mod ¢. By analogy with [23], we define the global deformation
condition of type (sp, 7,%)q:
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Definition 3.1. Let QQ be a square-free integer, prime to M. We consider the
functor Fg from Co to the category of sets which associate to an object A € Co the
set of strict equivalence classes of continuous homomorphisms p : Gq — GL2(A)
lifting p and satisfying the following conditions:
ag) p is unramified outside MQY;
b) if p|ALN then p(I,) ~ p(1p) ;
c) if p|Aq then p, satisfies the sp-condition, that is tr(p(F))? = ¢,(p)(p + 1)?
for a lift F' of Frob, in Gp;
d) p¢ is weakly of type T;
e) det(p) = e, where € : Gq — Z is the cyclotomic character.

It is easy to prove that the functor Fg is representable and characterizes a
global Galois deformation problem with fixed determinant [20].

Let Rg be the universal ring associated to the functor Fo. We put F = Fo,
RY =TRY.

We observe that if p(I,) = 1, by the Ramanujan-Petersson conjecture proved by
Deligne, the sp-condition rules out those deformations of p arising from modular
forms which are not special at p. This space includes the restrictions to G, of
representations coming from forms in Sy(I'o(NA’f?),1)) which are special at p,
but it does not contain those coming from principal forms in Sg(To(NA'(?),1)).

4. Cohomological modules coming from the Shimura curves

Let B be the indefinite quaternion algebra over Q of discriminant A = ¢A’. Let
R be a maximal order in B. Let N be an integer prime to A. We put

K9(N) :i;l{( . Z ) € GLy(Z,) | ¢ =0 mod N}

K;(N):ipl{<z Z)G GL3(Z,) | ¢c=0 mod N, a=1 mod N}.

We define
Vo(N) =[] Ry < [T K3(N)
pIN

p|N

and
Vi(N) = [] By x [T K3 (N) x (1 + wRy).
pIN¢ p|lN

We observe that there is an isomorphism
Q= Vo(N)/Vi(N) ~ (Z/N2)* x F.
Let 1 be the character of Vo(N) with kernel V4 (V) defined as follow:

=[] vp x x: (2/NZ)* xFjs — C*.

p|N
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For i = 0,1 we put ®;(N) = (GL$ (R) x V;(N)) N B* and we define the Shimura
curves:
Xi(N) = BE\ BX/KL x Vi(N).

The finite commutative group € naturally acts on the O-module H*(X;(N), O) via
its action on X; (V). Since there is an injection of H* (X1 (), O) in H*(X1(N), K),
by [17, Section 7| the cohomology group H'(X;(N), O) is also equipped with the
action of Hecke operator T}, for p # ¢ and diamond operators (n) forn € (Z/NZ)*.
The Hecke action commutes with the action of €2, since we do not have a Tj
operator. The two actions are O-linear.

Proposition 4.1. Let H*(X;(N), (’))1Z be the sub-Hecke-module of H*(X1(N),O)
on which Q acts by the character 1. Then H*(X1(N),O)¥ is a direct summand
of H*(X1(N), ).

Proof. We write 2 = Q1 x5 where ()5 is the /-Sylow subgroup of 2 and {25 is the
subgroup of €2 with order prime to £. Then H*(X,(N),0) = @, H*(X1(N), 0)?
where ¢ runs over the characters of 1y and H*(X;(N),O)?¥ is the sub-Hecke-
module of H*(X;(N),O) on which Q5 acts by the character ¢. Since, by hypo-

thesis, 1 has order prime to ¢, H*(X;(N), (9)IZ = H*(X1(N), O)% for some char-
acter ¢ of Qy. So H*(X1(N),0)¥ is a direct summand of H*(X;(N),0). |

It follows easily from the Hochschild-Serre spectral sequence that

(X, (N), 0)% =~ H*(Xo(N), 0())

