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STABILITY OF TORSION-FREE G, STRUCTURES
ALONG THE LAPLACIAN FLOW

JAasoN D. LoTAay & YoNG WEI

Abstract

We prove that torsion-free Gy structures are (weakly) dynam-
ically stable along the Laplacian flow for closed Gg structures.
More precisely, given a torsion-free Go structure ¢ on a compact
7-manifold M, the Laplacian flow with initial value in [@], suffi-
ciently close to @, will converge to a point in the Diff% M)-orbit
of ¢. We deduce, from fundamental work of Joyce [18], that the
Laplacian flow starting at any closed G structure with sufficiently
small torsion will exist for all time and converge to a torsion-free
Go structure.

1. Introduction

In this article we focus on the Laplacian flow for closed Go struc-
tures, whose stationary points are torsion-free Go structures on a com-
pact 7-manifold. This geometric flow, thus, gives a potential means for
studying the challenging problem of existence of Ricci-flat metrics with
exceptional holonomy Ga.

A desirable property of a geometric flow is (weak) dynamical stability
of its stationary points: if one starts the flow close to a stationary point
then it will converge to a (possibly different) stationary point. Such
a property gives one hope to obtain further long-time existence and
convergence results. We prove that weak dynamical stability holds for
torsion-free Go structures along the Laplacian flow, building on our work
in [23], thus, confirming an expectation of Bryant [2].

As a consequence, we deduce from Joyce’s fundamental perturbative
existence theory for torsion-free Gy structures [18] that the Laplacian
flow starting at a closed Gg structure with torsion sufficiently close to 0,
in a suitable sense, will exist for all time and converge to a torsion-free
Gy structure. This provides key evidence that the Laplacian flow may,
indeed, provide a useful tool for finding holonomy Gy metrics.
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A Gg structure on a 7-manifold M is defined by a positive 3-form
p e Qi (M), where the positivity is a natural nondegeneracy condition.
A positive 3-form exists if and only if M is orientable and spinnable.
To each ¢ € Q3 (M), one can associate a unique Riemannian metric g,
and an orientation on M. If V,, is the Levi-Civita connection of g,, we
can interpret V¢ as the torsion of the Go structure ¢, so if Vo =0
we say  is torsion-free and that (M, ¢) is a Go manifold. Equivalently,
if *, is the Hodge star operator determined by g, and the orientation,
then ¢ is torsion-free if and only if dp = dx,p = 0.

The key property of torsion-free Go structures is that the holonomy
group Hol(g,) € Go, and, thus, Gp manifolds (M,¢) are Ricci-flat.
Moreover, one can characterise the compact Go manifolds with
Hol(g,) = G2 as those with finite fundamental group. Thus, under-
standing torsion-free Go structures is crucial for constructing Riemann-
ian manifolds with holonomy Gs.

Bryant [1] used the theory of exterior differential systems to demon-
strate the local existence of many metrics with holonomy Gg, and then
Bryant—Salamon [4] constructed complete non-compact manifolds with
holonomy G, which are the spinor bundle of S and the bundles of anti-
self-dual 2-forms on §* and CP2. In [18], Joyce constructed the first
examples of compact 7-manifolds with holonomy Gg and many further
compact examples have now been constructed [7, 22].

Since Hamilton [14] introduced the Ricci flow in 1982, geometric
flows have been an important tool in studying geometric structures on
manifolds. In 1992, Bryant (see [2]) proposed the Laplacian flow for
closed G structures

%90 = Ayp,
(1.1) dp = 0,
¢(0) = oo,

where Ay, = ddi, +d,d is the Hodge Laplacian with respect to g, and ¢
is an initial closed G structure. The stationary points of the flow are
harmonic ¢, which on a compact manifold are precisely the torsion-free
Go structures, so the Laplacian flow provides a tool for studying the
existence of torsion-free Go structures on a manifold admitting closed
Go structures. We remark that there are other proposed flows which also
have torsion-free Gy structures as stationary points (e.g., [13, 21, 27]).

The goal is to understand the long-time behaviour of the Laplacian
flow on compact manifolds M; specifically, to understand conditions
under which the flow will converges to a torsion-free Go structure. A
fundamental result of Joyce [18] states that a closed Gg structure with
sufficiently small torsion (in a suitable sense) can be perturbed to a
torsion-free Go structure in its cohomology class. A reasonable first
conjecture is, therefore, that a dynamic version of Joyce’s result holds:
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namely, that if the initial Go structure g on M is closed and has small
torsion, then the Laplacian flow (1.1) exists for all time and converges
to a torsion-free Go structure. We show that such a conjecture is true
in Corollary 1.4 below.

As an essential first step in studying (1.1), a short-time existence
result was claimed in [2] and proved in detail in [5].

Theorem 1.1. For a compact T-manifold M with closed Go structure
©o, the initial value problem (1.1) has a unique solution for a short time
te0,e).

REMARK 1.2. The existence time € depends on the initial value (.

To prove Theorem 1.1, Bryant—Xu [5] modified (1.1) by a term Ly ()¢
for some vector field V(¢) and considered a “Laplacian-DeTurck flow”:

%SO - AQOSO + £V(4p)§07
(1.2) dp = 0,
©(0) = o,

where Ly () is the Lie derivative of ¢ in the direction V(). Linearis-
ing (1.2), one sees that it is parabolic in the direction of closed forms:
this is not a typical type of parabolicity, and so standard parabolic
theory does not obviously apply. The conclusion, therefore, follows by
applying DeTurck’s trick [8] and the Nash—Moser inverse function the-
orem (c.f. [14, 15]). This result is particularly surprising since (1.1)
uses the Hodge Laplacian and so appears to have the wrong sign to be
parabolic, but it turns out that by gauge-fixing as in (1.2) one does,
indeed, obtain a parabolic flow (at least in the required directions given
by closed forms).

Hitchin [17] (see also [5]) showed that the Laplacian flow is related
to a volume functional, which we now briefly describe. Suppose that
¢ € Q3 (M) is a closed Gy structure on M. Let

[el+ = {p+dB € QL(M) : § € (M)}
be the open subset of the cohomology class [@] that consists of positive
3-forms. The volume functional H : [p]; — R* is defined by

1
H(p) = = /Mcp/\ *pp = /M *,1.

Then ¢ € [¢]4 is a critical point of H if and only if d x,¢ =0, i.e., ¢ is
torsion-free. Moreover, the Laplacian flow can be viewed as the gradient
flow for H, with respect to a non-standard L?-type metric on [p] (see
e.g., [5]).

If ¢ is torsion-free then by calculating the second variation of the
functional # at @, one sees that the orbit Diff’(M)-@ of @ under the dif-
feomorphisms of M that are isotopic to identity is a local maximum of H
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on the moduli space [@]/ Diff®(M) (see [2, 17]). Consequently, Bryant
[2] expected that for ¢ € [@]4 sufficiently close to ¢, the Laplacian flow
(1.1) starting at oo will converge to a point in the orbit Diff®(M) - @.
Our main result confirms this expectation.

Theorem 1.3. Let ¢ be a torsion-free Go structure on a compact
7-manifold M. There is a neighbourhood U of @ such that for any
o € [@]+ NU, the Laplacian flow (1.1) with initial value g exists for
all t € [0,00) and converges smoothly to o € Diff(M) - @ as t — oo,

In other words, torsion-free Go structures are (weakly) dynamically
stable along the Laplacian flow for closed Gy structures.

The proof of Theorem 1.3 is inspired by the proof of an analogous
result in Ricci flow: Ricci-flat metrics are dynamically stable along the
Ricci flow. The idea is to combine arguments for the Ricci flow case
[16, 25, 26] with the particulars of the geometry of closed Go struc-
tures and new higher order estimates for the Laplacian flow derived
by the authors [23]. For a precise definition of the neighbourhood U,
which is defined by norms involving derivatives at least up to order 9,
see §5.

If we assume Joyce’s existence result for torsion-free Go structures
[18], then Theorem 1.3 has the following immediate corollary.

