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SUMS OF ALMOST EQUAL PRIME SQUARES
Honcze L1* & JIE WU

Abstract: In this paper, we prove that almost all integers N satisfying N = 3(mod24) and
54N or N = 4(mod24) are the sum of three or four almost equal prime squares, respectively.
Keywords: quadratic equations, exponential sums, circle method.

1. Introduction

Motivated by Lagrange’s theorem, it is natural to conjecture that all large integers
subject to a natural congruence condition are the sum of four squares of prime
numbers. Using the Hardy-Littlewood method, Hua [5] proved that an analogous
result holds for sums of five squares of primes. On the other hand, he also proved
that almost all integers n with n = 4 (mod 24) are the sum of four squares of
prime numbers. Define

Az :={N eN:N=3(mod24), 51 N},

Ay :={N eN: N =4(mod24)},
and denote by €j(z) the set of integers N € Ay N [2/2, 2] such that N # p? +

-+ p?. Hua [5] proved that |€3(2)| <4 2/(logz)? for 2z > 2 and some positive
constant A. The study on the size of £(z) has received attention of many authors
such as Schwarz [15], Liu & Liu [7], Wooley [18], Liu [6], Liu, Wooley & Yu [9]. The
best result is due to Harman & Kumchev [4]: |€3(2)| <. 25/7%% and [€4(2)| <.
25/14%¢ for any € > 0.
In this paper, we will investigate this problem with localized summands:

|pj — (N/R)V2| S NVE2 (1< < k),

where § > 0 is a constant, which is hoped to be “large” as soon as possible.
In the case of k = 3 or 4, our result is as follows.
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Theorem 1.1. Let k = 3 or 4. For any fixed € > 0, the equation (1.1) with
0= % — ¢ is solvable for almost all integers N € Ay,.

The “almost” means that if we denote by € (z) the set of integers N €
Ak N [2/2, 2] such that the equation (1.1) with § = & — ¢ is insolvable, then we
have |€}(2)| <. 2!~ (k=100

Following Liu & Zhan [11], we shall use the circle method to prove The-
orem 1.1. Our exponent 9/80 is determined by an estimate for exponential sums
over prime numbers of Liu, Lii & Zhan [8] (see Lemma 4.1 below) and a mean
value theorem of Choi & Kumchev [3] (see Lemma 2.1 below). However in order to
exploit these we need to introduce some new arguments in Liu & Zhan’s method.

The same method allows us to consider the following variant of (1.1).

Theorem 1.2. For any fixed € >0 and § = % — ¢, the equation

N = py + p} + p}
lpr — N/3| < N'—9 (1.2)
|pj — (N/3)2| < NV220 (5 =2,3)

is solvable for almost all integers N € As, where
Ay:={N eN:N=1(mod2), N #2(mod3)}.

In [5] Hua also proved that almost all integers in A5 are the sum of one prime
and two squares of primes. So Theorem 1.2 can be regarded as a generalization of
Hua’s result in short intervals. Since the proofs of Theorems 1.1 and 1.2 are very
similar, we will only give the proof of Theorem 1.1.

2. Outline and preliminary lemmas

Throughout this paper, the letter p, with or without subscript, denotes a
prime number and e an arbitrarily small positive number. Let £ = 3 or 4 and
N € Aj, be a sufficiently large integer. Define

T =xp = (N/k)1/2, y = N1/279/80+4e (2.1)
and
P = N2, Q = N~2152, (2.2)
Without loss of generality, we can suppose that
lz—yll <1,  fz+yl =1,

where ||t]| := mingez [t — n].
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The circle method begins with the observation that
1+1/Q
Ri(N) := Z (logp1) - - (logpg) = / S(a)fe(—aN)da,
1

w—y§p1,~-~7gk<w+y /Q
p1+...+pk:N

where e(t) := > and
S(a) = Sp(a):= > (logp)e(ap?). (2.4)

r—y<p<e+ty

Clearly in order to prove our Theorem 1.1, it is sufficient to show that Ry (N) > 0
for almost all integers N € Ay if k= 3,4.

