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Abstract. In this paper, we show that the regularity of solutions to wave
equation with a non smooth coefficient propagates through the points at which
the coefficient is singular.
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1. Introduction

In this paper, we shall study the regularity of solutions to the wave equation
(1.1) Ou+a(t,z)u=0

with a non smooth coefficient a(t, z) in an open neighbourhood §2 of the origin
in R; x R?, where 00 = 9%/(0t)> — A, = 92/(0t)° — S0, 8%/(dx:)?. We
assume that a satisfies the following assumption.

Assumption A. The coefficient a is in D'(2) and there exists a positive
number s; with 231 — 1 < s; and a vector v € R™ with |v| < 1 such that

s1/2 s2/2 __
A+ 4+ I @+ o 6P)**Galr, ) € 2RI

for any sy > 0 and any ¢(t,z) € C§°(Q2), where pa is the Fourier transform of
wa and (7,&) are the dual variables of (t,z) .

We show that if a solution of (1.1) has H"-regularity in Chard N T*K\0
microlocally with a domain K, then the solution has H"-regularity in Char(JN
T*K \0, where K is a domain in which the value of the solution is determined
by the value of the solution in K. (In the following, we call this domain a
domain of determine.) To illustrate our results, let us suppose for the moment
that a vanishes on ¢t < 0 and 1 < t. Our result asserts that if v is smooth in
t < 0, then w is smooth in ¢ > 1. In other words, the regularity of u propagates
through the domain where a is singular.
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Rauch [8] has studied the propagation of singularities of solutions to semi-
linear wave equations, Ou = f(u). He has shown that if a solution is in
H*(s > 1) and if the solution is in H"(s < r < 2s — ™) at (z0,&) mi-
crolocally, then the solution is in H" on the null bicharcteristic curve start-
ing from (x9,&). Bony [2] has had the same result as Rauch[8] for gen-
eral nonlinear equations. Beals and Reed [1] investigated the propagation of
H" — singularity (s < r < 2s — ”T“) for linear strictly hyperbolic equations
assuming that the coefficients are in H®(s > “t1). They have shown that if
a solution is in H*(s > #1) and if the solutions is in H"(s < r < 2s — 1)
at (zo,&p) microlocally, the solution is in H" on the null bicharcteristic curve
starting from (z¢,&p). Their technique is due to one in Rauch [8] and the com-
mutator estimate. Bony [3][4] and Melrose and Ritter [7] studied H"-regularity
for all r > s for semilinear wave equations. Their technique to get regularity is
to use suitable vector fields. In this article, we treat H"-regularity for all r > s
of solutions to wave equations with a non smooth coefficient assuming that
the coefficient a is in H*(s > 2#1). Our technique is Lorentz transformation
and multiplication estimate in some Sobolev spaces which is essentially due to
Rauch [8].

To state the main theorem precisely, we introduce some notations and func-
tion spaces. For s € R, H*(R"™) is the Sobolev space of order s and for a
domain O in R", H} .(O) = {u € D'(O);pu € H*(R™) for any ¢ € D(O)}.
For r € R, we say uw € H" at (tg,zo,70,&0) € T*(©2)\0 microlocally, if there
exist ¢(t,x) € C§° () with ¢(tg,z9) # 0 and a conic neighborhood Z(79, &)
of (70,&) in Rt such that

JL i guards < o
E(70,80

CharQ = {(t,z,7,€) € T*R"™\0;72 — [¢]* = 0}. We write for (to,z0) €
R, x R”,

Clrpmny = L(t2) € RMH (= 19)” > |2 — o[ and ¢ < £},

For w € R", we set T,, = {(t,z) € R?’il;t —w-x = 0}. We call an n-

dimensional hyperplane T, is spacelike if |w| < 1. For K C T,, with |w| < 1
and K C Q,

K ={(t,z) € %[C(,,) N Tw] C Kand [C[, ) N {t —w -z > 0}] C O}

is the domain of determine with respect to K in . The main result of this
paper is given by the following theorem.
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Theorem. Let ) be as above and let K C 2 be a subset of a hyperplane
T ={(t,z) € R} 't —w -2 = 0} with |w| < 1. Let a satisfy Assumption A

t,x
n+1
2

and s be a positive real number satisfying s1 + s — > 0. Suppose that u

satisfies (1.1), v € H} () and
ue H on (K x szl\{O}) N Chard microlocally.