Corollary 1.4. Let g be a closed Go structure on a compact 7-
manifold M. There exists a C”-open neighbourhood U of 0 in Q3(M)
such that if df, po = d7, ~ for some vy € U, then the Laplacian flow (1.1)
with initial value g exists for all time and converges to a torsion-free
Go structure.

The theory in [18] states that if we control the CY and L?-norms of v
and the L'*-norm of di,y = dg, o, we can deform g in its cohomology
class to a unique C%-close torsion-free Gy structure @. By choosing a
neighbourhood U appropriately, controlling derivatives up to at least
order 9, we can ensure that we can apply both the theory of [18] and
Theorem 1.3, and, thus, deduce the corollary. The neighbourhood U
given by Corollary 1.4 is not optimal, and one would like to able to
prove this result directly using the Laplacian flow with optimal condi-
tions and without recourse to [18], but, nevertheless, Corollary 1.4 gives
significant evidence that the Laplacian flow will play an important role
in understanding the problem of existence of torsion-free Go structures
on 7-manifolds admitting closed Gg structures.

Our results also motivate us to study an approach to the following
problem! . The work of Joyce [18] shows that the natural map from the
moduli space M of torsion-free Go structures (that is, torsion-free Go
structures up to the action of Diff®(M)) to H3(M) given by Diff®(M) -

!The authors are grateful to Thomas Walpuski for pointing this out.
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@ — [@] is locally injective, but the question of whether this map is
globally injective, raised by Joyce (c.f. [19]), is still open. Equivalently,
it can be phrased as asking whether the Lagrangian immersion of M
into T*H3(M) = H3(M) x H*(M) given by

Diff’(M) - ¢ — ([@], [*52])

is an embedding. Suppose we have two torsion-free G structures ¢y and
(1 which lie in the same cohomology class, so we can write @1 = @g+dn
for some 2-form 7. We would like to see whether @; € Diff’(M) - @p.
By our main theorem (Theorem 1.3) we know that the Laplacian flow
starting at ¢o(s) = @o + sdn (which is closed) will exist for all time and
converge to ¢*@g for some ¢, € Diff’(M) when s is sufficiently small.
Similarly, the Laplacian flow starting at ¢o(s) for s near 1 will also exist
for all time and now converge to ®*@; for some ®4 € Diff’(M). The aim
would be to study long-time existence and convergence of the flow start-
ing at any ¢g(s) and, if this occurs, use Joyce’s local injectivity result
to show the Ga moduli space M embeds into T*H3(M), or otherwise
find obstructions.

Generally, one cannot expect the Laplacian flow (1.1) will converge
to a torsion-free Go structure, even if it has long-time existence. There
are compact 7-manifolds with closed Go structures that cannot admit
holonomy G2 metrics for topological reasons (c.f. [9, 10]), and Bryant
[2] showed that the Laplacian flow starting with a particular one of these
examples will exist for all time but it does not converge; for instance, the
volume of the associated metrics will increase without bound. However,
we note that recently Ferndndez—Fino—Manero [12] constructed some
non-compact solutions for the Laplacian flow which exist for all time
and do converge, but to a flat Gg structure, and Bryant [3] has informed
the first author of non-trivial examples of non-compact steady solitons
for the Laplacian flow (i.e., solutions which exist for all time and only
vary within their diffeomorphism orbit).

We now briefly summarise the contents of this article. In §2 we recall
some basic properties of closed Go structures and the Laplacian flow,
mainly from [2] but also with some new observations from [23]. For
the remainder of the article we assume that (M, @) is a compact Go
manifold. In §3, we study the Laplacian-DeTurck flow (1.2) for ¢y €
[#]+ and show that if ¢y is sufficiently close to ¢ then the flow will exist
at least up to time 1 and remain close to @. In §4 we show that the
Laplacian-DeTurck flow exponentially decays in L? to ¢ and that we
can use Sobolev estimates to show that as long as the flow exists, it is
uniformly controlled by the initial error ¢y — @. In §5, we first prove
dynamical stability of torsion-free Go structures under the Laplacian—
DeTurck flow (1.2) for closed G structures, and then use this to prove
our main result, Theorem 1.3.
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2. Preliminaries

In this section, we collect some facts and results on closed Go struc-
tures and the Laplacian flow. For more detail, we refer the reader to
[2, 5,19, 23, 24].

Let {e1,e2, - ,e7} be the standard basis of R” and let {e!,e?,--- €7}
be its dual basis. Write €% = e A e/ A eF for simplicity and define a
3-form ¢ by

b= 123 4 o145 | 167 4 (246 _ (25T _ 34T _ 356

The subgroup of GL(7,R) fixing ¢ is the exceptional Lie group Ga,
which is a compact, connected, simple Lie subgroup of SO(7) of dimen-
sion 14. Note that Gy acts irreducibly on R” and preserves the metric
and orientation for which {ej,es, - ,e7} is an oriented orthonormal
basis. If x4 denotes the Hodge star on R, then G, also preserves the
4-form

*Cb(b — €4567 + 62367 + 62345 + 61357 o 61346 _ e1256 o 61247.

Let M be a 7-manifold. For x € M we let
A (M), = {p, € A*T; M|3u € Hom(T, M,R7),u*¢ = ¢, },

and, thus, obtain a bundle A3 (M) = U,A3 (M),, which is an open
subbundle of A3T*M, with fibre GL(7,R)/G2. We call a section ¢ of
A3 (M) a positive 3-form on M and we denote the space of sections of
A3 (M) by Q3 (M). There is a 1-1 correspondence between G structures
and positive 3-forms, because given ¢ € Qi(M ), the subbundle of the
frame bundle whose fibre at = consists of u € Hom(7, M,R") such that
uw*¢ = @, defines a principal subbundle with fibre Go, i.e., a Go structure
on M. Thus, we usually call ¢ € Q‘i(M) a Go structure on M. Note
that the existence of Go structures is a purely topological fact, namely
that M is oriented and spin.

The Gg structure induces a splitting of the bundle of k-forms (2 <
k <'5) into direct summands, which we denote by A¥(T*M, o) so that
| indicates the rank of the bundle. If we let QF(M) be the space of
sections of AF(T*M, ) then we have that

(M) =3(M) ® Qf4(M),
O°(M) =0}(M) © (M) ® Q3,(M),
where, if we let ¢ = *,¢,
QHM) ={B € R(M)|BA ¢ =2, 8} = {X p|X € T(TM)},
O (M) ={B € R(M)|B N = —x, B} = {8 € QB (M)|g A =0},
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and

(M) ={folf € C=(M)},
O3 (M) ={X |X e I(TM)},
Dr(M) ={y e M)y Ap=0=7 A9}
By Hodge duality, we have a similar decomposition for Q*(M) and
Q°(M).
To study the Laplacian flow, it is convenient to write the relevant

quantities for study in local coordinates. We write a k-form « locally
using summation convention and index notation as follows:
1 . .
o= Eaim...ikd.@“ Ao Ada'k,

where {z!,--- 27} give local coordinates on M.
We define the operator i, : S?T*M — A3T*M as in [2] (up to a
factor of 1) by

1 ) .
ip(h) zihégpljkdxl Adzd A dat,

for h = h;jdz'da? locally. Then A3, (T*M,p) = i,(SET*M), where
S2T*M denotes the trace-free symmetric 2-tensors on M, and i,(g) =
3. We also have the map j, on 3-forms:

(2.1) Jo(V)(w, ) = *p((uap) A (vap) A7),
which is an isomorphism between Q3 (M) @ Q3-(M) and the symmetric
2-tensors on M that provides an inverse of i,. Then we have
Je(ip(h)) = 4h + 2trg(h)g,
for any h € S?(M), and j,(¢) = 6g.

Given any G structure ¢ € Q3 (M), there exist unique differential
forms 79 € Q°(M), 71 € QY M), € Q3,(M) and 73 € Q3-(M) such
that dy and di can be expressed as follows:

(2.2) do =100 + 371 N + *,73,

(2.3) dip =4ATi NP+ T2 N .