By Dirichlet’s lemma ([17], Lemma 2.1), each « € [1/Q,1 + 1/Q)] can be
written as

a=afg+4  with [ <1/(qQ) (2.5)

for some integers a and ¢ with 1 < a < ¢ < @ and (a,q) = 1. We denote by
I(a,q) the set of « satisfying (2.5), and define the major arcs 9t and the minor
arcs m as follows:

U U g and m:=[1/Q,1+1/Q]\ M, (2.6)

1<g<P 1<a<q
(a,q)=1

Thus we can write
IRk(N):/ S(a aN)da+/ S(a)ke(—aN)da

m (2.7)
=: R (N; M) + Ry (N;m).

We shall establish an asymptotic formula for Ry (N;9) in Section 3 and
treat Ry (N;m) in Section 4. The next mean value theorem, due to Choi & Kum-
chev [3], will be useful for the major arc estimate.

Lemma 2.1. ([3], Theorem 1.1) Let f € N, R > 1, T > 1, X > 1 and k :=
1/log X . Then there is an absolute positive constant ¢ such that

> Z /_ A(n)x(n)

nrtiT
Tf\‘/R x (mod r) X<n<2X

where Ex (modr) means that the summation runs over the primitive characters
modulo r. The implied constant is absolute.

dr < (C'R*TX'/20 4 X)(log RTX)",

In Choi & Kumchev’s original statement (in a more general form), there is
no factor n™". Since n — n~" is completely multiplicative with respect to n and
n~" =<1 for X < n < 2X, their proof covers our case as well with some trivial
modification (i.e. replacing x(n) by x(n)n~" in their proof). On the other hand, it
is simple to get this Lemma by partial summation and Choi & Kumchev’s original
result.

In order to exploit Choi & Kumchev’s mean value theorem effectively, we
need to prove a preliminary lemma.
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Lemma 2.2. Let x be a Dirichlet character modulo r. Let @ > r, 2 < X <
Y < 2X such that | X|| < ||Y] < 1, Tp := (log(Y/X))™!, Ty := (log(Y/X))~2,
Ty :=87X?%/(rQ), T3 := X* and k := (log X)~!. Define
F(s,x):==Y_ Am)x(n)n " (2.8)
X<n<2X
Then we have
’ Z A(n )‘ < log (Y>/ |F(k + i1, x)|dT
|5|<1/ TQ X ) Jiri<m
r .
+/ (w07, )] +1’;’X)| dr (2.9)
Ty <|7|<T2 7|t/
r .
o el
To<|T|<T3 |T|

and

Z A(n)x(n) < log (;;) /r|gT0 |F(k + i1, x)|dT

X<nY
r .
+/ Er+im00 40 41 (2.10)
To<|7|<Ts 7|

The implied constants are absolute.

Proof. By Perron’s formula ([16], Lemma 3.12), for any ¢ € [X,2X] we have

K+1iT3 s _ ys
S Am)x(n) = —— / Fs,0)" SX ds

+ O(Td (log X)? + (log X) min {1, Tjt”D

From this, a simple partial summation gives

S Aln)x(n)e(Bn?) = /X Ye(ﬂt2>d( > Atm)x(n)

X<nLY - X<ngt (2.11)
1 k+iT3
F(s,x)V(s,8)ds + R,

2'/Tl Ii—iT3

where

Y
V(s,pB) = / t5Le(Bt?) dt

X



Sums of almost equal prime squares 53

and

R:= / e(Bt?) dO( (log X)? (logX)min{l,T;'(t”}).

First we estimate R. By an integration by parts, it follows that

X X2 1BIx Y { X } )
R —=+|8=— -X)+ min< 1, —— 5 dt | (log X)?.
(T3 Pl =0+ e x [ T ) 1)

Spliting the last integral, we deduce

X X? 181X n+l/2 X )
R< (= —(v-Xx in{ 1, =——— v dt)(log X
<<<T3+|6T3( )+logX Z /n mm{ ’T3|tn|} >(Og )

X<ngy /n—1/2
< <X+|5X2(Y |B|X Z /1/2 mln{ }du) (log X)?
s s logX X<n<Y ¢

X X2 ,
< (T 1B - X)) (log )
< 1.

