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Abstract. To investigate conditions for strongly continuous semigroups to be
chaotic or hypercyclic, we consider a strongly continuous semigroup {7;} on a
function space Cy([0, 00), C) or LP(]0, ), C) expressed by T f(z) = g(z,t) f(z+
t). We also consider a strongly continuous semigroup {73} on a function space
Co([0,1],C) or LP([0,1],C) expressed by T:f(z) = q(z,t)f(e"*x) with v < 0,
which have the relation to the solution semigroups to an initial value problem.
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81. Introduction

A strongly continuous semigroup {7;} on a Banach space X is called hyper-
cyclic if there exists © € X such that the set {T;(z)[t > 0} is dense in X. {T}}
is called chaotic if it is hypercyclic and the set of periodic points is dense in
X. (An element f € X is called periodic if there exists some ¢ > 0 such that
Lif=f.)

As for strongly continuous semigroups on Banach spaces the conditions to
be hypercyclic or chaotic have been investigated by many people. T. Bermudez
et al. [1] showed that every separable infinite dimensional complex Banach
space admits a hypercyclic uniformly continuous semigroup and there exist
Banach spaces admitting no chaotic strongly continuous semigroups. Desch
et al. [2] considered weighted function spaces on [0,00) and they gave a nec-
essary and sufficient condition to be hypercyclic for translation semigroups on
weighted function spaces. We examined necessary and sufficient conditions
for a strongly continuous semigroup to be chaotic [5] and applied these results
to partial differential equations [7]. A. Lasota et al.([3],[4]) investigated the
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dynamics of a population of cells undergoing simultaneous proliferation and
maturation and showed that the solution semigroup to a partial differential
equation describing the dynamics, is chaotic by using the theory of Wiener
process.

In this paper, we investigate conditions for a strongly continuous semigroup
{T;} on Cy(I,C) or LP(1I,C) to be hypercyclic or chaotic more deeply than the
results ([5], [6],[7], [8]) and also consider a strongly continuous semigroup {73}
on Cy([0,00),C) or LP([0,00),C) expressed as Ty f(x) = g(x,t)f(x +t) and a
strongly continuous semigroup {S:} on Cy([0,1],C) or LP(]0,1],C) expressed
as Spf(x) = q(z,t) f(e?z) with v < 0.

In section 2, we treat a strongly continuous semigroup on a function space
on [0, 00). By using a former result by the author et al.(Theorem A), we show
a condition of a partial differential equation for the solution semigroup to be
hypercyclic or chaotic (Theorem 2.1). As an extension of a strongly continuous

semigroup {7} in Theorem 2.1 expressed as T;f(z) = pfﬂgi)t) f(z+1), we con-
sider a strongly continuous semigroup {7;} on Cy([0,00),C) or LP([0,0),C)
expressed as Ty f(z) = g(x,t) f(z +t) with g(x,t) € C*(]0,00) x [0,00),C) and
obtain a condition of the function g for the strongly continuous semigroup
to be hypercyclic or chaotic (Theorem 2.3). We examine the relation among

strongly continuous semigroups {7;} defined in several ways (Proposition 2.4).

Section 3 is devoted to an investigation of a strongly continuous semigroup
on a function space on [0,1]. On such a function space, the translation semi-
group cannot be considered, since = + t goes outside of [0,1] for z € [0, 1] and
t > 0. So by considering a map 1) : [0,00) — (0, 1] defined by ¢ (x) = €?* with
v < 0, we investigate a strongly continuous semigroup {S;} on Cy(|0, 1], C)
or LP([0,1],C) in contrast to Tyf(z) = g(x,t)f(z + t) on Cy([0,00),C) or
LP([0,00),C). We introduce an admissible weight function on (0,1] induced
from an admissible weight function on [0, 00) and obtain a condition of an ad-
missible weight function for a strongly continuous semigroup on Cp ,([0,1],C)
to be hypercyclic or chaotic (Theorem 3.1). By using the map ¢» and Theorems
2.1 and 2.3, we investigate the solution semigroup to an initial value problem
(Theorem 3.2) and a strongly continuous semigroup {S;} (Theorem 3.4). As
for the space LP(]0, 1], C), an admissible weight function on (0,1] does not work
well and so by using the spectral property of an infinitesimal generator, we
get a condition of the function g for a strongly continuous semigroup to be
chaotic (Theorem 3.5). We examine the relation among strongly continuous
semigroups {S;} defined in several ways (Proposition 2.4).

The author wishes to express many thanks to the referee for his kind sug-
gestions to complete the revised version.
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§2. Translation semigroup on I = [0, )

By an admissible weight function on [0,00) we mean a measurable function
p:[0,00) — R satisfying the following conditions:

(i) p(z) > 0 for all = € [0, c0);

(ii) there exist constants M > 1 and w € R such that p(z) < Me*“!p(t + x)
for all z € [0,00) and ¢ > 0.

