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Abstract. In this paper, we investigate sufficient conditions in order that a
family T'(e) = Ty + €Ty of closable linear operators with domain D(T'(g)) =
D(To) N D(T1) converge to Ty as € | 0 in the sense of uniform and strong
resolvent convergence. The obtained abstract results are applied to selfadjoint
and nonselfadjoint Schrédinger operators.
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Introduction

This paper is a continuation of the author’s [1]. Our aim is to describe
sufficient conditions for resolvent convergence of closed linear operators under
singular perturbations in cases of abstract operators in a Hilbert space and
Schrédinger operators in L2 (R”) The term “singular perturbation” means
that the domain of the perturbed operator does not necessarily contain the
domain of the unperturbed operator (in other words, we do not assume that
perturbations are relatively bounded with respect to the unperturbed opera-
tors; the relatively bounded case is sufficiently discussed in Kato’s book [3]).
The problem of determining this convergence is closely connected with the
investigations of the stability of eigenvalues under perturbations [3] and the
behavior of solutions of singularly perturbed problems [7].

Let T be closed and Tj closable in a Hilbert space. Then the basic inequal-
ity in our new sufficient conditions is described as follows:

Re(Tou, Tyu) > —cllul|* — al|Toul|[|ul| — b]| Toull®>, w € D(To) N D(Ty),
where a,b and ¢ are nonnegative constants. This inequality was first intro-
duced by Okazawa [9]. But in [9] he considered only the case of a =b=c=0
and D(Ty) € D(T1). For the generalization to the case with b,c¢ > 0 and a =0

see Yoshikawa [15] and Okazawa [10]. The case of a # 0 was first considered by
Kato [4]. On the other hand, the domain inclusion was discarded in Okazawa
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[10, Theorem 3.4] and [11, Theorem 2.5]; see also Sohr [13] and Miyajima [8].
More recently, the perturbation theory based on this type of inequalities was
investigated by Kato [5], Okazawa [12] and Sohr [14].

In Section 1 we consider abstract selfadjoint and nonselfadjoint operators in
a Hilbert space. The sufficient conditions obtained here allow us to consider
a new class of perturbations, mainly for nonselfadjoint operators. Lemma
1 below is concerned with holomorphic families of type (A) of closed linear
operators and is a result of independent interest.

Section 2 includes applications of the abstract result to Schrodinger op-
erators in L2 (R”) In case n = 1 we investigate nonselfadjoint Schrodinger
operators with complex-valued potentials.

1. Abstract operators in Hilbert spaces

Let T be a linear operator with domain D(T") and range R(T") in a sepa-
rable Hilbert space H. We denote the resolvent set by p(T') and the residual
spectrum by 0,.¢5(7T) (i.e., A € 0ye5(T) means that A € C is not an eigenvalue
of T and R(T — AI) is not dense in H). If the operator T is closable, then
we denote its closure by 7. C(H) is the set of all closed linear operators in
H. A family T'(¢) € C(H), defined for € in a domain G C C, is said to be
holomorphic of type (A) if D(T(e)) = D is independent of € and T'(e)u is
holomorphic function of € € G for every u € D.

Now let T and T} be two linear operators in H, with D := D(Ty) N D(171)
dense in H: D = H. Then we can define a family of linear operators by
T(e) := Ty + €Ty with D(T'(¢)) := D. Our basic result is the following

Theorem 1. Let Ty € C(H) and T be closable. Assume that
(i) there are a,b,c > 0 such that

(1) Re(Tou, Tru) > —clulP — ol ToullJull - b|Toul?, e D.
Then T'(¢) is closable for ¢ in the region G defined by

1 —bRece

= |
G {eeC,]ms]<2_bRe€

Re e, 0<Re£<bl},
with closure T(a—:) = Ty + €T}, and hence {To +eTy; e € G} forms a holo-
morphic family of type (A).
Assume further that
(ii) 0€ p(TO)7
(iii) 0 & 0yes(T(e)) for sufficiently small e > 0.
Then D := D(Ty) N D(Ty) is a core for Ty and hence

(2) T, :s—liﬂ}j’(s)_l.



RESOLVENT CONVERGENCE OF LINEAR OPERATORS 89

In particular, if Ty has a compact resolvent, then any number \ € p(Tj) also

belongs to the set p(T'(¢)) for sufficiently small € > 0 and
®3) |7 = A0~ = (T - AD| =0 as < Lo

In case of selfadjoint operators this theorem becomes simpler:

Theorem 2. Let Ty be a selfadjoint operator with compact resolvent and
T, be a symmetric operator. Assume that conditions (i), (ii) in Theorem
1 are satisfied and for some €1 € (0,1/b) the operator T'(ey) is essentially
selfadjoint. Then the operators T'(¢), 0 < ¢ < 1/b, are essentially selfadjoint,
and the uniform resolvent convergence (3) holds.