In order to treat the first term on the right-hand side of (2.11), we notice,
for all g € R,

Y
|V(m+ir,ﬁ)|</x t"tdt < log(Y/X). (2.12)

On the other hand, the change of variables u = > and the second mean value
formula allow us to write

2

V(k+ir,B) = %/XZ u**Le(Bu + (1/47) logu) du

X; 2/ (Bu + (7/47) log u)du + Y
pe

K—2

Y2
/£ e(fu + (17/4m) logu) du

for some ¢ € [X?,Y?]. We estimate the last two integrals by using Lemma 4.3 of
[16] if T2 < |r| £ T5 and Lemma 4.4 of [16] if 77 < |7| < T and use (2.12) for
|7] < T1. We obtain

log(Y/X) if |7]<Ty,
max |V (k+ir,B)| < { |7|7V/? it Ty <|7]

181<1/(rQ) < 2
BIL1/(r@Q
|7| 1 if 12<|7|<

3
Now the inequality (2.9) follows from (2.11) by splitting the integral into three

parts according to |7| < Ty or Ty < |7| < T or Tz < |7| < T3 and by using the
preceding estimates.
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Similarly there is a real number £ € [X,Y] such that

I Yy

V(k+ir,0) = X*! / tTdt + Yyt / tTdt < (7] + 1) (2.13)
X €

Now the inequality (2.10) follows from (2.11) with 5 = 0 by splitting the integral

into two parts according to |7| < Ty or Ty < |7| < T3 and by using (2.13) and
(2.12) with 8 = 0. This completes the proof. ]

Next we shall prove three estimates (see (2.17), (2.18) and (2.19) below),
which play an important role in Liu’s iterative procedure [6]. Define

SO(B) := Z e(Bn?), (2.14)
T—y<n<r+y
Wi(@B):= Y (logp)x(p)e(Bp®) = 6,5°(6) (2.15)

T—y<pT+Yy
and d,, =1 or 0 according as x is principal or not. We also set

1/(rQ)

1/2
W Wl ad = ([ m@Ras) )

5 == max
16I<1/(rQ) ~1/(rQ)

Proposition 2.1. Let d > 1 and k = 3,4. Let z,y and P,(Q be defined as in
(2.1) and (2.2), respectively. Then there is an absolute positive constant ¢ such
that for any € > 0 we have

PN T N | (I G s (2.17)
r<P X (mod r)
Z[d’ T]f(kf2)/2+e Z ||WX||2 <. df(k72)/2+5]\7—71/4yl/2£)c7 (218)
r<P X (mod r)

where L :=log N and Y." means that the summation runs over primitive cha-
racter. Further if d =1, the first estimate can be improved to

DU N v (2.19)
r<P X (mod r)
for any fixed A > 0.
Proof. Introducing
Wi(B):= > Am)x(n)e(Bn®) = 6,5°(8), (2.20)

T—ysSn<ot+y

we have, for all g € R,



Sums of almost equal prime squares 99

W (B) - Wy (B)] <2 > logp< a2y < N4y, (2.21)
z—y<p” <zty
v>2
Thus .
—1/4
Wi WE+O(N"y),
where

W= max |W. .
X WKU(TQ)‘ 9]
The contribution of O(N~'4y) to (2.17) is , writing [d,r] = dr/¢ and ¢ = (d,r),
<<N—1/4y Z Z (dr/g)—(k—2)/2+sr

L)d, <P r<P,L|r
< d—(k—2)/2+6yN—1/4P(9—k)/4+8

< d-(E-2/2ey

since P9~F*+4¢ < N in view of our choice of P (see (2.2)).
Therefore in order to prove (2.17), it is enough to show

N (d, ]2 N A g (bR ey e (2.22)
r~R x (mod r)
for any R < P, where 7 ~ R means that R <7 < 2R.
If R=1and r ~ R, we have x = x{ (mod1) (the primitive character
modulo 1). Thus
Wi< Y 2L <yl
r—ysn<e+ty
This will contribute O(d~*=2)/2+¢y L) which is acceptable.
For 2 < R < P and r ~ R, we have §, = 0. Since |z —y|| < 1 and
||z + y|| < 1, we can apply (2.9) to write