With an admissible weight function p, we construct the following function
spaces:

Co,p([0,00),C) = {f :[0,00) — C | f continuous, xh—{glo p(z)f(z) = ()}

with || fll, = sup [f(7)p(7)],

7€[0,00)

LE([0,00),C) = {f :[0,00) = C| f 1rneasu1rable,/0OO |f(T)p(T)|P dr < oo}

with [l = ([ U@ptoP ar)” w2

and consider a (forward) translation semigroup {I;} with parameter t > 0

defined by
(2.1) T f(z) = fz+t)  for f€ Coyl[0,00),C) or LE([0,00),C).

Desch et al. [2] defined the space LP(]0,00)) by usingl 1fll, =

</0°0 [f (D) Pp(T) d7>; , instead of |||, = </OO |f(T)p(r) P dr) ” However

0
in order to extend the following results in Theorem A to an initial value prob-

lem, the norm | f||, = (/ |f(T)p(T)|P dT) " s better, since the following

0
equation (2.4) is obtained by using this norm.
As for the translation semigroup {T;}, the following has been obtained.

Theorem A ([2], [6], [5]). Let X be Co,5([0,00),C) or LI([0,00),C) with an
admissible weight function p and consider the translation semigroup {ﬁ} on
X. Then

(1) {T}} is hypercyclic if and only if litm inf p(t) = 0;

(2) if X is Co,p([0,00),C), then {ﬁ} is chaotic if and only if lim p(7) = 0;
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(3) if X is L5([0,00),C), then {T}} is chaotic if and only if for all & > 0
and for all 1 > 0, there exists P > 0 such that

[e.9]

Z(p(l +nP))P <e.

n=1

Let X be a function space on an interval I and u(¢,x) be the solution of
the following initial value problem:

(2.2) { (?92: = gz + h(z)u (z €[0,00), t > 0)
u(z,0) = f(z) (z € [0,00))

for f € X. Let T; (t > 0) be defined by T;f(z) = u(t,z) for f € X and
x € I. When T; is a strongly continuous semigroup on X, we shall call {T}}
the solution semigroup to an initial value problem (2.2).

The translation semigroup {Tt} on a weighted function space X is the
solution semigroup to the following initial value problem:

(2.3) { % = % (z € [0,00), t > 0)
u(z,0) = f(z) (x €]0,00))

for f € X. Let X be the space Co([0,00),C) = {f € C(]0,0),C) | wlingof(x) =

0} or LP([0,00),C) and consider the strongly continuous semigroup {7;} on
X defined by

__plz)
(2.4) th(az)—p(w+t)f(x+t) for f € X.
Let
(2.5) ¢ : Cop([0,00),C) — Co([0, 0),C)

[resp. L5([0,00),C) — LP([0,00),C)]

be defined by ¢(f)(x) = p(z)f(x) for f € Co,([0,00), C)[resp. LB([0, ), C)].
Then ¢ is isomorphic and ¢(Tif)(z) = Tyé(f)(x) holds. Since {T;} is the

solution semigroup to the following initial value problem [§]:

{ ou_u_p)

5% " B p(:v)u (x €10,00), t >0)
u(z,0) = f(x) (z € [0,00)),

we consider the the following initial value problem:

(2.6) { % = % + h(z)u (z € [0,00), t > 0)
u(z,0) = f(x) (z € [0,00)),
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where h is a bounded continuous function on [0, c0) and f € X. A modification
of [8, Theorems 2.1, 2.2 and 2.7] is the following

Theorem 2.1. Let X be Cy(]0,00),C) or LP([0,00),C). Consider an initial
value problem :

Ju Ou
{m:&:+h(x>u (z € [0,00), ¢ > 0)
u(z,0) = f(x) (z € [0,00)),

where h € C([0,00),C) is bounded and f € X.
Then the solution semigroup {1}, (th(x) = el his)ds £ (g —i—t)) is a

strongly continuous semigroup on X. Moreover

(1) {Ti} is hypercyclic if and only if

limsup/ Rh(s)ds = oo;
0

Tr—00

(2) if X = Co([0,00),C), then {T}},5 is chaotic if and only if
/ Rh(s)ds = oo;
0

1
(3) if X = LP(]0,00),C) and h(z) = % with a > —, then {T;} is chaotic.
T p

Proof. Put k(x) = exp {—/ h(s) ds}. Then p(z) = |k(x)| is an admissible
0

weight function on [0,00). Consider the space X = Co,p([0,00),C) and the
translation semigroup {T;} defined by T,f(z) = f(z + t) for f € X. Then
by [7, Proposition 3], {T;} is hypercyclic [resp. chaotic] if and only if {T}} is
hypercyclic [resp. chaotic|. Hence (1) and (2) follows from Theorem A.

