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Abstract. Let y = (y1,...,yp)" be a p-dimensional random vector measurable
on the individuals drawn from each of k& p-dimensional normal populations II; :
Np(p;,2), @ = 1,...,k. In this paper we consider the growth curve model
which has a mean structure as follows: u;, = X0;, i =1,...,k, where X is a
p X q given matrix with rank ¢ and 6;’s are unknown parameter vectors. First
we derive an LR test for a parallelism hypothesis Hy : X0; — X0, = v;1,, i=
1,...,k — 1, where v;’s are unknown parameters, and 1, is the p-dimensional
vector with all the elements 1. Next we obtain the MLE of v = (y1,...,7k—1)
and its distribution, and propose a simultaneous confidence interval for linear
combinations of ~.
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81. Introduction

Suppose that a variable y is measured at p time points #1,t2,...,%,, and
let the variable y measured at the t; time point be denoted by y;. Further,
suppose that there are random samples of y = (y1,...,y,)" for each of k

different groups II;, ¢ = 1,...,k, and let the random samples be denoted by

(]‘]‘) HZ P Yit s Yings

which are independently distributed as N,(p;,%). For the observations, we
assume the growth curve model which is described (see e.g. Potthoff and Roy
(1964)) by

(1.2) p=X0;, i=1,...k
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where X is a p X ¢ given matrix with rank ¢ and 6;’s are unknown parameter
vectors.

The purpose of this paper is to extend profile analysis, especially statistical
inference on a parallelism hypothesis which is expressed as

(13) Hli Xoi—Xok:’}/ilp, izl,...,k—l,

where 7;’s are unknown parameters, and 1, is the p-dimensional vector with all
the elements 1. The profile analysis in the usual MANOVA model with X = I,
has been studied by Greenhouse and Geisser (1959), Srivastava (1987), etc.
Srivastava (1987) obtained the likelihood ratio (LR) criterion, and proposed
a simultaneous confidence interval for linear combinations of -+, based on an
LR test for v = 0.

It may be noted that the parallelism hypothesis is assured if and only if
1, € R[X]. Further, considering a practical point of view it is assumed that

C1: The first column of X is 1, i.e., X = (1,, X2).

Then, it is shown that the parallelism hypothesis is equivalent to

(14) H, = Oi:0k+fyi(1,0,...,0)’,izl,...,k—l,
(1.5) & Oip = =0,
where

0, — < Oin > Oin:(g—1)x1, i=1,... k
iz

In this paper we note that an LR test for the parallelism hypothesis is ob-
tained by using a general theory of testing a general linear hypothesis in growth
curve model. Further, we give a direct derivation based on a canonical form.
The canonical form is also used for deriving the MLE of v = (v1,...,7%-1)
and its distribution. We propose a simultaneous confidence interval for linear
combinations of ~.

82. LR Test for Parallelism Hypothesis
Let all the observations in (1.1) be denoted by

Y = (y117--- 7y1n17y217--- 7y2n27--- 7yk’17--->yknk)/‘

Then the growth curve model in (1.2) is

(2.1) M: E(Y) = AOX',
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and the rows of Y are independently distributed as p-variate normal distribu-
tions with the same covariance matrix 3, where © = (01,...,0;)’, and A is
the design matrix between individuals given by

1,, 0 0
0 1 0
(2.2) A= "
: 0
0 0 1,

We have noted that the parallelism hypothesis H can be expressed as
(1.4) or (1.5). This is shown as follows. Multiplying both sides of (1.3) by
(X’ X)~1X" from the left-hand side, we have

0, =0p+vl, i=1,....k—1,
where 1, = (X'X)~1X'1,. Moreover, from the assumption C1 it holds that
1, =(X'X)"'X'1, = (1,0,...,0),
since (X'X)"'X'X = I, and the first column of X is 1,. The converse is
obtained, by multiplying the above equality by X from the left-hand side and

using Px1, = 1,, where Px = X(X'X)"'X’. From (1.5) we can express the
parallelism hypothesis as

(2.3) CeD =0,
where
0/
(2.4) C=(Ip-1,"141), D= ( I > -
q—1

Therefore, by using a result (see e.g. Kshirsagar and Smith (1995)) on the
test of a general linear hypothesis we have the following results.

Theorem 2.1. An LR test for Hy in (1.3) under the growth curve model (1.2)
satisfying condition C1 is based on

|Se

2.5 = el
( ) |Se+5h|

(2.6) S.=D'(X'S7'X)"'D, &, =(COD)(CRC"'COD,



140 Y. FUJIKOSHI

andn=ny+ - +ng, Yy = (1/n) 350y, =1, ..., k,
k  mny
S = ZZ Yi; — Y)W — 9:)s
i=1 j=1
(2.7) O=AA)TAYSIx(X'sXx)7!
R=(AA) +(AA)TAYS 1{5 X(x's71x)"tx"}
xSy’ A(A'A)~!