We call the four forms {79, 71, 72, 73} the intrinsic torsion forms of a Go
structure. The full torsion tensor is a 2-tensor T;; satisfying

(2.4) Vivjr = T;" Ymjkl,

Ji 1 jlmn
(2.5) T,” = ﬂvz‘%mniﬁ )
and

(2.6) Vitbijit = — (Tmi0ikt — Timj @ikt — Tmkjit — Tmi@jki) -
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Then the full torsion tensor Tj; is related with the torsion forms by the
following (see [20]):

70 _ 1
Ty = Zgij - (71#J<P>z'j —(73)ij — 5(72)1';',

where (7'1# 3¢)ij = (11)!uij and (73);; is the traceless symmetric 2-tensor
such that 73 = i,(73).

If  is closed, then (2.2) implies that 79, 71 and 73 are all zero, so the
only non-zero torsion form is 7 = %(TQ)ijdl'i A dz?. The full torsion
tensor satisfies Tj; = —T}; = —%(TQ)Z‘]‘, which is a skew-symmetric 2-
tensor. In the majority of this article, we will only consider closed Go
structures and will, thus, write 7 = 7 for simplicity.

To study the Laplacian flow we have calculated A,p for closed ¢
in [23]:

(2.7) Agp =dr =i, (h),

for a symmetric 2-tensor h satisfying

1
(2.8) hij = —(ViTni)p; ™" — §|T|29ij —T,'Ty;.
Thus, the Laplacian flow (1.1) can be rewritten as
0 .
(29 oo =igh)

Under the flow (2.9), the associated metric g(t) of p(t) evolves by
(see [20])

0
—g(t) = 2h(t).
2 9(t) = 2h(1)
Then substituting (2.8), we have
0 2
(2.10) 5% = —2(ViTh)p — gIT\QQz‘j — 2T;*Ty;.

Since dp = 0, the Ricci tensor of the associated metric g is equal to
(see [20])

(2.11) Ricij = (ViTu)e — T," Ty,

and so we can recover the following formula from [2]:
0 , 2

(212) agij = —QRZCU - §|T|29ij - 41—;ka]

Thus, the leading term of the metric flow corresponds to the Ricci flow.
From (2.10), the volume form vol, evolves by

9
ot
Therefore, along the Laplacian flow for closed Go structures, the volume

of M with respect to g will increase (in fact, the volume form increases
pointwise).

1 0 2
(2.13) volg = §trg(ag(t))volg = §]T\2vol9.
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Notice, as in [2], that taking the trace of (2.11) gives
(2.14) R=—|T],

where R is the scalar curvature. So, 7-manifolds with closed Gy struc-
tures necessarily have metrics with non-positive scalar curvature, but
this is a weak curvature condition amenable to the h-principle.

In [23], we also calculated the evolution of the full torsion tensor T’

3}
(2.15) aT:AT—l—Rm*T—FRm*T*@ZJ—I—VT*T*gp+T>kT>kT,

where we will continually use * to mean some contraction using the met-
ric g(t) associated with ¢(¢), and the evolution equation of the Riemann
curvature tensor as
0

(2.16) aRm = ARm+RmxRm+Rm+T+«T +V?T+T +VT*VT.
Here A denotes the usual (analyst’s) Laplacian, which is a negative
operator. Notice that A, on the other hand, is the Hodge Laplacian
and so is a positive operator.

We end this section with the following useful estimate on the existence
time of the Laplacian flow (1.1) from [23].

Proposition 2.1. If ¢ is a closed Go structure on a compact 7-
manifold M and K € R so that

(2.17) A@) = (IRm(@)]? + |VT(2))* < K,

for all x € M, then the unique solution ¢(t) of the Laplacian flow
(1.1) will exist at least for time t € [0,¢/K], where ¢ > 0 is a uniform
constant, independent of @g.

Observe that a bound on Rm gives a bound on T for closed Go
structures by (2.14).

3. Estimates for ¢t <1

In this section, we show that if ¢ is a torsion-free Gy structure and
we are given a neighbourhood U of @, then we can find a smaller neigh-
bourhood Uy of ¢ so that if the initial value ¢y € [ lies in Uy, then
the Laplacian-DeTurck flow (1.2) will exist at least for ¢ € [0,1] and
remain in U.

Lemma 3.1 (Estimate for ¢t < 1). Let (M, ) be a compact Go man-
ifold. For any k > 3, € > 0, there exists a constant 6 = 6(M,p,k,e) >0
such that: if wo € [p]4 and ||po — @||k+4 < 6, then the solution ¢(t) to

g

the Laplacian—DeTurck flow (1.2) exists on [0,1] and satisfies
I6(t) - Bllos < VEel0.1]

where the C’g—norms are defined via the metric g determined by @.
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Proof. Let k > 3 and ¢ > 0. By making ¢ > 0 smaller, we can
assume that if ¢ is a Gg structure satisfying ||¢ — @||ox < € and g is the
g9

associated metric of ¢, then the C*-norms via ¢ and g differ at most by
a factor 2.
Recall A from (2.17). Define a finite constant K = K (¢, k) > 0 by:

(3.1)
K :sup{\Vsz(q;)F + |V1+1T<1‘)’2 e — ‘ﬁHogH <,

x € M,i<k+2}
+sup{|A@)] ¢ I~ Pllox < o € M),

where V, Rm and T denote the Levi-Civita connection, Riemann cur-
vature tensor and torsion tensor of (.
Let o satisfy [[¢o — @|oe+4 < € and let o(t) be the solution to
g9

the Laplacian flow (1.1) starting at ¢p. Suppose that o(t) exists on
some time interval [0,7] (where n > 0 by Theorem 1.1). From (2.15)—
(2.16) and calculations in [23, §4], we can compute the evolution of the
pointwise norms |V:Rm/| and |V*FT| with respect to g(t).

First we have

(3.2)
o i 2 i+1rp)2
E(W Rm|* + |[V'*HT)?)
< A(IV'Rm|* + VT ?) — 2|V R |? — 2| V272

+> V'Rm# V"I Rm x VI (Rm + T+ T)
=0
i+1

+ Y VIRm s« VIT « V2T
=0
i+1

+ Z VT « VAT « VI(Rm + T + T)
=0
i+1

+ Z VAT s« (VT (Rm o+ T) * V2op + VT (VT + T) V).
=0

Note that the pointwise norms of V/¢ and V71 can be estimated by a
constant depending on the upper bounds of |T|, |VT],--- ,|V/71T| and
that (3.2) for i = 0 gives an evolution inequality for A2

By definition of K in (3.1) we have that if the Laplacian flow ¢(¢)
starting from g exists on the time interval [0,7] and ||p(t) — SEHCZ; <e
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for Vt € [0, ], then

SupxeM A(.T,t) S K7 vt € [0777]7
(3.3) ' '
|VIRm(x,0)]? + |V IT(2,0)]? < K,V € M,i < k+2.

Applying the maximum principle to (3.2) and using an induction argu-
ment, we claim that if n < 1, then there is a constant K = K(K, k) < oo
such that

(3.4) |VIRm(x,t)]? + |V T (z,t)> < K,V € M,t € [0,1],i <k +2.