(3) follows from [8, Theorem 2.2 (2)]. O

The above theorem is concerned with the strongly continuous semigroup of

the form (@)
K(z
T = —
o/ (@) K(x +1)
where p(z) = |k(x)| is an admissible weight function on [0,00). As a general-
ization we consider the strongly continuous semigroup {7;} expressed as

Tif(x) = g(z,t)f(z + 1),

with g(z,t) € C1(]0,00) x [0,00),C) and consider the condition for {T}} to be
hypercyclic or chaotic.
The property of g(x,t) is shown in the following

flx+1),
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Lemma 1. Let X be Cy([0,00),C) or LP(]0,00),C) and {T;} be a strongly
continuous semigroup on X expressed as

Tif(z) = g(z, ) f(z + 1),
with g(z,t) € C([0,00) x [0,00),C). Then
(1) g(z,s+1t) =g(z,s)g(x+ s,t) for any z,s,t € [0,00),
(2) g(x,0) =1 for any z € [0,00),
(3) g(x,s) # 0 for any (z,s) € [0,00) x [0,00),

9(0,z +1t)
9(0,z)

Proof. (1) By the relations Ts4¢f(z) = g(z,s+1t) f(x+s+1t) and Ts(T f(z)) =
g(z, s)Ti f(z+s) = g(x, s)g(x+s,t) f(x+s+t), we have g(x, s+t) = g(z, s)g(z+
s, ).

(2) By the definition, f(z) = g(z,0)f(z) holds for any f € X. So g(z,0) =1
holds for any = € [0, 00).

(3) Suppose there exists (x,s) € [0,00) X [0, 00) satisfying g(x,s) = 0. Then
g(x,s +t) = g(z,s)g(z + s,t) implies g(z,t) = 0 for any ¢t > s. Let so =
min{s | g(x,s) = 0}. If sp > 0, then for t(0 <t < sg), g(x+t,s0—t) = 0 holds
by the relation g(x,so) = g(x,t)g(x +t,s0 —t). So g(x + s0,0) = 0, which
contradicts (2). Hence g(z, s) # 0 for any (z,s) € [0,00) x [0, c0).

t
(4) By (3), 90z +1) is well defined and (4) follows from (1). O

9(0, )

Proposition 2.2. Let X be Cy(]0,00),C) or LP([0,00),C) and {T;} be a
strongly continuous semigroup on X expressed as

(4) g(x,t) =

Tif(z) = g(z, ) f(x + 1),

ge(x,t)
g(@,t)

where g(z,t) € C*(]0,00) x [0, 00),C) with ’

| <.
oo

(1) If we put p(x) =

tion on [0, 00).

, then p is a continuous admissible weight func-

1
19(0, )]

(2) Let X be the space Co,([0,00),C) or LE([0,00),C) and {i}t>0 be the

translation semigroup on X. Then

(i) {Ti}i>q is hypercyclic on X iff {ﬁ} . is hypercyclic on X.
> >



CHAOTIC OR HYPERCYCLIC SEMIGROUPS 49

(ii) {Ti},>qis chaotic on X iff {ﬁ} o is chaotic on X.
> >

Proof (1) By Lemma 1 (3), p(x) is well-defined. By the assumption
’ gi(z,t)

1
H = ¢ < oo and the relation p(7) = = |exp{—1logg(0,7) +
% 19(0,7)|

1ogg(o,0)}y — lexp{— /O ggf((& 8)) . we have
o)== [ GG e { [ 0}

< p(7+t) exp {/THT ||gt(( ”j)”ds} < p(r +t)e

So p is an admissible weight function on [0, c0). _

(2) Define an operator ¢ : X — X as ¢(f)(z) = p(x)f(x) for f € X and for
€ [0,00). Then ¢ is an isomorphism of X to X and T} o ¢ = ¢ o T} holds.

So we get the conclusion. O

Theorem 2.3. Let X be Cy([0,00),C) or LP([0,00),C) and {T;} be a strongly
continuous semigroup on X expressed as

Tif(x) = g(, ) f(z + 1),

gt(xvt)
g9(z,1)

(1) the semigroup {T'(t)} is hypercyclic if and only if

where g(z,t) € C1([0,00) x [0,00),C) with ’

H < 0. Then

limsup |g(0,7)| = o0

T—00

(2) if X = Cp(]0,00),C), then {T'(t)} is chaotic if and only if lim |g(0,7)| =

b
t 1
) = P = ) —
3) if X LP([0,00),C) and g(x,t) <1 + o 1> with b > e then
{T(t)} is chaotic.

