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Abstract. Let K be a function field over a field k of characteristic p > 0 and
let R be a discrete valuation ring of K/k. E. Kunz showed that if w is a closed
differential form and vr(w) > —1, then resgr ¢ (w) does not depend on the choice
of parameter ¢ = {t1,t2, -, tn}-

In this paper, we investigate resg,(w) in the case where vgr(w) > —p™ +
1 forw € Z,,.
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§0. Introduction

Let K be a function field of n variables over a field k of characteristic p > 0
and let R be a discrete valuation ring of K/k such that the residue field D of
R has transcendence degree n — 1 over k. Y. Suzuki [3] proved the following
Theorem A and Corollary B.

Theorem A. If w is a differential form in Z,,Q0" (K /k) such that vg(w) >

—p™ 1 then respi(w) is uniquely determined up to addition by differentials

in By 1Q""Y(D/k).
Corollary B.  resg : ZooSV (K/k) — ZooQ Y (D/k)/Bso"~1(D/k)

is well defined. (for the definition, see section 1).

His method of proof is the following: First he proved the commutativity of
residue map and Cartier operator. Secondly he proved that if w € Z,,,Q" (K /k)
and vg(w) > —p™~!, then Z/R(m)(Cé(m_l)(w)) > —1 and C%m_l)(w) is a closed

differential, where Cg(m_l) is an iterated Cartier operator. From two results
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above and a result of E. Kunz (Exercise (1) in §17 of [1]), he proved Theorem
A and Corollary B.
On the other hand, our main results are the following:

Theorem 2. If w is a differential form in Z,Q(K/k) such that vg(w) >
—p™ +1, then resp(w) is uniquely determined up to addition by differentials
in BpnQUD/k).

Corollary. resg : ZooQUK/k) — ZooQUD/k)/Bsx(D/k)
1s well defined.

Our method of proof is quite different from Suzuki’s method and our The-
orem 2 and Suzuki’s Theorem A are independent to each other, that is, The-
orem A does not imply Theorem 2 and vice versa. But both Theorem 2 and
Theorem A imply the same Corollary.

An advantage of our result is in the following fact. The number —p™ + 1
in our Theorem 2 is the best possible (see Example in §2).

§1. Preliminaries

Throughout this paper, K will denote a function field of n variables over a
field k£ of characteristic p > 0 and R a discrete valuation ring of rank one of
K /k such that the residue field D of R has transcendence degree n — 1 over
k. Furthermore we always assume that K and D are separable over k.

We choose n elements t1,ts, ..., t, in R such that ¢; R is the maximal ideal
of R and such that fo, ..., ¢, is a p-basis of D/k, where @ denotes the canon-
ical image in D of a € R. We will call such a family ¢t = {t1,t2,....t,} a
parameter of (K/k,R). We put K; = kK?', R; = kRP" and t() = #' =
(78 '} (1=0,1,2,--).

Let A be a G-algebra, where G and A are commutative rings, and let
(2(A/G),da/c) be the universal differential algebra of A/G. Then we know
that Q(A4/G) =@ N (A/G), Q" (A/G) = N QY A/G) and QY(A/G) is the
module of Kéhler differentials of A/G ( c.f. §3in [1] ). If there is no confusion,
we simply write d, Q,Q(D) and Q(R) instead of dy,q, QUK/k),2(D/k) and
Q(R/E), respectively.

Lemma 1. Let t = {t1,t2,...,tn} be a parameter of (K/k,R). Then t =
{t1,t9,...,tn} is a p-basis of R/k.

Proof. From the following exact sequence of vector spaces over D
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(c.f. Th. 25.2 in [2]),
0 — t1R/BER — QY (R)®r D — Q(D) — 0,

we get that dim(QY(R) ®g D) = 1+ (n — 1) = n (dimQ'(D) = n — 1 from
separability of D/k ). It follows from Nakayama’s lemma that {dt1, dts, ..., dt,}
generates Q1(R) over R. On the other hand, since Q' = QY(R) ®p K has
dimension n over K, {dt,dts, ..., dt,} must form a basis of Q'(R) over R.