We now prove this claim.
For i = 1, using (2.14) we can derive from (3.2) that

(3.5)
gt(yVRmy? + |V2T?) < A(IVRm|? + |V2T|?) — 2|V2Rm|* — 2|V3T 2
+ C|V3T||Rm|2 (|VRm| + |V2T))
+ C|V2T||V2Rm||Rm|2
+ C(I[VRm|> + |V*T*)(IVT| + |Rm|)
+ C([VRm| + |V2T|)|Rm|2 (|Rm|* + |VT]?),

where C' are uniform constants. Young’s inequality implies that 2ab <
%aQ + €eb? for all € > 0 and a,b > 0, so for all € > 0 we have

2
2|V3T||Rm|2 ([VRm| + |V2T]) < E|1-'am\(yv1%m|2 + |V2T|?) + €| V3T %,
1
2|V2T||V2Rm||Rm|z < =|Rm||V2T)? + ¢|VZRm)?2.
€

Substituting these estimates into (3.5) and choosing e sufficiently small
then yields the parabolic inequality

(3.6)
O (VRmP +|9°T) < A(VRm[* + [V°T?)
+ C(IVRm|?> + |V*T*)(IVT| + |Rm|)
+ C([VRm| + |V2T|)|Rm|2 (|Rm|* + |VT]?).
If we denote

As(t) = max((V Rm(, 0 + V2T (. 1) ),

then applying the maximum principle to (3.6) and using the first line
of the condition (3.3), we have

d
(3.7) %Al(t} <C1 KA (t) + CoK?,
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where C1,Cy are two uniform constants. Then integrating (3.7) yields
that

A (t) + %K < e K A(0) + 2 K).
1
Since ¢ < 1 and A;(0) < K by the second line of (3.3), the above
inequality implies that
Cy -

K =K.

(3.8) Ar(t) < eNEK 4 (91K — 1) 22 .
1

This proves the i = 1 case of (3.4).

For 1 < i < k + 2, the conclusion (3.4) follows from an induction
argument starting from (3.8). More concretely, suppose that there is
some 1 <! < k+ 2 so that (3.4) holds for all 1 < i < {. Consider (3.2)
for ¢ = [. By the inductive hypothesis, any term on the right-hand side
of (3.2) which can be estimated by |ViRm| and |V*HT| for i < I can
be bounded by a constant depending only on K. With this observation,
(3.2) for i = [ then yields

aatﬂlem‘Q + ‘VlJrlT’Q)
< A(V'Rm|? + |VITIT12) — 2|V Rm|? — 2|V 272
+ C|VI2T|(IV Rm| 4 |[VIT)) 4 ©| VLT || VI Rm|
+ C(|V'Rm|? + VT + C(|IV Rm| + |VIHT),

where the constants C depend on K. Using Young’s inequality as before
we obtain the parabolic inequality

;(NlRmF + VT2 < A(|VIRm? 4 VT2
+ C(|[V'Rm|? + VT 1) + (V' Rm| + |VT),

to which we may apply the maximum principle to conclude that (3.4)
holds for i = [ as required.
Next, using calculations in [23, §4] again, we have

(3.9)

+) VT« VT« VI(Rm+ T+ T)
j=0

+ ZViT* VI (Rm+T) x Vi + ZV’T* VI(VT *T) V.
j=0 §=0

We now choose €é > 0, which we will impose smallness conditions on
later. Applying the maximum principle to (3.9) and using (3.4), there
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is a constant 6 = 0(K, €, k) > 0 such that
(3.10)  |ViT(x,0)| <6 VeeMi<k+2

= |V'T(x,t)] <& Vo e M,tel0,n]),i<k+2
Note that in (3.10) we have control of one less derivative of 7' than in
(3.4), because on the right-hand side of (3.9) there are terms involving

ViRm and V*t1T which need to be estimated.
Since [0 — @[l qr+4 < € by (3.1) we have A(z,0) < K < oo, and,
g

hence, we see from Proposition 2.1 that the maximal existence time T}
of ¢(t) has a uniform lower bound Tp > ¢/K > 0 depending only on K.
We know that the solution @(t) to the Laplacian-DeTurck flow (1.2),
with the same initial value ¢, is given by

p(t) = o(t) (1),

for a family of diffecomorphisms ¢(t) on M generated by vector fields
V(e(t)) determined by ¢(t). Hence, ¢(t) will also exist at least on
[07 TO)-

We also know that V(p(t)) depends on ¢(t) and its first derivative,
so a bound on |[V'p(t)| 4 for i < k+ 2 will yield a bound on |@ig5\g(t)
for i < k, where §(t) and V are the metric and Levi-Civita connection
determined by ¢(t). Therefore, since ¢(t) is bounded in C§+4 we have

that @(t) is bounded in C§+2 and, thus,
B + [V

is finite for ¢ < k, where Rm and T are the Riemann curvature and
torsion tensors of p(t) respectively. By diffeomorphism invariance, (3.4)
and (3.10) show that

(3.11)  |V'Rm|Z + VT2 = [V'Rm|2 + |V T2

<K, YzeMtelo,n],i<k,
(3.12) \ViT|; = |V'T),

<é¢ VreM,te0,n],i<k+1.

Now let § € (0,¢) be sufficiently small so that for all z € M, i < k+2
we have

lp = Pllgrrs =0 = llo = @llp < €/4 and IV'T(z)| < 6.

Assume that [¢g — @[] k+4 < 6 <€, let n < T be the maximal existence
g

time of the Laplacian-DeTurck flow (1.2) with the initial value ¢q such
that

lp(t) = @llex <€ vt e[0,n).
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If n <1, then

t
. _ _ d, . _
B-13) o) = @lior < llvo = @llcs +/ 2519(8) = @llcrds

€

<5 [ 185090) + Lrai @ leyds
€

< 4+2/ 18505 P(s) + Ly gsn@(s)lice  ds
€ i 2

<

< i+ [[U9T@ sy, + 1@l )
< +20%,

for all t € [0, 7], where in the final step we used < 1. Here in the fourth
inequality of (3.13) we used the facts Az@ = d7 and the vector field
V(p) involves the first order covariant derivative of @, and in the last
inequality we used (3.12), noting that we need a small bound on T in
Cg“. Since C'is a uniform constant, by choosing € sufficiently small we
can ensure that 2C€ < {, and, hence, ||@(t) — @Hcg < £, contradicting
the maximality of 7.

Therefore, we have n > 1 as desired. q.e.d.

4. Estimates for t > 1

In this section, we now turn to studying the long-time estimates for
solutions ¢(t) to the Laplacian-DeTurck flow (1.2); i.e., for ¢t > 1. We
will show that the flow exponentially decays to the torsion-free Go struc-
ture in L?. We then obtain further integral estimates which allow us to
deduce, through Sobolev embedding, that the Cg—norm of p(t) — ¢ is
uniformly controlled by the C§+4—norm of g — .

We suppose we are in the situation of Lemma 3.1 and use the notation
introduced there: in particular, we fix £ > 3 and ¢ > 0 and obtain § > 0
so that the flow exists at least up to time 1 in [¢]; where ¢ is torsion-
free.

Since ¢(t) lies in the cohomology class [@], we can write ¢(t) = ¢+0(t)
with () taking values in exact forms. We are assuming that 6y = 6(0)
satisfies |]490HC§+4 < 0. Let n be the maximum time such that the
solution ¢(t) of (1.2) starting at ¢ exists and ||@(¢) —g5||cg < €. Clearly,
from Lemma 3.1 we know that n > 1.

Since we shall focus on the Laplacian-DeTurck flow (1.2) in this sec-
tion, we now recall the definition of the vector field V(y) which ap-
pears in the flow. Let S = V — V, which is a tensor taking values in
TM ® S*T*M. Let A be the constant in [5, Lemma 1.7]. (Although A
is not calculated in [5], it arises purely from G representation theory
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and so by working on R” one can find that A = —% in the conventions
of [5].) As in [5], we let V() be
(4.1) V(p) = =5Vi(p) — Va(y),

with Vi, Vs given locally by
1 4 o
Vi(p) = 2g"Speeis Val) = 24(g% Siye; + 5V ().

In particular, observe that V(¢) = 0. We let Az(p) = App + Ly ()0
It was proved in [5] that the linearisation of Ap(y) at ¢ applied to a
closed variation 6 = 0s|s—ops (so df = 0) is

(4.2) Dy, As(p)0 = —Ay0 + dP(6),
where ®(0) is an algebraic linear operator on 6 with coefficients de-
pending on the torsion of ¢. Notice in (4.2) the surprising fact that the
sign of the Laplacian has changed in the linearisation, which indicates
the parabolicity of the flow discussed in the introduction. We should
also note that (4.2) was derived only assuming ¢ was a background Go
structure and not necessarily a torsion-free one.