1
Proof. Put p(1) = B0 Then liminf p(7) =0 [resp. lim p(7) = 0] is
g ,T T—00 T—00
equivalent to limsup |g(0,7)| = oo [resp. lim |g(0,7)| = oc] . So (1) and (2)

T—00

follows from Theorem A (1), (2) and Proposition 2.2.

(3) If g(x,t) = (1 +

b
T 1) , then g(z,s)g(z + s,t) = g(x,s +t) holds. So
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b
t
Tif(z) = g(z,t) f(x +t) with g(z,y) = <1 + ) is a strongly continuous
x

+1
semigroup.
1
Put p(7) = 0.7 = (14 7). For any € > 0 and any [ > 0, we have
g\yu, 7
[e.e] [e.e]
bp
S (pli +n pbp(bp_1><5
n=1 n:l

D“H

for P > < - ) . Then the translation semigroup {Tt} on a weighted

function space Lb(| ( 0,00), C) is chaotic by Theorem A (3).

b
t b t
Since g(z,t) = (1 + ) , 9:(.1) = means 9:(, 1) =b. So
x+1 glz,t)  x+t+1 g(z,t) ||
by Proposition 2.2, {T;} is chaotic. O

As for the relation among the strongly continuous semigroups {7;} men-
tioned above, we have

Proposition 2.4. Consider the following strongly continuous semigroups (1)—
(4) :

(1) The strongly continuous semigroup {T;} on Cy([0, 00),C) or LP([0, c0), C)
expressed as Ty f (x) = g(x,t) f(x+t) where g(x,t) € C1([0, 00) %[0, 00), C)

satisfies 9:(,1) < o0;
9(z,1) [l
(2) The strongly continuous semigroup {T;} on Cy([0, 00),C) or LP([0, c0), C)
r() :
T - = -
expressed as Tyf(x) s t)f(x +t), where p(z) = |k(z)| is an ad

missible weight function on [0,00);

(2’) The strongly continuous semigroup {1} on Cy([0, 00),C) or LP([0, c0), C)
p(x)
p(z +1)

weight function on [0, 00);

expressed as Ty f(x) = f(z+t), where p(z) is an admissible

(3) The solution semigroup {T;} to the following initial value problem:

ou  Ou
{ E:%jth(x)u (x € [0,00), t > 0)
u(z,0) = f(x) (z € [0,00)),

where h is a complex-valued bounded continuous function on [0,00) and

f € Co([0,00),C) or LP(]0,0),C);
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(4) The translation semigroup {T;} on Co,p([0,00),C) or LE([0, 00), C) with
an admissible weight function p.

Then (1) & (3) = (2) and (2’) & (4) holds, which means that
there is a bijection between (1) and (3)[resp. (2’) and (4)] and any T; defined
by (1) or (3) corresponds to some T} defined by (2).

If we replace (2) by the following ;

(27) The strongly continuous semigroup {T;} on Cy([0, 00), C) or LP([0, c0), C)

k() o
T - _= —
expressed as Ty f(x) s t)f(a: +t), where p(z) = |k(z)| is a differ
"(t
entiable admissible weight function on [0, 00) satisfying ’ K((t)) ‘ < 00,
K o0

then there is a one-to-one onto correspondence among (1),(2”) and (3).

Proof. (1) = (2): For g(z,t) defined in (1), put s(z) = g(Olm)' Then p(z) =

|k(x)| is an admissible weight function on [0, 00).
(1) = (3): For g(x,t) defined in (1), put h(xz) = 2:0.2) " Thep the solution

9(0,z)
T+t gt(o Q?)

semigroup {7} is obtained by T;f(z) = exp{/ - ds}f(m +1t) =

g(x,t)f(x +t) by Lemma 1.(4). ’

9(0,)

T+t
(3) = (1): For h defined in (3), put g(z,t) = exp{/ h(s)ds}. Then

1 g9¢(, t) ~ ge(,t) _
g(x,t) € C([0,00) x [0,00),C) and ’ e HOO < 00, since JE=s = h(z +t)
holds.