We will show that kRP[t1, ta, ..., tn] = R. Let S = kRP[t1,ta, ..., t]. Then
S is a local ring with the residue field kDP[ta, ...,t,] = D (see Remark below).
Hence R = S + t1 R. Since R is a finite S-module and ¢ is an element of the
maximal ideal of S, it follows from Nakayama’s lemma that S = R. By 5.6
Proposition in [1], we see that {¢1,t,...,t,} is a p-basis of R/k.

Remark. By using the conditions that both K/k and D/k are separable,
we observe that kRP is a discrete valuation ring of rank one with the residue
field kDP and that t? = {t} 5, ...,t2} is a parameter of (kK?/k, kRP). In fact,
we have KP Qpp k = kKP since KP/kP is separable, and hence we also get
RP @p k = kRP. Thus it follows that kRP/(t]) = RP/(t]) @» k = DP Qp» k
and that DP @yp k = kDP by separability of D/k. Similarly, we observe that
{t2",...,1,"} is a p-basis of kDP/k and that t¥) is a parameter of (K;/k, R;)
for each i.

We will define a k-linear map of degree —1, resp; : Q — Q(D). Let R be
the completion of R. Then there exists a unique coefficient field £ = E, ;.
of R such that R = E[[t;]] and E D k(ts,...t,) (c.f. Th. 28.3 in [2]).
The quotient field of R is the formal power series field E((t;)) and K can be
regarded as a subfield of E((¢1)). Let w be a differential form in Q" (r > 1).
Then w is uniquely expressed in the form

w = Z gil'“irdtil VANCEWAN dtiT + Z hiz..lirdtl VAN dtiQ VAN dtir

1<ig <o <ty 1<ia < <ir

where gi,...i,, Rigi, € K. Let hj,..i, = Zhiz---ir,ktlf be the formal expression
k
of hiy..;, in K = E((t1)). We define the residue of w by

respy(w) = Y Pigeip—1dliy Ao A,
1< <ty

where @ is the canonical image of @ € R in D. Thus we can define the map
respt : @ — Q(D) by linearlity.
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We observe that resg; has the following property
resprod+dp,oresgy = 0.

It follows from this property that resg; maps closed differentials to closed
ones and exact differentials to exact ones.

We will denote by Z(€2) (= ker d), all of closed differentials in © and by
B(Q) (=1im d), all of exact differentials in 2. If there is no confusion, we will
write Z, B instead of Z(2), B(Q2), respectively. It follows that Z is a graded
kKP-subalgebra of Q with Z° = kKP and that B is a two-sided homogeneous
ideal of Z.

Definition. For a parameter t = {t¢1,t2,...,t,} of (K/k,R), we define the
graded subalgebras Hy,(t) of Z and I,,,(t) of Z(2(R)) (m = 1,2....) as follows;

Hp(t) := Ko [t?" "ty 85 " dty, - - 2" 7 dt,,],

L () := Ry [t0" ity 85 Lty - 27 Ndty).

r'n
We have by Exercise (6) in §5 of [1] that

Z=B@H). ZQR)=BEQR)DNLE
for every parameter t of (K/k,R) (c.f. Lemma 1).

The Cartier operator Cp (we denote it by C' if there is no confusion) is
defined to be a surjective homomorphism of degree zero of graded K;-algebra
(K1 = kKP)

C:7Z — Q(K1/k)

such that C(B) = 0, C(a) = a for any a € Z° = K| and C(t?~'dt;) = dit? for
each i, where d; is the differentiation of Q(K;/k) (Exercise (6) in §5 of [1]). It
follows that C' induces an isomorphism of H;(t) on Q(K;/k), but C does not
depend on R and a fortiori C does not depend on t. Similarly we can also
define Cartier operators Cgr/r, Cp i, Ck,/x and Cg, /p. We have by Lemma 2
of [3] that

Cpjrorespt =resg, woC

for every parameter t of (K/k, R).