We now show that we can approximate the evolution of 6(t) =
P(t) — @

Lemma 4.1. There ezists € = €(¢) > 0 such that if € € (0,€), then
for all time t for which the solution ¢(t) of (1.2) exists and H@(t)Hcg <€,

we have

0 _
(4.3) 5:0() = — Bg0 + dF(p, 9(1),6(2), VO(t)),
where F is a 2-form which is smooth in the first two arguments and

linear in the last two arguments.

Proof. Recall that ¢(t) is a solution to the Laplacian-DeTurck flow
(1.2) and @ is a stationary solution of (1.2), so Az(®) = 0. For all ¢ for
which ¢(t) exists and HG(t)Hcg = ||p(t) — 95”05 < €, we have

0 0, . _ - _
(48 200 = 530 - §) = As(5(1) — As(9)
= D As(P)0 + F = —Az0 +do(9) + F,

where F is the remaining higher order term. We choose € small enough
such that F' is small compared to the linear part. By studying the
details of the proof of (4.2) in [5], we can conclude that if we linearise
Ag(p) at the torsion-free Go structure ¢, then d®(6) = 0, so

(4.5) DgAs(@)0 = —AH.

We next estimate the remaining term F. Since (t) is small in the
Cg-norm, we can write

(4.6) 0 =3¢ +xa(f* N @)+ f2,
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for f0 € QO(M), 1 € QY(M) and f3 € Q3,(M) (with respect to ¢) with
small Cg—norm. Then by [19] we have

(4.7) *p0 =45 @+ 4f %5 0+ fL NG — x5+ Q(0,8,0),
where @ is smooth in its first two arguments, and the principal part of
@ is quadratic in the third argument. As ¢(t) is closed, we have

A¢¢:*¢d*¢d(ﬁ—d*¢d*¢¢:—d*géd*gBSa
We linearise Ag@ at @,
DoBs(0) = — d(3s)d #p @ — dwg (4" 55 @+ [ A — 5%
= —dxpdAf° x5 @+ L AP —xaf>),

where we used the fact that ¢ is coclosed (as it is torsion-free) to elim-
inate the first term involving the linearisation of 3. We then have

(4.8) App — App — DpApp(0)
= —dxpd*sp+dxsddf0 s ¢+ fL AP —*5f3)
= —d(xp — *p)d x5 ¢ — d x5 dQ(p, ¢, 0)
= dF1(p,¢,0,V0),
where we denote
Fi(6,8,0,V0) = —(xp — #5)d*5 0 — %5dQ(5, 5, 0).
Notice that Fy is dominated by V6 for ¢ small.

Let § = g + h be the metric determined by ¢. To calculate the
difference between Ly ()¢ and its linearisation Dg(Ly (5)P)(0), we first

calculate the difference between V1(¢) = P45}, e; and its linearisation.
We can express V(@) in local coordinates as follows:

(4.9)
Vi(@) =(3 + h)P! (T (3 + h) = Ty(8))ei
=%(§ + h) ((ZJ +1)7 (0p(F + h)jq + g3 + 1) jp = 05(G + h)pa)
= 390y (0)s0 + 04(0)in ~ 0,0 )
Note that V1 () is a tensor and its linearisation is:
(4.10) Vi.(0) = %gpqgij (Vphjq + Vahjp = Vjihpg) €i.

It is well-known (c.f. [2, 19]) that the metric g of ¢ varies infinitesimally
by

(411) h=2£%+ LjplF),
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where jg is the linear map defined in (2.1). Equations (4.6) and (4.11)
show that there is a linear relation between h and 6. Therefore, using
the fact that Vi (@) = 0, we may write

‘/1(85) - ‘/1(95) - ‘/1*(0) :FQ(g7g7 h7 ?h) = F2((/_)7 @aev v0)7

where [ is linear in 6 and V@. Moreover, it follows from (4.9) and
(4.10), and the relation between h and €, that Fy can be expressed in
the form f(p,p)0V0, where f is a tensor depending on ¢ and .

By the same method, we can express the difference between the vector
field g* S¢ e; and its linearisation as a smooth map which is linear in ¢
and V6, and, thus, obtain a similar description for Va (%) —Va (@) —Vax (6).

Combining these expressions for V1 (@) and Va(@) we obtain
(412) V(@) = Vi(0) = V(@) = V(p) — Vi(0) = F3(, ,0,V0),

where V(@) = 0, Vi(6) is the linearisation of the vector field V()
applied to 0 and Fj is linear in # and V. Notice that by (4.10), a
similar expression for Va,(f) and the linear relation between h and 6,
we have that V,(0) is a linear function of V6.

Since dgp = 0, we see from Cartan’s formula that

Ly g e =dV(¢)2p).
Moreover, as the exterior derivative is a linear map independent of 8,
and V(@) = 0, we have

Dg(Ly(5)@)(0) = D (d(V (@) 9)) (6)
=d(DgV (2)(0)29)
= d(Vi(0)29).
These observations together with (4.12) imply that
Ly )P — Ly(g)P — Da(LyzP)(0) =d(V(P)1p — Vi(0)19)
=d((V(p) = Vi(0)) 2@ + Vi(6)0)
:d(Fg(@, P, 0, ?9)4@ + ‘/*(9)_!9).
Since Vi(6) depends linearly on V6, we deduce that
(4.13) Ly )@ — Lv ()P — Dp(Ly()9)(0) = dFi(p, $,0,V0),

where F} is smooth in its arguments and linear in # and V6. Combining
(4.8) and (4.13) gives:
(4.14)

F = d<F1(90v @v 0, @9) + F4(957 @v 0, @9)> = dF(@? @(t)’e(t)v ?Q(t)),

where F' is a 2-form which is smooth in the first two arguments and
linear in the last two arguments. Then (4.3) follows from (4.4), (4.5)
and (4.14). q.e.d.
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From Lemma 3.1 we know that 6(t) exists at least for ¢ € [0, 7] with
n > 1 and ||6(t)|| o+ < €. We next improve this estimate in a sequence
g

of results which give estimates on W™2 norms of 0(t).

In the rest of the paper, we use the same symbol C' to denote various
positive constants which are uniformly bounded and depend at most on
©, €,k and Sobolev embedding constants. Unless otherwise stated, all
norms, inner products and integrals will be calculated with respect to
the fixed metric g.

We begin with an L? estimate, where we get exponential decay.

Lemma 4.2. There ezists € = €(¢) > 0 such that if € € (0,€), then
for all time t for which the solution ¢(t) of (1.2) exists and ||0(¢ )Hcl;]c <€,

we have
(4.15) [ 100Pdsy < e [ jo(0) Pang
M M

where A1 is the first eigenvalue of the Hodge—Laplacian Ay on exact
3-forms, which is positive due to the Hodge decomposition theorem.

Proof. We take the g-inner product of (4.3) with 6(¢) and integrate
over M:

416
o)
/\9 )|?dvg _2/ 6(t)~a0(t)dvg

:2/ 0 (—A,0+ dF (3, $,0,56))dv,
M

:—2/ |d*0|2dvg+2/ d*6 - Fdug

M M

§2/ |d*e|2dvg+206/ |d*0||V6|dvg
M M

5—2/ yd*e\dengce/ (|d*0|* + |V0)?)dvg,
M M

where d* = d7 is defined with respect to ¢ and in the first inequality

of (4.16) we used the estimate |F| < C|0]|V0] < Ce|V6|. Recall the
Weitzenbock formula:

(4.17) Azl = —A0 +R(0),

where R is some combination of curvature operators with respect to g
and A = trV? is called the rough (or connection) Laplacian.