(2’) & (4) follows from the equation (2.5).
(27) = (3): For k(z) defined in (27), put h(z) = —= @) Then h is a bounded

!
k(z)
continuous function. O

If we consider real-valued functions g(z,t), h(z) and we assume p(x) is
differentiable, then we have

Corollary. There is a one-to-one onto correspondence among the following
strongly continuous semigroups (1) — (4) :

(1) The strongly continuous semigroup {73} on Cy([0, 00), C) or LP(]0, 00), C)
expressed as Ty f (z) = g(z,t) f(z+t) where g(z,t) € C1([0,00) %[0, c0), R)
gt (l’, t)

with
9(z,t) ||

< 0Q;
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(2) The strongly continuous semigroup {7} } on C([0, o), C) or LP([0, c0), C)

expressed as Ty f(z) = pz) f(z +t), where p(z) is a differentiable ad-
p(z +1)
/(t
missible weight function on [0, co) satisfying ‘ p((t)) H < 00;
PU) oo

(3) The solution semigroup {7;} to the following initial value problem:

ou Ou
{ o = o @) (z € [0,00), t > 0)
u(z,0) = f(x) (z € [0,00)),

where h is a real-valued bounded continuous function on [0,00) and
f € Cp([0,0),C) or LP([0, c0),C);

(4) The translation semigroup {7;} on Co,p([0,0),C) or Lﬁ([(l)7 00), C) with
p(t)
p(t)

a differentiable admissible weight function p satisfying

H <.
oo

§3. Transformation semigroup on I = [0, 1]

Now we shall consider the case of I = [0, 1] and a strongly continuous semi-
group {S:} on the function space Cp([0,1],C) = {f € C([0,1],C) | f(0) = 0}
with sup norm or LP([0, 1], C).

Consider a map 9 : [0,00) — (0, 1] defined by

(3.1) P(x) = e

with v < 0.
By using an admissible weight function p on [0,00), we shall consider a
measurable function 7 : (0,1] — R defined by

(3.2) n@) = p(~ (@) forw e (0,1,
Then n satisfies the following conditions:
(i) n(z) > 0 for z € (0,1];

(ii) there exist constants M > 1 and w € R such that n(z) < Me“'n(ex)
for all z € (0,1] and ¢ > 0.

We shall call n an admissible weight function on (0, 1].
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With an admissible weight function 1 on (0, 1], we construct the following
function spaces:

Con((0,1],C) = {f :(0,1] — C | f continuous on (0, 1], ilg%)n(m)f(:n) = 0}
with || f[l, = sup [f(7)n(7)],

7€(0,1]

1
L2([0,1],C) = {f: 0,1] = C| f measurable,/O |f(T)n(T)|P dr < oo}

1

p
with 1l = ([ 15omop ar)” w21
Consider an operator ¢ : Cp,((0,1],C) — Cp ,([0,00),C) defined by

(3-3) e(f)(x) = f(¥(x))

for f € Cy,((0,1],C), where ¢ is defined by (3.1). Then ¢ is an isomorphism
from Cy,,((0,1],C) to Cp,,([0, 00),C).

Let S; : Co,»((0,1],C) — Co,,((0,1],C) be defined by
(34) Sufy=¢ toTiop(f)  for f € Coy((0,1],C),

where T, is a translation operator on Co,5(]0,0), C) defined by (2.1). Then

(3.5) Sif(x) = f(e"x).

So {gt} is hypercyclic or chaotic if and only if {ﬁ} is hypercyclic or chaotic
respectively.
Then the following theorem follows from Theorem A.

Theorem 3.1. Let n be a continuous admissible weight function on (0,1],
X = Co,n((0,1],C) and the strongly continuous semigroup {St} . be defined
t=>

by (3.5).
Then

(1) {St}tzo is hypercyclic if and only if hgn_}(r)lfn(r) =0;
(2) {St}tzo is chaotic if and only if 113% n(t) = 0.

As for LP space, consider ¢(g)(x) = g(¢(x)) for g € L ([0, 1],C), where v is
defined by (3.1). In this case, ¢(g) does not necessarily belong to L% ([0, co), C),

" /0 )PP dr = / gta)nla)P— do.
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So we must investigate in a different way and the next Proposition shows
that if lin%) n(7) exists, then the strongly continuous semigroup {S;} is always
T—

hypercyclic.

Proposition B ([8, Proposition 3.3]). Let X be L2([0,1],C) and {S}} o
t=>
X be defined by Sig(x) = g(eVz) for g € X. N
If n is continuous on (0,1] and lin%n(T) =c < oo exists, then Sy is a

bounded linear operator on X and the strongly continuous semigroup {S’;} -
t>

18 hypercyclic.