The null distribution of A is a lambda distribution Aq—1(k—1,n—k—(p—q)).

83. A Canonical Form

The growth model (2.1) satisfying the parallelism hypothesis H; is ex-
pressed as

where A7 is a submatrix composed from the first £ — 1 columns of A. In order
to obtain a canonical form, consider a transformation Z = H'Y B with an or-
thogonal matrix H = (h1, Hy, H3) and an orthogonal matrix B = (b;, Bo, Bs),
ie.,

Z = (hi1,Hy, H3)'Y (b1, B2, Bs)
Mmooz 2y
(3.2) = 201 Zy Za
z31 Z32 233

The orthogonal matrix H is defined as follows. We define h; as (1/4/n)1,. The
column vectors of Hy consist of orthogonal bases for the space R[1,]- NR[A1],
and let Hy be defined by Hy = (I, — P,) A1 {A} (I, — Pn)Al}_l/z, where P, =
(1/n)1,1/,. The column vectors of Hs consist of orthogonal bases for R[A]*,
and we may use a matrix satisfying H3H} = I,, — A(A’A)"1 A", Similarly the
column vectors of B are defined by

b = (1/\/13)110’ By = (Ip - PP)X2{X§(I;D - Pp)X2}_1/2

and Bs satisfying BsBj} = I, — X(X’X)"'X’. Then, the mean of Z under
(2.1) is

&1 & O
(3.3) E(Z) = €y Z92 O ,
0 O O
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where

[1]

(e &\ _ ([ M :
_<521 Ex )\ Hj ABX (b1, Ba).

The = under the parallelism model (3.1) is

SH 5,12 _ 31 Vlg
= (& &2)-(5%)

where

v = (1, 1//2)’
(b1, Bo) {\/nX60y, +n~ Y2 (nyy1 4 - + Ng—1Yk—1)1p}
8 = p{AL(I, — Ry) AL}y

The rows of Z are independently normal, and have the same covariance matrix

(3.5)

U = (b17B27B3),Z(b17BlyB3)

Vi1 Py Py
= Yo Voo Wo3
P31 Wi Va3

As a matter of course, the resultant canonical form (3.3) for testing the
parallelism hypothesis under the model (3.4) is essentially the same as that
of the canonical form (Gleser and Olkin (1970)) for testing a general linear
hypothesis under the growth curve model. However, it may be noted that in
our canonical form the parameter vector v under the parallelism model (3.1)
is simply expressed as

(3.6) v =(1/vPQ"?s,
where
Q = {A(In—P)A}"
. 1
(37) = {dlag(nl,...,nk_l) — E(nl,...,nk_l)’(nl,. .,nk_l)}
1 1 1
= diag(—,..., + —1;_41
g(nl N1 ng S

84. LR test and MLE in Canonical Form

The LR test for testing Z99 = O under (3.3) can be obtained by using
a general result (see e.g. Gleser and Olkin (1970), Fujikoshi et al. (1999),
etc.) on the test of a general linear hypothesis under the growth curve model.
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However, as we wish to derive an explicit expression for the MLE of ~, we give
a derivation for the LR test as well as the MLE.
Let the likelihood Li(v,d, V) of Z under the parallelism model (3.1). Then

g1(v,6,¥) = —2logLi(v,d,¥) =nlog|¥|+ nplog2x
+re ! [(zi(lz) — vV, 213) (21 (19) — V', 213)

+(z21 — 8, Zo23)) (221 — 8, Zoa3)) + W],
where z’1(12) = (211, 212), Za23) = (222, Z23),

wir wy Wiy
(4.1) W = (231, Z32, Z33) (231, Z32, Z33) = | wa1 Waa Wag
wzr Wi Wag

Similar notations are used for partition matrices of ¥. We also use the follow-
ing notations.

Ui19)12)3 = Y(12)(12) — ‘11(12)3‘11531‘113(12), etc.

The following formulas are used in our derivation.

