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Abstract. We study the global existence and large time asymptotic behavior
of solutions to the initial-boundary value problem for the nonlinear nonlocal
Schrédinger equation on a segment (0, a)

. 2 _
(0.1) { us +iul*u+Ku =0, t >0,z € (0,a)

u(z,0) = uo(x), = € (0,a),

where the pseudodifferential operator K has the dissipation propery and the
symbol of order a € (0,1). We prove that if the initial data up € L* are small,
then there exists a unique solution u € C ([0, 00) ; L°°) of the initial-boundary
value problem (0.1) Moreover there exists a function A € L such that the
solution has the following large time asymptotics

146
u(z,t) = A(x) tEA (%) +0 (f%) ,

ta

" _ o
where A(z) = 5= [ e % t*7dz.
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8§1. Introduction

Our aim in the present paper is to study the global existence and large time
asymptotic behavior of solutions to the initial-boundary value problem for the
nonlinear Shrédinger equation on a segment [0, a

. 2 B
(1.1) {WHIU\ u+Ku=0, t >0,z € (0,a),

u(x,0) = ug(z), z € (0,a),

75
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where the pseudodifferential operator Ku on a segment [0, a] is given by

100
(1.2) Ku=(1-6(zx— a))i, / eP* K (p)u(p, t)dp,
21t J_io
where K(p) = p®, a € (0,1).

The nonlinear nonlocal Schrédinger equation (1.1) is a simple model ap-
pearing as the first approximation in the description of the dispersive dissipa-
tive nonlinear waves. As far as we know the global existence and large time
asymptotic behavior for solutions of the initial-boundary value problem for the
nonlinear nonlocal Schrédinger equation (1.1) on a segment was not studied
previously. In the case of the Cauchy problem global existence of solutions
was proved in papers [7], [2] and the large time asymptotics of solutions was
obtained in [10], [9], [4]. In the case of the boundary value problem on a half-
line the large time asymptotics of solutions were studied in papers [1], [3], [6],
8].

Let us start with the following general linear initial-boundary value problem
on a segment

us + Ku = f(z,t), t >0, z € (0,a),
u(z,0) = up(z), = € (0,a),
Hu(0,t) = hoj(t), 5=1,....,m,
obu(a,t) = hy(t), I =1,..,n,

(1.3)

where the pseudodifferential operator Ku on a segment [0, a] is defined by the
inverse Laplace transformation as follows

1 100
Ku = — eP* K (p)
21 ) e
o] ,j-1 —paaj—1
. 02 u(0,t) — e P9. " ua, t
x| a(p,t) = Q1) —e () dp

j=1 P
—H(x—a)i/ eP* K (p)
211 T N
al i1 —pani—1
. 02 u(0,t) — e P29 "u(a, t)
1.4 x | u(p,t) — . dp,
(1.4) (p,t) ;1 p p

where the contour I'; goes along the boundary of the domain of analyticity
of the symbol K (p), we assume that K (p) is always analytic in the domain
Rep > 0. Note that in the case of holomorphic symbol K (p) (for example, a
polynomial) the last integral in the definition (1.4) is equal to zero, hence we
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get a usual differential operator. Also we can rewrite the definition (1.4) in
the form

1
Ku = (1-6(z—a))— Pe |
= (-ta-a)z= [ oK)

o] &M u(0,t) — e P29l M u(a, t)

(1.5) x | u(p,t) — : - : dp,
— P
j

if we take K(p) = Cyap®, a > 0 for simplicity. We make a cut along the

negative part of the real axis, that is we choose arg z € [—7, ) for any complex
z € C. Here [a] is the integer part of the number «, C, will be chosen by
the dissipation condition Re K (p) > 0 for all Rep = 0. Note that the inverse
Laplace transform gives us a function, which is equal to 0 for all x < 0, so
that multiplication by the factor (1 — 6(xz — a)) yields that the operator Ku
vanish outside of the interval (0,a) . Thus the solution u (x,t) is considered for
all z € R prolonged by zero outside of the segment [0, a]. We expect that by
analogy with the case of a half-line the integers n and m are defined by the
number of regions, where Re K (p) < 0.
Taking the Laplace transform of the operator Ku we get

a — 1 100 e(q—P)a _ 1K N .
oz _ elapa 1 ~
/o e E o T a—p (q)u(q,t)dq
1 e P e?® Kl do + K (o)