Since the translation semigroup {CIN}} is a solution semigroup to the initial
value problem (2.3), the strongly continuous semigroup {S;} is the solution
semigroup to the following initial value problem

{g;’_mg; (z€[0,1], ¢ > 0)
v(0,z) = f(z) (z €[0,1])

for f € X. Let X be the space Cy([0,1],C) = {f € C([0,1],C) | f(0) =0} and
consider a strongly continuous semigroup {S;} defined by

(3.6) Si(f)=¢ T oTiop(f)  for fe Co([0,1],C),
where T} is an operator on Cy([0,00),C) defined by (2.4). Then

n(z)
n(erz)

For v € C([0,1] x [0,00),C) with v(0,t) = 0, put u(x,t) = v(¢(x),t). Then
u € C(]0,00) x [0,00),C) and lim wu(z,t) = 0. If u is a solution of the initial

(3.7) Sif(x) = fez).

value problem (2.6), then v is a solution of the following initial value problem:

(3.8) { g: = Wg; + k(z)v (xz €[0,1], t > 0)
v(z,0) = f(z) (z € [0,1]),

where k(z) = h(y~!z). In [7, Theorem 1], it is shown that if min {R(k(z)) |

x € [0,1]} is positive, then the solution semigroup {S;},~, on Cy([0,1],C) to
(3.8) is chaotic by using the spectral property of its infinitesimal generator.
However if we use Theorem 2.1, we get a necessary and sufficient condition for
{S;} to be chaotic as follows:
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Theorem 3.2. Let X be the space Cy([0,1],C). Consider the following initial
value problem :

(3.9) { (Zf; = ’ng; + k(z)v (x €10,1], t > 0)
v(z,0) = f(z) (z €[0,1]),

where v < 0, k € C([0,1],C) and f € X. Then the strongly continuous
t
semigroup {Si};>q <Stf(33) = €xp {/ k(e x) dT} f(ewtac)> is a strongly
- 0
continuous semigroup on X.
L RE(s)
Moreover {S;},~ is chaotic if and only if lin%)/ —~ds =
= z—0 /.. S
Therefore if Rk(0) > 0, then {St},~, is chaotic.

Proof. By using k(z) = h(¢»~!(x)), an initial value problem (3.9) corresponds
to the initial value problem (2.6). By the equation

> ! dr L Rk(s)
pu— 1 _1 _— = 1
/0 Rh(s) ds = alsli% ’ Rh(y (7‘))77_ xliI(l]/z s ds,

1
we get that {S;},~, is chaotic if and only if lin%) %L(S)
> 20 ) s

Theorem 2.1 O

ds = oo by using

As for the space LP([0,1],C), we have

Theorem C ([8, Theorem 3.5]). Let X be the space LP([0,1],C) with p > 1.
Consider the following initial value problem :

{ %ZW%M(@U (z€[0,1], t > 0)
v(z,0) = f(x) (z €10,1])

where v < 0, k € C([0,1],C) and f € X. Then the strongly continuous
t

semigroup {Si};>¢ (Sif(x) = exp {/ k(e ) dr} f(e"x)) is a strongly
- 0

continuous semigroup on X. Moreover

(1) if there exists 6 > 0 such that R(k(z)) > 0 for 0 <V <6, then {Si},~q
s hypercyclic ;

(2) if min {R(k(z)) | z € [0,1]} > %, then {St};>q is chaotic.
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By using a strongly continuous semigroup {73} on Cy([0,c0), C) expressed
as

Tif(x) = gla, ) f(z + 1),

with g(z,t) € C1([0,00) x [0,00),C) , we shall consider a strongly continuous
semigroup {S;} on Cy([0, 1], C) expressed as

Sif) = oTrop(f)  for f € Co([0,1],C).
Then by putting
(3.10) q(z,t) = g(v~'z,t) € C1([0,1] x [0, 00), C),
Sif(z) = q(z,t) f(ex) is a generalization of a strongly continuous semigroup

of the form S, f(z) = —2&)_ #(etx).

= n(eva)

By Lemma 1, the property of the function g(z,t) is obtained as follows.
Lemma 2. Let v < 0, X = Cy([0,1],C) or LP([0,1],C) and {S;} be a strongly

continuous semigroup on X expressed as

Suf (@) = qlw, 1) f(e"a),
where q(z,t) € C1([0,1] x [0,00),C). Then

(1) q(z,s+t) = q(x,s)q(e?x,t) for any x,s,t € [0,1],
(2) ¢(x,0) =1 for any x € [0,1],
(3) q(z,s) #0 for any (z,s) € [0,1] x [0,00),

_ q(1,s +1t)
q(1,s)
Proposition 3.3. Let X be Cy([0,1],C) [resp. LP([0,1],C)] and {S:} be a

strongly continuous semigroup on X expressed as

Sef(z) = q(z,t)f(e"2),

(4) q(e7,t)

t
where q(x,t) € C1([0,1] x [0, 00), C) with (g((i’t; H < oo and vy < 0.
(1) If we put n(z) = ﬁ for x € (0,1], then n is a continuous ad-
q(]-’ O%w)

missible weight function on (0, 1].

