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ON EXPRESSIBLE SETS OF GEOMETRIC SEQUENCES
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Dedicated to Professor Władysław Narkiewicz
at the occasion of his 70th birthday

Abstract: We prove that the expressible sets of geometric sequences are Borel measurable and
give lower and upper bounds for their Lebesgue measure.
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1. Introduction

For a given sequence of real numbers {an}∞n=1 we say that X{an}∞n=1 =
{
x ∈ R

∣
∣

∃ cn ∈ N such that x =
∑∞

n=1
1

ancn

}
is its expressible set1). Erdős [1] proved that

the set X
{
22n}∞

n=1
does not contain any rational numbers. In [2] it is shown that

if limn→∞
1
n log2 log2 an < 1 and an ∈ R

+ for all n ∈ N then X{an}∞n=1 contains
an interval. In [4] the authors show that λ

(
X
{
23n}∞

n=1

)
= 0. Here λ denotes the

Lebesgue measure. In [3] it is proved that if limn→∞ a
1/3n

n = ∞ and an ∈ N for
all n ∈ N then λ

(
X{an}∞n=1

)
= 0. (The case of arbitrary reals is left open.) In [2]

it is shown that if
1

2an
≤

∞∑

j=n+1

1

aj
(1.1)

and an ∈ R
+ for all n ∈ N then X{an}∞n=1 =

(
0,
∑∞

j=1
1
aj

]
. Professor Zbigniew

Ciesielski observed that the expressible sets are analytic and hence Lebesgue mea-
surable. It seems that evaluating the Lebesgue measure of the set X{an}∞n=1 is
not easy if (1.1) does not hold. In this paper we estimate the Lebesgue measure
of the set X{An}∞n=1 for a real number A > 3. We prove the following.

Theorem 1.1. We have
(
0, 1

6

]
⊂ X{4n}∞n=1 and λ

(
X{4n}∞n=1

)
= 1

4 .
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1)In this paper N is the set of all positive integers. Nowadays N more often means the set of
all non-negative integers.
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Let us note that for a real number A with 0 < A ≤ 3 the sequence {An}∞n=1

satisfies the condition (1.1) hence X{An}∞n=1 = (0,∞) for 0 < A ≤ 1 and
X{An}∞n=1 =

(
0, 1

A−1

]
for 1 < A ≤ 3.

Other expressions of real numbers can be found in [5], [6], [8], [7].

2. Main results

Theorem 1.1 follows from Theorems 2.1–2.4. In the sequel, for a real number x we
use ⌊x⌋ to denote the greatest integer less than or equal to x and ⌈x⌉ to denote
the least integer greater than or equal to x. The following theorem estimates the
length of the largest interval with left end point at zero contained in the expressible
set of a geometric sequence.

Theorem 2.1. For A > 3, X{An}∞n=1 contains the interval

(

0 ,
1

(A − 1)(⌈A⌉ − 2)

]

.

Theorem 2.2. The set X{An}∞n=1 is Borel measurable.

The next theorem deals with a lower bound for the Lebesgue measure of the
expressible sets of a geometric sequence.

Theorem 2.3. Let A > 3. Put ω1 := 1 and for j ≥ 2

ωj := j −
⌈

j(j − 1)

A − 1

⌉

+ 1 .

Then

λ
(
X{An}∞n=1

)
≥ 1

(⌊A⌋ − 1)A

⌊A⌋−1
∏

j=1

A − ωj + 1

A − ωj
.

The following theorem presents an upper bound for the Lebesgue measure of
the expressible sets of geometric sequences.

Theorem 2.4. Let A > 3. Put

B := max

{⌊
1

2
+

√

A − 3

4

⌋

,

⌊

−1

2
+

√

2A − 7

4

⌋}

,

α1 := 1 and αu :=

⌈
u(u − 1)

A − 1

⌉

for u ≥ 2 ,

βu :=







B if u(u + 1) ≤ A − 1 ,

min

{

B,

⌊
u(u + 1)

u(u + 1) − (A − 1)

⌋}

if u(u + 1) > A − 1 ,
(2.1)
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δu := min

{

βu − 1,

⌈

−3

2
+

√

A − 3

4

⌉}

,

εu :=
1

αu
− 1

δu + 1
− δu − αu + 1

A − 1
,

σu := min
{
u, βu

}
− αu + 1 ,

ζ0 := 0 , ζ1 :=
A

A − 1
and ζu :=

A − σu + 1

A − σu
ζu−1 for u ≥ 2 . (2.2)

Then

λ
(
X{An}∞n=1

)
≤ 1

A − 1
− 1

A

B∑

u=1

εu

(
ζu − ζu−1

)
.

Corollary 2.1. Denote by L(A) and U(A) the lower and upper bounds given by
Theorem 2.3 and Theorem 2.4, respectively. For A ∈ (3, 9) the values L(A) and
U(A) are shown in the following table.

A

A ∈ (3, 4)

A ∈ [4, 5)

A ∈ [5, 6)

A ∈ [6, 7)

A ∈
[

7,
23

3

)

A ∈
[23

3
, 8
)

A ∈
[

8,
17

2

)

A ∈
[17

2
, 9
)

L(A)

1

2(A − 2)

A − 1

3(A − 2)2

(A − 1)2

4(A − 2)3

(A − 1)3

5(A − 2)4

(A − 1)2

6(A−2)(A−3)2

(A− 1)(A− 2)

6(A − 3)3

(A − 1)2

7(A − 3)3

(A−1)(A−2)2

7(A − 3)4

U(A)

A + 1

2(A − 1)2

1

2(A − 2)

2A − 1

6(A − 2)2

Example 2.1. Set A = π. Then from Theorems 2.1–2.4 we obtain that (0, 1
2(π−1) ]

⊂ X{πn}∞n=1 and 1
2(π−2) ≤ λ

(
X{πn}∞n=1

)
≤ π+1

2(π−1)2 .

Theorem 2.5. For A → ∞ the lower bound L(A) for the Lebesgue measure
satisfies

L(A) ∼
exp 2π

3
√

3

A2

.
=

3.350

A2
.
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Theorem 2.6. For A → ∞ the upper bound U(A) for the Lebesgue measure
satisfies

0.929

A3/2

.
=
( 7

12

√
6 − 1

2

) 1

A3/2
+ O

( 1

A2

)

≤ U(A)

≤
(13

6
− 1

2

√
6
) 1

A3/2
+ O

( 1

A2

)
.
=

0.942

A3/2
.

Open Problem. It is unknown to the authors how to determine the order of
λ(X{An}∞n=1) for A large.

Remark. For a particular A the result of Theorem 2.1 can be improved. For
A = 7 Theorem 2.1 implies that

(
0, 1

30

]
⊆ X{7n}∞n=1. Let I(s) be defined by (3.6).