Note that € is closed (as it is exact). Taking the inner product with
6 on both sides of (4.17) and integrating over M, we have

(4.18) /yd* 2dvy = /M(Wey?+e-7z(e))dvg,
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which implies

(4.19) / |W|2dvgg/ (|d*0)* + C|0]*)dvy,
M M

where C' depends on the bound of the curvature tensor of g. Since \;
is the first eigenvalue of Az on exact 3-forms, we have:

(4.20) / H-A@Hdvg:/ |d*0|2dvg2>\1/ 102 dv;.
M M M

Substituting (4.19) into (4.16) and using (4.20), we have
(4.21) / 10(t)2dvg < — 2(1 — Ce) / \d*ﬁ]deg—i-Ce/ 10| dvy

e —C’e)/ 18]2dv,
M

where we have chosen € small such that Ce < min{2, 21}. Then (4.15)
follows from integrating (4.21) in t. q.e.d.

We now proceed to look at higher order estimates, which will follow
from the next three lemmas.

Lemma 4.3. There exists € = €(p) > 0 such that if € € (0,€), then
for all time t for which the solution @(t) of (1.2) exists and ||0(t)||ox < e,
g

we have

(4.22) // V(s degds<<1+ )/ 16(0)|*dvg,

where A1 is the first eigenvalue of Az on exact 3-forms.

Proof. Substituting the Weitzenbock formula (4.17) into the evolution
equation (4.3), we have

0 _
(4.23) a&(t) = A0(t) — R(0(t)) + dF.
Taking the g-inner product of (4.23) with 6(¢) and integrating over M,
we can use the estimates for R and F' to compute:

424

2d / 10(t)2dvg < /|V¢9|2dvg—|—0/ |9|2dvg+/ d*6 - Fdvg
t M
/ |v0\2dvg+c/ 102 dv;

+5Ce [ (0P +190P)au
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-1 —Ce)/ yvedeungc/ 10| dv
M M

1 _
g—/ V9|2dvg+0/ 10|2dvg,
2 M M

where in the third inequality we used
/ |d°02dvy < / (19612 + C16])dv,,
M M

which follows from (4.18). Integrating the above inequality in ¢ gives:

t
1// |W(s)\2dugds+1/ 10(1)|*dvg
2 Jo Jum 2 Jum
1 t
§/ |0(O)|2dvg+0// \9(5)|2dvgds
2J/m 0 Ju
< (34 0-e20) [ jpoPds,
2 N M

where in the last inequality we used the estimate (4.15). The result
follows. q.e.d.

Lemma 4.4. There exists € = €(¢) > 0 such that if € € (0,€), then
for all time t for which the solution @(t) of (1.2) exists and ||0(t)||ox < e,
g

we have
(4.25)

//| |dvgds+/ |VO(t)|*dvg + // IV20(s)|*dvgds
g/MWe((m dvg—i—C/MG(O)] dv;.

Proof. We rewrite the equation (4.23) as

o _
S0(t) = A(t) = —R(6(1)) + dF.

Squaring both sides with g and integrating over M, we can use the
estimates of R and F' to see that

(4.26)
L (ol -
M\ |0t
By integration by parts and the Ricci identity, we compute
0, = d —
4.27) — [ 220 Adv; =— 0| dvg
@21 ~ [ 250 Aoy =5 [ [V0Rau,

(4.28) /M |AO?dvy = /M V20| dvg + /M Rm(g) * VO * Vodvy,

2
8 —0- A6+ |Ad| ) dvg g/ 2(C|0)* + |dF|?)dv;.
20t "
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where * means a contraction of tensors using g. Recall that, by the
proof of Lemma 4.1, we can write F' = f(, $)0V0 for some tensor f
depending on @ and ¢. Moreover, ¢ = ¢ + 6 and Vg = 0 so Vi = V6.
Hence, differentiating the expression for F' yields

dF| < |VF| < C(16]|V0]* + |V6]* + 6] V*0]) ,

where the first term on the right-hand side arises from differentiating f.
Using the facts that |§] < € and |[V0| < €, we obtain the estimate

(4.29) |dF| < Ce(|VO]| + |V24]).
Combining (4.26)—(4.29) gives that

.3
M| Ot
Choosing € small such that Ce? < 1/2, we have

(4.30) /M ‘gta

2
d [ - _
dvg—i-/ |V9|2dvg+/ V20| dv;

g/ C (161> + VO] + [V?0)?) dvg.
M

2
d _ 1 _
dvg—f-/ \v92dvg+/ V20| dv;
dt Ju 2J/m

g/ C (6 + [V6]?) dvy.
M

Integrating (4.30) and using the estimates in Lemmas 4.2-4.3 gives the
result. q.e.d.

Taking covariant derivative with respect to g in (4.23), we obtain
o_ _ _ _
(4.31) ave =VAO —R(VO) — (VR)0 — VdF
=AVO —R1(VO) — (VR1)0 — VdF,
where in the second equality we used the Ricci identity
VAO — AVO = VRm(g) » 0 + Rm(g) * V0,

and R, R, are some combinations of curvature operators with respect
to the metric g. Recall that we can write F' = f(, )0V and that
V@ =0 and V@ = VA. By taking a second derivative of this expression
for F we deduce an estimate on VdF:

|VdF| < |V*F]|
< C(10||VO? + VO] + V20|V + |0]|V20]|VO| + |0]]V>0)).
Then, using |0 < € and |V]| < €, we obtain
(4.32) \VAF| < Ce(|VO] + |V20] + |V30)).
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Lemma 4.5. There ezists € = €(¢) > 0 such that if € € (0,€), then
for all time t for which the solution ¢(t) of (1.2) exists and ||0(t)||ox < €,
g
we have

t
// ‘Vag dvgds+/ IV20(t)[2dvg + // IV30(s)|*dvgds
0 JM
g/ |v29(0)12dvg+c/ 6(0)]2 dvg+C/ 16(0)2du.
M M M

Proof. We rewrite (4.31) as

(4.33) %w — AVl = —R1(V0) — (VR1)0 — VdF.

In the usual way, squaring both sides of (4.33) and integrating over M
gives

(4.34)

fulFa

Note that curvature identities give that

dvg—l-d/ |V20|2dvg+/ |AV|?dvg

gc/ |W|2dvg+c/ ye|2dvg+3/ |VAF*dvg.
M M M

(4.35) / |AVO2dv :/ |v3ey2dug+/ Rm(g) * V20 * V*0dv;.
M M M
Substituting (4.32) and (4.35) into (4.34) gives
0 d =202 =32
(4.36) Vol dog+— | |V20P2dvg+ [ [920]%dv,

< C/ (1920]2 + [V0]2 + |6]2) dvg—l—S/ VdF2dv,
M M

< [ (V0P 41908+ 07) ey + O [ 190y
M M

Choose € small such that Ce? < 1/2. Integrating (4.36) in t, we get

// ‘v 0 dvgds—i—/ |V20(t)|2dvg + // IV30(s)|>dvgds

=9 2, 5205112 1 [90(s)[2 $)12) du-ds
< [ [w00Pag ¢ [ [ (TP + 19067 + 0 dugd
§/M|V29(0)|2dvg+C/M|V9(0)|2dvg+C/M\9(0)|2dvg,

as desired. Note that we used Lemmas 4.3 and 4.4 in the derivation.
q.e.d.
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Combining Lemmas 4.2, 4.4 and 4.5, we have our Sobolev estimates:
4.37 V0(t)|*dvg < C[10(0)||yyme, m=0,1,2.
( g Ww?r ’ ()
M g9

It is evident that we can continue repeating a similar procedure as
follows. Taking (m — 1) covariant derivatives of (4.23) with respect to
g, we have

V0 g A0 T (R(0) + T aE

m—1
=AV™ 19 + Z VIR V™ 1779 4 V™ 14F.
j=0

We rewrite the above equation as

m—1
Ut g AT = 3 PR T 4 U,
=0

Squaring both sides and integrating over M, we obtain

8
4 m—1
38) / ‘V 875

SCZ/ |vje|2dvg+(m+1)/ |V L dF 2dug,
=0 /M M

d _ _
dvg—i—/ |vm9\2dug+/ |AV™ 192 dv;

where C' only depends on ¢ and m. Once again using the expression
F = f(p,9)0V0, together with Vg = 0 and V@ = V0, we estimate
|[Vm=LdF| < |[V™F) as follows:

(4.39)
m—l1
V™ F| <02|v391|vm+1 J9|+CZ|V 61 [Vig|[vmttisig)
7=0 =1 j=0
m+1
<Ce Y |V,
J=[2]

where we need |V76| < € for 0 < j < [%2] + 1, which will hold if k¥ >
(%] + 1. Using integration by parts and the formula for commuting
covariant derivatives, we also have

(4.40)
/M AV 1012 dvg = /M V™2 dvg + /M Rm(g) * V™0 x V™ 0dv;.
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Substituting (4.39) and (4.40) into (4.38), we obtain
(4.41)

/ ‘vm 1(9

d _ _
dvg + / |V™0|%dvg +/ (V™02 dug
dt Jor M
SCZ/ WjQIZdvg—i—C’ez/ (V™02 dvg,
SIM M
where C' = C(g, m). Choosing e such that Ce? < 1/2, we have

m—1
(4.42) / 'V 8t0

d 1
dvg dt/ V™0 dvg + / V™02 du,

gcz/ V96]2dv,.
j=1"M

Starting from (4.37), an induction argument applied to (4.42) gives that

t _ o 12 _
(4.43) // ‘Vm_l—ﬂ‘ dvgds+/ IV™O(t) | dvg
0o JM Js M
t
—|—1// (V™0 (s)[Pdvgds
2Jo Ju
m—1 4
S/ WmO(O)\deg—FCZ/ WJG(O)|2dv§.
M oM
So we have

(4.44) / 970(8) 2dvy < C6(0) |y,
M g

whenever [§] <k — 1.

Recall that as dim M =7 if m — k > %, then the Sobolev embedding
theorem says that Wm 2 embeds continuously in C’g by inclusion. Since
m = k + 4 satisfies k: + < m trivially and [%] < k—1forall k > 5

2
(since k > 5 implies [5] g k —3), we can use (4.44) to obtain the main
estimate of this section.

Lemma 4.6. For any k > 5 there exists € > 0 such that if € €
(0,€), then for all time t for which the solution @(t) of (1.2) exists and
10(t)||cx < €, we have

9

(4.45) 10 [cx < CollOO)llyyrraz < C2[|0(0)l] s,

where C1,Co are constants depending only on @, €, k and Sobolev em-
bedding constants.
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5. Proof of Theorem 1.3

In this section, we prove the main theorem of this paper, Theorem 1.3.
First, we show the dynamical stability of torsion-free Go structures un-
der the Laplacian-DeTurck flow (1.2) for closed Go structures.

Theorem 5.1. Let (M, @) be a compact Go manifold, let k > 5 and
let € = €(p) > 0 be such that Lemmas 4.1-4.6 hold. Let € € (0,€) and
let Cy be the constant given in (4.45).

There exists 6 = 6(M, @, k,€) > 0 such that if o € [p]+ satisfies

00 = Bllgres <8 and o — @llyeeas < €/2C1,

then the solution ¢(t) of the Laplacian—DeTurck flow (1.2) starting at
o exists for all time t € [0,00), satisfies ||@(t) — @|lcx < € for all
g

t € [0,00) and ¢(t) — @ exponentially in Cg as t — oo.

Proof. By Lemma 3.1 there exists 6 = §(M, @, k,e) > 0 such if the
initial value ¢q € [¢] 4+ satisfies ||po — @|| k+4 < &, then the solution ¢(t)
g

of the flow (1.2) exists at least for time ¢ € [0,1]. Let 0(¢) = ¢(t) — ¢ as
in the previous section.
Let 1 be the maximum time such that ¢(t) exists and [|6(¢)[|ox < €
g

for all ¢t € [0,n). By Lemma 3.1, we know that n > 1. Suppose towards
a contradiction that n < co. From the estimates (4.45), we have that
€

(5.1) H@(t)Hcg < Cl||€9(0)||ng+4,2 < 01276'1 =€/2,

for all t € [0,n). This contradicts the maximality in the definition of 7.
Thus, n = oo and

(5.2) ||9(t)||c§ <e Vtel0,00).
To complete the proof, we need to demonstrate the exponential con-
vergence of @(t) — @ as t — oo in C’g. First, by Lemma 4.2, p(t) — ¢

exponentially in Lg, so 6(t) — 0 in L?]. Now, from (4.24) in the proof
of Lemma 4.3,

1d 2 1 0|2 2
- < —— _ -
2dt/ 10(t)]2dv, < 2/M|v<9| dvg—i-C/ 16[2dvg

Integrating this equation in time ¢, using estimate (4.15) and the fact
that 6(¢) — 0 in L? we get

(5.3)
1 [ _ 1 o0
/ / |V0(s)|2dvgds§/ |0(t)|2dvg+0/ / 18(s)|2dvyds
2t Jm 2 Jm t Jm

< l—i—g e_A%t/ 10(0)|*dvg.
2 M M
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Recall (4.30) in the proof of Lemma 4.4:

(5.4) / ’802dv—+d/ |V0|2dv—+1/ V6] du,
‘ M | Ot Y 772 Ju g

< / C (10)* + |VO|?) dvg.
M

Let &(s ) be a cut-off function with 0 < £(s) < 1 satisfying £(s) = 0 for
s<t—1,1¢(s)| < Cforse[t—2i,t]and £(s) =1 for s > t. Then from
(5 4), we have

( / V6(s \dvg>
/ IVO(s)|*dvg + £(s) / IVO(s)|*dvg
< (€0)+ Ce(e) [ 190(3) Pty + Cs(s) [ 1009

<c /M (I96(s)[2 + [6(s)[2) dv.

Integrating the above inequality from t — % to t and using (4.15) and
(5.3) we get

65 [ Wo0Pas<c [ /M (I90() 2 + 10(5) ) dey

<C/

=4 Jm
1
2

< Ce~ /]0 )|2dvg,

where C is a uniform constant. Hence, V8 — 0 in Lg as t — oo. Using
this fact, Lemma 4.2 and (5.4) imply that

/too /M |V20(s)|>dvgds
<2 [ [98(0)Pav; + 20 /t h [ (902 +16(5)2) duys

_Apt 9
< Ce 3 / 16(0)[2dv;.

Using (4.36) and a cut-off argument in a similar way as above, we have

/|v2 Hl2du; <c/_/ (I920(5)2 + [VO(5)2 + 10(5)[2) dug

/ (IV6(s)[ + 6(s)) dvy

<c/1/ (IV20(s)[2 + |V0(s) [ + |0(5)[?) dug

e 2/ 10(0)|*dvg.
M
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By repeating this procedure and using the induction part in §3, we can
obtain

(5.6) /Wme(t)yZdvg gceﬁ”/ 10(0)[2dvg,
M M

for all m so that [%] < k — 1, in particular, for m < k + 4 since k > 5.
Then the Sobolev embedding theorem gives that
- _ _ Mt
(5.7 165~ lles = 10(0)|x < Ce™ %,
as required. q.e.d.

Theorem 5.1 shows that the solution ¢(t) of the Laplacian-DeTurck
flow (1.2) converges to the torsion free G structure ¢ exponentially in
the Cg—norm, if the initial value g is sufficiently close to ¢. Let o(t)
be the solution to the Laplacian flow (1.1) with the same initial value
0. Then ¢(t) = ¢;@(t) and the associated metric g(t) = ¢; g(t), where
¢ is a family of diffeomorphisms satisfying

53 { ooz = V(@) o
¢0 = ud,

for x € M, where the vector field V((t)) is defined in (4.1). Note that
V(¢(t)) involves the first order covariant derivative of p(t). Since @(t)
exists for all time [0,00) and converges to @ exponentially in C¥-norm
where k > 3, the vector field V(p(t)) also exists for all time [0, 00)
and converges to V(@) = 0 in the C’gil-norm exponentially. Then
the solution ¢; of (5.8) exists for all ¢ € [0,00) (cf. [6, Lemma 3.15]).
Moreover, ¢; converges to a limit map ¢ in C’g*l-norm as t — oo.