The Cartier opreators C, (= C;) (i = 0,1,2,...) define the subsets B, =
B,,(Q) and Z,,, = Z,,,(Q) of Q inductively as follows: We first set By(€);) = 0,
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Zo(Q;) = Q; for each i, where ©; = Q(K;/k). We note that Cy = C and
Qo = . Next we set, for every integer m > 0,

Bpt1() = C7 (Bn(Qi41)), - Zint1 (4) = C7 N (Zm(Qig1))

7 (3

For example, By = By(Q) is obtained as follows; B;(€;) = C;*(0) and
Bs() = Cg ' (B1(1)) = G (C1(0)).
We can easily see that By = B, Z; = Z and

0=ByCBiC---CB,C--CZpC---CZ CZy=KL

It follows that Z,, (m > 0) is a graded K,,-subalgebra of ) and that B,, is
a two-sided homogeneous ideal of Z,,, such that Z,,/By, ~ Q,. Furthermore,

[o@) oo
we set Lo = ﬂ Zm and By = U By,.

m=1 m=1

Let t = {t1,t2,...,tn} be a parameter of (K/k, R). Then for every element
w of Q, we define vr(w) as follows;

vp(w) = max{s € Z| t;°w € Q(R)}.

If we Q0 = K, then vg(w) is the valuation value of w such that vg(t;) = 1.
We note that vr(w) is dependent on R but not dependent on the parameter ¢.

Furthermore we fix a special basis of €2 over K for the parameter { named
A;
A:{dtil/\dth/\"'/\dtiA 0<r<n, 1§2’1<---<i7«§n}

(when r =0, dt;; A--- Adt;, means 1). Then A is also a basis of Q(R) over R.
Furthermore we see that an element w = > a;, .. ;.dt;, A --- Adt; belongs to
Q(R) if and only if all a;,,. ;. belong to R.

Lemma 2. For any parameter t of (K/k, R) and for any natural number m,

as Kp,-modules (additive groups or k-modules).

Proof. We shall prove this by induction on m, it holding for m = 1 (Exercise
(6) in §5 in [1]). We assume it for m — 1(m > 2). By using the assumption of
induction to the case of the parameter t? of (K1/k, R1), we have that

Zm-1(1) = Bm-1(1) P Hm-1(t7),
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where Hyya(17) = kEY" (800" <1, ()" 1ai, .. (10" Narp).
Since K, = kK] and ] “ldt; = (t?)pmflfltﬁ_ldtj, it follows that
C(Hpn(t)) = Hp—1(tP). By the definition of Z,, and B,

Zm=C Y Zp_1(N)) and B, = C71(B,_1()).

If w € By, N Hpy(t), then C(w) € Byp—1(Q1) N Hp—1(t?) = (0); hence
w € ker CN Hy(t) C BiNH(t) = (0).

It holds that Z,, D By, + H,(t). Conversely, we will prove that Z,, C
By, + Hp(t). Let w € Zp,. Then C(w) = = + y for some x € By,—1(§;) and
y € Hp,—1(tP). Since C' is surjective, there exist a € By, and 8 € H,,(t) such
that C(a) = x and C(f) = y. Hence w —a— 3 € ker C = B = By C By,
Thus Z,, = By + Hin(2).

Let t be a parameter of (K/k, R). Any element a # 0 of K can be uniquely
expressed in the form

— 51452 s
a= Za81,---,snt1 152, Qg s, € KKP,

where s; runs over {0,1,---,p — 1} for each i. Then we have the following
lemma.