—~ . F(k +1T,
W)§<<g/ |F(/<;+ZT,X)\dT+/ ‘(71/72—X)|d7
T JIr|<Th T1<|7|<T2 |7l (2.23)
|F(k +i7, x)| '
+ —2dr + 1,
To<|7|<T |T‘

where Ty =< (2/y)?, To < 22/(RQ) and T =< z*.
By Lemma 2.1, the contribution of the first term on the right-hand side of
(2.23) to (2.22) is

< df(kfz)/zﬁqu Z (R/é)f(k72)/2+s(67132711,11/20+$)
)d, ¢<2R
< d*(k72)/2+5y(P(ka)/4+5N31/40y72 + 1)Lc (2.24)

< d—(k‘,—2)/2+ay£c
in view of our choice of (P,y) (see (2.1) and (2.2)).



56  Hongze Li & Jie Wu

Introducing
2T’

M, R,T x) = Z Z / (k +iT1,x)|dT,

r~R, £|r x (modr)

the contribution of the second term on the right-hand side of (2.23) to (2.22) is

< d-k=RRtepe N (R0 TREDETE max  (T'VPM(C R, T 1)

0ld, (<R hsT'sTh
< d—(k—2)/2+ch Z (R/E)—(k—Q)/2+e (€_1R2T21/2m11/20 + Tf1/2.’13)£zc
Lld, e<R

< df(k:72)/2+6y(P(7fk)/4+5Q71/2N31/40y71 i 1)Lc

< d_(k_2)/2+ay£10,
(2.25)
in view of our choice of (P,Q,y) (see (2.1) and (2.2)).
Similarly the contribution of the third term on the right-hand side of (2.23)
0 (2.22) is

<d FmArege N (R/TETRRTE max (T'TIM(C R, T x))

Ty <T'<T
¢d, (<R

< d-(=2)/2+epe Z (R/6)~ (k— 2/2+s(€71R2x11/20_|_T2—1x)Lc
0d, ¢<R (2.26)

< d—(k—2)/2+5y(P(Q—k:)/4+6N11/40y—1 + PQ(xy)_l)Lc
< d_(k_Q)/Q"'EyLC,

in view of our choice of (P,Q,y) (see (2.1) and (2.2)).
Finally the contribution of the last term on the right-hand side of (2.23) to
(2.22) is

< d" 22 N (Re)yT R/ g (ke /2re o gm (oD ke (9 97)
fld, <R

Now the inequality (2.22) follows from (2.24), (2.25), (2.26) and (2.27). This
proves (2.17).

The proof of (2.18) is rather similar. Therefore we shall only point out the
differences. First the inequality (2.21) implies

SN AWl < YT Wl + N7 ViAy(r/@) M2,

X (mod r) x (mod r)
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The contribution of O(N~4y(r/Q)"/?) to (2.18) is

< N71/4yQ71/2 Z Z (dr/e)f(kf2)/2+a7,1/2

£)d, t<P r<P, t|r
< d—(k—2)/2+5N—1/4yP1/2+sQ—1/2

< d~k=2)/24e y=1/4,1/2.

since P12y <. @ in view of our choice of (P, Q,y) (see (2.1) and (2.2)). Thus
in order to prove (2.18), it suffices to show that

Sold ] EAEE ST W [y < dm (RN A2 (2.98)
r~R x (mod r)

for any R < P. For this, by Lemma 1.9 of [14] we write, for » ~ R,

[Wlle < =5 ( N DO ONOEEN de)m

R _
@ *° y—RQ/3<n*<v+RQ/3
T—y<n<T+y

1( (49)?+ RQ/3 5 2 \/?
<L / (A(n)x(n) — &y)| dv) ,
RQ (z=y)?—RQ/3 ' x<n<y !

where X :=U — 1 or [U] + 1 according to U = max{(v — RQ/3)"/?, z —y} is an
integer or not, and Y := [min{(v 4+ RQ/3)'/?, z + y}] + %,
If R=1, we have

> A -6 =| Y Am -] <2 - X)L

X<ngY X<n<Y

<{(wv+Q/3)"* —(v-Q/3)"/?*}L
< QUL « N7TV2QL,

which implies, in view of Q < xy,

1/2

d—(k—2)/2+a||WX6 ) < d- =D/ QY (NV2QL)2 (ay + Q)

< d—(k—2)/2+sN—1/4y1/2£J.