Then

(r—s)/2 __ n
pu(r,§) € L*(RIEY

s/2
(1.2) A+ 4+ A+ r+v-€)
for all p(t,x) € C’go(f() where K is the domain of determine with respect to
K in Q.

Remark 1. A typical example of the coefficient a is given by a(t,z) =
f(x +vt) with f(z) € H.(R").

Remark 2. The theorem implies, in particular, u € H™ on (K X RZ?\{O}) N
Charld microlocally.

Remark 3. If a(t,z) € C*° in a neighborhood of (tg, () € K,thenu € H"
in a neighborhood of (tg, z¢).

The proof of the theorem will be given by a series of lemmas in §2.

The author would like to thank Professor Kenji Yajima for helpful discus-
sions.

2. Proof of Theorem
We prepare the following three lemmas to prove the theorem.
Lemma 1. If the theorem holds when v = 0, so does it for general |v| < 1.

Proof. Without loss of generality, we may assume v = (v1,0,...,0). By the

. _ t'tuiz) _ aift'n o o
Lorentz transformation ¢ = T T = m,xg = T5,...,Tn, = T, the
equation (1.1) is transformed to
Ou(t,x) + a(t, z)u(t,x) =0,

where

~ t+ mr, T+ tv1

u(t,x) = u( = 2,m2,...,xn)

V1-vi /1-0f

and t+ + 1

~ VT T v

a(t,z) = a( Labi ! S Tp)-

, , Ta, ..
VIs VI
We denote the image of (2, K and K under the Lorentz trasformation by fvl, K

and K respectively. Since Lorentz trasformation maps spacelike hyperplanes
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to spacelike hyperplanes, K is spacelike. Obviously, w € H foc(ﬁ) and w € H"
on (K x R?ng\{O}) N Char0 microlocally.

Note that a(t, z) satisfies Assumption A with v = 0. Indeed, for any ¢(t,x) €
Cgo(fl), we have, with the same notation for ¢ as above,

/ / L+ 72+ €)™ (1 + 72 pa(r, €)| drde
2

_ / / (14724 |5|2>“<1+72>”|ZEE<; 5 31 “’;,gz,...,gnn drde
— 7 I

2 S1
// ( T+U1€21) " (5114-—70021) +e +...+§2)
Ch 1

2 S2
><(1+<Tl+_“f§)) Fa(r,€)[” drdg

=¢ / / (724 6" (Lt |7 +v- €2 (Fa(r, €)[ drde < +oo,

/+ ! +
TS e = QAT o) g

/17'0%7 1 — /7

&n = &, in the second step. If the statement of the theorem for the case v =0
is valid, we have (1+72+ ]§|2)s/2(1 +7 )(S T)/2|<pu(7' )| € L*(R2,) for all

where we made the change of variables 7 =

c ey

o(t,z) € C(K K). Hence by the argument similar to (2.1), we obtain
s r—s =~ 2
//(1 + 72+ 1) L+ |+ o€ |gu(r, &) drdé < +o0. D

Lemma 2. Let 0 < s,t < § with s+t — 4 > 0 and suppose that u € H; .(Q)
and v € H}, (Q). Then

loc

uv e HSth*(TL/Q)*G(Q)

loc

for any € > 0.

Proof. Replacing u and v by pu and v respectively with ¢ € C§°(Q), it
suffices to show uv € H*t*=("/2)=¢(R") when v € H*(R™) and v € H'(R").