where we denote the contour
(1.7) I'={q€C;qe (c0ce™™,—i0) U (+i0,e"c0) }

and

~ (@] j—1 o pani-1
7=1

Applying the Laplace transformation with respect to = to problem (1.3) we
get
U+ 5 [0, LK (q)u(g t)dg = Flpit), >0,
~u(p,0) = uo(p),
aiu(o,t) = hoj(t),j = 1, ey 1,
Ou(a,t) = hg(t),l=1,...m
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Integrating with respect to time ¢ in view of (1.6) we obtain for the Laplace
transform u(p,t)

t
(18) A(p,1) = e KPlig(p) + / e KOE (. 7)dr
0
where
fi(p,t) fp, M u(0,1) — e~ tu(a,t)
1 ) -
J=1 i
1 e(q_p)a ~

5 K(q)u(q,7)dq.
T Jr 4 —P

In order to get the integral formula for solutions of (1.3), we need to know
the boundary values @ (0,t), & u(a,t). Some of the boundary values we
put in the problem as given boundary data and the rest we will find from the
equation using the growth condition

(1.9) la(p,t)] < M1+ |p|)? (1+ |eP*|) for all [p| > 1,

with some M, § > 0, which guarantee us that the inverse Laplace transform
u(z,t) vanish for all x < 0 and = > a. It is easy to prove that condition (1.9) is
fulfilled in domains Re K (p) > 0. In domains, where Re K (p) < 0, we rewrite
formula (1.8) as

“+oo
e CUR Ry
0
+oo
_/ G_K(p)(t_T)fl(p,T)dT
t

Clearly the last integral

+0o0
[ 00 i
t

satisfies condition (1.9) for all |p| > 1, such that Re K(p) < 0. However
the first summand with exponentially growing factor e X ®) does not satisfy
condition (1.9), therefore we have to put the following conditions

+o0o
(1.10) i0(p) + / KO f (pr)dr =0

for all [p| > 1 in the domains, where Re K(p) < 0. We use equations (1.10)
to find some of the boundary values d5u(0,t), d2u(a,t) involved in formula
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(1.8). Making a change of the independent variable K (p) = —& we transform
the domains Re K (p) < 0 to the half-complex plane Re £ > 0 by [«a] different
roots ¢ (&), #2(€); -+ $[a)(§), which are analytic functions for all Re{ > 0 and
transform the half-complex plane Re £ > 0 to domains, where Re K(p) < 0.
Then condition (1.10) can be written as a system of [a] equations in the half-
complex plane Re £ > 0

o (¢,) +f (¢1:6)
+oo ” (0, 8) — e~ 4] u(a, t)
—£ dr
/ ]:1 Qﬁ
q #1(§))a
(L1) = o rq—¢z(€) / e < (i(q,7)
L, —qa
—28] Ot)_;qaj Ut ) gr g,

for i =1,2,...,[a] , where u(p,t) is the solution of problem (1.8) and
to(¢r) = / e Wug(y)dy, [(61.€) / / WD £y, t)dydt.
0

We have [a] equations with 2 [o] unknowns u™ )(0 t), u - 1)(a,lt) so we need
to put [o] boundary data in the problem (1.3) and the rest [a] boundary values
can be found from system (1.11).

In the case a € (0, 1), which is under the consideration in the present paper,
we do not need to solve system (1.11), because condition (1.9) is fulfilled au-
tomatically for any complex p, due to the estimate ‘e‘K(p)t| < C(1+ |e7Pe).

In the present paper we consider problem (1.1) in the case of the initial data
belonging to space L*°. For obtaining LP -estimates of the Green function we
use the method of our previous papers [3] and [6].

Let us denote the space L>*(0,a) = {p € L>*(0,a);[|¢|y~ < +oo}. Let

16llr ) = 19llLe and (9llLp0.0) = €, 1 < p < 0.
We state the main result of this paper.

Theorem 1. Let the initial data ug € L*°(0,a) and the norm ||up|l~ < €,
where € > 0 is sufficiently small. Then there exists a unique solution u €
C ([0,00) ; L>°(0,a)) of problem (1.1). Moreover there exists a function A €
L°(0,a) such that the solution has the following asymptotics

) = (1 ba = DA 54 () 40 (5)
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for t — +oo uniformly with respect to x € (0,a), where

1 [ .
A(g) = —/ e T2y

21 ) oo

and
xT +o0 xT 9
Alz) = / wo(y)dy + / dr / (s 7) [ uly, 7)dy < +oo,
0 0 0

here€ e RT, 6 € (0,1 —a),w=2ifd <min(a,1), and w=1ifa <d<1.

o

Remark 1. Note that the symbols K (p) under consideration are not analytic
in the left half-complex plane (see definition (1.5)), so the contour of integra-
tion in the inverse Laplace transform could not be shifted in order to obtain
some more rapid time decay (see formula (2.4) below). As a consequence,
the solutions of nonlocal equation (1.3) have a potential decay rate such as
t*i, in comparison with the case of purely differential operator K. For exam-
ple, it is well-known that solutions of the heat equation on a segment decay
exponentially with respect to time.