Remark 1. It is easily seen that Theorem 1 can be applied to the case where
0 & p(Tp). To this end we consider (To—\gI) instead of Ty for some Ao € p(Tp).
Theorem 1 will be true if we replace conditions (i)-(iii) by

(i') there are A\g € C and a, b, ¢ > 0 such that

(1) Re((To — Mol)u, Tyu) > —c|lul® - a| Toul||[u]l — bl Toull*, u € D.

(il,) Ao € p(TQ)
(iii") Ao & 0res(T(¢))for sufficiently small € > 0.

Indeed, it follows from (1°) that
Re((To—AoD)u, Tr) = —¢'[[ul*—a' | (Ty—NoTYull | ~b][(To— Ao T Yull%, u € D,
for some constants a’, ¢’ > 0.

The following lemma is interesting by itself. The result is concerned with
holomorphic families of closed linear operators.
Lemma 1. Under condition (i) in Theorem 1, the family {Tg +eTy; ec G}
forms a holomorphic family of type (A).
Proof. Let us fix an e € (O,b_l) arbitrarily. Applying [12, Lemma 1.1 ] to

the pair and A := T and B := e,717, we see that both operators Ty and ;1)
are (To + €1T1)—bounded. In particular, we have

2—€1b H

H51T1u|| S 1 (TO + ElTl)’LLH + K(El)HUH,

- €1b
where K(e1) is a positive constant depending on e;. Since T} is closed and
€117 is closable, it follows that Ty + €177 is also closable, with closure given
by )

(To +e1Th) =To + 111
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Furthermore, we see from [3, Theorem IV.1.1] that the operators Tj +
e1Ty +e(e1Th) are closable for € with |e| < ;:722. This means that the family
(To +eTy )~u =Tou+eTiu, ué€ D(Tp) N D(Tl), is holomorphic with respect
to € in the open circle with center €; and radius ;:2251.

Since the number &, € (0, 1/ b) is arbitrary, the assertion is proved. [

Remark 2. Using T(¢) = Ty + €T} for small € > 0, it is easy to show that
inequality (1) holds also for u € D(Ty) N D(T}):

Re(Tou,Tlu) > —c||ul|? — a||Toul|||u|| — b||Toul?.
Lemma 2. Under conditions (i)-(iii) in Theorem 1 the set D = D(To)ND(11)

is a core for the operator Tj.

Proof. By the condition (ii), 0 € p(Tp). Put

-1
(4) eo =27 (e T +a |75 | +b)
Then it follows from (1) that for every € > 0

(5) IT(e)ul)® > |Toul|® + 2¢Re(Tou, Tiu)
> || Toul|* — 2¢ (cllull® + allull| Toul| — bl Toul|?)
> (1= 2e(e|| T5 PP + all T5 || + 0) | Toul®

€ 15—
> (1- g)HTO 7 ul®, we D,

and hence T'(¢) is invertible for 0 < ¢ < &g, with

|77 < Vel =TT

Therefore we see from condition (iii) that R(T(s)) = H, thatis, 0 € p(T(e))
for sufficiently small 0 < € < gg.

To prove the assertion, we first note that D is a core for T (€). Since Tj is
T(e) -bounded, D is dense in D(T(e)) = D(Ty) N D(T}) with respect to the
graph norm of Tp. Therefore, it suffices to show that D(Tp) N D(T}) is a core
for Ty. To this end, we shall show that T [D(TO) N D(Tl)} is dense in H [3,

Problem I11.5.19]. Now let & € H be orthogonal to T [D(TO) N D(Tl)]:

(6) (h,Tou) =0 VYu € D(Tp) N D(T1).
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We shall show that h = 0. Since 0 € p(T'(¢)) for small € > 0, there is a family
{uc} in D(T'(e)) = D(Ty) N D(T}) such that

h =T(e)u. = Toue + eThu..

It follows from (6) that

1
o |luell”.

. 1 1
(Thue, Tous) = —=||Toue||* < *2*||Toue||2 i T———]
€ c 2 || 75|

Since we can take € > (0 as small as we want, we see that the last inequality and
(1) (see Remark 2) can be true simultaneously only for u. = 0. Consequently,
we obtain h = T'(e)u. = 0. O

Proof of Theorem 1. Let €q be as defined in (4). First we shall show that 77T} *
is a densely defined and closed linear operator in H such that I + eT77, Uis

boundedly invertible, that is, (I + e Ty 1) exists and R (I +eT 1T0_1) =
H for small 0 < € < gq, with

(7) H(I—i—af’lTo_l)_lu < Veoleo—€) L, 0<e<ep.
Noting that Ty D is contained in D(TlTo_l) =Dy = {Thu;u € D(To)ﬂD(Tl)},

we see from Lemma 2 that 717, ' is densely defined. Since the closedness of
T\T; ' is clear, it remains to prove (7). It follows from (5) that

I+ eral > (1 £ ) Iml?, wep.