-~

where O(¢) is the sheaf B* \ By x O/K% x Vo(N), B* acts on By x O on the
left by a - (g,m) = (ag,m) and KX x Vo(N) acts on the right by (g,m)-v =
(g,m) - (Voo v™) = (gv, Y (v>°)m) where v and v™ are respectively the infinite
and finite part of v . By translating to the cohomology of groups we obtain (see
[10, Appendix]) H*(X;(N), O)@ ~ H(®o(N), O(1})), where 1) is the restriction of
¥ to By (N)/®,(N) and O()) is O with the action of ®¢(N) given by a — ¢ ~(7)a.
The Hecke action on H(®¢(N),O()) and the structure of the module
HY(X{(N),K )’Z over the Hecke algebra are well known (see for example [23]).

Let Tg’(N ) be theA O-algebra generated by the Hecke operators T, p # ¢ acting
on H'(X;(N),0)¥.

Proposition 4.2. H(X;(N), K)1Z is free of rank 2 over T (N) ® K.
The proof of Proposition 4.2, follows from:

Proposition 4.3. Let Tg(N,C) denote the algebra generated over C by the op-
erators T, for p # ¢ acting on H*(X1(N),C)¥. Then H'(X(N),C)? is free of
rank 2 over T§ (N, C).
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The two key ingredients to prove the last proposition are:

e the Matsushima-Shimura isomorphism
Hl(Xl(N), C) @ S3(Vi(N)) & Sa(Vi(N))

as Hecke modules, where S3(V1(NN)) is the space of weight 2 automorphic
forms on By which are right invariant for V3 (V), [19];
e the homomorphism

JL : Sy(Vi(N)) — Sa(To(A") NT1(N£?))
which is injective when restricted to the subspace Sy (Vo(N), 1) of So(Vi (V)
consisting of forms ¢ such that p(gk) = ¥(k)p(g) for all g € Bx, k € Vo(N)
and are equivariant for the action of the Hecke operators.

For details see [23, Proposition 1.2].

5. The O-module M?¥

This section follows closely Section 3 of [23], and formulates a result that general-
izes Theorem 3.1 of Terracini to the case of non trivial nebentypus.
_ By the Jacquet-Langlands correspondence, the form f determines a character

Tg (N) — k sending the operator ¢ to the class mod A of the eigenvalue of ¢ acting
on f. The kernel of this character is a maximal ideal m in Tg(N ). We define

MY = HY (X, (N),0)%.

By combining Proposition 4.7 of [7] with the Jacquet-Langlands correspondence

we see that there is a natural isomorphism TV ~ Tg’ (N)m. Therefore, by Propo-
sition 4.2, MY ®¢ K is free of rank 2 over TV ®o K.

For a newform h € B, let Aj denote the subring of O, consisting of those
elements whose reduction mod X is in k. We know that with respect to some
basis, we have a deformation p, : Gq — GL2(A) of p satisfying our global
deformation problem.

The universal property of RY furnishes a unique homomorphism 7, : RY — A,
such that the composite Gq — GL2(RY) — GLa(Ap) is equivalent to p,. Since
RY is topologically generated by the traces of p™™V(Frob,) for p # ¢, (see [21,
Section 1.8]), we conclude that the map RY — [,z On such that 7 — (m,(r))nes
has image TY. Thus there is a surjective homomorphism of O-algebras ® : R¥ —
TY. As in [23], our goal is to prove the following

Theorem 5.1.
a) RY is complete intersection of dimension 1;

b) ®: RY — TV is an isomorphism;
c) MY is a free TV -module of rank 2.
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5.1. Proof of Theorem 5.1

To prove Theorem 5.1, we apply the Taylor-Wiles criterion in the version of Dia-

mond [13] and Fujiwara [15].

