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BARYCENTER TECHNIQUE AND THE RIEMANN
MAPPING PROBLEM OF CHERRIER–ESCOBAR

Martin Mayer & Cheikh Birahim Ndiaye

Abstract

We solve in the affirmative the remaining cases of the Rie-
mann mapping problem of Cherrier[35]–Escobar[38] first raised
by Cherrier[35] in 1984. Indeed, performing a suitable scheme of
the barycenter technique of Bahri–Coron[14] via the Almaraz[3]–
Chen[34]’s bubbles, we completely solve all the cases left open
after the work of Chen[34]. Hence, combining our work with the
ones of Almaraz[2], Chen[34], Cherrier[35], Escobar[38],[40] and
Marques[55],[56], we have that every compact Riemannian mani-
fold with boundary, of dimension greater or equal than three, and
with finite Sobolev quotient, carries a conformal scalar flat metric
with constant mean curvature on the boundary.

1. Introduction and statement of the results

In their attempt to suitably generalize the celebrated Riemann map-
ping theorem of Complex Analysis which asserts that every simply con-
nected proper domain of the plane is conformally diffeomorphic to a
disk, Cherrier[35]–Escobar[38] raised the question of whether every n-
dimensional compact Riemannian manifold with boundary and n ≥ 3
carries a conformal scalar flat Riemannian metric with constant mean
curvature on the boundary. In [35], Cherrier gives a positive answer
provided the curvatures are not too big in a reasonable geometric sense.
In [38] and [40], Escobar provides a positive answer when n = 3,
n = 4 or when n = 5 and the boundary is umbilic and when n ≥ 6
with the boundary being non-umbilic or the Riemannian manifold be-
ing locally conformally flat and the boundary being umbilic. Later,
Marques[55],[56] gives a positive answer to some remaining cases, pre-
cisely when n = 4 or 5 and the boundary is not umbilic, when n ≥ 8
and the boundary is umbilic and not locally conformally flat with re-
spect to the induced Riemannian metric, and when n ≥ 9 with the
boundary being umbilic and the Weyl tensor does not vanish identi-
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cally on the boundary. In [2], Almaraz gives a positive answer when
n = 6, 7, 8, the boundary is umbilic and the Weyl tensor does not
vanish identically on the boundary. Recently, Chen[34] solves the prob-
lem for many situations of the cases remaining after the above cited
works and reduces the other ones to the positivity of the ADM mass
of some class of asymptotically flat Riemannian manifolds, like she did
in a joint work with S. Brendle for the boundary Yamabe problem in
[23]. However, as in [23], the latter positivity is not known to hold
for non-spin Riemannian manifolds of dimension greater or equal than
eight.

Our main goal in this work is to use the algebraic topological argu-
ment of Bahri–Coron[14] to solve the cases left open by Almaraz[2],
Chen[34], Cherrier[35], Escobar[38],[40] and Marques[55],[56], as we
did in [57] for the boundary Yamabe problem to settle the cases re-
maining after the works of Escobar[37] and Brendle–Chen[23]. Indeed,
performing a suitable scheme of the barycenter technique of Bahri–
Coron[14] via the Almaraz[3]–Chen[34]’s bubbles, we prove a result for
the Riemann mapping problem of Cherrier[35]–Escobar[38] which cov-
ers all the cases left open after the above cited works. We mention that
there has been a lot of works about Yamabe and scalar curvature type
problems for compact Riemannian manifolds with and without bound-
ary, and their fully nonlinear and high-dimensional extensions, see, for
example, [1], [4], [5], [6], [7], [8], [10], [11], [13], [14], [15], [16], [18],
[19], [20], [21], [22], [23], [24], [25], [26], [27], [28], [29], [30], [31],
[32], [33], [34], [36], [37], [38], [39], [41], [42], [43], [47], [48], [49],
[51], [52], [53], [54], [55], [56], [57], [58], [59], [60], [61], [62], [63],
[64], [67], [68] and the references therein.

In order to state clearly our theorem, we first fix some notation. Given
(M, g) a n-dimensional compact Riemannian manifold with boundary
∂M , interior M and n ≥ 3, we denote by Lg = −4n−1

n−2Δg + Rg the

conformal Laplacian of (M, g) and Bg = 4(n−1)
n−2

∂
∂ng

+ 2(n− 1)Hg the

conformal Neumann operator of (M, g), with Rg denoting the scalar

curvature of (M, g), Δg denoting the Laplace–Beltrami operator with

respect to g, Hg is the mean curvature of ∂M in (M, g), namely
Hg := 1

n−1 trĝAg where Ag is the second fundamental form of ∂M

in (M, g) with respect to the inner normal direction, ĝ := g|∂M ,
∂

∂ng
is the outer Neumann operator on ∂M with respect to g. We

remark that our (Lg, Bg) is 4(n−1)
n−2 times the one used in the work of

Escobar[37] (see page 5). Furthermore, we define the following Escobar
functional:

(1) Eg(u) := 〈Lgu, u〉+ 〈Bgu, u〉
(
∮
∂M u

2(n−1)
n−2 dSg)

n−2
n−1

, u ∈ W 1,2
+ (M),
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where

〈Lgu, u〉 := 〈Lgu, u〉L2(M), 〈Bgu, u〉 := 〈Bgu, u〉L2(∂M),

dSg is the volume form with respect to the Riemannian metric induced
by g on ∂M and

W 1,2
+ (M) := {u ∈ W 1,2(M) : u > 0},

with W 1,2(M) denoting the usual Sobolev space of functions which are
L2-integrable with their first derivatives (for more information, see [9]
and [46]). Moreover, we recall that the Sobolev quotient of (M,∂M, g)
is defined as

Q(M,∂M, g) := inf
u∈W 1,2

+ (M)
Eg(u).

As in [57], here also we remind that the following conformally invariant
set plays an important role in the existence part in [34]

Zg := {x ∈ ∂M : lim sup
dg(x,y)−→0

(dg(x, y))
2−d|Wg(y)| = 0},

where dg and Wg denote, respectively, the Riemannian distance and

the Weyl tensor of (M, g) and d := [n−22 ] with [·] denoting the integer
part function.

Now, having fixed the needed notation, we are ready to state our
theorem which reads as follows:

Theorem 1.1. Assuming that (M, g) is a n-dimensional compact
Riemannian manifold with boundary ∂M and interior M such that
∂M is umbilic in (M, g), n ≥ 6, Q(M,∂M, g) > 0, and Zg = ∂M ,

then (M, g) carries a conformal scalar flat Riemannian metric with
respect to which ∂M has constant mean curvature.

Hence, since the only possible open cases for the Riemann map-
ping problem of Cherrier[35]–Escobar[38] are when the dimension of
the manifold is greater or equal than 6 with umbilic boundary, pos-
itive Sobolev quotient and Zg = ∂M , then clearly Theorem 1.1 and
the works of Almaraz[2], Chen[34], Cherrier[35], Escobar[38],[40] and
Marques[55],[56] imply the following positive answer to the high-di-
mensional generalization by Cherrier[35]–Escobar[38] of the celebrated
Riemann mapping problem of Complex Analysis.

Theorem 1.2. Every n-dimensional compact Riemannian manifold
with boundary, n ≥ 3, and finite Sobolev quotient, carries a confor-
mal scalar flat Riemannian metric with constant mean curvature on the
boundary.

To give a positive answer to the high-dimensional generalization by
Cherrier[35]–Escobar[38] of the celebrated Riemann mapping problem
of Riemann surface theory is equivalent to solving a second order el-
liptic boundary value problem with critical Sobolev nonlinearity on the
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boundary. Indeed, under the assumptions of Theorem 1.1, the Riemann
mapping problem of Cherrier[35]–Escobar[38] is equivalent to finding a
smooth and positive solution of the following semilinear elliptic bound-
ary value problem:

(2)

{
Lgu = 0 in M,

Bgu = 2(n− 1)u
n

n−2 on ∂M.