It follows that I(s) ⊆ X{7n}∞n=1 for every s. Thus

E :=

(

0,
1

30

]

∪ I((12, 1, 3)) ∪ I((5, 11, 1))

∪ I((11, 1)) ∪ I((6, 2)) ∪ I((10, 1)) ∪ I((5, 3))

=

(

0,
1

30

]

∪
(

137

4116
,

229

6860

]

∪
(

629

18865
,

757

22638

]

∪
(

18

539
,

551

16170

]

∪
(

5

147
,

17

490

]

∪
(

17

490
,

26

735

]

∪
(

26

735
,

53

1470

]

=

(

0,
53

1470

]

⊆ X{7n}∞n=1 .

Thus
(
0, 1

28

]
⊆
(
0, 53

1470

]
⊆ X{7n}∞n=1. Put

In :=
n∑

i=1

1

4 · 7i
+

1

7n

(

0,
1

28

]

=

(
1

24

(

1 − 1

7n

)

,
1

24

(

1 − 1

7n+1

)]

⊆ X{7n}∞n=1 .

It follows that

E ∪
∞⋃

n=1

In =

(

0,
1

24

)

⊆ X{7n}∞n=1 .

We have 1
24 =

∑∞
n=1

1
4·7n , so the result of Theorem 2.1 can be improved to

(
0, 1

24

]
⊆

X{7n}∞n=1.

Remark. For A = 4 Theorem 2.1 gives
(
0, 1

6

]
⊆ X{4n}∞n=1. The value 1

6 is best
possible. The system T from the proof of Theorem 2.4 can be simplified to the
form

T =
{
(s, 1)

∣
∣
s = (c1, . . . , cn) , n ≥ 0 , ci ∈ {1, 2}

}

since for A = 4 we have B = 2, α1 = α2 = δ1 = δ2 = 1 and β1 = β2 = 2. Thus
((2, . . . , 2, 1), 1) ∈ T and

J
(
(2, . . . , 2
︸ ︷︷ ︸

n−1

, 1), 1
)

=
1

6
+

1

4n

(
13

24
,
14

24

]

.
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The proof of Theorem 2.4 implies that this set is disjoint with X{4n}∞n=1. On the
other hand, the proof of Theorem 2.3 implies that for every n

I
(
(2, . . . , 2
︸ ︷︷ ︸

n−1

, 1)
)

=
1

6
+

1

4n

(
8

24
,
12

24

]

⊆ X{4n}∞n=1 .

3. Proofs

Let us define a sum and a product of a real number a and a set B ⊆ R in an usual
way a + B :=

{
a + b

∣
∣ b ∈ B

}
and aB :=

{
ab
∣
∣ b ∈ B

}
. As usually g(x) = O(f(x))

if there exists positive real K such that |g(x)| ≤ Kf(x) for all sufficiently large
positive real x.

Suppose that A > 3. Set S := X{An}∞n=1. Then

X{An}∞n=2 =

{

x ∈ R

∣
∣
∣ ∃{cn}∞n=2 ⊆ N such that x =

∞∑

n=2

1

Ancn

}

=

{
x

A

∣
∣
∣ ∃{cn}∞n=1 ⊆ N such that x =

∞∑

n=1

1

Ancn

}

=
1

A
S .

The definition of the expressible set implies that

X{An}∞n=1 =

∞⋃

c1=1

(
1

A1c1
+ X{An}∞n=2

)

.

Hence for the set S we have the identity

S =

∞⋃

n=1

(
1

An
+

1

A
S

)

. (3.1)

Lemma 3.1. For every x ∈
(
0, A

(A−1)(⌈A⌉−2)

]
there exists a positive integer c such

that

0 < x − 1

c
≤ 1

(A − 1)(⌈A⌉ − 2)
.

Proof. Let c be the least integer such that 1
c < x. If c ≤ ⌈A⌉ − 2 then

x − 1

c
≤ A

(A − 1)(⌈A⌉ − 2)
− 1

⌈A⌉ − 2
=

1

(A − 1)(⌈A⌉ − 2)
.

If c ≥ ⌈A⌉ − 1 then since 1
c < x ≤ 1

c−1 we obtain

x − 1

c
≤ 1

c(c − 1)
≤ 1

(⌈A⌉ − 1)(⌈A⌉ − 2)
≤ 1

(A − 1)(⌈A⌉ − 2)
. (3.2)

�



76 Jaroslav Hančl, Andrzej Schinzel, Jan Šustek

Proof of Theorem 2.1. It suffices to show that for every k there exists an integer
ck such that

0 < x −
k∑

i=1

1

Aici
≤ 1

Ak(A − 1)(⌈A⌉ − 2)
.

We proceed by induction on k. For k = 1 we obtain the statement from Lemma 3.1
on division by A.

Assume now that for k ≥ 2

0 < x −
k−1∑

i=1

1

Aici
≤ 1

Ak−1(A − 1)(⌈A⌉ − 2)
.

Hence

0 < Ak

(

x −
k−1∑

i=1

1

Aici

)

≤ A

(A − 2)(⌈A⌉ − 2)

and by Lemma 3.1 there exists an integer ck such that

0 < Ak

(

x −
k−1∑

i=1

1

Aici

)

− 1

ck
≤ 1

(A − 1)(⌈A⌉ − 2)
.

It follows that

0 < x −
k∑

i=1

1

Aici
≤ 1

Ak(A − 1)(⌈A⌉ − 2)

and the inductive proof is complete. �

In the next lemma we use the symbol X{an}N
n=1 for the set

X{an}N
n=1 :=

{

x ∈ R

∣
∣
∣
∣
∃cn ∈ N such that x =

N∑

n=1

1

ancn

}

.

We put X{an}0
n=1 := {0}.

Lemma 3.2. The set X{An}∞n=1 ∪
∞⋃

N=0

X{An}N
n=1 is closed.

Proof. With the convention 1
∞ = 0 we can write every element of

Z := X{An}∞n=1 ∪
∞⋃

N=0

X{An}N
n=1

as
∑∞

n=1
1

Ancn
, where cn ∈ N ∪ {∞}. Conversely,

if cn ∈ N ∪ {∞} then
∞∑

n=1

1

Ancn
∈ Z . (3.3)
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Indeed, if cn < ∞ for all n < N , cN = ∞ and cn < ∞ for some n > N then by
Theorem 2.1

∞∑

n=1

1

Ancn
∈

N−1∑

n=1

1

Ancn
+

(

0 ,
1

AN (A − 1)

]

⊆
N−1∑

n=1

1

Ancn
+

(

0 ,
1

AN−1(A − 1)(⌈A⌉ − 2)

]

⊆ X{An}∞n=1 ,

hence
∑∞

n=1
1

Ancn
∈ Z.