The criterion consists in proving the existence of a family Q of finite sets @ of

prime numbers, not dividing M¥¢ and of a Rg—module Mg for each @ € Q such

that the system (Rg, M%)Qeg satisfies the following conditions:

(TWS1) For every @ € Q and every ¢ € @, ¢ = 1 mod ¢; for such a g, let
Ag be the (-Sylow of (Z/gZ)* and define Ag = [[,coAq. Let Ig be
the augmentation ideal of O[Ag]. Then Ré is a local complete O[Ag]-
algebra and R, /IgRE ~ R

(TWS2) Mg is O[Ag]-free of finite rank « independent of Q);

(TWS3) for every positive integer m there exists @, € Q such that ¢ =1 mod (™
for any prime q in Q.,;

(TWS4) r = |Q| does not depend on @ € Q;

(TWS5) forany @ € Q, Rg is generated by at most r elements as a local complete
O-algebra;

(TWS6) Mg/IQMg is isomorphic to MY as R¥ modules, for every Q € Q.

If these conditions are satisfied, the family (Rg, Mg)QeQ will be called a Taylor—
Wiles system for (RY, M¥). Then Theorem 5.1 will follow from the isomorphism
criterion developed by Wiles, Taylor—Wiles [13, Theorem 2.1].
Let @ be a finite set of prime numbers not dividing NA and such that
(A) ¢=1 mod ¢, Vqe€ Q;
(B) if ¢ € Q, p(Frob,) has distinct eigenvalues oy 4 and a4 contained in k.
Let Ay, Ag, Ig as in condition (TWS1) above; the ring Rg defined in Section 3.1 is
naturally equipped with a structure of O[A4]-module. Then the condition (TWS1)
holds and the proof of it is exactly the same of Proposition 3.2 of [23].
We will define the modules Mg If ¢ € Q we put

) H, =*
K= fae g e ( B )

where H, is the subgroup of (Z/qZ)* consisting of elements of order prime to ¢.

We define
Vo(N) =[] By < [] K3V x [ K,
pINQ pIN qlQ
VoN) =[] By x [] Ky (vQ)
PINQ PINQ

®g = (GLy(RY) x Vo(N)) N B, &, = (GLa(R*) x V4H(N)) N B,

Then ®q /P =~ Aq acts on H'(Pp,O0(¢)). Let Tcg’(N) (resp. Tg(N)) be
the Hecke O-algebra generated by the Hecke operators T,, p # ¢ and the di-
amond operators ( that are those Hecke operators coming from Ag) acting on
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Hl(X'Q(N),(’))“/’ (resp. H'(Xg(N),0)%) where X5o(N) (resp. Xq(N)) is the
Shimura curve associated to V(,(IV) (resp. Vo(IV)).

There is a natural surjection og : Tg’(N) — Tg (N). As shown in [23, Section

3.3|, there exists a character 6 : Tg(N) — k. We define mg = ker(0g), mg =

Jél( o), and /\/lw = Hl((I)’ O(J))mQ. Then conditions (TWS2) and (TWS6)
are satisfied and the proof is the same as Proposition 3.5 of [23]. The existence of
a family @ realizing conditions (TWS3), (TWS4), (TWS5) is proved by the same
methods as in [8, Section 6 and Theorem 2.49] or [9, Sections 4, 5]; we only show
that under our hypothesis the dimensions of the cohomological subgroups defining
the local conditions allows one to apply that technique.

We let ad®p denote the sub-representation of the adjoint representation of p
over the space of the trace-0-endomorphisms and we let ad’p(1) = Hom(ad’p, ) ~
Symm?(p), with the action of G, given by (gp)(v) = gp(g~1v). Local deformation
conditions ag), b), ¢), d) allows one to define for each place v of Q, a subgroup L,
of HY(G,,ad"p), the tangent space of the deformation functor, see [20, Section 23].
The calculations on Selmer groups are the same as in [23, Section 3.4] , except
for the computation of dimy Ly. Let Ro , be the local universal deformation ring
associated to a local deformation problem which is weakly of type 7 [6]. Since,
in dimension 2, potentially Barsotti-Tate is equivalent to potentially crystalline
(hence potentially semi stable) of Hodge-Tate weight (0, 1) [14, Theorem C2], this
allows us to apply Savitt’s result [22, Theorem 6.22]. Since under our hypothesis
R3 , # 0, we deduce that there is an isomorphism O[[X]] ~ R,