The boundary value problem (2) has a variational structure. Indeed,
thanks to the work of Cherrier[35], smooth solutions of (2) can be found
by looking at critical points of the Escobar functional Eg, and as in
[57], we will pursue such an approach here. Precisely, we will perform
a suitable application of the barycenter technique of Bahri–Coron[14]
via the Almaraz[3]–Chen[34]’s bubbles. However, since the application
of the barycenter technique that we are going to present in this work
is similar to the one we perform in [57], and since the algebraic topo-
logical argument of Bahri–Coron[14] (see [44], [45], [62], [65] for some
applications of it) seems to be less known (“mastered”) in the Geo-
metric Analysis community in comparison to his companion argument,
namely the Aubin[8]–Schoen[66]’s minimization technique, then we feel
more convenient to describe it more in details here, for those who are
not familiar with. We are going to describe the barycenter technique
of Bahri–Coron[14] focusing on Eg. To begin, the algebraic topologi-
cal argument of Bahri–Coron[14] belongs the class of indirect methods.
Precisely, it is an argument by contradiction. Thus, assuming that the
Euler–Lagrange functional Eg has no critical points, one looks for a
contradiction by using the quantization and strong interaction phenom-
enon that Eg verifies and the cone structure of the space of barycenters
of ∂M . To describe how the combination of the latter works to give the
desired contradiction, we think it is for the sake of understanding of the
reader more useful to do it with pictures and some talking mathemati-
cal formulas rather than only exact mathematical ones, of course at the
price of precision, but with the right intuition of what is going on with
the barycenter technique of Bahri–Coron[14]. First of all, and recalling
the assumption Eg has no critical points (to keep in mind), one has that
the quantization phenomenon that Eg enjoys implies Fig. 1, which tra-
duces the fact that by bubbling ∂M survives topologically between the
first and second critical levels of Eg that we denote by (W1,W0) (see (7)
for its precise definition). Next, realizing B2(∂M) (for its definition see
(19)) as a cone over B1(∂M) = ∂M with top ∂M , one has that the
quantization phenomenon that Eg satisfies implies again Fig. 2 which
shows the fact that by bubbling B2(∂M) as a cone over B1(∂M) sur-
vives as a nontrivial cone between the second and third critical levels of
Eg that we denote by (W2,W1). Similarly, realizing B3(∂M) as a cone
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B1(∂M) =

∂M

+ Quantization W0

W1

Figure 1

B2(∂M) =

∂M

B1(∂M)

+ Quantization
W0

W1

W2

Figure 2

over B2(∂M) with top ∂M , one has that the quantization phenome-
non that Eg verifies implies again Fig. 3 which traduces the fact that
by bubbling B3(∂M) as a cone over B2(∂M) survives as a nontrivial
cone between the third and fourth critical levels of Eg that we denote
by (W3,W2). Hence, recursively for p ∈ N

∗, realizing Bp+1(∂M) as a
cone over Bp(∂M) with top ∂M , we have that the quantization phe-
nomenon that Eg enjoys implies again Fig. 4 which shows the fact that
by bubbling Bp+1(∂M) as a cone over Bp(∂M) survives as a nontriv-
ial cone between the (p+ 1) and (p+ 2) critical levels of Eg that we
denote by (Wp+1,Wp). On the other hand, the latter recursion leads
to a contradiction because of the strong interaction phenomenon that
Eg enjoys. To see this, one first observes that, as standard bubbles, the
Almaraz[3]–Chen[34]’s bubbles ϕa,λ verify the every where selfaction
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B3(∂M) =

∂M

B2(∂M)

+ Quantization W0

W1

W2

W3

Figure 3

Bp+1(∂M) =

∂M

Bp(∂M)

//

.. p-times ..

+ Quantization

//

.. (p+1)-times ..

Wp

Wp+1

Figure 4

and interaction identities (see Lemma 2.8)

〈Lgϕai,λ, ϕaj ,λ〉+ 〈Bgϕai,λ, ϕaj ,λ〉
=(1 + o(1))(n− 2)

∮
∂M

ϕ
n

n−2

ai,λ
ϕaj ,λdSg, ai, aj ∈ ∂M.

(3)
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Moreover, one observes also that, as standard bubbles, the Almaraz[3]–
Chen[34]’s bubbles ϕa,λ verify the following interaction identity at
infinity (see formula (18) and Lemma 2.8)

(4)

∮
∂M

ϕ
n

n−2

ai,λ
ϕaj ,λdSg =

cn + o(1)

(1 + λ2G
2

2−n
g (ai, ai))

n−2
2

, ai �= aj ∈ ∂M,

where cn is a positive constant pedending only on n, Gg is the
Green’s function of (Lg, Bg) suitably normalized, and o(1) in the
above formula means a quantity tending to 0 uniformly in A := (ai, aj)
as λ tends to +∞. We would like to emphasize that, formula (3) for
different particles ai �= aj is saying nothing else than, the linear inter-
action given by the right hand side of (3) is almost (up to the multi-
plication by (n − 2)) the same as the nonlinear interaction given by
the right hand side of (4), and that the value of the nonlinear interac-

tion is almost
Gg(ai,aj)

λn−2 (up to the multiplication by cn ). We would
like to add also that the latter discussion reflects also nothing else that
the restoration of symmetry, which is part of what defines infinity, be-
cause of the conformal invariance of the problem, and is consistent with
invariance principles. Furthermore, for p ∈ N

∗, (3), (4) and the scale
invariance of Ig imply that for optimal configurations

∑p
i=1 ϕai,λ there

holds

Ig(
p∑

i=1

ϕai,λ) ≤
p∑

i=1

⎛
⎝Eg(ϕai,λ)− (1 + o(1))cn

p∑
j �=i

Intg(ai, aj , λ)

⎞
⎠ ,(5)

where cn is a positive constant depending only on n, Intg(ai, aj , λ)
denotes the interaction between ϕai,λ and ϕaj ,λ measured with re-
spect to the left hand side of (3) or (4), and of course cn depends on
which way one sees Intg(ai, aj , λ). We would like to comment on the −
sign in formula (5) and say some words about optimal configurations.
The latter sign does not come by miracle, but is part of what defines
“true” infinity for the associated variational problem, and analytically,
it can be seen just by Taylor expansion (which is possible because of
being at infinity), and the fact that the scale invariance of Eg and (3)
imply that, the denominator in the definition of Eg brings (roughly
speaking) a contribution of −2 times the linear interaction in the cal-
culation of Ig(

∑p
i=1 ϕai,λ), and the numerator brings a contribution

of +1 times the linear interaction in the latter calculation. We have
chosen to focus on optimal configurations to show how the strong in-
teraction pushes the energy down for a large number of particles, this
is due to the fact that those configurations are the most “variationally”
critical ones, and to have a picture in mind, one can just think of the
top of a mountain, or the down of a black hole. Now, an important
piece in the argument is the fact that, the concentration points live in a



526 M. MAYER & C. B. NDIAYE

Eg(ϕai,λ) = c∞ + o(1)

c∞ + o(1) = Eg(ϕaj1 ,λ
)

c∞ + o(1) = Eg(ϕaj2 ,λ
)

Eg(ϕaj3 ,λ
) = c∞ + o(1)

Gg(ai,aj1 )

λn−2

Gg(ai,aj2 )

λn−2

Gg(ai,aj3 )

λn−2

� �

�

�

Figure 5

world with quantization and strong interaction phenomenon as shown
by Fig. 5 where c∞ is the first critical value and that they verify the
sharp mass energy estimate

Eg(ϕa,λ) ≤ c∞ − MDg(a)

λn−2 + o(
1

λn−2 ),

where MDg(a) denotes the mass distribution of the particle a, o(1)
means a quantity tending to 0 uniformly in a as λ tends to +∞,
and we recall that the interaction terms in the picture (5) are nothing
else than a “representation” of Intg(ai, aj , λ), namely

(6) Intg(ai, aj , λ) = c̄n(1 + o(1))
Gg(ai, aj)

λn−2 ,

where c̄n is a positive constant depending only on n, and still as
above c̄n depends on how one sees Intg(ai, aj , λ) according to the
left hand side of (3) and (4). Moreover, MDg is an L∞-function
and min

M
2 Gg > 0 which is what we mean by Eg verifies a strong

interaction phenomenon. We would like to remark the fact that in
the pictures (1)–(4), we choose to emphasize that more the number
of particles is large, less is the height of the cone, and this is to tra-
duce the fact that (roughly speaking) for a very large number of par-
ticles in consideration, more is the number of particles, less is the
“topological” space that we have to put the corresponding cone, as ex-
plained analytically by the formulas (5)–(6). Thus, clearly (5)–(6) imply
Fig. 6 which shows the fact that for p0 large, Bp0(∂M) as a cone over
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Bp0(∂M) =

∂M

Bp0−1(∂M)
//

.. (p0-1)-times ..