Let xm ∈ Z, limm→∞ xm = x, xm =
∑∞

n=1
1

Andm,n
, dm,n ∈ N ∪ {∞}. We set

M0 := N and if Mn−1 is already defined and infinite then put

M∗
n :=

{

m ∈ Mn−1

∣
∣
∣ dm,n = lim inf

k∈Mn−1

dk,n

}

and Mn := M∗
n if M∗

n is infinite and Mn := Mn−1 otherwise. We have M0 ⊇ M1 ⊇
· · · . Let cn := lim infk∈Mn−1 dk,n. Now consider two cases.

1. Suppose that all sets M∗
n are infinite. Then for every N and infinitely many

m ∈ MN−1

0 ≤ xm −
N∑

n=1

1

Ancn
≤ 1

AN (A − 1)
,

hence passing to the limit with m

0 ≤ x −
N∑

n=1

1

Ancn
≤ 1

AN (A − 1)

and passing to the limit with N

x =

∞∑

n=1

1

Ancn
,

hence, by (3.3), x ∈ Z.
2. Let N be the least positive integer such that the set M∗

N is finite. This
means that limm∈MN−1 dm,N = ∞ and for m > m0, dm,N < ∞. Therefore, for
m ∈ MN−1

0 ≤ xm −
N−1∑

n=1

1

Ancn
− 1

dm,NAN
≤ 1

AN (A − 1)

and passing to the limit with m we obtain

0 ≤ x −
N−1∑

n=1

1

Ancn
≤ 1

AN (A − 1)
.
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Let N1 be the least integer less than N such that cN1 = ∞ if such integers exist
and N1 := N otherwise. In any case

0 ≤ x −
N1−1∑

n=1

1

Ancn
≤ 1

AN1(A − 1)
.

If x =
∑N1−1

n=1
1

Ancn
then x ∈ X{An}N1−1

n=1 ⊆ Z, otherwise x ∈ X{An}∞n=1 ⊆ Z by
Theorem 2.1. �

Proof of Theorem 2.2. Since the set
⋃∞

N=0 X{An}N
n=1 is countable, Lemma 3.2

implies that the set X{An}∞n=1 is Borel measurable. �

Lemma 3.3. (Cauchy) Let {fn}∞n=0 and {gn}∞n=0 be sequences of real numbers
such that for every x with |x| < R the series F (x) :=

∑∞
n=0 fnxn and G(x) :=

∑∞
n=0 gnxn converge. Let {hn}∞n=0 be a sequence defined by hn :=

∑n
k=0 fkgn−k for

every n. Then for every x with |x| < R the series H(x) :=
∑∞

n=0 hnxn converges
and H(x) = F (x)G(x).

Proof. The result follows from direct computation and from the fact that the
series for F (x) and G(x) are absolutely convergent for |x| < R.

F (x)G(x) =
∞∑

m=0

∞∑

n=0

fmgnxm+n (3.4)

=

∞∑

p=0

p
∑

m=0

fmgp−mxp =

∞∑

p=0

hpx
p = H(x) . �

Lemma 3.4. Let {fn}∞n=0 be a sequence of real numbers such that for every x with
|x| < R the series F (x) :=

∑∞
n=0 fnxn converges. Let ω > 0 and let the sequence

{hn}∞n=0 be defined by

hn := fn +

n∑

k=1

fk−1ω
n−k.

Then for every x with |x| < min
{
R, 1

ω

}
the series H(x) :=

∑∞
n=0 hnxn converges

and

H(x) =

(
ω − 1

ω
+

1

ω(1 − ωx)

)

F (x) .

Proof. We have

hn = fn +
1

ω

n−1∑

k=0

fkωn−k =
ω − 1

ω
fn +

1

ω

n∑

k=0

fkωn−k.

Then Lemma 3.3 yields

H(x) =
ω − 1

ω
F (x) +

1

ω
F (x)

∞∑

n=0

ωnxn =

(
ω − 1

ω
+

1

ω(1 − ωx)

)

F (x) . (3.5)
�
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Proof of Theorem 2.3. Let S := X{An}∞n=1. Consider the system of finite se-
quences

R :=

{

s = (c1, . . . , cn)

∣
∣
∣
∣
n ≥ 0 , ci ∈ N , 1 ≤ c1 ≤ ⌊A⌋ − 1 ,

max
i=1,...,k−1

⌈
ci(ci − 1)

A − 1

⌉

≤ ck ≤ ⌊A⌋ − 1 , 2 ≤ k ≤ n

}

.

By Theorem 2.1 we have
(
0, 1

(⌊A⌋−1)A

]
⊆ S, thus by (3.1) for every s = (c1, . . .

. . . , cn) ∈ R we obtain

I(s) :=

n∑

i=1

1

Aici
+

1

An

(

0 ,
1

(⌊A⌋ − 1)A

]

⊆ S , (3.6)

hence
⋃

s∈R I(s) ⊆ S. For every s = (c1, . . . , cn) ∈ R and 1 ≤ k < ℓ ≤ n we have

ck(ck − 1) ≤ (A − 1)

⌈
ck(ck − 1)

A − 1

⌉

≤ (A − 1)cℓ ≤ (A − 1)(⌊A⌋ − 1) .

The intervals I(s), s ∈ R, are pairwise disjoint. In order to prove this fact
consider two cases.

1. Suppose that s = (c1, . . . , cm) ∈ R, s
∗ = (c∗1, . . . , c

∗
n) ∈ R, m ≥ 1, n ≥ 1,

ci = c∗i for i < k and ck < c∗k. Then

infI(s) − infI(s∗) =

m∑

i=1

1

Aici
−

n∑

i=1

1

Aic∗i

=
1

Ak

(
1

ck
− 1

c∗k

)

+

m∑

i=k+1

1

Aici
−

n∑

i=k+1

1

Aic∗i

≥ 1

Akc∗k(c∗k − 1)
−

n∑

i=k+1

1

Ai
⌈

c∗
k
(c∗

k
−1)

A−1

⌉

=
1

Akc∗k(c∗k − 1)
− 1

Ak(A − 1)
⌈

c∗
k
(c∗

k
−1)

A−1

⌉ +
1

An(A − 1)
⌈

c∗
k
(c∗

k
−1)

A−1

⌉

≥ 1

An(A − 1)
⌈

c∗
k
(c∗

k
−1)

A−1

⌉ ≥ 1

An(A − 1)(⌊A⌋ − 1)
>

1

An

1

(⌊A⌋ − 1)A
,

so infI(s) > sup I(s∗) and I(s) ∩ I(s∗) = ∅.
2. Suppose that s = (c1, . . . , cn) ∈ R, s

∗ = (c∗1, . . . , c
∗
m) ∈ R, 0 ≤ m < n,

ci = c∗i for i ≤ m. Then

infI(s) − infI(s∗) =

n∑

i=m+1

1

Aici
≥ 1

Am+1cm+1
≥ 1

Am

1

(⌊A⌋ − 1)A
,
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so infI(s) ≥ sup I(s∗) and I(s) ∩ I(s∗) = ∅.
Now we find λ

(⋃

s∈R I(s)
)
. For 1 ≤ u ≤ ⌊A⌋ − 1 and n ≥ 0 denote by Mu(n)

the number of sequences (c1, . . . , cn) ∈ R with ci ≤ u,

Mu(n) := #
{
(c1, . . . , cn) ∈ R

∣
∣ ci ≤ u , 1 ≤ i ≤ n

}
.