Since D is a core for both T'() = Ty + T} and Ty, we have

H(To + 6T1)uH >\/egHeo — )| Toull, w e D(Ty) N D(Ty),
and hence
(8) H(Hs:fngl)vH > \/esl(eo — )v]l, e D

This implies that I + ET1TO_ ! is invertible. Furthermore, since
R (To + 8T1> =R (T(a)) = H, we see that

R (I + €T1T0_1> =R (TO + 5T1> = H.
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Therefore, (7) follows from (8).
As its consequence we have

- —1
(9) [ =s5—lim (1 + eTlT(;l) ,
el0
- —1%
(10) [=s—lim (I—i—aTlTO_l) .
e]0

To prove (10), let v € D(T5). Then

*

(T4 T ) " —v = (T+eRT ) T {1 = (T4 D15 ) fo

— (I + T Ty ) " (—e)Ty Ty,

we see from (7) that

H(I+ 8T1T0_1)*71V — I/H <evegleg —e)t HTS‘_lTluH —0 as e—0.

Since D(TY) is dense in H, we obtain (10) by the Banach - Steinhaus theorem.
The proof of (9) is simpler than that of (10). Hence we obtain (2).

Suppose now that Tj, 1 and hence To_l* are compact. Therefore the well-
known Schmidt decomposition [2] is true: Tgl* = >y si( -, 2i)y;, where
{yi};2, and {z;};-, are orthonormal systems of eigenvectors of the operators
ToT and T§Tp , respectively, and {8;2}21 are the sequence of corresponding
eigenvalues enumerated in the increasing order. Denote by By the orthogonal
projector of the space H onto the linear hull of the vectors {zl}f\/:1

To prove the theorem, it is required to show that for any « > 0 there exists
B = B(a) > 0 such that

Hj’_l(a) - To_lH <a for Vee(0,0).
Fix an arbitrary number o > 0. Select N such that
si<af2 <\/50(50—5)—1+1> for i > N.

We have

(11) 1757 (1 = B <

> (Veleo =7 +1)
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Next (10) implies a uniform convergence of the operators

- —1x
(BT +1)  TgVBy—Tg By as <0

Select 8 > 0 such that
~ —1x%
(12) H{(eTlTo_l n I) - I} To_l*BNH < % e e (0, ).

It follows from (7), (11), (12) that

- -1
‘ _ ‘To_l {<5T1T0_1 +I> —I}H
e —lx 1
_ H{(ngTO— +I) —I} Tyt
- —1x%
< H{(sTlTol +1) —1} Tol*BNH
~ —1x%
+ H { (BTt +1) - I} Ty, (I — By) H

5+ (Veoleo—o) T +1) - =a.

2 ( goleg —e)~t + 1)

N -1
(gT1 n TO) — 7t

IN

Thus we have proved convergence (3) for A = 0. We have (3) for any number
A € p(Tp) from [3, Theorem IV.2.25]. This completes the proof of Theorem
1. O

Remark 3. Condition (iii) in Theorem 1 and Lemma 2 can be replaced by the
condition

(iii"”) 0 ¢ 0res (T(el)) for some €1 € (0,e0),where the constant g is defined
by (4).
In fact, since bounded invertability is stable under relatively bounded small
perturbation[3, Theorem IV.1.16],0 € p(T'(e1)) implies that 0 € p(T'(e)) for
Ve € (0,e0) (see also [12, Proposition 1.6]).

Now it is easy to prove Theorem 2. In fact, Lemma 1 and [3, Section VIIL.3]
imply that T(c), 0 < e < b1, is a selfadjoint holomorphic family of type
(A). Since the residual spectrum is empty for selfadjoint operators, the norm
convergence (3) follows from Theorem 1.

93



94

V. BORISOV

2. Applications

As an application of the obtained result, consider the following operators

in LQ(R”)

(13) T(e)u =Tou+ecThu=—-Au+V(x)u+eVi(x)u, >0,

where D(T;) = {u : Tyu,u € Ly(R™)},i=0,1; V,V; € CL{(R").
Assume also that if n > 2, then the functions V, V; are real-valued; if n = 1
then the functions are complex-valued.

Theorem 3. Let either
lim ReV(z) =00 or lim ImV(z)= oco(—o0)

(the last for n = 1). Assume that there are constants b,c > 0 and M € R
such that the following two inequalities hold:

(14) Re(Vi +2bV) > M > —oo,

(15) 4 Re(Vi + 20V — M) (Re(VVL) + b[V|? +¢) > |[V(V; +2bV) .