(2.29)

For R > 2 and r ~ R, we have ¢, = 0. Thus we can apply (2.10) of Lemma
2.2 to write

__ 1/2
W< (%) [ 1FGsinoldr
x |7|<To

(zy)/? F(r+ir 0l @)
RQ To<|7|<T |7| RQ

2 (2.30)

+
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since Ty ! = log(Y/X) < RQu~" < RQx~2 and (z +y)? + RQ/3 — (v — y)? +
RQ/3 = zy.

As before, the contribution of the first term on the right-hand side of (2.30)
to (2.28) is

< d—(k—2)/2+s(x—3y>1/2 Z (R/E)—(k—Q)/Q—i-s (€_1R2T0$11/20+m)
f|d, ¢<2R
< d—(k—z)/2+sN71/4y1/2 (P(5—k)/4+sQ71N31/40 + I)LC (2_31)

< d—(k—2)/2+sN—1/4y1/2Lc

in view of our choice of (P,Q); the contribution of the second term on the
right-hand side of (2.30) to (2.28) is

< d=FTDE @ 2(RQ)TILE Y T (RO THRTA2TE max TTIM(C,R, T, 7)

To<T' T
2|d <R

< d_(k_Q)/2+E(a?y)1/2(RQ)_l»QC Z (R/g)—(k—Q)/2+e(£—1R2x11/20 + To_l.Z‘)LC
¢|d,e<R

< d*(k*Z)/2+EN71/4y1/2 (P(ka)/4+EQ71N31/4O + 1)LC (232)

< d—(k—z)/2+5N—1/4y1/2Lc;

the contribution of the last term on the right-hand side of (2.30) to (2.28) is

< df(k72)/2+sQ71($y)1/2 Z Z (T/é)f(k72)/2+s

l|d, e<2Rr~R,L|r
< d- (=22 N =1/ 1/2 R [A4e g1, (2.33)

< d—(k—2)/2+EN—l/4yl/QLc’

since R(5flc)/4+ex < p(5—k)/44e p1/2 < Q

Now the estimate (2.28) follows from (2.29), (2.31), (2.32) and (2.33). This
proves (2.18).

The estimate (2.19) can be proved in the same way as Lemma 2.3 of [13] and
we omit the details. This completes the proof of Proposition 2.1. [ ]
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3. Asymptotic formula for Ri(N;M)

The aim of this section is to treat the integral Ry (N;IN).

Proposition 3.1. Let k = 3,4. Then for sufficiently large N € A we have
k(N;9M) = / S(a)fe(—aN)da ~ Cp&y(N)N 1/ 2yk=1, (3.1)

where C}, are some positive constants, ¢(q) is the Euler function and

1 (hq) 1

Proof. Since ¢ < P < & —y, we have (p,q) =1 for all p € (x — y,z + y|. By
using the orthogonality relation, we can write

S(a/g+p8) =Y e*riat’/a 3 (log p)e(Bp?)

1<h<q T—y<p<Tty
p=h(mod g), (p,q)=1
-
= X(h)e*m e/ Ny (p)(logp)e(Bp?).