Obviously, M1(n) = 1 for every n. For u ≥ 2 the number Mu(n) counts 1. se-
quences with ci ≤ u − 1 for every i and 2. sequences such that there exists k with
ck = u.

1. The number of sequences with ci ≤ u − 1 is Mu−1(n).
2. Suppose that ci ≤ u − 1 for i ≤ k − 1 and ck = u. Then (c1, . . . , cn) ∈ R

if
⌈u(u−1)

A−1

⌉
≤ cj ≤ u for every j ≥ k + 1. So the total number of sequences such

that there exists k with ck = u is

n∑

k=1

Mu−1(k − 1)

(

u −
⌈

u(u − 1)

A − 1

⌉

+ 1

)n−k

.

Thus we have for u ≥ 2

Mu(n) = Mu−1(n) +

n∑

k=1

Mu−1(k − 1)

(

u −
⌈

u(u − 1)

A − 1

⌉

+ 1

)n−k

.

Recall that ω1 = 1 and for j ≥ 2

ωj = j −
⌈

j(j − 1)

A − 1

⌉

+ 1 .

From Lemma 3.4 we obtain that for x with |x| < minj=1,...,u
1

ωj

∞∑

n=0

Mu(n)xn =
u∏

j=1

(
ωj − 1

ωj
+

1

ωj(1 − ωjx)

)

.

We have ωj ≤ ⌊A⌋ − 1 for every j. Then

λ(S) ≥ λ
( ⋃

s∈R
I(s)

)
=

∞∑

n=0

M⌊A⌋−1(n)

An

1

(⌊A⌋ − 1)A

=
1

(⌊A⌋ − 1)A

⌊A⌋−1
∏

j=1

(
ωj − 1

ωj
+

A

ωj(A − ωj)

)

=
1

(⌊A⌋ − 1)A

⌊A⌋−1
∏

j=1

A − ωj + 1

A − ωj
. �
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Proof of Theorem 2.4. Let S := X{An}∞n=1. Assume for a moment that we do
not know the constants B, αu, βu and δu. Consider the system

T :=

{

(s, ℓ)

∣
∣
∣
∣
s = (c1, . . . , cn) , n ≥ 0 , ci ∈ N , ℓ ∈ N ,

1 ≤ c1 ≤ B ,

max
i=1,...,k−1

αci
≤ ck ≤ min

i=1,...,k−1
βci

, 2 ≤ k ≤ n ,

γ1 ≤ ℓ ≤ δ1 if n = 0 ,

max
i=1,...,n

γci
≤ ℓ ≤ min

i=1,...,n
δci

if n ≥ 1

}

such that for every (s, ℓ) ∈ T and for αu, βu, γu and δu with u = 1, . . . , B

(
A − 1 − u(u + 1)

)
βu + u(u + 1) ≥ 0 , (3.7)

(βu − A)ℓ + A(βu − 1) ≥ 0 , (3.8)

Aℓ ≥ (A − 1)αu , (3.9)

(A − 1)αu ≥ u(u − 1) . (3.10)

The constants αu, βu, γu and δu are chosen so that they are positive integers and
that αu and γu are minimal and βu and δu are maximal. The constant B is chosen
so that αu ≤ βu for u ≤ B. (In some cases we may obtain that γu > δu or that
δu = 0 but these facts do not make problems.)

Inequality (3.10) and the fact that αu ∈ N immediately give

αu = max

{

1,

⌈
u(u − 1)

A − 1

⌉}

.

From (3.9) we obtain

ℓ ≥ γu =

⌈
A − 1

A
αu

⌉

= αu .

If u(u + 1) ≤ A − 1 then (3.7) is satisfied. Otherwise it implies that

βu ≤
⌊

u(u + 1)

u(u + 1) − (A − 1)

⌋

.

From the condition βu ≤ B we obtain (2.1). Inequality (3.8) implies that

ℓ ≤
⌊

A(βu − 1)

A − βu

⌋

.

Another condition on δu comes from (3.11). It follows that

δu = min

{⌊
A(βu − 1)

A − βu

⌋

,

⌈

−3

2
+

√

A − 3

4

⌉}

= min

{

βu − 1,

⌈

−3

2
+

√

A − 3

4

⌉}

.
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Now we find B. Suppose that αu ≥ 3. Then

u >

⌊
1

2
+

√

2A − 7

4

⌋

and βu = 1. This is in contradiction with αu ≤ βu. Hence αu ∈ {1, 2} for every u.
This fact and the fact that βu ≥ 1 for every u imply that αu ≤ βu is equivalent
with

(αu = 1) or (αu = 2 and βu ≥ 2) ,

hence with

u ≤ max

{⌊
1

2
+

√

A − 3

4

⌋

,

⌊

−1

2
+

√

2A − 7

4

⌋}

=: B .

It follows that 2 ≤ B < A for every A > 3.
Now the system T is completely determined.
For a positive integer n put Tn := 1

An +
(
0, 1

A(A−1)

]
. From (3.1) we obtain that

S ⊆ ⋃∞
n=1 Tn. For ℓ ∈ N put

Hℓ :=
(
sup Tℓ+1 , infTℓ

]
=

(
1

A(ℓ + 1)
+

1

A(A − 1)
,

1

Aℓ

]

.

This set is nonempty if sup Tℓ+1 < infTℓ. This holds if

ℓ < −1

2
+

√

A − 3

4
,

hence if

ℓ ≤
⌈

−3

2
+

√

A − 3

4

⌉

. (3.11)

Moreover, Hℓ ∩ S = ∅ for every such ℓ.
For every (s, ℓ) ∈ T , s = (c1, . . . , cn), n ≥ 0, put

J (s, ℓ) :=

n∑

i=1

1

Aici
+

1

An
Hℓ .