Remark 2. By the method of this paper we also can consider more general
nonlinearities of the form |u|” u with super critical power p > a.

We organize our paper as follows. In Section 2 we solve the linear initial-
boundary value problem corresponding to (1.1) and prove some preliminary
estimates in Lemma 3. Section 3 is devoted to the proof of Theorem 1. Ev-
erywhere below by the same letter C we denote different positive constants.

§2. Linear problem

We consider the following linear initial-boundary value problem

(2.1)

ut + Ku = f(z,t), t >0,z € (0,a),
u(x70) = UO(x)7 MRS (O,G),

where the pseudodifferential operator Ku on a segment [0, a] is defined in (1.2).
We have for the Laplace transform of operator Ku, p ¢ (—o0,0)

a 1 100 e(q—p)a -1 N
/ e P*Kudx = 5 —— K (q)u(q, t)dq
0 T J—ico q—p

[ k(gyalg Hdg + Kpa
s L S E @l e+ K.

where the contour I'" was defined by the formula (1.7).
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To derive an integral representation for solutions of the problem (2.1) we
suppose that there exists a solution u(x,t) of problem (2.1), which we pro-
longed by zero outside the interval (0, a), that is

(2.2) u(z,t) =0 for all x ¢ [0,q].

Applying the Laplace transformation with respect to = to the problem (2.1)
we get

~

U + < 27rz fl" )dq +K(p)a( ): (pat)v t>0,
(pa )_UO( )

Integrating with respect to time ¢ we obtain for the Laplace transform u(p,t)

t
(2.3) i(p,t) = e Plig(p) +/ e KW= f (p, 7)dr
0

where

—~ - 1 ela—pla
Fio.) = Fot) + 5 [ S Kla)ala.7)da
T Jr 4—P
Note that by virtue of (2.2) the function u(p,t) is analytic for all complex p
and the condition 0 < « < 1 implies the condition (1.9) .
Taking the inverse Laplace transform of (2.3) with respect to space variable
we get

1 100+¢€ K()
u(z,t) = -— eP* W o (p)dp

2mi —i00+€
1 100+¢€ t .

+T dpep’”/ e KW=T) £(p 7)dr
T J —jocote 0
1 100+¢€ t

L dpet® / dre— K@)

2mi —1004€ 0

1 [P ela—pla

(2.4) X —— €
210 J i 4 =P

Il + IQ + I37

K(q)u(q,)dg

where € > 0.

Now we prove that the last integral in (2.4) is equal to zero for all z € [0, qa] .
Indeed, since Re K(p) > 0 for all Re p > 0 by the Cauchy Theorem we get for
Req¢=0,z € [0,a], 7 € (0,1)

100+¢€ 1
/ dperT=D) - K@)-n_L_ 5 o
—100+€ q—p
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Therefore changing the order of integration we obtain for x € [0,a] (we can
change the order of integration since all integrals converge absolutely)

Is = 27” dT/ e K(q)u(q,7)dq
1 100+¢€ 1
211 —ico+te q—p
(2.5) _—

Since u(x,t) = 0 for all x > a and for x < 0 substituting the Laplace trans-
forms %o(p) and f(p,7) into (2.4) and using (2.5), we obtain the following
integral representation for solutions u(x,t) of the problem (2.1)

(2.6) u(x,t):/o 0(y)G(z,y,t) dy+/ dT/ fly, 7)G(z,y,t — T)dr,

where Green function G(z,y,t) is defined by

1 100
Gla,y,t) = (1 - 0(x — ) =— / P~ KOl g,

210 oo

Thus in supposition that there exist solutions of problem (2.1) we get the
integral representation (2.6) for these solutions.