+ Quantization

//

.. p0-times ..

Wp0−1

Wp0

No space for cone

Figure 6

Bp0−1(∂M) cannot be embedded by bubbling and still be a nontrivial
cone between the p0 and p0 + 1 critical levels of Eg. Hence, clearly
the figures (4) and (6) lead to a contradiction.

The structure of this paper is as follows. In Section 2, we fix some
notation and give some preliminaries, like the set of formal barycen-
ters of ∂M and present some useful topological properties of them.
Furthermore, we recall the Almaraz[3]–Chen[23]’s bubbles and the fact
that they can be used to replace the standard bubbles in the analysis
of diverging Palais–Smale (PS) sequences of the Euler–Lagrange func-
tional Eg. Moreover, using a result of Almaraz[3] and another one of
Chen[34] (or of Almaraz[3]), we derive selfaction and interaction esti-
mates for the Almaraz[3]–Chen[34]’s bubbles. In Section 3, we use the
latter estimates to map the space of barycenters of ∂M of any order
into suitable sublevels of Eg via the Almaraz[3]–Chen[34]’s bubbles.
Finally, in Section 4, we define the neighborhood of potential critical
points at infinity of Eg and use the results of Section 3 to carry our
scheme of the barycenter technique of Bahri–Coron[14] to prove Theo-
rem 1.1.
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2. Notation and preliminaries

In this section, we fix some notations and give some preliminaries.
First of all, since the problem under study is conformally invariant and
we are dealing with the umbilic case, then from now until the end of
the paper (M, g) will be the given underlying compact n-dimensional
Riemannian manifold with boundary ∂M and interior M , ∂M is
totally geodesic in (M, g), n ≥ 6, Q(M,∂M, g) > 0, and Zg = ∂M .

In the following, for any Riemannian metric ḡ on M and p ∈ ∂M ,
we will use the notation Bḡ

p(r) to denote the coordinate ball with re-
spect to ḡ of radius r and center p. For p ∈ ∂M , we use the notation
B̂ḡ

p(r) to denote the geodesic ball in ∂M with respect to the Riemann-
ian metric ˆ̄g induced by ḡ on ∂M of radius r and center p. We also
denote, respectively, by dḡ(x, y) and d̄ḡ(x, y), the geodesic distance

with respect to ḡ between two points x and y of M , and the coor-
dinate distance between x ∈ ∂M and y ∈ M . Similarly, we denote by
dˆ̄g(x, y), the geodesic distance with respect to ˆ̄g between two points

x and y of ∂M . injḡ(M), injˆ̄g(∂M) stand for the injectivity radius

of (M, ḡ), (∂M, ˆ̄g). dVḡ denotes the Riemannian measure associated to
the metric ḡ and dSḡ the volume form on ∂M with respect to ˆ̄g on
∂M . For simplicity, given p ∈ ∂M , we will use, respectively, Bp(r)

and B̂p(r) to denote Bg
p(r) and B̂g

p(r). For a ∈ M , we use the no-

tation expḡa to denote the exponential map with respect to ḡ and
set for simplicity expa := expga. For a ∈ ∂M , we denote by ˆexpḡa the
exponential map with respect to ˆ̄g and set ˆexpa := ˆexpga.

N denotes the set of nonnegative integers, N∗ stands for the set of pos-
itive integers and for k ∈ N

∗, Rk stands for the standard k-dimensional
Euclidean space, Rk

+ the open positive half-space of Rk and R̄
k
+ its clo-

sure in R
k. For simplicity, we will use the notation R+ := R

1
+ and

R̄+ := R̄
1
+. For r > 0, BR

k

0 (r) denotes the open ball of R
k of center

0 and radius r and set for simplicity Bk := BR
k

0 (1). We use gBk to
denote the Euclidean metric on Bk. For p ∈ N

∗, σp denotes the per-
mutation group of p elements, (∂M)p denotes the Cartesian product of
p copies of ∂M . We define ((∂M)2)∗ := (∂M)2 \Diag((∂M)2) where
Diag((∂M)2) is the diagonal of (∂M)2, namely Diag((∂M)2) :=
{(a, a) : a ∈ ∂M}. For p ∈ N

∗, Δp−1 the following simplex Δp−1 :=
{(α1, · · · , αp) : αi ≥ 0, i = 1, · · · , p,∑p

i=1 αi = 1}.
For 1 ≤ p ≤ ∞ and k ∈ N, β ∈]0, 1[, Lp(M) and Lp(∂M),

W k,p(M), Ck(M) and Ck,β(M) stand, respectively, for the standard
p-Lebesgue space on M and ∂M , (k, p)-Sobolev space, k-continuously
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differentiable space and k-continuously differential space of Hölder ex-
ponent β, all with respect to g (if the definition needs a metric struc-
ture) and for precise definitions and properties, see, for example, [9] or
[46].

For a ∈ ∂M , Oa(1) stands for quantities bounded uniformly in a.
For ε positive and small and a ∈ ∂M , Oa,ε(1) stands for quantities
uniformly bounded in a and ε. For ε positive and small, oε(1) means
quantities which tend to 0 as ε tends to 0. For λ large and a ∈ ∂M ,
Oa,λ(1) stands for quantities uniformly bounded in a and λ. For
a ∈ ∂M , ε and δ positive and small and λ large, Oa,ε,δ(1) and Oa,λ(1)
stand, respectively, for quantities which are bounded uniformly in a, δ
and ε and in a and λ. For a ∈ ∂M , ε positive and small and λ large,
oa,ε(1) and oa,λ(1) stand, respectively, for quantities which tend to 0
uniformly in a as ε tends to 0 and as λ tends to +∞. For A ∈ (∂M)2 and
λ large, OA,λ(1) and oA,λ(1) stand, respectively, for quantities which
are bounded uniformly in A and λ, and which tend to 0 uniformly
in A as λ tends to +∞. For p ∈ N

∗, A ∈ (∂M)p, ᾱ ∈ Δp−1 and λ
large, OA,ᾱ,λ(1) and oA,ᾱ,λ(1) stand, respectively, for quantities which
are uniformly bounded in p, A, ᾱ and λ and for quantities which tend
to 0 uniformly in p, A and ᾱ as λ tends to +∞. For x ∈ R, we
will use the notation O(x) and o(x) to mean, respectively, |x|O(1)
and |x|o(1) where O(1) and o(1) will be specified in all the contexts
where they are used. Large positive constants are usually denoted by C
and the value of C is allowed to vary from formula to formula and also
within the same line. Similarly small positive constants are denoted by
c and their values may vary from formula to formula and also within
the same line. The symbol

∑
i �=j always means a double sum over the

associated index set under the assumption i �= j.
For X a topological space, H∗(X) will denote the singular homol-

ogy of X with Z2 coefficients and H∗(X) for the cohomology. For Y
a subspace of X, H∗(X,Y ) will stand for the relative homology. The
symbol 
 will denote the cap product between cohomology and ho-
mology. For a map f : X → Y , with X and Y topological spaces, f∗
stands for the induced map in homology and f∗ for the induced map
in cohomology. For p ∈ N, we set

(7) Wp := {u ∈ W 1,2
+ (M) : Eg(u) ≤ (p+ 1)

1
n−1Q(Bn)},

where

(8) Q(Bn) := Q(Bn, ∂Bn, gBn).