The dimension formula allows us to obtain the following identity:

dimy, Selg(ad’p) — dimy, Self, (ad’p(1)) = [Q)| (6)

and, since the minimal number of topological generators of Rg is equal to
dimy, Selg(ad’p), we obtain that the O-algebra Rg can be generated topolog-

ically by [Q[ 4 dimy Self,(ad’p(1)) elements. Applying the same arguments as
n [7] the proof of Theorem 5.1 follows.

6. Quaternionic congruence module
Consider the injective homomorphism
JL: Sa(Vo(N), 1)) — Sa(T'o(A') N1 (N2)).

Let S = JL(Vp(N), 12) the subspace of S3(I'o(A’)NT'1(N¢?)) generated by the new
eigenforms with nebentypus ¢ which are supercuspidal of type 7 at ¢ and special
at primes dividing A’

We fix a f € S and let K be a finite extension of Q, containing Qyz, Im(v))
and all the Hecke-eigenvalues of f of all the Hecke operators. Let O be the ring
of integers of K.
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Let X be the subspace of S spanned by f, together with all of its conjugates
(in this way we can identify X with K) and let Y be the orthogonal complement
to X under the Petersson inner product on S. We consider the decomposition

S(K)=XaY

as a direct sum of two subspaces, stable under the Hecke action.

Let m¢ be the character my : T% — O corresponding to f and let 1 denote the
ideal m¢(Annyy kerg). Then the congruence module of f is O/n.

By the Jacquet-Langlands correspondence and by the Matsushima-Shimura
isomorphism, there is an isomorphism between the Hecke algebra Tg(N JK) =
Tg’ (N) ® K generated over K by the operators T, for p # ¢ acting on

HY(X{(N),K)?¥ and the algebra generated over K by all the Hecke operators
acting on S(K) (we recall that the forms occurring in S are supercuspidal at £ and
so Ty =0 on S).

By dimension considerations, there is an isomorphism:
TH (N, K) = Ty (N, K)[x @ T§ (N, K)|y

where Tgb (N,K)|x, Tg’ (N, K)|y are the algebras generated over K by the restric-
tions of the operators to the subspaces X and Y respectively.

Let H be the lattice in S(K) consisting of modular forms with integral Fourier
coefficients. We consider the isomorphism of Tgb(N )-modules ¢ : TE’)Z’(N ) —
Home (H, O) defined by ¢(T) : h — a1(h|T) where h|T denotes the image of
h under T and a; is the first Fourier coeflicient. Then ¢ induces an isomorphism
of O-modules (for details see [2, Sections 1, 3.6]):

T (V)|x © TH(N)|y

TH(N)
Moreover the projector map ey onto the component corresponding to f gives the
isomorphism [2, Sections 1, 3.6]:

O/n=

TYN)x @ TE(Nly o eTE(N)
T (V) ¢ T (N) NTH ()

Let m be the ideal of Tg(N) defined is Section 5; since efo)Z(N) = eng(N)m
then

We observe that this module does not depend on the discriminant A of the fixed

quaternion algebra B, so that it is at the same time quaternionic and classical.
Define the module

e H' (X1 (N), 0)¥

o(f) = L iy
e H'(X,(N), 0)% N H' (X, (N), 0)?
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Then by Theorem 5.1:

Proposition 6.1. There is an isomorphism of TO(N)J—modules
(O/n)* = C(f).