We have

infJ (s, ℓ) =

n∑

i=1

1

Aici
+

1

An+1

(
1

ℓ + 1
+

1

A − 1

)

,

supJ (s, ℓ) =

n∑

i=1

1

Aici
+

1

An+1ℓ
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and

λ
(
J (s, ℓ)

)
=

1

An+1

(
1

ℓ(ℓ + 1)
− 1

A − 1

)

.

We will now prove that for every (s, ℓ) ∈ T the set J (s, ℓ) is disjoint with S.
Let x ∈ S and (s, ℓ) ∈ T , s = (c1, . . . , cn). There exist positive integers c∗i ,

i ∈ N, such that x =
∑∞

i=1
1

Aic∗i
. Now consider three cases.

1. Suppose that ci = c∗i for i ≤ n. From
∑∞

i=1
1

Aic∗i+n

∈ S we obtain
∑∞

i=1
1

Aic∗i+n

6∈ Hℓ and

x =
n∑

i=1

1

Aic∗i
+

1

An

∞∑

i=1

1

Aic∗i+n

6∈
n∑

i=1

1

Aic∗i
+

1

An
Hℓ = J (s, ℓ) .

2. Suppose that ci = c∗i for i < k and ck < c∗k. From the definition of the
system T we obtain that ci ≤ βck

for i > k, that

(
A − 1 − ck(ck + 1)

)
βck

+ ck(ck + 1) ≥ 0

and that

(βck
− A)ℓ + A(βck

− 1) ≥ 0 .

Then

infJ (s, ℓ) − x

=
1

Ak

(
1

ck
− 1

c∗k

)

+

n∑

i=k+1

1

Aici
+

1

An+1

(
1

ℓ + 1
+

1

A − 1

)

−
∞∑

i=k+1

1

Aic∗i

≥ 1

Ak

1

ck(ck + 1)
+

n∑

i=k+1

1

Aiβck

+
1

An+1

(
1

ℓ + 1
+

1

A − 1

)

− 1

Ak

1

A − 1

=

(
A − 1 − ck(ck + 1)

)
βck

+ ck(ck + 1)

Akck(ck + 1)(A − 1)βck

+
(βck

− A)ℓ + A(βck
− 1)

An+1(A − 1)(ℓ + 1)βck

≥ 0 ,

hence x 6∈ J (s, ℓ).
3. Suppose that ci = c∗i for i < k and ck > c∗k. From the definition of the

system T we obtain that ci ≥ αck
for i > k and that

Aℓ ≥ (A − 1)αck
≥ ck(ck − 1) .
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Then

x − supJ (s, ℓ) =
1

Ak

(
1

c∗k
− 1

ck

)

+

∞∑

i=k+1

1

Aic∗i
−

n∑

i=k+1

1

Aici
− 1

An+1ℓ

>
1

Ak

1

ck(ck − 1)
−

n∑

i=k+1

1

Aiαck

− 1

An+1ℓ

=
1

Ak

(
1

ck(ck − 1)
− 1

(A − 1)αck

)

+
1

An

(
1

(A − 1)αck

− 1

Aℓ

)

≥ 0 ,

hence x 6∈ J (s, ℓ).
Now we will prove that for (s, ℓ) 6= (s∗, ℓ∗) the sets J (s, ℓ) and J (s∗, ℓ∗) are

disjoint. Again, consider three cases.
1. If s = s

∗ then this fact follows from Hℓ ∩ Hℓ∗ = ∅.
2. Suppose that s = (c1, . . . , cm), m ≥ 1, s

∗ = (c∗1, . . . , c
∗
n), n ≥ 1, ci = c∗i for

i < k and ck < c∗k. From the definition of the system T we obtain that c∗i ≥ αc∗
k

for i > k and that ℓ∗ ≥ αc∗
k
. We use the fact that

(A − 1)αc∗
k
≥ c∗k(c∗k − 1) .

Then

infJ (s, ℓ) − supJ (s∗, ℓ∗)

=
1

Ak

(
1

ck
− 1

c∗k

)

+

m∑

i=k+1

1

Aici
+

1

Am+1

(
1

ℓ + 1
+

1

A − 1

)

−
n∑

i=k+1

1

Aic∗i
− 1

An+1ℓ∗

≥ 1

Ak

1

c∗k(c∗k − 1)
−

n∑

i=k+1

1

Aiαc∗
k

− 1

An+1αc∗
k

=
1

Ak

(
1

c∗k(c∗k − 1)
− 1

(A − 1)αc∗
k

)

+
1

An

(
1

(A − 1)αc∗
k

− 1

Aαc∗
k

)

≥ 0 .

3. Suppose that s = (c1, . . . , cn), s
∗ = (c∗1, . . . , c

∗
m), n > m ≥ 0 and ci = c∗i for

i ≤ m.
3a. If cm+1 ≤ ℓ∗ then

infJ (s, ℓ) − supJ (s∗, ℓ∗)

=
n∑

i=1

1

Aici
+

1

An+1

(
1

ℓ + 1
+

1

A − 1

)

−
m∑

i=1

1

Aic∗i
− 1

Am+1ℓ∗

≥ 1

Am+1cm+1
− 1

Am+1ℓ∗
≥ 0 .
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3b. If cm+1 ≥ ℓ∗ + 1 then

infJ (s∗, ℓ∗) − supJ (s, ℓ)

=
m∑

i=1

1

Aic∗i
+

1

Am+1

(
1

ℓ∗ + 1
+

1

A − 1

)

−
n∑

i=1

1

Aici
− 1

An+1ℓ

>
1

Am+1

(
1

ℓ∗ + 1
+

1

A − 1

)

− 1

Am+1cm+1
−

∞∑

i=m+2

1

Ai
≥ 0 .

Hence the sets J (s, ℓ), (s, ℓ) ∈ T , are pairwise disjoint.
Now we find λ

(⋃

(s,ℓ)∈T J (s, ℓ)
)
. For 1 ≤ u ≤ B and n ≥ 0 denote by Mu(n)

the number of sequences s = (c1, . . . , cn) with ci ≤ u, so Mu(n) := #Lu(n), where

Lu(n) :=
{

(c1, . . . , cn)
∣
∣
∣ ci ∈ N , 1 ≤ c1 ≤ u ,

max
i=1,...,k−1

αci
≤ ck ≤ min

i=1,...,k−1

{
u, βci

}
, 2 ≤ k ≤ n

}

.

Obviously, M1(n) = 1 for every n. For u ≥ 2 the number Mu(n) counts 1. se-
quences with ci ≤ u − 1 for every i and 2. sequences such that there exists k with
ck = u.