Now we prove that the function u(x,t) defined by formula (2.6) gives us a
solution to problem (2.1). Indeed, takin the Laplace transformation of (2.6)
we get for Rep =0

(2.7) u(p,t) = /Ooodxepx /auo(y)G(x y,t)dy

+/ dre” pm/dT/fy, G(x,y,t —7)dy
— / dre P~ </ uo(y)—/ e?@=9) =K@t oy,
27 ) oo
/ dr / fy, 7)== / eq(w_y)_K(C’)(t‘”dqdr)

By analyticity of the symbol K(p) in the complex half-plane Rep > 0 and
a < 1 we have for all Rep =0 and y € [0,a)

1 [ie© ela—pla _ 1

— e Kot-ew—____ g,
21 J oo q-p
100 - 100
— Le pa/ e K(q)teqw v dg — L e K(@)t—qy 1 dgq
2mi —100 q—p 2m 7ioo q—p
— ¢ Ki- py+ e~ K@ttala—y) _— g4

r q—p
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So changing the order of integration in formula (2.7) and calculating the inte-
grals with respect to x we get

Py I ico . ela=pla _q
u(p,t) = ﬁ uo(y)dy/ e~ K(a)t qyﬁdq

dT/ fly, T dy/ e—qy—K(q)(t—T)wdq
2m ’ —ico q—p

a t @
— K </ e_pyuo(y)dy—i—/ eK(p)TdT/ e—ny(yﬂ-)dy)
0 0 0

+Le pa/ oly )dy/ -K(q )t+q(a*y)qu

271 q—0p

(2.8) +—e /dr/ fly,7 dy/ —K(q)(t—7)+qla—y) __L da.
2mi 7 qg—7p

Substituting (2.8) into the definition of the pseudodifferential operator Ku (see
formula (1.2)) we obtain for all z € (0,a)

Ku = / oy )dyi/ p(z—y) o= (p)tK(p)dp

21 J o

/ dr / Fly,r dy2 — / eP=) KD K () dp

1 1 +ico K
[ wotygs [ L [ gt K0y,
211 omi ) i -7

/ dr / Fly,r dy_ / K(@(t=r)+a(a=9) g

+i00
(ac a) 2\ K( ) = dp
—100 q—p

>< —
2m

)

whence using the fact that

+1i00
/ 6p(r—a) K(p) dp=0

—100 q—p

for all z € (0,a) and ¢ € " we obtain via formula (2.6)

o a 1 100
— (== _ p(z—y) ,—K(p)t
Ku < 8t/ uo(y)dyQM/looe e dp

/ dr / fly,7 dy— ep(x—y)e—K(p)(t—T) dp

/ . dy— (”)dp> = —ug(z,t) + f(a,1).
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So that the function w (z,t) given by (2.6) satisfies equation u¢(z,t) + Ku =
f(x,t). Also it is easy to see that the initial condition is fulfilled

u(@,0) = (1-0(—a)) /O " uo(w)Glx — y,0)dy

+o0
= (-0 —a)) /0 wo(9)3(x — y)dy = uo(2).

Thus there exists a solution to the problem (2.1), which is given by formula
(2.6). The uniqueness follows from the fact that all solutions have representa-
tion (2.6).

Note that by the Cauchy Theorem the Green function G(x,y,t) = 0 for all
x <y and t < 0, therefore formula (2.6) can be written as

(2.9) u(:c,t):/o uo(y)G(x,y,t dy+/ dT/ fly, 7)G(z,y,t —T)dT,

where

1 100
(2.10) Gla,y,t) = (1—0 (2 —a)) _/ Pa—1) K@)t g,

21 ) _eo
Thus we have proved the following result.

Theorem 2. Let the initial data ug € LY0,a) and a source f(x,t) €
L}, (0,00;L'(0,a)) . Then there exists a unique solution u(z,t) of the initial-
boundary value problem (2.1), which has representation (2.9).

Remark 3. By the representation (2.9) we see that lim,_, o u(x,t) = 0 for
all ¢ > 0. We emphasize however that we do not need to put the boundary
condition u (0,t) = 0 into the problem (2.1) for its well-posedness, since this
is an inherent property of solutions. For example if we put the boundary
condition u (0,¢) = 1 into the problem (2.1), then there does not exist any
solution.