7. A generalization of the Conrad, Diamond and Taylor’s result using
Savitt’s theorem

In [6], Conrad, Diamond and Taylor fix a continuous global two dimensional Galois
representation p, absolutely irreducible and modular; they consider the global
Galois deformation problem of type (S,7) where S is a finite set of primes not
containing ¢ and 7 is an f-type strongly acceptable for p|g,. We write Rg“’d
for the universal deformation ring of type (S,7), T‘S]ﬂOd for the classical Hecke
algebra acting on the space of the modular forms of type (S, 7) and M%°d for the
cohomological module defined in [6, Section 5.3|, which is essentially the r-part
of the first cohomology group of a modular curve of level depending on S. Their
main result, Theorem 5.4.2 of [6], consists of proving that there is an isomorphism
of complete intersections between R¥°d and T®°d and M4 is free over TH9.

In [22], Savitt proves the Conjectures 1.2.2 and 1.2.3 of Conrad, Diamond
and Taylor [6] on the size of certain deformation rings parametrizing potentially
Barsotti-Tate Galois representations. In particular Savitt’s main result, [22, The-
orem 1.2|, allows to suppress the assumption of acceptability of the ¢-type 7 in the
global Galois deformation problem and, as conjectured, Theorem 5.4.3 of [6] still
holds.

As a particular case we can introduce a non trivial nebentypus, considering
deformations p of type (S, 7) of p such that det(p) = erp where € is the cyclotomic
character and ¢ is the Dirichlet character defined in Section 2. We will call this
global Galois deformation problem of type (5, 7,%). Then, Savitt’s result assures
that the tangent space of the deformation functor at ¢ is still unidimensional and
so it is possible to go on with the same construction of [6] obtaining the following:

Theorem 7.1. There is an isomorphism of complete intersections between Rgf”d’w
and Tgmd’dj and M?Od’w is free over Tg}Od’w.

Let f be a new form in S3(Io(A’N¢?),1)) as in Section 2; if we assume that the
representation p, occurs with type 7 and minimal level (that is py is ramified at
every prime in A’) then

Ry ~ RV (7)

where RY is the universal ring associated to the functor Fy defined in Section 3.1.
Then the following result holds:

Theorem 7.2. Under the assumption of minimal level, there is an isomorphism
of T%-modules between H'(X1(N),0)% and ./\/lgmd’w.
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Proof. We observe that if f occurs with type 7 and minimal level, then by (7),
Theorem 5.1 and Theorem 7.1, there is an isomorphism of Hecke algebras TY ~
Tgwd’w. Thus, in particular M?¥ ~ /\/lgmd”b as TY-modules. [ |

We will describe some consequences of this results.

8. Congruence ideals

In this section we will use the results obtained in the previous sections in order to
generalize a result about congruence ideals of Terracini [23], considering modular
forms with nontrivial nebentypus.

We will just formulate the results extending Terracini’s work, without technical
proofs but we will underline where the introduction of a non trivial nebentypus
changes the details of them.

Let Ay be a set of primes, disjoint from ¢. By an abuse of notation, we shall
sometimes denote by A; also the product of the prime in this set.

Let f be a newform in Sa(I'1(A1£2)) of nebentypus ¢ and supercuspidal of
type 7 = x ® x° at ¢, where the character ¢ and the ¢-type 7 are defined as in
Section 2. As a general hypothesis we will suppose that the residual representation
Py is absolutely irreducible and it occurs with type 7 and minimal level (we are
assuming the ramification at every prime in A;).

Let Ay be a finite set of primes p, not dividing A;¢ such that p? # 1 mod ¢
and tr(p(Frob,))? = ¢(p)(p + 1)? mod ¢. We let Bw denote the set of newforms
h of weight 2, nebentypus v and level dividing A AQE which are special at Aq,
supercuspidal of type 7 at ¢ and such that p;, = p;. We choose an (-adic ring O
with residue field k, sufficiently large, so that every representation py, for h € B&
is defined over O and Im(v) C O. For every pair of disjoint subsets S1, .5 of Ay
we denote by ngl) s, the universal solution over O for the deformation problem of
P consisting of the deformations p satisfying:

a) p is unramified outside A1.57.52¢;
b) if p|A; then p(I,) = p(Ip);
c) if p|Se then p, satisfies the sp-condition;
d) pe is weakly of type T;
e) det(p) = ey where € : Gq — Z; is the cyclotomic character.