Then T'(¢) converge to Ty as e | 0 in the sense of uniform resolvent convergence
(3)-
Proof. Under the imposed assumptions it is known that the following are

true [6, pp. 56-65]: the operator Tj possesses a compact resolvent; the set
of functions C§°(R™) is a core for the operators T'(¢),e > 0;p(T(g)) # 0 ,

ores(T'(€)) # 0.
First we prove Theorem 3 in case 0 € p(Tp). We need to check (1) or the
equivalent inequality

(16) Re(Tou, Tyu) + c|jul|* + b|| Tou||* > 0
with some constants ¢,b > 0. Let u € C§°(R"™). Then the left-hand side of
(16) is written as
Re /(—Au + Vu)Viudz + c/ lul*dx + b /(—Au + Vu)(—Au+ Vu)dx
R" R n
= Re /(—Au)(V1 + 26V )udx + b/ |Au|?dx
R" R"
+ /(Re(VVl) + ¢+ bV |uldz
R
> b/ |Au|?dx + M / \Vu|*dz + / Qu(Jul, |Vul)dz,
R" R

R"
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where
Q. (s, 1) :==Re(V1 +2bV — M)s* — |V (V1 + 2bV)| st+ (Re(VV7) + b|V|* +¢) £°.
The form Q,(s,t) is nonnegative if (14) and (15) hold. Noting further that

1
b / AufPde + M / Vul?dz > b dul? — M1 Al — [M] ),
Rn Rn

we can obtain (16). The assertion is proved in case 0 € p(Tp).
Next, let us consider the general case. Since the spectrum of Ty is discrete,
we can take some \g € p(Tp) "R, \g < 0. Set
S(e) :=T(e) — Aol = —Du+ (V — Xo)u+eVqu.
Note that the norm convergence (3) and

(17) S(e) = (T(e) = MoI) " = (To—Aol) ™

=50)"" elo,

are equivalent. So if we prove (17), then we obtain Theorem 3.

It is easily seen that 0 € p(S(0)). We have already proved that if (14) and
(15) with V replaced by V' — Ao holds then we have the assertion. So we need
to prove that (14) and (15) yield the following inequalities for some constant
cs > 0:

(18a) Re(Vi +2b(V — X)) > M,

(18b)  4Re(Vi — M +2b(V — Xo)) (Re {(V = X)Vi} + B[V — Xo|* + ¢)
> |V (Vi +26(V = X)) |* = V(1 + 26V

Since \g < 0, (18a) is obvious. Next we estimate two factors on the left-hand
side of (18b) separately. Since Ao < 0,

(19) Re(Vi — M +2b(V — Xg)) > Re(V;i + 2bV — M).
From (14) we obtain
(20) Re {(V = 2)Vi} + bV = Xof* + s

=Re(VV1) — AoReVi + b|V|? — 2bAgReV + bA3 + ¢,
> Re(VVA) +b|V[> = AgM 4+ bA +¢; —c+c
> Re(VVi) +b|V|* +c.
Here we have chosen the constant ¢, > 0 such that bA2 — AgM + ¢s — ¢ > 0.

From (15), (19) and (20) we have (18b). This completes the proof of Theorem
3. O

Remark 4. Tt is clear that for any V,V; € CY(R™), (14), (15) holds for x € K,
where K is any compact set. Hence it remains to check (14), (15) for large
|-
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Example 1. Let us consider the operator (13) for V(z) = |z|*:
T(e)u = —Au+ |z*u + eVyu.

CASE 1: ReVi(x) is bounded below: ReV;(X) > —M. To check (15) for
sufficiently large |z|, we should have

4(2b|z|* + ReVy)(|z|*ReVy + blz|* 4+ ¢) > |[VVi + 4bx[* (M = 0),
or equivalently for large |z|,
(21) |2|'ReVi + [2[° + |22 (ReVh)® > C1|VVA 2,

where C'; > 0 is a constant.
Now assume that

(22) |z|* + |z|ReVy > C|VV;| for large |z,
where C' > 0 is a constant. Then we have
(= + |x\ReV1)2 > C?*|VV4|*  for large |z,

and hence (21).
The inequality (21) holds, for example, if

a) Vi =|z|*, Va3 >1;o0r
b) Vi = |z|* £ilx|? if {og > 1,1 < B <4} or a3 > [ — 2.

Case 2: Rel; — —o0 as |z| — oo. The conclusions of Theorem 3 are true if

ReVi = o (|z[?), [VWi|=0(|z]*) as [z| — .

Example 2. Let the operator (13) is given by
T(e)u=—u" + (—|z|* £i|z|?)u+e(jz|** £ilz|?") (n=1).
The conclusion of Theorem 3 is true if &y > o > 1 and

max{a1 + 0+ f1; 20+ a1} > max{a+2a;1 ; 2090 — 2}.
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