For a Riemannian metric ḡ defined on M , we denote by Gḡ the
Green’s function of (Lḡ, Bḡ) satisfying the normalization

(9) lim
d̄ḡ(a,x)−→0

(d̄ḡ(a, x))
n−2Gḡ(a, x) = 1,
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and set

G := Gg.

Using the existence of conformal normal Fermi coordinates (see [55])
and recalling that ∂M is totally geodesic in (M, g), we have that for
every large positive integer m and for every a ∈ ∂M , there exists a
positive function ua ∈ C∞(M) such that the metric

ga := u
4

n−2
a g

verifies

(10) detga(x) = 1 +Oa,x((d̄ga(x, a))
m) for x ∈ Bga

a (�a),

with Oa,x(1) meaning bounded by a constant independent of a and

x, 0 < �a < min{ injga (M)
10 ,

injĝa (∂M)
10 }. Moreover, we can take the

family of functions ua, ga and �a such that

the maps a −→ ua, ga are C0 and
1

4
≥ �a ≥ �0 > 0,

for some small positive �0 satisfying �0 < min{ injg(M)
10 ,

injĝ(∂M)
10 }, and

||ua||C2(M) = Oa(1),
1

C
2 g ≤ ga ≤ C

2
g, a ∈ M,

ua(a) = 1 and Ha := Hga = 0,

ua(x) = 1 +Oa,x(d̄
2
ga(a, x)) = 1 +Oa,x(d̄

2
g(a, x)),

(11)

for x ∈ Bga
a (�0) ⊃ Ba(

�0
2C

) and some large positive constant C in-

dependent of a and Oa,x(1) is as in (10). We remark that in general,
namely for g arbitrary, we know from [55] that

Ha = Oa,x(d
m−1
ĝa

(a, x)) = 1 +Oa,x(d
m−1
ĝ (a, x)),

for x ∈ B̂ga
a (�0) ⊃ B̂a(

�0
2C

), where ĝa := ga|∂M , and Oa,x is as

in (11). We point out that the latter suffices for our purpose, since
we will be working with the Almaraz[3]–Chen[34]’s bubbles. However,
we quickly provide some indications on how one can use Marques[55]’s
work to achieve Ha = 0 in the totally geodesic case (even under the
only assumption Hg = 0 on ∂M). From Marques[55], one has a

function ũa > 0 and smooth such that g̃a := ũ
4

n−2
a g verifies (10)–

(11) with some C̃ and some �̃a > 0 except the global vanishing of
the associated mean curvature, but one always has its local vanishing,

namely ∂ũa
∂ng

= 0 in B̂g̃a
a (�̃a) (realling that we are in the totally geodesic

case), see (1) of Proposition 3.2 in [55], however, as remark in the proof
of Proposition in [55], the local vanishing of the mean curvature always
holds, namely for g arbitrary. Thus, setting ua := χ̃aua + (1 − χ̃a)

with χ̃a = χ(
C̃d̄g(a,·)

�̃a
), for some large C such that ga := u

4
n−2
a g verifies
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the comparability 1

C
2 g ≤ ga ≤ C

2
, and χ is a cut-off function defined

on R̄+ satisfying χ is non-negative, χ(t) = 1 if t ≤ 1
2 and χ(t) = 0

if t ≥ 1, then one has that ga = g̃a in Bga
a (�a) with �a := �̃a

2CC̃

and ∂ua
∂ng

= 0 on ∂M . Hence, recalling again that we are in the totally

geodesic case (however, just Hg = 0 on ∂M suffices), one has that the
mean curvature Ha of ga vanishes identically on ∂M , thus clearly
ga satisfies fully (10)–(11) as desired. Now, having finished to give
indications on how one can achieve Ha = 0 on ∂M , we continue to
make some definitions. For a ∈ ∂M and ε positive, we recall that the
standard bubbles of the geometric problem under study are defined as
follows:

(12) δa,ε(x) :=

(
ε

(ε+ xn)2 + |x′ |2
)n−2

2

, x ∈ Bga
a (�0),

where (x
′
, xn) is the Fermi normal coordinate of x with respect to ga

at a. For a ∈ ∂M and 0 < r < �0, we set also

Ga := Gga , expaa = expgaa , ˆexpaa = expĝaa ,

Ba
a(r) := Bga

a (r) and B̂a
a(r) := B̂ga

a (r).
(13)

On the other hand, the conformal invariance properties of the couple
conformal Laplacian and conformal Neumann operator imply

Eg(u) = Ega(u−1a u),

∮
∂M

u
2(n−1)
n−2 dSg =

∮
∂M

(u−1a u)
2(n−1)
n−2 dSga ,

Gg(x, y) = Ga(x, y)ua(x)ua(y),

(14)

for (x, y) ∈ M
2
, a ∈ ∂M and u ∈ W 1,2

+ (M). We also define

c0 := (n− 2), c1 :=

∫
Rn−1

(
1

1 + |x|2
)n−1

dx, and

c2 := 4
n− 1

n− 2

∫
Rn
+

∣∣∣∣∣∇
[(

1

(1 + xn)2 + |x′ |2
)n−2

2

]∣∣∣∣∣
2

dx.

(15)

Furthermore, we set

c3 :=

∫
Rn−1

(
1

1 + |x|2
)n

2

dx,

and define the following quantity which depends only on (M, g)

(16) cg =
c3
4c1

min
((∂M)2)∗

G,

and see above for the definition of ((∂M)2)∗, G, c1 and c3. We
recall that the numbers ci (i = 0, 1, 2) and Q(Bn) verify the following
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relation:

(17) c2 = c0c1 and Q(Bn) =
c2

c
n−2
n−1

1

.

Moreover, for p ∈ N
∗, A := (a1, · · · , ap) ∈ (∂M)p, λ̄ := (λ1, · · · , λp) ∈

(R+)
p, we associate the following quantities (which appear in the anal-

ysis of diverging PS sequences of the Euler–Lagrange functional Eg)
(18) εi,j := εi,j(A, λ̄) :=

c3

( λi
λj

+
λj

λi
+ λiλjG

2
2−n (ai, ai))

n−2
2

,

where i, j = 1, · · · , p, i �= j.
Now, we are going to present some topological properties of the space

of formal barycenter of ∂M that we will need for our algebraic topo-
logical argument for existence. To do that, for p ∈ N

∗, we recall that
the set of formal barycenters of ∂M of order p is defined as follows:

(19) Bp(∂M) := {
p∑

i=1

αiδai : ai ∈ ∂M, αi ≥ 0 ,

p∑
i=1

αi = 1},

and set

B0(∂M) = ∅.
Furthermore, we have the existence of Z2 orientation classes wp ∈
Hnp−1(Bp(∂M), Bp−1(∂M)) and that the cap product acts as follows
(see, for example, [14], page 263, line 5):

H l((∂M)p/σp)×Hk(Bp(∂M), Bp−1(∂M))
	−→ Hk−l(Bp(∂M), Bp−1(∂M)).

(20)

On the other hand, since ∂M is a closed (n−1)-dimensional manifold,
then we have

(21) an orientation class 0 �= O∗∂M ∈ Hn−1(∂M).

Moreover, there is a natural way to see (precisely to transfer) O∗∂M ∈
Hn−1(∂M) as a nontrivial element of Hn−1((∂M)p/σp) (see [12] for-
mula (6.159) or [14] page 265 and [45] page 161 and Definition 23),
namely

(22) O∗∂M  O∗p with 0 �= O∗p ∈ Hn−1((∂M)p/σp).