Remark 4. Note that the Green function G (x,y,t) is similar to that for the
cases of a half-line and the full line. It can be obtained from the full line Green

function via multiplication by the step function (1 — 6 (z — a)).
In the next lemma we estimate the kernel G(z,y,t). Denote A(§) =
L [io0 o=z,

271t J —100

Lemma 3. We have the asymptotics for large time
(2.11) Gla,y,t) = (1 —0(z—a))t = A (i) Fif0 (),
ta

fory e (0,z) .
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Proof. Changing the variable of integration p“t = ¢% we get

Glayt) = (1-0(z—a)— / P -K @t g,

271
T E (-0 —a)) — gy R@,7)
= o T a o e € q z,y )
where T = xt‘é,'yv = yt_é, and
100 o~ _
R(z,y) = "1 T (em W — 1)dg.

—100
Using estimates ‘e_qg - 1‘ <C |qg7|5 and Re ¢® > 0 for Re ¢ = 0 we easily get

100
/ e et \qﬂl‘sdq‘ =4°0 <t‘17+6) -

100

t~a |R(Z,7)| < Cta

Lemma 3 is proved. |

Denote G (t) ¢ = fox G (z,y,t) ¢ (y) dy, where G (z,t) is defined in formula
(2.10).

Lemma 4. Suppose that the function ¢ € L>°(0,a). Then the estimate

_1
1G () dlloe < CA+E) o |6l
is valid for all t > 0.

Proof. Denote G () = £ (e7P") . Note that the function G (x) is a smooth
function G (z) € C® (R1) and decays at infinity so that

(2.12) sup (z)'*7 ‘é (x)‘ <C,
zeRT

for all 0 < v < 1. Indeed, since Rep® > 0 for Rep = 0 we have

G| =g [ e ra| <ol <c.

For all x > 1, integrating by parts and changing the contour of integration we
get

—i€e

) im
— epx p dp — : 4 epa: ¥ pa 1dp
7 ;
271 2mix —iE e

—100 ocoe

e Fie
—1- —p, —1+a— —1-
<Cx 77 / i Pp Tdp| < Cax™ 77,
-F

ooe
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where € > 0,0 < v < 1. Therefore estimate (2.12) is true. By virtue of (2.12)

we find
o)

hence by the Young inequality and using estimate ||¢||; < C||¢||, we obtain

ta <,

e

L e

L;

19 ol <C[76G (5 0)|, 10l < Cllol
and

1G (t) 0ll oo

IA

clesé (=), Il
Cw |lglly < €17 (16

IN

for all ¢ > 0. Whence the estimate of the lemma follows. Lemma 4 is proved.
O

83. Global existence

We prove Theorem 1. We consider the linearized version of problem (1.1)

— _ilnl?
(3.1) {ut+Ku— ilv[v, t>0,2€(0,a),

u(z,0) = up(z),z € (0,a).
We suppose that
[uoll o < €1

and v € X, where €; > 0 is small enough, ¢ = 100Ce; with the constant C
from (2.12) and

X. = {ve X, |v|x <},

X = {U € C([0,+00) ;L2(0,a)), [v]lx = sup(t)a v ()]l < 5} ~
t>0
We have from (2.9)
(3.2) u(x,t) =G (t)ug — i/o G(t—r) |U(T)|2 v(T)dT,

where

G () 6(r) =/Oxe<x,y,t>¢<y,f> dy
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and

G(Ji,y,t) = (1 -0 (IL’ — CL)) L / ep(l"—y)—po‘tdp'

27TZ — 00
Via estimate

[l o], < IR, < e+

applying L>°(0,a) norm to formula (3.2) and using results of Lemma (4) we
get

lu®lle < CIG (1) w0l +C /0 Yo -nieEer)| ar

[e.9]

1
C(1+1) = [luoll

t t
+C/2 dTH\UFU(T)H (t—T)_édT—FC/ dTHsz(T)H dr
0 1 L

o)

IN

o

s ad +t)_é +e°C (/0§<T>_%(t - T)_édT + /_t(r>_%d7>

2

(3.3) < e(l+t)a.
We introduce the distance in X
1
d(f,9) =sup(L + )= [|f (1) =g ()]l -
t>0
Then in the same way as in the proof of (3.3) we have
1

(3.4) d(ul, UQ) = d(MUl, Mvg) < §d(1}1,1}2),

where u; and wuo are solutions of the problems

deuj + Kuj = —i|v;|*vj, t >0,z € (0,a),
uj(z,0) = up(x), = € (0,a).

Estimates (3.3) and (3.4) show that M is a contraction mapping from X into
itself. Therefore there exist a unique solution u(x,t) € X satisfying estimate
|lullx <e. This completes the proof of the first part of Theorem 1.