W] = th11.23 - [W(a3)(23)| = Y1123 - [Wa2.33] - [W33),

tr‘I"l(Z’lm) vV, 213) (21 19) — V', 213) = tr¥sy 2132]5
+t1”‘1’(_112)(12).3(Z/1(12) — V' = 250) (2 (19) — V' = 2130),

0™ (201 = 8, Zaas)) (221 = 8, Zaas)) = 00 (5555 Z(5) Zo(23)
+iiag(Z21 — 0 — Zoayn) (221 — 6 — Zoaz)m),

U = 00 g 00 Wias)(23) + Uirias (231 — Zaasym)' (231 — Zaazym),

where C = \If531\1/3(12) and n = \IJ(_QE)(QS)'gD(Q?,)l.
Note that there is one-to-one correspondence between ¥ and
{\11(23)(23),1/111.23,77}. Similarly there is one-to-one correspondence between

W (23)(23) and {W33, Waa.3, B}, where B = \11531\1132. It is easy to see that the
MLE’s of & and v are given by

(4.2) 8 =291 — Zopap)M, ¥ = 21019) — C'213

and

(4.3) 0 = (Zyay Za(23)) " Zagazyza1 = W3 03 W(23)1-



PARALLELISM HYPOTHESIS IN GROWTH CURVE MODEL

These imply that

min g1 (v,6,¥) = min nlo 23 - |W
Jnin g1 ( ) o [nlog{ii1.03 - [V (23)23) |}
(44) —0—1/11_11,231011.23 + nplog 2w + tI’\I/531213Z/13

—1
thr\11(23)(23) {W(23)(23) + Z§(23) 22(23)}] .

Here we use
IH771H(Z31 — Z323yM) (231 — Z3(23)M) = 251 (In—k — Pz, ) 231

= w113 — w/1(23) W(Egl)(23)w1(23) = W11-23-

Let
T = W+ (221,222, Z23) (221, Z22, Za3)
1 t/21 tél
(4.5) = tor Thy Ths

ts1 T30 133
Then, we have
~1 -1
Y (53 (23) L(23)(28) = Va3 T33
(4.6) +tr\112_21,3 {(T?E))ngg — B)/ng(Ti))ngg — B) + ng.g} ,
where B = W5, U3y, Substituting (4.6) to (4.4),

min n(v,0,9) = min [nlog{v11.23 - [Wa2.3| - [¥33]}

¥11.23,¥22.3,¥33

(47) +nplog 21 + 1[)1_11_2321}11.23 + tr\I/g; (T33 + 2132/13) + tI’\I/2_21,3T22.3]
= nlog (U} s - [0555| - 1953 |} + np(log 27 +- 1),

where
(4.8) m[?%“lj)% = w11.23, n\ilg;)g =Ty .3, n\i/gg) =T33 + z132)5.
Let L(Z,¥) be the likelihood function of Z under (3.3). Then
g(E,¥) = —2log L(E,¥) =nlog|¥|+ nplog 2w
+tr0 ! [(Zagyae) — E, Za2)s) (Za2az) — E Zazs) + W]
Similarly,
%%19(57 ) = ‘1,(12)&121;137‘1,33 [n1og {1 (12)12)-3] - [Was|} + nplog 27

H 1y 100 s W)y + tra; (Was + Z(12)3Z(12)3)}

Q Q
(49) = nlog{|¥() 15l - 19|} +np(log2m + 1),

143
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where

= (Q - (Q s (w
(4.10) "\I'E12))(12)-3 = Waa)a12)3, n\IléS) = Wiz + Z{12)3Z(12)3 = ”\I':(a?,)'

From (4.7) and (4.9) we have the following results.

Theorem 4.1. The LR criterion A\ for Hy in (1.3) under the growth curve
model (1.2) satisfying condition C1 is given by

- (@
Wii2)a2)3] - b5

)\2/n
wirag - |Toz| - [0
|Wag.3]
4.11 —
(4.11) |T52.3]

The null distribution of \2/™ is a lambda distribution Ag—1(k—1,n—k—(p—q)).

Proof The distribution result follows from Theorem 2.1, but here we give
a direct proof. In order to obtain the null distribution of A%/™, we note that

(1) Tia3)(23) = Wias)(23) T Zaa3)Za(23)-

(2) W(23)(23) and 25(23)Z2(23) are independently distributed as Whishart dis-
tributions Wy, —1(n —k, ¥ (23)(23)) and Wy_1(k — 1, ¥ (23)(23)), Tespectively.

Then, using a distributional result (see e.g. Rao (1973), Fujikoshi (1981), etc.)

that
|Wag.3

~Y
|Tho.5]

Ag1(k—1n—k—(p—q)).

In the process of deriving the distributional result Fujikoshi (1981) has
shown that

(4.12) Too.3 = Woog3+V,
where
V = (Zog — ZosWg3'Waa) (Ix_1 + ZazWez' Z53) "1 (Zag — Zazs Wi Wa).

The result (4.12) is useful in showing that the two expressions (2.5) and (4.12)
are the same. In fact, we can show the following relationships which implies
the conclusion.