We recall briefly the construction of O∗p , and for more details see [12]
or [14]. The main ingredient in the definition of O∗p is a transfer map
(see [17])

(23) tr : Hn−1((∂M)p/σ1 × σp−1) −→ Hn−1((∂M)p/σp),

where σ1 × σp−1 is the subgroup of σp consisting of elements of σp
which map 1 to 1. We now describe the main map and facts that are
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used in the construction of the map tr, and for more details see [12] or
[45]. The first fact is the following equivalence:

(∂M)p/σp  ((∂M)p/σ1 × σp−1) / (σp/σ1 × σp−1) ,

and the associated projection

q : (∂M)p/σ1 × σp−1 −→ (∂M)p/σp.

The next fact and the main map used in the construction of tr is
Poincaré duality and q∗. With the transfer map tr at hand, the next
ingredient in the definition of O∗p is the projection

(24) π : (∂M)p/σ1 × σp−1 −→ ∂M.

Indeed, (21), (23) and (24) defines O∗p via the following formula:

O∗p := tr ◦ π∗(O∗∂M ).

Now, identifying O∗∂M and O∗p via (22) and using (20) we have the
following well-know formula, see [12] formula (25), or [14] and [50] for
related issues.

Lemma 2.1. There holds

Hn−1((∂M)p/σp)×Hnp−1(Bp(∂M), Bp−1(∂M))
	−→ Hnp−n(Bp(∂M), Bp−1(∂M))

∂−→ Hnp−n−1(Bp−1(∂M), Bp−2(∂M)),

and

ωp−1 = ∂(O∗∂M 
 wp).

Next, we are going to discuss some important properties of the
Almaraz[3]–Chen[34]’s bubbles. Using the techniques of Brendle[21],
Almaraz[3]–Chen[34] have introduced a family of bubbles which ver-
ify the same properties as the Brendle[21]’s bubbles and the Brendle–
Chen[23]’s bubbles. Indeed, for δ small, they define a family of bubbles
va,ε,δ (see page 2643 in [3] and page 16 in [34]), a ∈ ∂M and ε posi-
tive and small such that they can replace the standard bubbles in the
analysis of diverging PS sequences of Eg and more importantly verify
a sharp energy estimate. Precisely, va,ε,δ is defined as a suitable per-
turbation of the standard bubbles glued with an appropriate scale of
the Green’s function Ga centered at a as follows:

va,ε,δ(·) = χδ(·)(δa,ε(·) + wa,ε(·)) + (1− χδ(·))ε
n−2
2 Ga(a, ·),(25)

where

χδ(x) := χ

(
d̄ga(a, x)

δ

)
,

and χ is a cut-off function defined on R̄+ satisfying χ is non-negative,
χ(t) = 1 if t ≤ 1 and χ(t) = 0 if t ≥ 2, δa,ε is defined as in (12),
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Ga(a, ·) is defined as in (13), and in Fermi normal coordinates around
a with respect to ga we have that wa,ε satisfies the pointwise estimate

(26) |∂βwa,ε(x)| ≤ Cn(|β|) ε
n−2
2

(ε2 + r2)
n−4+β

2

,

where r = d̄ga(a, x), x ∈ Ba
a(�0), �0 is as in (11) and Cn(|β|) is a large

positive constant which depends only on n and |β|. Furthermore,
recalling the assumption Zg = ∂M , we have that va,ε,δ verifies the
following energy estimate which is a weak form (but sufficient for the
purpose of this paper) of a combination either of Proposition 3.11 in [3]
and Proposition 3.9 in [3] or of Proposition 3.11 in [3] and Proposition
9 in [34] (for a reader who feels comfortable with the property Ha = 0).

Lemma 2.2. There exists 0 < δ0 ≤ �0 small such that for every
0 < 2ε ≤ δ ≤ δ0 and for every a ∈ ∂M , there holds

〈Lgava,ε,δ, va,ε,δ〉+ 〈Bgava,ε,δ, va,ε,δ〉

≤ Q(Bn)

(∮
∂M

v
2(n−1)
n−2

a,ε,δ dSga

)n−2
n−1

− εn−2I(a, δ)

+Oa,ε,δ(δε
n−2 + εn−1δ−n+1),

where Q(Bn) is defined by (8), I(a, δ) is a flux integral verifying
I(a, δ) = I(a)+oa,δ (1), I(a) = Oa(1), and for the meaning of oa,δ (1)
Oa(1) and Oa,ε,δ (1), see Section 2.

On the other hand, using the work of Almaraz[3] (Lemma 3.15 in
[3]), we have that the va,ε,δ’s verify the following interaction estimates.

Lemma 2.3. There exists a large constant C1 > 0 such that for
every 2ε1 ≤ 2ε2 ≤ δ2 ≤ δ0 and every a1, a2 ∈ ∂M , there holds∫

M
va1,ε1,δ

∣∣Lga2
va2,ε2,δ

∣∣ dVga2

+

∮
∂M

va1,ε1,δ

∣∣∣Bga2
va2,ε2,δ − c0v

n
n−2

a2,ε2,δ

∣∣∣ dSga2

≤ C1

(
δ +

ε2
δ

)(ε22 + d2ga2
(a1, a2)

ε1ε2

) 2−n
2

,

where c0 is defined by (15).

Furthermore, using (25), it is easy to see that the following estimate
holds:

Lemma 2.4. Assuming that 0 < ε ≤ δn0 and a ∈ ∂M , then we have∮
∂M

v
2(n−1)
n−2

a,ε,ε
1
n
dSga = c1 + oa,ε(1),

where c1 is as in (15), and for the meaning of oa,ε(1), see Section 2.
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Thus, setting

(27) vλa := v
a, 1

λ
,( 1

λ
)
1
n
, a ∈ ∂M, λ ≥ 1

δn0
,

and

(28) ϕa,λ := uav
λ
a , a ∈ ∂M, λ ≥ 1

δn0
,

where ua is as in (10) and δ0 is still given by Lemma 2.2, we have
clearly that Lemma 2.2, Lemma 2.3 and Lemma 2.4 combined with
(14) imply the following lemmata which will play an important role in
our application of the barycenter technique of Bahri–Coron[14]:

Lemma 2.5. Assuming that a ∈ ∂M and λ ≥ 1
δn0
, then the following

estimate holds:

Eg(ϕa,λ) ≤ Q(Bn)

(
1 +Oa,λ

(
1

λn−2

))
,

where Q(Bn) is as in (8) and for the meaning of Oa,λ (1), see Sec-
tion 2.

Lemma 2.6. There exists a large constant C2 > 0 such that for
every a1, a2 ∈ ∂M and for every λ ≥ 1

δn0
, we have∫

M
ϕa1,λ

∣∣Lga2
ϕa2,λ

∣∣ dVga2
+

∮
∂M

ϕa1,λ

∣∣∣Bga2
ϕa2,λ − c0ϕ

n
n−2

a2,λ

∣∣∣ dSga2

≤ C1

(
1

λ

) 1
n (

1 + λ2d2ga2
(a1, a2)

) 2−n
2

,

where c0 is as in (15).

Lemma 2.7. Assuming that a ∈ ∂M and λ ≥ 1
δn0
, then there holds∮

∂M
ϕ

2(n−1)
n−2

a,λ dSga = c1 + oa,λ(1),

where c1 is as in (15) and for the meaning of oa,λ(1), see Section 2.

On the other hand, using (25)–(26) and (27), we have that vλa de-
composes as follows:

(29) vλa (·) = χλ(·)
(
δλa (·) + wλ

a(·)
)
+
(
1− χλ(·)

) Ga(a, ·)
λ

n−2
2

,

where

(30) wλ
a := wa, 1

λ
, δλa := δa, 1

λ
, and χλ = χ

( 1
λ
)
1
n
,

and wλ
a satisfies the following pointwise estimate:

(31) |∂βwλ
a(x)| ≤ Cn(|β|) λ

n−6
2

+β

(1 + λ2r2)
n−4+β

2

,
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where r = d̄ga(a, x) and x ∈ Ba
a(�0). Now, for p ∈ N

∗, and A :=
(a1, · · · , ap) ∈ (∂M)p and λ ≥ 1

δn0
, we associate the following quantities:

(32) εi,j := εi,j(A, λ) :=

∮
∂M

ϕ
n

n−2

ai,λ
ϕaj ,λdSg, i, j = 1, · · · , p, i �= j.