Now using estimate (3.3) we prove that the solution has the following
asymptotics

u(e,t) = (1— 0 — a)A(a) t A (—) +o ()

ta
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for t — +o00 uniformly with respect to z, where § € (0,1 — «)
L[ .
Alx) = —/ e Ty

27 —ico

and
4@ = [Cwds—i [ ar [Matv.r Pty

is a bounded function. Indeed, in view of asymptotics (2.11) of Lemma 3 we
have

(3.5) w(a,t) = (1 — Bz — a))A(z) t~= A (ﬁ_) + R(z,t),
where
R@Hl < 0 || (Puol)] + ot /0 Car /0 "8 Juf? dy
o A(%) /+Ood7-/a uf® dy
to t 0
+/Oth/Oa|u(y,T)|3|G(x,y,t—7') — G(z,y,1)| dy.
We have

100

Gula, . 1) sc‘/

—100

efRe Ip|~t ‘p|a dp‘ < thlfé'

Therefore we obtain
G(a,y.t —7) — Gla,y,0)| <Ot "ar

and

t a
/0 dT/O \u(y,r),B |G(x,y,t — 1) — G(x,y,t)| dy
1 t 3 1
= Ctla/ T(1+7)"adr <Ct '"a
0
for all ¢ > 1. Hence by virtue of (3.3) we have
t
R@.t) < Ot Ju|l, + Cti‘;/ 141 2dr

0

“+o00
= |A (xt—%) ‘ / (1+7)adr + Ot~ ==
t

< ot poratie f ot
=% if § < min (o, 1),
Ct'=aifa<s<l1.
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Theorem 1 is proved.

Acknowledgement

We are grateful to an unknown referee for many useful suggestions and com-
ments. This work is partially supported by CONACYT and COSNET.

[1]

2]

[10]

References

H. Aikawa and N. Hayashi, Holomorphic solutions of semilinear heat equations,
Complex Variables, 16 (1991), pp. 115 - 125.

N. Hayashi and E.I. Kaikina, Local ezistence of solutions to the Cauchy problem
for nonlinear Schrddinger equations, SUT Journal of Mathematics, 34, No. 2
(1998), pp. 111-137.

N. Hayashi, E.I. Kaikina and R. Manzo, Local and global existence of solutions
to the monlocal Whitham equation on half-line, Nonlinear Analisys, 48 (2002),
pp. 93-75.

N. Hayashi, E.I. Kaikina and P.I. Naumkin, Large time behavior of solutions to
the dissipative nonlinear Schrodinger equation, Proceedings of the Royal Soc.
Edingburgh, 130-A (2000), pp. 1029-1043.

N. Hayashi, E.I. Kaikina and F.R. Paredez, Boundary-value problem for the
Korteweg-de Vries-Burgers type equation, Nonlinear Differential Equations and
Applications, 8 (2002), pp. 439-463.

N. Hayashi, E.I. Kaikina and I.A. Shishmarev, Asymptotics of Solutions to the
Boundary-Value Problem for the Korteweg-de Vries-Burgers equation on a Half-
Line, Journal of Mathematical Analysis and Applications, 265 (2002), No. 2,
pp- 343-370.

E.I. Kaikina, The Cauchy problem for the nonlocal Schrodinger equation. I, II
Matemat. Modelirovanie, 3 (11) (1991), pp. 83-95, 96-108.

E.I. Kaikina, P.I. Naumkin and I.A. Shishmarev, Asymptotic behavior for large
time of solutions to the monlinear nonlocal Schrédinger equation on half-line,
SUT Journal of Mathematics, 35 (1) (1999), pp. 37-79.

P.I. Naumkin and I.A. Shishmarev, Nonlinear Nonlocal Equations in the Theory
of Wawes, Transl. of Math. Monographs, AMS, Providence, R.I., 133, 1994.

I. A. Shishmarev, M. Tsutsumi and E. I. Kaikina, Asymptotics in time for the
nonlinear nonlocal Schrédinger equations with a source, J. Math. Soc. Japan, 51
(1999), pp. 463-484.



90 E. KAIKINA, P. NAUMKIN AND I. SANCHEZ-SUAREZ

Elena I. Kaikina

Departamento de Ciencias Bésicas
Instituto Tecnolégico de Morelia

CP 58120, Morelia, Michoacén, MEXICO
E-mail: ekaikina@matmor.unam.mx

Pavel I. Naumkin

Instituto de Mateméticas

UNAM Campus Morelia, AP 61-3 (Xangari)
Morelia CP 58089, Michoacidn, MEXICO

FE-mail: pavelni@matmor .unam.mx

Isahi Sanchez-Suarez

Instituto Tecnolégico de Morelia

CP 58120, Morelia, Michoacén, MEXICO
E-mail: isahi ss@latinmail.com