Lemma 3. vg(a) = Jin (VR(Osy s Bt - 100)).
? 19N

Proof. It is easy to see that vr(a,,..s,) are multiples of p, vg(t;) = 0 for
i > 2 and vg(t1) = 1. Therefore the values of valuation vr of the following p
elements are distinct to each other except co = oo ;

-1
D05 snls’ ot (O Qs s b (D Qg s 857

Therefore it holds that

_ : . 1482 48
vr(a) = _min - (VRQY Qispeosnlits 1) )-
. _ _ Tip !
Let  min (vR(Qigsy,s,)) = 70 (i € Z) and Qg sy = 8§77V gy g,
37 Sn
(a;,52,~-,sn € kRP) for each 4. Then Zag,s%,,‘ 5,157 - -tyr is an element of R
and its image > o . SHESQ -++%,"™ in D is not zero, because {3, --,%,} is

/
2,52,

a p-basis of D/kDP and at least one of the elements {«
Therefore, for each 4, it holds that

< } is not zero.
n

VR(Y Qiysg s, 1185 - 1) = i (VR(0 g, 11857 - £1))-

82, 38n
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This completes the proof.
Lemmad. Leta, 8 € Hi(t). Ifvr(a) = vr(B), then vige (C(a)) = vire (C(B)).

Proof. Since a, 3 € Hy(t) = kKP[27 dty, - 12~ 1dt,], it follows that vp(a) =
vr(B) = mp, or vg(a) = vr(B) = mp + p — 1, for some integer m. Since kRP
is a discrete valuation ring with a prime element ¢}, vgre(t]) = 1 and since
C(t?71dt;) = dt? for each i, we obtain that vgr»(C(a)) = vre(C(B)) = m.

§2. Main theorems

Let w be an element of Z,,, (m > 1). Then we have by Lemma 2 that w is
uniquely expressed in the form wy + we , where wy € By, wo € Hy,(1).

Theorem 1. Let w,wi, and wy be as above. Then we have
vr(w) = min(vr(w1), vr(w2)).

Proof. If vg(wy) # vr(w2), then we have vg(w) = min(vg(w1), vr(w2)). There-
fore we may assume that vr(w1) = vgr(we) = s. Then it is enough to show
that vr(w) = s. We prove this by induction on m.

First we prove the case of m = 1. Using the base A of Q over K, we can
express wy and we as follows ;

wy=---+xdty, N---ANdt;, +---

wo = Fydtyy N---Ndt;, +---.

In the case vgr(z) = vr(y) = s, it will be enough to show vr(xz+y) = s. Since
wo € Hy(t), y is of the form octfl_l . --tfr_l (a € kKP). Since wy € B, w1 = dwy
for some wy € ). Since any element a of K is uniquely written in the form
p—1
a = Z Oéil...intlf ce tf{l (ai1~-~in € k‘Kp),
7;17“’77;7‘:0

hence the definition of da, the definition of dwg and Lemma 3 show that
vr(z +y) = s.

Next we assume that this theorem is true for 1,2,--- ;m —1 (m > 2). We
may assume that vp(wi) = vr(we) = s. Since By, C Z,,—1, it follows that
By, = BnNZpy-1=BnN(Bm-1+Hp-1) = By—1+ BN Hy,—1 (direct sum).
Therefore wy € By, is uniquely written in the form wi4wi2, where w1 € By, 1
and wis € B, N Hy— 1. Since wiy € By,—1 and wis € Hy,—1, we get by the
assumption of induction that

s =vg(w1) = min(vgr(wi1), vr(wi2)).
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Case L. vr(wi1) = s. It is easy to see that wio + w2 € Hy—1 + Hpyy = Hpp—1
and vgp(wi1 + wy) > s. Since w11 € Bp,—1, we get by the assumption of
induction on m that

VR(LU) = I/R(wl + wz) = VR(wll + (w12 + w2))

= min(vr(wi1), Vr(wi2 + w2)) = s.