1. The number of sequences with ci ≤ u − 1 is Mu−1(n).
2. Suppose that ci ≤ u− 1 for i ≤ k− 1 and ck = u. Then (c1, . . . , cn) ∈ Lu(n)

if αu ≤ cj ≤ min{u, βu} for every j ≥ k + 1. From the fact that αu ≤ min{u, βu}
for 2 ≤ u ≤ B we obtain that the total number of sequences such that there
exists k with ck = u is

n∑

k=1

Mu−1(k − 1)
(

min
{
u, βu

}
− αu + 1

)n−k

=

n∑

k=1

Mu−1(k − 1)σn−k
u .

Thus we have for u ≥ 2

Mu(n) = Mu−1(n) +

n∑

k=1

Mu−1(k − 1)σn−k
u .

Since σu < A, Lemma 3.4 implies that for u ≥ 1

ζu :=

∞∑

n=0

Mu(n)

An
=

u∏

i=1

A − σi + 1

A − σi
.

(Notice that one can use (2.2) to compute ζu for u ≥ 1.)
For 1 ≤ u ≤ B and n ≥ 1 denote by M∗

u(n) the number of sequences (c1, . . . , cn)
with maxi=1,...,n ci = u,

M∗
u(n) := #

{

(c1, . . . , cn) ∈ Lu(n)
∣
∣
∣ max

i=1,...,n
ci = u

}

.
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If we set M0(n) := 0 then we have

M∗
u(n) = Mu(n) − Mu−1(n)

for every u ≥ 1. From the fact that Mu(0) = 1 for every u ≥ 1 we obtain that
M∗

u(0) = 0 for u ≥ 2.
Now for every s0 ∈ ⋃u,n Lu(n) evaluate λ

(⋃

(s0,ℓ)∈T J (s0, ℓ)
)
. If s0 is an empty

sequence then put v := 1, else if s0 = (c1, . . . , cn) put v := maxi=1,...,n ci. Then
(s0, ℓ) ∈ T if αv ≤ ℓ ≤ δv. From αv − 1 ≤ δv we obtain

λ
( ⋃

(s0,ℓ)∈T
J (s0, ℓ)

)
= λ

(
δv⋃

ℓ=αv

J (s0, ℓ)
)

=

δv∑

ℓ=αv

1

An+1

(
1

ℓ(ℓ + 1)
− 1

A − 1

)

=
1

An+1

(
1

αv
− 1

δv + 1
− δv − αv + 1

A − 1

)

=
εv

An+1
.

Notice that this formula is correct even in the case that δv = αv − 1.
Then

λ
( ⋃

(s,ℓ)∈T
J (s, ℓ)

)
=

ε1

A
+

B∑

u=1

∞∑

n=1

M∗
u(n)εu

An+1
=

B∑

u=1

∞∑

n=0

M∗
u(n)εu

An+1

=
1

A

B∑

u=1

εu

( ∞∑

n=0

Mu(n)

An
−

∞∑

n=0

Mu−1(n)

An

)

=
1

A

B∑

u=1

εu

(
ζu − ζu−1

)
.

From the facts that J (s, ℓ) ⊆
(
0, 1

A−1

]
and J (s, ℓ) ∩ S = ∅ we obtain

λ
(
X{An}∞n=1

)
≤ 1

A − 1
−
∑

(s,ℓ)∈T
λ
(
J (s, ℓ)

)
(3.12)

=
1

A − 1
− 1

A

B∑

u=1

εu

(
ζu − ζu−1

)
. �

Lemma 3.5. Suppose that a function f(x) is twice differentiable on the interval
(k, m) and that |f ′′(x)| ≤ Mj for every j and every x ∈ (j − 1, j). Then

∣
∣
∣
∣

m∑

j=k+1

f
(

j − 1

2

)

−
∫ m

k

f(x) dx

∣
∣
∣
∣
≤

m∑

j=k+1

Mj

8
.

Proof. Taylor’s Theorem implies that for x ∈ (j − 1, j)

∣
∣
∣
∣
f(x) − f

(

j − 1

2

)

−
(

x − j +
1

2

)

f ′
(

j − 1

2

)
∣
∣
∣
∣
≤ Mj

8
.
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Then
∣
∣
∣
∣

m∑

j=k+1

f
(

j − 1

2

)

−
∫ m

k

f(x) dx

∣
∣
∣
∣

=

∣
∣
∣
∣

m∑

j=k+1

∫ j

j−1

(

f(x) − f
(

j − 1

2

)

−
(

x − j +
1

2

)

f ′
(

j − 1

2

))

dx

∣
∣
∣
∣

≤
m∑

j=k+1

Mj

8
. �

Proof of Theorem 2.5. Let

f(x) :=
A − 1

x2 − (A − 1)x +
(
A2 − 3

2A + 1
4

) .

Then
f
(

j − 1

2

)

=
A − 1

j2 − Aj + (A2 − A)
.

We use Lemma 3.5 and the fact that if |c − d| ≤ 1 then

1

A + c
=

1

A + d

(

1 + O
( 1

A

))

.

Replacing ωj by j − j(j−1)
A−1 we obtain

⌊A⌋−1
∏

j=1

A − ωj + 1

A − ωj
= exp

(⌊A⌋−1
∑

j=1

1

A − ωj
+ O

( 1

A

))

= exp

((⌊A⌋−1
∑

j=1

A − 1

j2 − Aj + (A2 − A)

)(

1 + O
( 1

A

))

+ O
( 1

A

)
)

= exp

((∫ ⌊A⌋−1

0

f(x) dx + O
( 1

A3

))(

1 + O
( 1

A

))

+ O
( 1

A

)
)

= exp

((∫ A−1

0

f(x) dx + O
( 1

A

))(

1 + O
( 1

A

))

+ O
( 1

A

)
)

= exp

((

2
A − 1

√
3
4A2 − A

arctan
A − 1

2
√

3
4A2 − A

+ O
( 1

A

))

×
(

1 + O
( 1

A

))

+ O
( 1

A

)
)

→ exp
( 4√

3
arctan

√
3

3

)

= exp
2π

3
√

3
.

The result follows from 1
(⌊A⌋−1)A ∼ A−2. �
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Proof of Theorem 2.6. Let A be a sufficiently large positive real number. The
symbol u will always be used for a positive integer not exceeding B. Set

B1 :=
⌊√

A
⌋
,

B2 :=

⌊
1

2
+

√

A − 3

4

⌋

,

B3 :=

⌊

1

2
+

√
√
√
√

1

4
+

(

1 +
1

− 1
2 +

√

A − 3
4

)

(A − 1)

⌋

,

B4 :=

⌊

−1

2
+

√

3

2
A − 5

4

⌋

.