Using (28), (29)–(32), we have the following lemma which provides
self- and interaction estimates and a relation between εi,j(A, λ) and
εi,j(A, λ̄) with λ̄ := (λ, · · · , λ); for the meaning of εi,j(A, λ̄) see (18).

Lemma 2.8. Assuming that p ∈ N
∗, A := (a1, · · · , ap) ∈ (∂M)p

and λ ≥ 1
δn0
, then

1) For every i, j = 1, · · · , p with i �= j, we have
i)

εi,j −→ 0 ⇐⇒ εi,j −→ 0,

where εi,j := εi,j(A, λ̄) with λ̄ := (λ, · · · , λ) and εi,j := εi,j(A, λ),
and for their definitions see, respectively, (18) and (32).
ii) There exists 0 < C3 < ∞ independent of p, A and λ such that
the following estimate holds:

C−13 <
εi,j
εi,j

< C3.

iii) If εi,j −→ 0, then

εi,j = (1 + oεi,j (1))εi,j ,

and for the meaning of oεi,j (1), see Section 2.
2) For every i = 1, · · · , p, there holds

〈Lgϕai,λ, ϕai,λ〉+ 〈Bgϕai,λ, ϕai,λ〉 = c0(1 + oai,λ(1))

∮
∂M

ϕ
2(n−1)
n−2

ai,λ
dSg,

where c0 is given by (15) and for the meaning of oai,λ(1), see Section 2.
3) For every i, j = 1, · · · , p with i �= j, there holds

〈Lgϕai , ϕaj 〉+ 〈Bgϕai,λ, ϕaj ,λ〉 = (1 + oAi,j ,λ(1))c0εi,j , and

εj,i = (1 + oAi,j ,λ(1))εi,j ,

where Ai,j := (ai, aj) and for the meaning of oAi,j ,λ(1), see Section 2.

Proof. To prove Lemma 2.8, we use the same strategy as in [57].
First of all, to simplify notation, for every i = 1, · · · , p, we set

ϕi := ϕai,λ, vi := vλai , δi := δλai , wi := wλ
ai , Gi(·) := Gai(ai, ·),

Bi := B̂ai
ai (δ0), expi := ˆexpaiai and ui := uai ,

(33)

and for the meaning of B̂ai
ai (δ0) and ˆexpaiai , see Section 2. Next, using

(31) and (33), we have that vi verifies the following pointwise estimate:

vi =(1 + oai,λ(1))

(
χλδi + (1− χλ)

Gi

λ
n−2
2

)
.



BARYCENTER TECHNIQUE & RIEMANN MAPPING PROBLEM 537

Moreover, using (9), (12), (30) and (33), we obtain (on ∂M)

χλδi =χλ

(
λ

1 + λ2r2

)n−2
2

= χλ

⎛
⎜⎜⎜⎝ λ

1 + λ2G
2

2−n

i
r2

G
2

2−n
i

⎞
⎟⎟⎟⎠

n−2
2

=(1 + oai,λ(1))χ
λ

⎛
⎝ λ

1 + λ2G
2

2−n

i

⎞
⎠

n−2
2

,

(34)

where r is as in (26) with a replaced by ai, and

(
1− χλ

)⎛⎝ λ

1 + λ2G
2

2−n

i

⎞
⎠

n−2
2

=
(
1− χλ

) Gi

λ
n−2
2

(
1

1 +Oai,λ(| 1λ |
2(n−1)

n )

)

=(1 + oai,λ(1))
(
1− χλ

) Gi

λ
n−2
2

.

(35)

Hence, combining (34) and (35), we obtain

vi = (1 + oai,λ(1))

⎛
⎝ λ

1 + λ2G
2

2−n

i

⎞
⎠

n−2
2

.(36)

Now, using (11), (28), (32), (33) and (36), we derive the following esti-
mate for εi,j (i, j = 1, · · · , p and i �= j):

εi,j =

∮
∂M

v
n

n−2

i vj
uj
ui

dSgai
=

∫
Bi

v
n

n−2

i vj
uj
ui

dSgai
+OAi,j ,λ(λ

1−n)

=
(
1 + oAi,j ,λ(1)

)
uj(ai)

∫
Bλ(0)

(
1

1 + |x|2
)n

2

⎡
⎣ 1

1 + λ2G
2

2−n

j (expi(
x
λ))

⎤
⎦

n−2
2

dx

+OAi,j ,λ(λ
1−n),

(37)

where

Bλ(0) := BR
n−1

0 (λδ0),

and for the meaning of BR
n−1

0 (λδ0), see Section 2. From (37) it follows
that:

εi,j −→ 0 ⇐⇒ λ2G
2

2−n

j (ai) −→ +∞ ⇐⇒ εi,j −→ 0.(38)

Thus, we have that the proof of i) of point 1) is complete. Now, since
εi,j and εi,j are bounded by definition, then thanks to (38), to prove
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ii) of point 1), we can assume without loss of generality that

λ2G
2

2−n

j (aj) � 1.(39)

Thus under the latter assumption, setting

A = BR
n−1

0 (γλ

√
G

2
2−n

j (ai)),

for γ > 0 small and using Taylor expansion, we obtain that the following
estimate holds on A:

⎛
⎝ 1

1 + λ2G
2

2−n

j (expi(
x
λ))

⎞
⎠

n−2
2

=

⎛
⎝ 1

1 + λ2G
2

2−n

j (ai)

⎞
⎠

n−2
2

⎛
⎜⎜⎜⎜⎜⎜⎝

1

1 +
λ2

[
G

2
2−n
j (expi(

x
λ
))−G

2
2−n
j (ai)

]

1+λ2G
2

2−n
j (ai)

⎞
⎟⎟⎟⎟⎟⎟⎠

n−2
2

=

⎛
⎝ 1

1 + λ2G
2

2−n

j (ai)

⎞
⎠

n−2
2

⎛
⎜⎜⎜⎜⎜⎝

1

1 +
λ∇G

2
2−n
j (ai)x+O(|x|2)

1+λ2G
2

2−n
j (ai)

⎞
⎟⎟⎟⎟⎟⎠

n−2
2

=

⎛
⎝ 1

1 + λ2G
2

2−n

j (ai)

⎞
⎠

n−2
2

− n− 2

2
λ

⎛
⎝ 1

1 + λ2G
2

2−n

j (ai)

⎞
⎠

n
2

∇G
2

2−n

j (ai)x

+O

⎛
⎝ |x|2

(1 + λ2G
2

2−n

j (ai))
n
2

⎞
⎠ .

(40)

Now, combining (37) and (40), we obtain

εi,j =(1 + oAi,j ,λ(1))
uj(ai)c3(

1 + λ2G
2

2−n

j (ai)

)n−2
2

+ oεi,j (εi,j)

+

∫
Ac∩Bλ

(
1

1 + |x|2
)n

2

⎡
⎢⎣
⎛
⎝ 1

1 + λ2G
2

2−n

j

⎞
⎠

n−2
2

⎤
⎥⎦ ◦ expi(

x

λ
) dx.

(41)
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Next, using (14), (39) and Taylor expansion, we derive that

uj(ai)c3(
1 + λ2G

2
2−n

j (ai)

)n−2
2

=c3
(
1 + oεi,j (1)

)
uj(ai)

Gj(ai)

λn−2

=c3
(
1 + oεi,j (1)

) G(ai, aj)

λn−2 =
(
1 + oεi,j (1)

)
εi,j .