Case II. vp(wi2) = s and vr(wi1) > s. In this case, we have that wig €
B,,NHy—1 C Hi, we € Hy, C Hy and vr(wi2) = vr(w2) = s, where s =
mp, or s = mp + p — 1 for some integer m (see Lemma 4). By Lemma 4,
vpre (C'(w12)) = vgre(C(w2)) = m. On the other hand, since wiy € B, and
we € Hy,, we have C(wi2) € Bjp—1(21) and C(ws) € Hp—1(t?). By the
assumption of induction on m, we get that

Vkre (C(wi2 + w2)) = vgre (C(wi2) + C(w2))

= min(vgpr (C(wi2)), vere (C(w2))) = m.
It then follows that vgr(wiz + w2) = mp or mp + p — 1 (c.f. Lemma 4).
Furthermore one can observe that vr(wiz + w2) = s (c.f. Lemma 3). Since
vr(wi1) > s, we get that vg(w) = vr(wi1 + w12 +wa) = s, as desired.

Theorem 2. Let w be an element of Z,, such that vr(w) > —p™ + 1. Let
t={ti, -, tp} and u = {uy,---,un} be two parameters of (K/k,R). Then
respt(w) — respyu(w) is an element of B, QU(D/k). In other words, resp (w)
is uniquely determined by R up to addition by differentials in By, Q(D/k).

Proof. By Lemma 2 we have w = wy + we, where wy € By, and wo € Hp,(t).
Theorem 1 says that vg(ws) > —p™ + 1. On the other hand, since H,,(t) =
Km[tzl’m_ldtl, co Pt ], we get vp(we) = 0,—1 (mod p™). Hence it fol-
lows that vr(we) > —1. From E. Kunz (Exercise (1) in §17 of [1]), we have
resp(wa) = resg(w2). Since both resg and resg, map By, to B,,Q(D/k),
we get that

respi(w) —respu(w) =respi(wi) — respu(wi) € BpQUD/k).

From this theorem, we can define the residue map resg, which is indepen-
dent from the choice of a parameter ¢.

Corollary. r1esgp: Zoo — ZocSUD/k)/BxSUD/E) is well defined.

We will show an example which asserts that the number —p™ 4 1 in The-
orem 2 is the best possible. In fact, we can find a function field K/k, a
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valuation ring R of K/k, two parameters t and u of (K/k, R) and a differ-
ential form w € Z,, such that vr(w) = —p™, respu(w) = 0 and such that
respi(w) & Zm+1(2(D)). So the difference respt(w) — resp,(w) does not
belong to By (2(D)) because Boo(QD)) C Zpt1(2(D)).

Example. Let K = k(z,y, z) be the rational function field of 3 variables x, y, z
over k and let R = k(y, z)[7](). Then t = {z,y, 2} is a parameter of (K/k, R).
If we set y; = y — x, then u = {z,y1, 2z} is also a parameter of (K/k, R). We
note that R = k(y1, 2)[7](,) and that R = k(y, 2)[[z]] = k(y1, 2)[[z]].

Let w = (x71y)P"y?" ~12P" ~1dy A dz. It follows that w € H,(t) C Z,, and
respt(w) = 0. On the other hand,

w= (14 x_lyl)pm (x + yl)pm_lzpm_l{(dx +dy1) Ndz}.

From this, it follows that

respu(w) = 7" 27" ~1dz and C’g/k(mpmzpm—ldz) =" 4z,
where C = Cp, ko0 Cpyy, (Di = kDP").

Since {7iP",z""} is a p-basis of D,,/k, we have

M

d?" dzP") = d?" A dZP" £ 0.

Thus we get that 777" dzP" ¢ Z(Q(Dy,)) and resgu(w) & Zm1(D)).

References

[1] E. Kunz, Kéhler Differentials, Vieweg Advanced Lectures in Mathe-
matics, 1986.

[2] H.Matsumura, Commutative Algebra (Second Edition), Benjamin,
New York, 1980

[3] Y. Suzuki, A remark on residues of differential forms in algebraic
function fields of several variables, SUT Journal of Mathematics,
Vol. 29, No.2 (1993), 311-322.

Takeo Ohi
Faculty of Science, Science University of Tokyo
26 Wakamiya-cho, Shinjuku-ku, Tokyo 162, Japan