Notice that B1 ≤ B2 ≤ B3 ≤ B1 + 1. We have

αu =

{

1 if u ≤ B2 ,

2 if u ≥ B2 + 1

and

βu =

{

B if u ≤ B2 − 1 ,

min
{
B,
⌊ u(u+1)

u(u+1)−(A−1)

⌋}
if u ≥ B2 .

From u ≤ B and from the fact that u ≤ u(u+1)
u(u+1)−(A−1) if u ≤ ⌊

√
A⌋ we obtain for

u ≥
⌊

1
2 +

√

A − 3
4

⌋

min
{
u, βu

}
= min

{

u, B,

⌊
u(u + 1)

u(u + 1) − (A − 1)

⌋}

= min

{

u,

⌊
u(u + 1)

u(u + 1) − (A − 1)

⌋}

=

⌊

min

{

u,
u(u + 1)

u(u + 1) − (A − 1)

}⌋

,

so

min
{
u, βu

}
=

{

u if u ≤ B1 ,
⌊ u(u+1)

u(u+1)−(A−1)

⌋
if u ≥ B1 + 1 .

We modify the definition of δu:

δ∗u := min

{
(
βu − 1

)
,

⌊

−1

2
+

√

A − 3

4

⌋}

.

This modification will not change the result, since if we replace δu by δ∗u then εu

and hence U(A) does not change. We use the fact that
⌊
− 1

2 +
√

A − 3
4

⌋
< B − 1.

For u ≤ B2 − 1 we have

δ∗u =

⌊

−1

2
+

√

A − 3

4

⌋

.
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For u ≥ B2 we use the fact that

A − 1

u(u + 1) − (A − 1)
≥ T if u ≤

⌊

−1

2
+

√

1

4
+
(

1 +
1

T

)

(A − 1)

⌋

.

We have

δ∗u = min

{

(B − 1),

⌊
A − 1

u(u + 1) − (A − 1)

⌋

,

⌊

−1

2
+

√

A − 3

4

⌋}

= min

{⌊
A − 1

u(u + 1) − (A − 1)

⌋

,

⌊

−1

2
+

√

A − 3

4

⌋}

.

This implies that

δ∗u =







⌊
− 1

2 +
√

A − 3
4

⌋
if u ≤ B3 − 1 ,

⌊
A−1

u(u+1)−(A−1)

⌋
if u ≥ B3 .

From the earlier facts we get

εu =







1 − 1
j

1
2+

√
A− 3

4

k −
j

− 1
2 +

√
A− 3

4

k

A−1 if u ≤ B3 − 1 ,

1 − 1
j

u(u+1)
u(u+1)−(A−1)

k −
j

A−1
u(u+1)−(A−1)

k

A−1 if B2 = B3 and u = B2 ,

1
2 − 1

j

u(u+1)
u(u+1)−(A−1)

k −
j

A−1
u(u+1)−(A−1)

k

−1

A−1 if B2 + 1 ≤ u ≤ B4

0 if u ≥ B4 + 1

and

σu =







u if u ≤ B1 ,
⌊ u(u+1)

u(u+1)−(A−1)

⌋
if B2 = B1 + 1 and u = B2 ,

⌊
A−1

u(u+1)−(A−1)

⌋
if u ≥ B2 + 1 .

For u ≤ B1 we have

ζu =
u∏

j=1

A − j + 1

A − j
=

A

A − u
.

If B2 = B1 then

ζB2 = ζB1 =
A

A − ⌊
√

A⌋
.

If B2 = B1 + 1 then

ζB2 =

(

1 +
1

A − σ⌊
√

A⌋+1

)

ζ⌊
√

A⌋

=

(

1 +
1

A − 1 −
⌊

A−1
⌊
√

A⌋2+3⌊
√

A⌋−A+3

⌋

)
A

A − ⌊
√

A⌋
.
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In any case,

ζB2 = 1 + O
( 1√

A

)

.

For u ≥ B2 + 1 we have

ζu = ζB2

u∏

j=B2+1

(

1 +
1

A −
⌊

A−1
j(j+1)−(A−1)

⌋

)

.

Notice that

ζu − ζu−1 =
ζu−1

A − σu
.

Now consider three cases.
1. Suppose that B1 = B2 = B3. Then

B∑

u=1

εu(ζu − ζu−1) = ε1ζ⌊
√

A⌋−1 +

⌊
√

A⌋+2
∑

u=⌊
√

A⌋

εuζu−1

A − σu
+

B4∑

u=⌊
√

A⌋+3

εuζu−1

A − σu
.

We have

ε1 = 1 − 1
⌊

1
2 +

√

A − 3
4

⌋ −
⌊
− 1

2 +
√

A − 3
4

⌋

A − 1
= 1 − 2√

A
+ O

( 1

A

)

and
ζ⌊

√
A⌋−1 =

A

A − ⌊
√

A⌋ + 1
,

so
ε1ζ⌊

√
A⌋−1 = 1 − 1√

A
+ O

( 1

A

)

.

For ⌊
√

A⌋ ≤ u ≤ ⌊
√

A⌋ + 2 we have εu = O(1), ζu−1 = O(1) and σu = O(
√

A),
hence

⌊
√

A⌋+2
∑

u=⌊
√

A⌋

εuζu−1

A − σu
= O

( 1

A

)

and

ε1ζ⌊
√

A⌋−1 +

⌊
√

A⌋+2
∑

u=⌊
√

A⌋

εuζu−1

A − σu
= 1 − 1√

A
+ O

( 1

A

)

.

2. Suppose that B1 = B2 < B3 = B1 + 1. Then

B∑

u=1

εu(ζu − ζu−1) = ε1ζ⌊
√

A⌋ +

⌊
√

A⌋+2
∑

u=⌊
√

A⌋+1

εuζu−1

A − σu
+

B4∑

u=⌊
√

A⌋+3

εuζu−1

A − σu
.
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We have

ε1 = 1 − 1
⌊

1
2 +

√

A − 3
4

⌋ −
⌊
− 1

2 +
√

A − 3
4

⌋

A − 1
= 1 − 2√

A
+ O

( 1

A

)

and

ζ⌊
√

A⌋ =
A

A − ⌊
√

A⌋
,

so

ε1ζ⌊
√

A⌋ = 1 − 1√
A

+ O
( 1

A

)

.

Again, for ⌊
√

A⌋ + 1 ≤ u ≤ ⌊
√

A⌋ + 2 we have εu = O(1), ζu−1 = O(1) and
σu = O(

√
A), hence

⌊
√

A⌋+2
∑

u=⌊
√

A⌋+1

εuζu−1

A − σu
= O

( 1

A

)

and

ε1ζ⌊
√

A⌋ +

⌊
√

A⌋+2
∑

u=⌊
√

A⌋+1

εuζu−1

A − σu
= 1 − 1√

A
+ O

( 1

A

)

.