(42)

Thus, combining (38), (39), (41) and (42), we obtain

εi,j =
(
1 + oεi,j (1)

)
εi,j + IAc ,

where

IAc =

∫
Ac∩Bλ(0)

(
1

1 + |x|2
)n

2

⎡
⎢⎣
⎛
⎝ 1

1 + λ2G
2

2−n

j

⎞
⎠

n−2
2

⎤
⎥⎦ ◦ expi(

x

λ
) dx,

and Ac = R
n−1 \ A. Hence, to end the proof of ii) of point 1) and to

prove iii) of point 1), we are going to show that IAc satisfies

(43) IAc = oεi,j (εi,j).

In order to do that, we first decompose Ac into

B = {x ∈ R
n−1 : γλ

√
G

2
2−n

j (ai) ≤ |x| ≤ γ−1λ

√
G

2
2−n

j (ai)},(44)

and

C = {x ∈ R
n−1 : |x| > γ−1λ

√
G

2
2−n

j (ai)},

and have

IAc = IB + IC ,

where

(45) IB :=

∫
B∩Bλ(0)

(
1

1 + |x|2
)n

2

⎡
⎢⎣
⎛
⎝ 1

1 + λ2G
2

2−n

j

⎞
⎠

n−2
2

⎤
⎥⎦ ◦ expi(

x

λ
) dx,

and

(46) IC :=
∫
C∩Bλ(0)

(
1

1 + |x|2
)n

2

⎡
⎢⎣
⎛
⎝ 1

1 + λ2G
2

2−n

j

⎞
⎠

n−2
2

⎤
⎥⎦ ◦ expi(

x

λ
) dx.
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To prove (43), we are going to estimate separately IB and IC . We
start with IB. Using (44) and (45), we have clearly that IB verifies
the following estimate:

IB ≤ Cγ(
1 + λ2G

2
2−n

j (ai)

)n
2

×
∫
B∩Bλ

⎡
⎢⎣
⎛
⎝ 1

1 + λ2G
2

2−n

j

⎞
⎠

n−2
2

⎤
⎥⎦ ◦ expi(

x

λ
)dx,

(47)

for some large positive constant Cγ depending only on γ. Thus, rescal-

ing and changing coordinates via expj ◦ exp−1i (if necessary), we have
that (47) implies

IB ≤Ĉγε
n

n−2

i,j

∫
[|x|≤λC̃γdĝ(ai,aj)]

(
1

1 + |x|2
)n−2

2

dx ≤ C̄γε
n−1
n−2

i,j ,(48)

for some large positive constants Ĉγ , C̃γ and C̄γ which are depend-
ing only on γ. Finally, we estimate IC . To do that, we fix γ > 0
sufficiently small and use (38), (39) and (46) to obtain

IC ≤ Cγ(
1 + λ2G

2
2−n

j (ai)

)n−2
2

∫
C

(
1

1 + |x|2
)n

2

dx = oεi,j (εi,j),(49)

for some large constant Cγ depending only on γ. Hence (48) and (49)
imply (43), thereby ending the proof of point 1). On the other hand,
we have clearly that point 2) follows from Lemma 2.6 and Lemma 2.7.
Furthermore, the first equation of point 3) follows from Lemma 2.6 and
ii) of point 1), while the second equation follows from the first equation
and from the self-adjointness of (Lg, Bg). q.e.d.

Now, using (12), (28), (29)–(31), we have the following interaction
type estimate:

Lemma 2.9. Assuming that p ∈ N
∗, A := (a1, · · · , ap) ∈ (∂M)p and

λ ≥ 1
δn0
, then for every i, j = 1, · · · , p with i �= j, there holds∮

∂M
ϕ

n−1
n−2

ai,λ
ϕ

n−1
n−2

aj ,λ
dSg = OAi,j ,λ(ε

n−1
n−2

i,j log εi,j),(50)

where Ai,j = (ai, aj), εi,j := εi,j(A, λ̄) with λ̄ := (λ, · · · , λ), and for the
meaning of OAi,j ,λ(1) and εi,j(A, λ̄), see, respectively, Section 2 and
(18).

Proof. Using (12), (28), (29)–(31) and setting ϕi = ϕai,λ for i =
1, · · · , p, we have that for every i = 1, · · · , p, the following estimate
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holds:

ϕi ≤ C

(
λ

1 + λ2d2ĝ(ai, ·)

)n−2
2

on ∂M,(51)

for some large positive constant independent of ai and λ with ĝ de-
noting the Riemannian metric induced by g on ∂M . Hence, using
(51), we have for c > 0 and small that the following estimate holds:

∮
∂M

ϕ
n−1
n−2

i ϕ
n−1
n−2

j dSg

≤C

∫
BRn−1

0 (c)

(
λ

1 + λ2|x|2
)n−1

2

(
λ

1 + λ2d2ĝ(aj , expi(x))

)n−1
2

dx

+ C
1

λ
n−1
2

∫
BRn−1

0 (c)

(
λ

1 + λ2|x|2
)n−1

2

dx+OAi,j ,λ

(
1

λn−1

)

=C

∫
BRn−1

0 (cλ)

(
1

1 + r2

)n−1
2

(
1

1 + λ2d2ĝ(aj , expi(
x
λ))

)n−1
2

dx

+ C
1

λn−1

∫
BRn−1

0 (cλ)

(
1

1 + |x|2
)n−1

2

dx+OAi,j ,λ

(
1

λn−1

)
,

(52)

for some large positive constant C independent of Ai,j and λ with
r = |x| and expi := ˆexpai (for its meaning see Section 2). Thus
appealing to (52), we infer that

∮
∂M

ϕ
n−1
n−2

i ϕ
n−1
n−2

j dSg

≤C

∫
BRn−1

0 (cλ)

(
1

1 + |x|2
)n−1

2

(
1

1 + λ2d2ĝ(aj , expi(
x
λ))

)n−1
2

dx

+OAi,j ,λ(
log λ

λn−1 ).

(53)

Thus (50) follows from (53) if

dĝ(ai, aj) ≥ 3c.
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Hence, to complete the proof of the lemma it remains to treat the case
dĝ(ai, aj) < 3c. To do that, we set

B = {x ∈ R̄
n−1 :

1

2
dĝ(ai, aj) ≤ |x

λ
| ≤ 2dĝ(ai, aj)},

and use (53) and the triangle inequality to get for c > 0 sufficiently
small that the following estimate holds:∮

∂M
ϕ

n−1
n−2

i ϕ
n−1
n−2

j dSg

≤C

∫
B

(
1

1 + |x|2
)n−1

2

(
1

1 + λ2d2ĝ(aj , expi(
x
λ))

)n−1
2

dx

+OAi,j ,λ(ε
n−1
n−2

i,j log εi,j)

≤C

(
1

1 + |λdĝ(ai, aj)|2
)n−1

2
∫
{| x

λ
|≤4dĝ(ai,aj)}

(
1

1 + |x|2
)n−1

2

dx

+OAi,j ,λ(ε
n−1
n−2

i,j log εi,j)

=OAi,j ,λ(ε
n−1
n−2

i,j log εi,j),

where C is a large positive constant independent of Ai,j and λ,
thereby completing the proof of the lemma. q.e.d.

3. Energy estimates for the barycenter technique

In this section, we map Bp(∂M) into some appropriate sublevels
of the Euler–Lagrange functional Eg via the Almaraz[3]–Chen[34]’s
bubbles. Precisely, we are going to derive sharp energy estimates for
convex combinations of the bubbles ϕa,λ given by (28) so that we can
use them in the next section to run a suitable scheme of the barycenter
technique of Bahri–Coron[14]. In order to do that, we first make the
following definition. For p ∈ N

∗, σ :=
∑p

i=1 αiδai ∈ Bp(∂M) and

λ ≥ 1
δn0
, where δ0 is given by Lemma 2.2, we define fp(λ) : Bp(∂M) −→

W 1,2
+ (M) as follows:

(54) fp(λ)(σ) :=

p∑
i=1

αiϕai,λ.