Xx(mod q) 1<h<g r—y<p<rty

Introducing notation

Clx.a):= Y x(h)e*™ /1 and  C(ga) =C(xo,a),  (3.2)

1<h<q

where X is the principal character modulo ¢, the preceding relation can be written
as

Stefa+ ) = SELS @) 4 X CvaW®), 63

)((mod q)

where S°(8) and W, () are defined as in (2.14) and (2.15), respectively. In view of
our choice of P and @, we have 2P < @. Thus the intervals I(a,q) are mutually
disjoint and we can write, by using (3.3),

1/(aQ)
o ke — o= 6727TzaN/q a k:e 7
[ s@re-anyaa= 3% [ Stafa+ p)e(-6N) 40

1<q<P 1<a<q 1/(qQ)
(a,9)=1
k!
- o

0<j<k
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where
1 —7 _—2mia
Ij — (q)k Z C(q,a)k Je 2 N/qX
1<g<P 1<a<q
(a,q)=1

1/(qQ) J

<[ ( S Cloa) ﬁ)) e(—fN) dB.
—1/(4Q)

(mod q)

We shall see that Iy contributes the main term and the others I; are as error
terms.
By the standard major arcs techniques, we have

Iy = Cp & (N)y* INTY2{1 4 0(1)}. (3.5)

It remains to estimate I; (1 < j < k). We shall only treat Ij. The others
can be treated similarly (even more easily). We can write

Z Z Z Bk(N,q;X17~HvXk)Jk(qu;Xl?"'an)ﬂ

1<q<P x1 (modg)  xx (modq)

where

Br(N,¢; X1, -, Xk) Clx1,a)--- Clxp, a)e2maN/a,

(
1/(qQ)

= TlM“

TN, Xt e x0) = / L(B) -+ W, (B)e(—BN) B,

-1/(¢Q)

Suppose that xj (modry) with ry | ¢ is the primitive character inducing
Xk - Then we can write xx = XoXj- It is easy to see that Wy, (8) = Wy (8). By
Cauchy’s inequality, it follows that

‘Jk(Nv(I;Xla"'?Xk)‘ < W)ET W)€272”WXZ,1”2”W w2

(3.6)

where W} and |[W,||2 are defined as in (2.16) with r := [rq,...,7;]. From (3.6)
and the inequality

D BN, g Xix0s - -5 Xixo)| e v F T2 (log 2)°
q<z,7lq

(see [12] for k =3 and [1] for kK = 5. The general case can be treated in the same
way. ), we deduce

Ik<<LCZ Z Z Z* W)ikz

r1<P x1 (modn re—2<P Xxp—2 (modri_2)

x Y S Wl Y b E22 ST W e,

Tr—1<P xp—1 (modri_1) RSP Xk (modry)
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By noticing that [rq,...,7%] = [[r1,...,7k—1], k], We use consecutively (2.18) (2
times), (2.17) (k — 3 times) and (2.19) (1 time) of Proposition 2.1 to write

I, < N=1/4y1/20 Z Z* W)fﬁl... Z Z* Wﬂk_Qx

r1<P x1 (modry) Th—2<P xg_2 (modri_2)
X Z [Tla s 77nk71}_(k_2)/2+6 Z HWXk,—1 ”2
rr—1<P Xk—1 (modri_1)
SNTELE DT T Whee Y T meea] TP
r1<P x1 (modry) T2 P (37)

D DR
Xk—2 (modri_2)
<<N71/2yk72£)c Z Tl—(k—2)/2+a Z* Wil
r <P x1 (modry)
< N~/2yh-1g—A
for any fixed A > 0.
Now the required asymptotic formula follows from (3.4), (3.5) and (3.7). ®

4. Proof of Theorem 1.1

In order to bound S(a) on the minor arcs m, we need two estimates for
exponential sums over prime numbers, which are due to Liu, Lii & Zhan [8] and
Liu & Zhan [10], respectively.

Lemma 4.1. ([8], Theorem 1.1) Let j € N, 2< v < u and a = a/q+ [ be a real
number with with 1 < a < ¢ and (a,q) = 1. Define

E = |Blw! + (u/v)?.
Then for any fixed € > 0, we have

Z A(n)e(an?)

u<n<u+v

< (qu)e{v(qa/u)l/Z + (qu)l/QEI/G + u3/10U1/2 + u4/5E_1/6 + u(qE)—l/Q}7
where A(n) is von Mangoldt’s function and the implied constant depends on &
and j only.
Lemma 4.2. ([10], Theorem 2) Let 1 < a < ¢ < wv with (a,q) =1 and u,v > 1
and let o € R such that |a —a/q| < 1/¢*. Then for any £ > 0 we have

Z A(n)e(omz) <. vl+€(q71/4+u1/8v71/4+u1/3v71/2+(qu)1/41)73/4), (41)
u<n<utv

where the implied constant depends on € only.