3. Suppose that B1 < B2 = B3 = B1 + 1. Although the definition of ζ⌊
√

A⌋+1

is different from that in Case 2, the result is the same.
Hence, in all three cases we obtain

B∑

u=1

εu(ζu − ζu−1) = 1 − 1√
A

+

B4∑

u=⌊
√

A⌋+3

εuζu−1

A − σu
+ O

( 1

A

)

.

For j ≥ B2 + 1 we have

j(j + 1) ≥
(

1

2
+

√

A − 3

4

)(
3

2
+

√

A − 3

4

)

= A + 2

√

A − 3

4
,

hence

A − A − 1

j(j + 1) − (A − 1)
≥ A − A − 1

1 + 2
√

A − 3
4

≥ 1

2
A .

Since u ≤ B ≤
√

2A we obtain

u∑

j=B2+1

1

A − A−1
j(j+1)−(A−1)

≤ 2

√

2

A
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and
u∏

j=B2+1

(

1 +
1

A −
⌊

A−1
j(j+1)−(A−1)

⌋

)

= exp

(

O
( 1√

A

)(

1 + O
( 1

A

))
)

= 1 + O
( 1√

A

)

.

So we have for u ≥ B2 + 1

ζu = 1 + O
( 1√

A

)

.

Hence

B4∑

u=⌊
√

A⌋+3

εuζu−1

A − σu

=

(

1 + O
( 1√

A

)) B4∑

u=⌊
√

A⌋+3

1
2 − 1

j

A−1
u(u+1)−(A−1)

k

+1
−

j

A−1
u(u+1)−(A−1)

k

−1

A−1

A −
⌊

A−1
u(u+1)−(A−1)

⌋

=

(

1 + O
( 1√

A

)) B4∑

u=⌊
√

A⌋+3

F
(
⌊G(u)⌋

)
,

where

F (x) =
1
2 − 1

x+1 − x−1
A−1

A − x
=

1

2(A − 1)

2x2 − (A − 1)x + A − 3

x2 − (A − 1)x − A

and
G(x) =

A − 1

x(x + 1) − (A − 1)
.

The function F (x) is increasing for
√

A < x <
√

3
2A. Now the computation splits

into two parts.
1. From ⌊G(u)⌋ ≤ G(u) and from Lemma 3.5 we obtain that

B4∑

u=⌊
√

A⌋+3

F
(
⌊G(u)⌋

)
≤

B4∑

u=⌊
√

A⌋+3

F
(
G(u)

)
≤
∫ − 1

2+
√

3
2A− 5

4

√
A+1

H1(u) du + O
( 1

A

)

,

where

H1(u) = F
(

G
(

u +
1

2

))

=
3 − A

2A(A − 1)
+

2(A − 1)

A + 1

(
1

2u + 1
− 1

2u + 3

)

+
2(A2 + 2A − 3)

A(A + 1)(4A2 + A − 4)

1

1 − 4A
4A2+A−4(1 + u)2

.



On Expressible Sets of Geometric Sequences 93

The error term O
(

1
A

)
comes from Lemma 3.5 and from the fact that H ′′

1 (u) =

O(A−3/2) for
√

A ≤ u ≤
√

3
2A. From

∫
dx

1 − α(1 + x)2
=

1

2
√

α
ln

√
α(1 + x) + 1√
α(1 + x) − 1

we obtain
∫

H1(u) du =
3 − A

2A(A − 1)
u +

A − 1

A + 1
ln

2u + 1

2u + 3

+
A2 + 2A − 3

2A3/2(A + 1)
√

4A2 + A − 4
ln

√
4A

4A2+A−4 (1 + u) + 1
√

4A
4A2+A−4 (1 + u) − 1

and
∫ − 1

2+
√

3
2 A− 5

4

√
A+1

H1(u) du =
1√
A

(
3

2
− 7

12

√
6

)

+ O
( 1

A

)

.

Hence
B4∑

⌊
√

A⌋+3

F
(
⌊G(u)⌋

)
≤ 1√

A

(
3

2
− 7

12

√
6

)

+ O
( 1

A

)

.

This implies that

B∑

u=1

εu(ζu − ζu−1) ≤ 1 − 1√
A

(
7

12

√
6 − 1

2

)

+ O
( 1

A

)

and

U(A) =
1

A − 1
− 1

A

B∑

u=1

εu(ζu − ζu−1) ≥
1

A3/2

(
7

12

√
6 − 1

2

)

+ O
( 1

A2

)

.

2. From ⌊G(u)⌋ ≥ G(u) − 1 and from Lemma 3.5 we obtain that

B4∑

u=⌊
√

A⌋+3

F
(
⌊G(u)⌋

)
≥

B4∑

u=⌊
√

A⌋+3

F
(
G(u) − 1

)
≥
∫ − 3

2+
√

3
2A− 5

4

√
A+2

H2(u) du + O
( 1

A

)

,

where

H2(u) = F
(

G
(

u +
1

2

)

− 1
)

=
6A2 + A + 3

4(A − 1)(A + 1)2
− 1

A2 − 1

(
2u + u2

)

+
2(A2 + 2A − 3)

(A + 1)2(4A2 + 5A − 7)

1

1 − 4(A+1)
4A2+5A+7 (1 + u)2

.
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Again, the error term O
(

1
A

)
comes from Lemma 3.5 and from the fact that

H ′′
2 (u) = O(A−3/2) for

√
A ≤ u ≤

√
3
2A. We have

∫

H2(u) du =
6A2 + A + 3

4(A − 1)(A + 1)2
u − 1

A2 − 1
u2 − 1

3(A2 − 1)
u3

+
A2 + 2A − 3

2(A + 1)5/2
√

4A2 + 5A − 7
ln

√
4(A+1)

4A2+5A+7 (1 + u) + 1
√

4(A+1)
4A2+5A+7 (1 + u) − 1

and

∫ − 3
2+

√
3
2A− 5

4

√
A+2

H2(u) du =
1√
A

(
1

2

√
6 − 7

6

)

+ O
( 1

A

)

.

Hence
B4∑

u=⌊
√

A⌋+3

F
(
⌊G(u)⌋

)
≥ 1√

A

(
1

2

√
6 − 7

6

)

+ O
( 1

A

)

.

This implies that

B∑

u=1

εu(ζu − ζu−1) ≤ 1 − 1√
A

(
13

6
− 1

2

√
6

)

+ O
( 1

A

)

and

U(A) =
1

A − 1
− 1

A

B∑

u=1

εu(ζu − ζu−1) ≤
1

A3/2

(
13

6
− 1

2

√
6

)

+ O
( 1

A2

)

.

This finishes the proof of Theorem 2.6. �
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