Lemma 4.1. It holds that
Se = {Xé(Ip - Pp)X2}_1/2W22~3{Xé(Ip - Pp)X2}_1/27

(4.13)
Sp = {Xé(fp - Pp)X2}_1/2V{X£(Ip - Pp)X2}_1/2'
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Proof The first equality of (4.13) follows that
Wao3 = BY{S — SB3(B5SB3) 'B3S) By
= ByX(X'ST'X)'X'B,
and
BéX = {Xé(lp - Pp)X2}_1/2X2(Ip - Pp)(lp: Xs)
= (0, {Xé(lp - Pp)X2}1/2)'

Here, we use a well known formula: Let G = (G; G2) be a p X p nonsingular
matrix such that G{Gy = O. Then, for a p x p positive definite matrix @,

Ga(GHQGY) Gy = Q7 = QG (GQT' G TG
To see the second equality of (4.13), first note that
Zog — Zy3Wa3'Waa = HYY By — HyY B3(B4SBs) ' B3SBs
= HYYSTIX(X'S —1X)"'X'B,.
Further, using
{A (I — Po) A} = diag(1/na, ..., 1/ ng1) + (1/n) 111,
we have
{All(jn - Pn)Al}_l/zﬂéY = {All(jn - Pn)Al}_lAll(In - Pn)Y
= (@1 ~Ypr-o Y1 — @k)/7
and
{All (In - Pn)Al}_l/Q(Ik—l + 223W3E),IZ§3){A/1 (In - Pn)Al}_1/2
= {All (In - Pn)Al}_l + {All (In - Pn)Al}_l/QHéY
x B3(B4SB3) "' BLY' Ho{ A} (I, — Py) A1}~ Y/?
= diag(1/n1,...,1/ng—1) + (1/n) 1511},
@ = po - P — )T HS - X(X'STIX)TIX ST
X(Y1 =Ygy Up—1 — Yp)-
From these we can obtain the final results by the help of
C(A'A)~'C" = diag(1/n1, ..., 1/ng—1) + (/) 1115y,
CAA)TAY = (U1 —Upo - Upo1 — Ui)-
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85. Estimation of v

We have seen that the MLE of d is given by (4.2), and 7 is given by (4.3).
Therefore, we can write the MLE of ~ as

(5.1) 4 = (1/yP{A (In — Po) A1} V2 (21 — Za(23) W (33) (23 W (23)1)-

First we consider to express the MLE 4 in terms of the original observation
matix Y. Note that

. 1 B
¥ o= E{All(ln — P A} YA, - P)Y

x[I, — (B2, B3){(Ba2, B3)'S(Bs, B3)} " (B2.Bs3)'S]by
1, _ _ _ _ _ _
= E(yl_yka”-vyk—l_yk)/s lbl( /15 lbl) lbllbl'

This implies that
(52) ’A)’ = (1;/05_1117)_1(@1 - :glv cee 7@k—1 - yk’—l)/s_l]‘lh

which is the same expression with the one (see Srivastava (1987)) in MANOVA,
though their canonical forms are slightly different.

It is easy to see that 4 is an unbiased estimator, since S and {yy,...,y;}
are independent. The expressions (5.1) or (5.2) shows that the distribution
of 4 can be obtained from the results in MANOVA case. Therefore, we can
construct confidence intervals for «. In the following we explain the methods
given in Fujikoshi (2009) which is based on the following result.

Theorem 5.1. For a fized vector a = (ay,...,ax_1),

!/ ~

L (nTi,)R

where U is distributed as N(0,1),

- v (1,5711,)V2(1, 7188 11,) 1/
(5:4) B (1,5711,) ’

and U and V are independent. Further, V? is distributed as

2
TR T
X?n—p+2

where m =n—k—(p—q), and X?g—l and X%n—p—i—2 are independent x? variables
with p — 1 and m — p + 2 degrees of freedom, respectively.
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For constructing a confidence interval of a’+ for given a, it is important to
consider the distribution of X,, which is defined from X, by substituting S
to X, i.e.,

) (1,5~ t)tz
o T TagayE 107
(1,57 11,)1/2
(5.5) W.VU
= RU,
where
59 g (59155 1,1

(1,5711,)1/2

For constructing a simultaneous confidence interval for a’+ for all a, it is
natural to use

(a'(% —))?

_ o2 -1
T = mgXXa = (1,5 lp)mgx aQa
(5.7) = (ST’ -9QTHE - )
= RQX%—r

Here it is known (see e.g. Fujikoshi (2009)) that R? is distributed as

2
m 1+ ;(;p—l ]7

R? =

Xm—p-i—l Xm—p+2

where X?)_l, X%n—p 11 and X%n—p 9 are independent x? variables with p —1,m —
p+ 1 and m — p + 2 degees of freedom, respectively.

The statistic Xa is a scale mixtures of the standard normal distribution
with scale factor R, while T is a scale mixture of a chisquare variate Xz—1
with scale factor R%. Using asymptotic expansions (see Fujikoshi (2009)) of
their distributions, we can get confidence intervals.
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