(2) Let X be the space Co,4((0,1],C) [resp. Lp([0,1],C)] and {gt}po be a

strongly continuous semigroup on X defined by S;f(x) = f(e"'z). Then
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(1) {St};>qis hypercyclic on X iff {gt}»o is hypercyclic on X.
(ii) {St}y>qis chaotic on X iff {5}} . is chaotic on X.
> >

Proof. (1) By using the equations (3.2) and (3.10), n(z) implies

_ 1

‘q(l’lo’%z)
that p(yv—1(z)) = m, that is, p(s) = m. So by Proposition
2.2 (1), n is a continuous admissible weight function on (0, 1].

(2) It is obtained by the same way as Proposition 2.2 (2). O

By Theorem 2.3, we have

Theorem 3.4. Let {S;} be a strongly continuous semigroup on Cy([0, 1], C)
expressed as

Sif(x) = qla,t) ('),
qt(xvt)
q(z,1)

where q(z,t) € C*([0,1] x [0,00),C) with ‘

H < oo and v < 0. Then
the following are equivalent : =

(1) {St}i>o is hypercyclic if and only if limsup |q(1, 7)| = oo;

T—00

(2) {St}i>g is chaotic if and only if lim [q(1,7)| = oco.

In case of Cy([0,1],C), the property of n plays an essential role in proving
that {S;} is chaotic or hypercyclic. However, in case of LP([0,1],C), we have
not obtained any property of n for a strongly continuous semigroup to be
chaotic. So we use the the following

Theorem D ([2]). Let X be a separable Banach space and let A be the
infinitesimal generator of a strongly continuous semigroup {Si},~, on X. Let
U be an open subset of the point spectrum of A, which intersects the imaginary
axis, and for each A € U let x) be a nonzero eigenvector, i.e. Axy = Ax). For
each ¢ € X* we define a function Fy: U — C by Fy(A) = (p,xy). Assume
that for each ¢ € X* the function Fy is analytic and that Fy does not vanish
identically on U unless ¢ = 0. Then {S;},~, s chaotic.

Theorem 3.5. Let {S;} be a strongly continuous semigroup on LP([0,1],C)
expressed as

Stf(w) = q(:Evt)f(e’th)’
t
4(@, 1) < oo and v < 0.
42, 1) |l
Then if there is € > 0 satisfying |q(1,7)| > e pteT for any T € [0,00), then
{S} is chaotic.

where q(x,t) € C1([0,1] x [0, 00),C) with
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Proof. Let A be the infinitesimal generator of a strongly continuous semigroup
{S:}. Then

ASif(x) = ai(x, 1) f(e7x) + v zq(w, 1) f' (7).

In order to use Theorem D, we shall prove that the existence of an open set
U of the point spectrum of the infinitesimal generator A which intersects the
imaginary axis.

A
If fu(z) = q(fﬂgx) belongs to LP([0,1],C), then Afy = Afy holds. Put
9 T

U={AeC|R) <ce}.

For A\ € U, by using the condition |g(1,7)| > e(%JrE)T, we have
1 1 A 1 A
r r
/ ’f)\(x)‘p dw = / log:t x S / o4 logx d.fC
0 0 [q(L,*5%) 0 [eGTIHT

/1 pRO)=2) 4
— X v dl’ < o0,
0

R(A) —
PR —¢) > 0. So fy belongs to LP([0,1],C) for A € U and U is an

~
open subset of the point spectrum of A, which intersects the imaginary axis.
So we can prove in a similar way to the proof of [7, Theorem 2. O

since

As for the relation among the strongly continuous semigroups {S;} men-
tioned above, we have

Proposition 3.6. Consider the following strongly continuous semigroups (1)—
(4) :

(1) The strongly continuous semigroup {S¢} on Cy([0,1],C) or LP(]0,1],C)
expressed as Sy f(x) = q(x,t) f(e?'x) where q(z,t) € C([0,1] x [0, 00), C)

satisfies a(@,?) < o0;
;1) [l
(2) The strongly continuous semigroup {S¢} on Cy([0,1],C) or LP(]0,1],C)
r(x)

f(evtx), where n(x) = |k(x)| is an admis-

expressed as Syf(x) = r(eia)

sible weight function on (0, 1];

(2’) The strongly continuous semigroup {S¢} on Co([0,1],C) or LP(]0,1],C)
n(x)

n(er)

expressed as Sy f (z) = f(e"'x), wheren(z) is an admissible weight

function on (0,1];
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(3) The solution semigroup {Si} to the following initial value problem :

{ %:Wzg—z—l—k(a:)v (z €[0,1], t >0)
v(z,0) = f(x) (z € [0,1]),

where v < 0, k € C([0,1],C) and f € Cy([0,1],C) or LP([0,1],C);

(4) The strongly continuous semigroup {S;} expressed as Sif () = f(e''z)
on Co;((0,1],C) or LI([0,1],C) with an admissible weight function 7.