Let Bg 5 be the set of newforms in B& of level dividing A157S5¢ which are
special at Sy and let Ts 5, be the sub-O-algebra of HheB” . O generated by
2

the elements Tp = (a(h))h68§ . for p not in A; U Sy U Sy U{¢}. Since RS S

is generated by traces, we know that there exists a surjective homomorphism of
O-algebras Rgh S, — Tigl’ s5,- Moreover by the results obtained in Section 7, we
have that

P b
Rsh - TSh

is an isomorphism of complete intersections, for any subset S; of As.
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If Ay # 1 then each Tg, s, acts on a local component of the cohomology of a
suitable Shimura curve, associated with an indefinite quaternion algebra of dis-
criminant S3f or S3fp for a prime p in A;. Therefore, Theorem 5.1 gives the
following:

Corollary 8.1. Suppose that Ay # 1 and that ngsg # (; then the map

—>Tw

"
R 0,55

0,52

is an isomorphism of complete intersections.

Ithe BS 5, let Ons, s, qul,& — O be the character corresponding to h.

We consider the congruence ideal of h relatively to Bgl 5y
Nh,S1,52 = 9h751752 (A’IL’I'LT? s (ker ohvslasZ))'
1,22

It is know that 7 s, s, controls congruences between h and linear combinations
of forms different from A in th Sy

For every p|As the deformation over RXQ o restricted to G, gives maps

Ry = O[X, Y]|/(XY) = RX,,

The image z, of X and the ideal (y,) generated by the image y, of ¥ in R
do not depend on the choice of the map. By an abuse of notation, we shall call
Zp, Yp also the image of x,,y, in every quotient of ’R 20" If h is a form in BA e

we denote by x,(h),y,(h) € O the images of z,,y, by the map RAz g — O
corresponding to pp.
Following the same construction as in [23], we obtain the following:

Theorem 8.1. Suppose Ay # 1 and As as above. Then

a) B\, #0;

b) for every subset S C Ay, the map RZ’AZ/S — Tg”Az/S is an isomorphism of
complete intersections;

c) for every h € BKM; Mh,5,82/8 = (Lpjs ¥p(A)) k.04, -

If we combine point ¢) of Theorem 8.1 with the results in Section 5.5 of [6], we
obtain:

Corollary 8.2. If h € thsz then

Mh,As,0 = H xp(h) H yp(h)ﬁh,81,52~

Ao
p|m plS2
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We observe that as a consequence of the sp-condition if h € BKQ and p|Ag,
then: x,(h) = 0 if and only if h is special at p; moreover, since

ap(h) = tr(pp(Froby))

and

cob) — [ EPVE@) +xp(h) iy
pn(Froby,) ( 0 P (p)/(Ep\/$(p) + wp(h) )

then if i is unramified at p then (z,(h)) = (a,(h)* — ¥ (p)(p+1)?) and y,(h) = 0.
We can reinterpret this result in terms of congruences between modular forms:

Theorem 8.2. We fix £ > 2 a prime number, Ay a set of primes disjoint from ¢
and S1, Sy two sets of primes p not dividing A€ such that p?> # 1 mod (. Let
f =Y a.q" be a normalized newform in So(T'1(S19:A10%)) whit nebentypus 1),
supercuspidal of type T at £, special at primes dividing A1Sy and such that py is
ramified at every prime in A1 and

trace(ﬁf(Frobp))2 = (p+1)? mod ¢.

Then there exists g € Sa(I'1(qS152A10?)) with nebentypus v, supercuspidal of type
T at £, special at primes dividing A1.S2 such that f = g mod A if and only if

ay = ¢(g)(1+¢)> mod X
where q is a prime such that (q,S19:A1¢) =1, ¢*> # 1 mod /.

Proof. The theorem follows from corollary 8.2, considering the relation between
the congruence ideals:

Nt.g51,5: = Tq(f)Nf.51.5,- |
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