Write 1/1 + |¢[*> = (€). Then

(€) T (¢)

|
_c(gyra—< | [ (e nﬁ(n)dn‘
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< =P ( [ jae—mitlan+ [ [ate = mitnldy

D2

(e — n)d(n)|d (e — n)o(n)|d
[ fate=mitnlan+ [ fate i)
=0+ Is + I3 + 14,

where
Dl={reR*le—n > Sl and Lle > Inl),
D2=freRle—nl < Slel and _lel <lnl),
D3 = {n e R [e —n| > nl > lél},

. 1
Di={neR ;|77|2|€f77\2§|§|}-

Ass>0andt— 5 —e <0,

I <C / el = )l Sl

< (e=wlate = wim "

Since (¢)°|u(€)| € L? and <£>t_("/2)_€|ﬁ(§)| € L', Hausdorff-Young’s inequality
implies that I; € L2 (R{). Using the same argument as above, we see I also
belongs to L2(Rg). Ass+t—5—e>0andt— 35 —e<0,

I <C / el — )it
<c / e T = )l Gl

< (e=wlate - wim"

Since (€)°[@(€)] € L? and (€)' 75(¢)| € L', Hausdorff-Young’s inequality
implies that I3 € LQ(R?). Using the same argument as above, we see I, €
L*(RE). Hence,

© T w6)] e LARE). D
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Definition. For s,s’ € R, we say u € HS’S/(RZII) ifue S’(R?;rl) and

o\8" /2~

A+ 7241 (1 + ) %, €) € LRI,

Jin (Q) ={pueD'(Q);puc HS’S/(RZ;Fl) and for any ¢ € C§°(Q)}.

loc

Remark. The H* () in this definition is slightly different from the one in

loc
Hormander’s book][5].

Lemma 3. Let0<s§”7+1 and ”*1 1<31§"T+1 Withs+81—”7+1>0
and let r > s. Suppose that u € HISOZ *(Q) andv € H;*(Q) for all s, >0,
then

w e HM™P(Q),

loc

Wheret1:s+sl—"7+1—eandt2:r—sforanye>0.

Proof. Replacing u and v by pu and ¢v respectively with ¢ € C§°(Q2), it suffices
to show uo € H(RY) for u € H"—(RYE!) and o' € Ho(RET). We

denote (1 + 72 + 16‘2)1/2 and (1 + 72)1/2 by (r.€) and () respectively. We st
¢ = (7,€). We show that (r,€)" (7)"*[a@0(r,€)| € L*(R}E").

(r, &) (7 >t2|uv (1,)]

’T f t1 T . 7_ 6 5) ( 5/)

8
Str e ()Y [a(r —7',6 = Yo )ldr'de’ = i,

where the domain of the integrations Di are as follows:

(1) SRR PR
(D2) C=¢Iz =10, Iz gl
(D3) C-¢I<gld<iel, -zl
(D4) C-¢I<gld<Icl, Iz gl
(05) Asc=¢I<icl, =712 5l
(D6) Jasic-cI<iel, 1z s

(O7) SAsisic=¢l, =12 gl
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1 1
(DS) Sl <iIic=¢l, Wzl

First we estimate Jj.
nzo [ wore-e) -yl - €)
Rn+1

x (7€) TR €l e

1
51—%—5|

Since (7, €)° ()" ~°[ii(r, €)| € LA(RI'E") and (r, €) 3(r,€) € LI(RITY,

Housdorff-Young’s inequality yields that J; € L? (RZ?) Using the same ar-
gument as above, we see that Jy, J3 and Jy are also in L2(R:“gl). Next we es-

timate J5. Note that (7, {)tl < C(f,g’)“ <C{r—71&— 5’)5_%1_6(7’,5’)51
in D5. Hence,

mec[[  eorem gy ) T =g =€)
x (7!, &V (!, &) |dr'de'.

Since (r,€)" "% ~(r)""*[a(r, &)| € LRI and (7,6)" [0(7,€)| € AR,

Hausdorff-Young’s inequality proves Js € LZ(Rﬁzl). Using the same argu-
ment as above, we see that Jg, J7 and Jg are also in LZ(R’:?).