Recalling that ¢(t) — @ = 0(t) and @ is torsion-free, we have by (4.8)
that

Apiy@(t) = Dpry@(t) — App = L(O(t)) + dF (0(t), VO(t)),

where L is a linear second order differential operator and F'is dominated
by 6V6 when |6| is sufficiently small. Therefore, since the exterior de-
rivative is a linear first order differential operator, we have

160 o2 < IO
4R (0(), 0(0) a2 < CIF(O(), 0(0) -
< OO < CIOOcy

when ||6(t)||ox is sufficiently small. Combining these estimates with
g
(5.7) we obtain

At

12ty el a2 < Cllo(t) = @llep = Ce™ 2.
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Since ||@(t) — @HCZ; < € for all time ¢ € [0,00), by making e smaller if

necessary we can assume that the C*-norms of g and §(t) differ at most
by a factor 2 for all ¢ € [0,00). Then we have

~ _ Mt
69 185080lcis <28s080) gg-» < 2067 F.
By diffeomorphism invarlance, (5.9) implies that

_ Mt
(5.10) 1Ase) ()Hck 2 <2Ce™ 2.
We know that for closed Go structures, Ay = i,(h), where h is a

symmetric 2-tensor satisfying (2.8). By [20, Proposition 2.9],
(5.11) |Apiply = lig(h)[5 = (trg(R))® + 2hFhj,.
From (5.10)—(5.11), we have

t

C
(5.12) A ()] r—2 < e
9(t) 2

Recall that under the Laplacian flow the associated metric g(t) of ()
evolves by

%g(t) = 2h(t).

From (5.12),

(5.13) /0 (0] cpnd < / )\1

We now observe that, for any tangent vector X % 0 on M, we have

9
ot

which implies that

(X, X)

= 2Jh(X, X)| < 20lhel ey, 9:(X. X),

0
X, X0 < 2y,

Then, by (5.13), we have
9t(X, X) / /Oo 2C
In ————= 2||h 2||h < —.
‘ngo(X X))~ Ihellcs,, < 0 Ielles,,, < M\
Hence, for any t € [0, 00),

(5.14) e g(0) < g(t) < e g(0).

Note that ¢g(0) is the associated metric of o (which is very close to
), so g(0) is uniformly equivalent to g, the associated metric of @.
Therefore, from (5.14) we have g(t) is uniformly equivalent to g for all
t € [0,00).
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Then we deduce from (5.10) that
_Mt
(5.15) 1Ap@e®llce = CllAewmed)lico, = Ce™ 2,

A1
and, therefore, ||%g0(t)||cg < Ce~"%. This tells us there exists a limit
g9
Go structure ¢o, such that

* d
(5.16) 9 = pllcg < [ 1505l cgds
=/ [Ap(s)e(s)llcods

Note that ¢ is a positive 3-form because we can see as in [23] that ¢
defines a metric go, which is the limit of the metric ¢g(¢). The limit ¢oo
is torsion-free as M is compact and we have A, oo = 0 from (5.15).

We claim that the limit o = ¢% . In fact, for any time-independent
vector field v on M, we see from (5.8) that the differential ¢ of ¢
satisfies

1d d
§£|¢t*(v)|§ = g(¢r(v), %th*(v))
= 9(P1x(v), Vg, (0, Pt (V)
= G(¢1x(v), Vg, ()Pt (1))
= G(d1(v), =V, () V(2(2)))
We deduce that
d
(5.17) = IVVeW)lice = 5 nlde(v)lg < [VV (1))l co-
Since V' (¢(t)) converges to zero exponentially in C*~'-norm, then

2C ¢
/ IVV (& ||Cod8</ Ce ¥ ds = 5 (1—6_)\71).

1

Note that ¢g is the identity map, which means that |¢o«(v)|z = |v]3-
Integrating the inequalities in (5.17), we have

Iy IVV (@)l ods 2C
|¢t*( )‘ <|¢0*( )| 0 g < |v|§e/\1,
and
— Jo IVV (@)l cods _2c
|¢t*(v)|§ 2|¢0*('U)|g6 0 v Cg > ’U|§6 A1,

So the differential ¢y of the map ¢; is non-degenerate everywhere on
M and the norm of ¢, is uniformly bounded independently of ¢. This
estimate, thus, also descends to the limit map ¢~,. The inverse function
theorem then implies that ¢, is a local diffeomorphism. Since ¢g = id
the identity map, and each ¢y is a diffeomorphism which is isotopic to the
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identity map, we deduce that ¢ is a surjective local diffeomorphism
homotopic to the identity. As M is compact, ¢ is a covering map.
Moreover, ¢ is homotopic to the identity so it must have degree one
and, thus, is injective. We deduce that the limit map ¢ is also a
diffeomorphism. Then

(oo — 8@l < Jim (oo — 613(0)| + 167 (B(0) — @)| + (6 — B%)¢)
< Jim (Ipoe — 9(1)] + CIB(1) — @] + Cl6f — d%) = 0.

We conclude that the Laplacian flow ¢(t) converges to voo = ¢4 @,
which lies in the diffeomorphism orbit of ¢. Moreover, the convergence
is exponentially in the C%-norm.

We next show that o(t) converges to ¢oo = ¢%.@ in any C*-norm.
Since ¢(t) converges to ¢ exponentially in C*-norm (k > 5), we have

At

Rm(g(t)) — Rm(g —SCe_%, ?Tx,t s < Ce 2.
7 g

We also note that for ¢ sufficiently large, g(¢) is uniformly equivalent to
g, therefore, we have

|Rm(3(t)) |50 + VT (,8) |5 < C,
for large t, i.e., for t > tg, which gives us
(5.18) [Bm(g(t)lg) + IVT (2, t)lg) < C,

for t > tp by diffeomorphism invariance. By Shi-type derivative esti-
mates in [23], we get uniform bounds on the covariant derivatives of
Rm and VT,

(5.19) [VERm(g(6))l gty + VT (2, )|y < C(R),

for t > top+1 and all k > 1. The injectivity radius of g(t) also satisfies a
uniform lower bound inj(g(t)) > § > 0 since g(t) is uniformly equivalent
to g (see the proof of [23, Theorem 8.1]). Then from the compactness
theorem for Gy structures in [23], there is a sequence of times ¢; — oo
such that (M, ¢(t;)) converges smoothly to (Ms, o). Note that, since
the metrics g(t) are uniformly equivalent to g, the diameters of the
manifolds (M, g(t)) are uniformly bounded, and, thus, the compactness
theory implies that the limit My, is diffeomorphic to M. We can then
pull back ¢, to M and, by abuse of notation, view it as being defined
on M. Therefore, the closed Gg structures ¢(t;) converge smoothly to
a closed Gg structure ¢, on M as t; — co. Since we already know that
(t) converges to ¢, continuously (i.e., in the C’g—norm) as t — 0o, the
uniqueness of limits implies that the limit Go structure Yoo = Poo.
Moreover, we have this smooth convergence without passing to a
subsequence, in the sense that ¢(t) — ¢ smoothly as ¢ — co. For a
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contradication we suppose not, so that there exists an integer k, € > 0
and a sequence of times t; — oo such that, for all [,

le(t) = poollcn = €

Since ¢(t;) satisfies (5.19) and the injectivity radius estimate, we can
apply the compactness theorem for Go structures in [23] again to obtain
a subsequence ¢;(;) which converges in Cg to a limit ¢/ on M with

lele — oollcr > €.

Thus, @i, # oo, Which contradicts the fact that o(t;)) converges to
Voo continuously.

We conclude that ¢(t) converges to oo = ¢ @ smoothly as t — oo.
Since ¢y is the identity map, we have @, € Diff®(M)-@. This completes
the proof of Theorem 1.3.
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