The next proposition gives the required estimate for S(a) on the minor
arcs m.



62  Hongze Li & Jie Wu

Proposition 4.1. With the previous notation, we have

max IS(a)] < N™*y (k= 3,4). (4.2)

The implied constant depends on € only.

Proof. Let
Q = N~1/2710,3 (4.3)

By Dirichlet’s lemma, each o € m can be written as
a=a/qg+F with 1<a<q¢<Q, (a,q) =1 and |B] <1/(qQ’).

We discuss two possibilities according to the size of ¢:
(i) If P < ¢ <@, we can use Lemma 4.2 with (u,v) = (z — y,2y) to write

1S(a)| < N7 (4.4)

(ii) If ¢ < P, we must have 1/(¢Q) < |a—a/q| < 1/(¢Q’). Since P~1Q~1 >
y~2, by Lemma 4.1 with j =2 and (u,v) = (z — y,2y) we have

NQ™' < ¢2 =q|f|N < NQ'71.
Thus we have, for k = 3,4,
|S(a)| < N/WOANTV4y(q2)!/? + NV Ag 3 (=) /6
4 N3/20,1/2 | N2/5E-1/6 +N1/2(q5)_1/2}
<. Na/lO{N1/4Q/—1/2y+N5/12P1/3Q/_1/6
4 NB/20,1/2 +N2/5(N—po)l/ﬁ +Q1/2}
<. Ns/lO{N1/2+10£y—l/2+N3/20y1/2 +N7/30y1/3+N—3ay}
<. N~*y,
provided y > N1/2-3/20+8¢ ]

We also need a preliminary lemma, which can be regarded as a generalization
of Hua’s lemma ([17], Lemma 2.5) in the case of short intervals.

Lemma 4.3. Let X > Y > 2 and

Si(a) == Z e(an?).

X-Y<n<X+Y

Then for any € > 0, we have

1
/ 1S5 (a)|* da <. XY
0
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Proof. We first write

[Is@ia- ¥ 1= ¥

2,22 2 2_,2_,2_ 2
njtng=n;+n;g Ny Ny=nNg—ny

X-Y<ni<X+Y X-Y<n; <X+Y

- > 1

(n1—n2)(n1+n2)=(nz—ng4)(n3+ns)
X-Y<n, <X+Y

<Y?+ Z 7(|(n1 — n2)(n1 + n2)|)
X-Y<ni#na<X+Y

< X°Y?,

where 7(d) is the divisor function. This completes the proof.

63

Now we are ready to complete the proof of Theorem 1.1. Let £k = 3 or 4 and

denote by €(z) the set of integers N € Ay N [z/2, z] such that
N#pi+--+p; with |p;— (N/k)l/ﬂ < NV2-9/80+2 (1 < i< py.

Introduce the generating function

Z(a) := Z e(—aN).

Ne€i(2)
Clearly we have
1
/ S(a)*Z(a)da = 0.
0
By using Proposition 3.1 with k = 3,4, it follows that
’ / S(a)*Z(a) da| = ' / S()*Z(a) da
m m
Z / S(a)ke(—aN) da

Ne€i(2) m
> |82(z)|z_1/2yk_1.

From this and (4.2), we deduce that
€5 (2)] < zl/zy_]”'l/ |S(0)*Z ()| dex
m

1
<<Zl/272(k72)5y71/ |S(a)2Z(a)|da
0

1 1/2 1 1/2
<<z1/2_2(k_2)5y_1( / |Z(a)|2da> ( / |S(a)4da) .
0 0
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Clearly
1
/0 1Z(@)|? da = |](2)]

and Lemma 4.3 implies

1 1
/0 1S()|* da < log* Z/o 1S5 () |* da < 2592

Thus
|E5(2)] < 2127 CR=R ey ()12,

which is equivalent to
8;;(2) < 217(4]6710)6.

This completes the proof of Theorem 1.1. [ |
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