Proof of the theorem. By virtue of the lemma 1, it suffices to prove the theorem
for the case v = 0. We devide the proof of the theorem into two steps. We

ntl o~
shall show in the first step that u € H, > (K) by using the lemma 2, and in

~
s,r—sS

the second step v € H;.” °(K) by using the lemma 3.

(First Step) Let (to,xo,70,&0) € T*I?\O N Chard. Since K is the domain of
determine with respect to K in €, there exists a point (to,Zo) € K such that the
null bicharacteristic curve starting from the point (tB, X0, 70, &0) passes through
(to,x0,70,&0). The assumption A implies a € H;}.(Q) and v is in H} ().

Hence the lemma 2 yields uva € H;Jgsl_(nﬂ)/z_e(ﬁ) for any € > 0. Thus

Ou = —au € Hfotsl_(nﬂ)m_s(f)) and v € H" at (o, Zo, 7o, &) microlocally.
It follows by
Hormander’s theorem for propagation of singularities (e.g. Taylor[6]) that

n—+1

w e H™H0) at (4, 20,70, &) microlocally with § = s; — +1—e

If (o, xo, 70, &0) € T*K\O N (Char0)® where (Char0)® is the complement of

~

Chard in T*K\0, then O is elliptic at (to, o, 70, o) microlocally. Thus

U G Hmin(5+5+1,T) at (t(]’ $07 TO’ 50) miCI‘OlOC&Hy.
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Hence, since (tg,zg) € K is chosen arbitrarily, we have u € H™m(s+97) (I?)
Repeating the same argument as above (m — 1)-times until s + mdé becomes
n+1

greater than “7=, we have

n+1

(2.2) u € H"Li"(s+m57’")(l?), s+ (m—1)5 < < s+ md.
Note that if s+md > ”T“, the argument as above does not work as the lemma
2 does not apply to this case. If r < s + md, we are done, since (2.2) implies
(1.2).

(Second Step) Suppose that r > s+ md. Note that if b > 0, He=bs'+b
H**%' . Hence (2.2) shows

~

(2.3) we HITmTIO R,

loc

By virtue of (2.3) and the assumption A, the lemma 3 implies that

~

(2.4) au € H'°(K),

loc

with ¢, = s+ (m — 1)§ + s; — 2L — e. We use the same notation as in the

first step. Let (to, zo, 70,&0) € T*I?\O N Char. The same argument as in the
first step guarantees the existence of the null bicharacteristic curve I' starting
from the point (to, Zo, 70, &) and passing through (to, 2o, 70, &). Recalling the
definition of H*", we immediately have from (2.4) that

(2.5) au € Hotmotsi—"5 =< oy ' T*IA(\O microlocally.

From (2.5) and the assumption that u € H" at (tg, Zo, To, &), Hormander’s the-
orem for propagation of singularities implies v € H™"(sH(m+1)o1) at (1o, x4, 79,
&) microlocally. We set B, = {(1,&) € R"";72 > (1 + )¢ or 72 <
(1 — e1)|€*}. Since (to, x0, 70, &) is chosen arbitrarily in T*K\0 N Chard, we
have

(2.6) we HHmHDS on K x ¢ microlocally,

for sufficiently small €; > 0 where 3¢ is the complement of ¥, in RZZI\{O}.

~

We take and fix p(t,z) € C§°(K) and we define F'(¢,z) by
(2.7) O(pu) = ——= + T(’Du —2Vy - Vu— (Ap)u — pau =: F(t,x).

From (2.3), (2.4) and the fact that s; — “H — ¢ > —1, we have F(t,z) €

HsHm=13-1L5( ) Taking the Fourier trasformation of both sides of (2.7), we
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have (72 — |¢[2)@u(r, &) = F(r,€). From the fact :zjgi <C onZX, we
obtain

s+(m—1)6+1 P
@28) (DT a2 G o € LS.

Hence we have from (2.6), (2.8) and the fact that § = s; — 2 +1 — ¢ < 1,

u € chm(ﬁms’r_&)’a(l?). Repeating the same argument as above (I — 1)-times

until » < s+ md + 10, we obtain u € leozw’la(l?). Since s < r — 14, this implies
(1.2). O
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