Then (1) < (3) = (2) and (2’) < (4) holds, which means that
there is a bijection between (1) and (3)[resp. (2’) and (4)] and any T; defined
by (1) or (3) corresponds to some T} defined by (2).

If we replace (2) by the following ;

(27) The strongly continuous semigroup {S¢} on Cy([0,1],C) or LP([0,1],C)
w(z) f(e"'x), where n(x) = |k(z)| is a differen-

K (t) ’
k(t)

then there is a one-to-one onto correspondence among (1),(2”) and (3).

expressed as S f (x) =

k(ertx)

tiable admissible weight function on (0,1] satisfying < 00,

o0

Proof. In case of Cy([0,1],C), we get the result by using the relation (3.6) and
Proposition 2.4.
In case of LP([0,1],C),
(It(l, logw)

1) = (3): For q(z,t) defined in (1 ut k(r) = —x4—- en the solution
(1) = (3): For q(z,t) defined in (1), put k(z) Then the soluti

)

t _ logz
qt(l,t s+ Py )

semigroup {S;} is obtained by S, f(z) = exp {/ ds} f(et)
0

Q(]" t — S + 10%)
)

S fe"z) = q(x,t) f(e’x) by Lemma 2.(4).
by

The other parts will be proved in a similar way to Proposition 2.4. ]

If we consider real-valued functions ¢(z,t), k(xz) and we assume 7(x) is
differentiable, then we have

Corollary. There is a one-to-one onto correspondence among the following
strongly continuous semigroups (1) — (4) :

(1) The strongly continuous semigroup {S:} on Cy([0,1],C) or LP(]0,1],C)
expressed as S; f(x) = q(z,t) f(e''z) where q(z,t) € C1([0,1] x [0, ), R)
Qt(% t)

with
q(z,t)

< oQ;
oo
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(2) The strongly continuous semigroup {S:} on Cy([0,1],C) or LP([0,1],C)

expressed as S;f(x) = n?e(“i?n) f(e"x), where n(z) is a differentiable ad-
. : , |1 @)
missible weight function on (0, 1] satisfying W < 00;
Y o0

(3) The solution semigroup {S;} to the following initial value problem:

{ g::fyxgz:—i—k(x)v (x €0,1]), t >0
v(z,0) = f(x) (z €10,1]),

where v < 0, k € C(]0,1],C) and f € Cy([0,1],C) or LP([0, 1], C);

(4) The strongly continuous semigroup {S;} expressed as S;f(z) = f(e''z)

on Co4((0,1],C) or LE(]0,1],C) with a differentiable admissible weight
'(t
function 7 satisfying ‘ n()H < 00.
1(t) o
References

[1] T. Bermudez, A. Bonilla, and A. Martinon, On the existence of chaotic and
Hypercyclic semigroups on Banach spaces, Proc. Amer. Math. Soc. 131 (2002),
2435-2441.

[2] W. Desch, W. Schappacher and G. F. Webb, Hypercyclic and chaotic semigroups
of linear operators, Ergod. Th. & Dynam. Sys. 17 (1997), 793-819.

[3] A. Lasota and M. C. Mackey, Chaos, Fractals, and Noise, Stochastic Aspect of
Dynamics (Applied Math. Sci. 97), Springer, 1994.

[4] A. Lasota, M. C. Mackey and M. Wazewska-Czyzewska, Minimizing therapeuti-
cally induced anemia, J. Math. Biology 13 (1981), 149-158.

[6] M.Matsui, M. Yamada and F. Takeo, Supercyclic and chaotic translation semi-
groups, Proc. Amer. Math. Soc. 131 (2003), 3535-3546.

[6] M.Matsui, M. Yamada and F. Takeo, Erratum to ”Supercyclic and chaotic trans-
lation semigroups”, Proc. Amer. Math. Soc. 132 (2004), 3751-3752.

[7] M.Matsui and F. Takeo, Chaotic semigroups generated by certain differential
operators of order 1, SUT Journal of Mathematics. 37 (2001), 51-67.

[8] F. Takeo, Chaos and hypercyclicity for solution semigroups to some partial dif-
ferential equations, Nonlinear Analysis, Theory, Methods & Applications, to
appear.



CHAOTIC OR HYPERCYCLIC SEMIGROUPS

Fukiko Takeo

Department of Information Sciences, Ochanomizu University,
2-1-1 Otsuka, Bunkyo-ku, Tokyo 112-8610, Japan

E-mail: takeo@is.ocha.ac.jp

61