We start this section with the following proposition which provides
the first step to apply our scheme of the algebraic topological argument
of Bahri–Coron[14].

Proposition 3.1. There exists a large constant C0 > 0, ν0 > 1 and
0 < ε0 ≤ δ0 such that for every p ∈ N

∗, p ≥ 2 and every 0 < ε ≤ ε0,
there exists λp := λp(ε) := λp(ν0, ε) ≥ 1

δn0
such that for every λ ≥ λp
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and for every σ =
∑p

i=1 αiδai ∈ Bp(∂M), we have

1) If there exist i0 �= j0 such that
αi0
αj0

> ν0 or if
∑

i �=j εi,j > ε, then

Eg(fp(λ)(σ)) ≤ p
1

n−1Q(Bn),

where Q(Bn) is defined by (8), εi,j := εi,j(A, λ̄) with λ̄ := (λ, · · · , λ)
and for the definition of ε(A, λ̄), see (18).
2) If for every i �= j we have αi

αj
≤ ν0 and if

∑
i �=j εi,j ≤ ε, then

Eg(fp(λ)(σ)) ≤ p
1

n−1Q(Bn)

(
1 +

C0

λn−2 − cg
(p− 1)

λn−2

)
,

where cg is defined by (16).

As in [57], Proposition 3.1 will be derived from the following technical
lemma:

Lemma 3.2. We have that the following holds:
1) For every ε > 0 and small and for every p ∈ N

∗ with p ≥ 2, there
exists λp := λp(ε) ≥ 1

δn0
such that for every λ ≥ λp and for every

σ :=
∑p

i=1 αiδai ∈ Bp(∂M), we have that∑
i �=j

εi,j > ε

implies

Eg(fp(λ)(σ)) < p
1

n−1Q(Bn),

where εi,j := εi,j(A, λ) is defined by (32).
2) For every ν > 1, for every ε > 0 and small and for every p ∈ N

∗
with p ≥ 2, there exists λp := λp(ε, ν) ≥ 1

δn0
such that for every λ ≥ λp

and for every σ :=
∑p

i αiδai ∈ Bp(∂M), we have

∃ i0 �= j0 such that
αi0

αj0

> ν and
∑
i �=j

εi,j ≤ ε

imply

Eg(fp(λ)(σ)) < p
1

n−1Q(Bn).

3) There exists C0 > 0, ν0 > 1, λ0 ≥ 1
δn0

and 0 < ε0 ≤ δ0 such that

for every 1 < ν ≤ ν0, for every 0 < ε ≤ ε0, for every p ∈ N
∗ with

p ≥ 2, for every λ ≥ λ0 and for every σ :=
∑p

i=1 αiδai ∈ Bp(∂M), we
have

αi

αj
≤ ν ∀i, j, and

∑
i �=j

εi,j ≤ ε

imply

Eg(fp(λ)(σ)) ≤ p
1

n−1Q(B)

(
1 +

C0

λn−2 − cg
(p− 1)

λn−2

)
.
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Proof. The strategy of the proof is the same as the one of Lemma 3.2
in [57]. For the sake of completeness we will provide full details. First
of all, we set

(55) Ng(u) := 〈Lgu, u〉+ 〈Bgu, u〉, Dg(u) :=

(∮
∂M

u
2(n−1)
n−2 dSg

)n−2
n−1

,

for u ∈ W 1,2
+ (M) and use (1) to have

(56) Eg(u) = Ng(u)

Dg(u)
, u ∈ W 1,2

+ (M).

Furthermore, for p ∈ N
∗, σ :=

∑p
i=1 αiδai ∈ Bp(∂M) and λ ≥ 1

δn0
, we

set (as in the proof of Lemma 2.8)

(57) ϕi = ϕai,λ, i = 1, · · · , p.
Now, we start with the proof of point 1). To do so, we first use Lemma
2.8, (54), (55), (57) and Hölder’s inequality to estimate Ng(fp(λ)(σ))
as follows:

Ng(fp(λ)(σ)) = c0(1 + oA,ᾱ,λ(1))

∮
∂M

(
p∑

i=1

αiϕ
n

n−2

i

)⎛⎝ p∑
j=1

αjϕj

⎞
⎠ dSg

=c0(1 + oA,ᾱ,λ(1))

∮
∂M

⎛
⎝∑p

i=1 αiϕ
n

n−2

i∑p
j=1 αjϕj

⎞
⎠
⎛
⎝ p∑

j=1

αjϕj

⎞
⎠

2

dSg

≤c0(1 + oA,ᾱ,λ(1))Dg(fp(λ)(σ))‖
∑p

i=1 αiϕ
n

n−2

i∑p
j=1 αjϕj

‖Ln−1(∂M),

(58)

where A := (a1, · · · , ap), ᾱ := (α1, · · · , αp) and for the meaning of

oA,ᾱ,λ(1), see Section 2. Thus, using the convexity of the map x −→ xβ

with β > 1, we derive that (58) implies

Ng(fp(λ)(σ)) ≤c0(1 + oA,ᾱ,λ(1))Dg(fp(λ)(σ))⎛
⎝∮

M

(
p∑

i=1

αiϕi∑p
j=1 αjϕj

ϕ
2

n−2

i

)n−1
dSg

⎞
⎠

1
n−1

≤c0(1 + oA,ᾱ,λ(1))Dg(fp(λ)(σ))(
p∑

i=1

∮
∂M

αiϕi∑p
j=1 αjϕj

ϕ
2(n−1)
n−2

i dSg

) 1
n−1

.

(59)
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Hence, clearly Lemma 2.7, (56) and (59) imply for any pair i �= j
(i, j = 1, · · · , p)

Eg(fp(λ)(σ)) ≤c0(1 + oA,ᾱ,λ(1))(
c1(p− 1) +

∮
∂M

αiϕi

αiϕi + αjϕj
ϕ

2(n−1)
n−2

i dSg

) 1
n−1

≤c0(1 + oA,ᾱ,λ(1))(
c1p−

∮
∂M

αjϕj

αiϕi + αjϕj
ϕ

2(n−1)
n−2

i dSg

) 1
n−1

,

(60)

and we may assume αi ≤ αj by symmetry. Now, we are going to

estimate from below the quantity
∮
∂M

αjϕj

αiϕi+αjϕj
ϕ

2(n−1)
n−2

i dSg. In order to

do that, for γ > 0, we set

Ai,j = {x ∈ ∂M : ϕi(x) ≥ γ(
αi

αj
ϕi(x) + ϕj(x))},(61)

and use (61) to have

∮
∂M

αjϕjϕ
2(n−1)
n−2

i

αiϕi + αjϕj
dSg ≥

∮
Ai,j

ϕj
αi
αj
ϕi + ϕj

ϕ
2(n−1)
n−2

i dSg

≥γ

∮
Ai,j

ϕ
n

n−2

i ϕjdSg

=γ

(∮
∂M

ϕ
n

n−2

i ϕjdSg −
∮
Ac

i,j

ϕ
n

n−2

i ϕjdSg

)

≥γ

(∮
∂M

ϕ
n

n−2

i ϕjdSg − γ
2

n−2

∮
Ac

i,j

(
αi

αj
ϕi + ϕj

) 2
n−2

ϕiϕjdSg

)
,

(62)

where Ac
i,j := ∂M \ Ai,j . Next, since αi

αj
≤ 1, then appealing to (62),

we infer that the following estimate holds:

∮
∂M

αjϕjϕ
2(n−1)
n−2

i

αiϕi + αjϕj
dSg

≥ γ

(∮
∂M

ϕ
n

n−2

i ϕjdSg − Cγ
2

n−2

∮
∂M

(ϕ
2

n−2

i + ϕ
2

n−2

j )ϕiϕjdSg

)
,

(63)

for some large positive constant C independent of A, λ and γ. Thus,
ii) of point 1) and point 3) of Lemma 2.8 together with (63) imply that
for γ > 0 sufficiently small, there holds∮

∂M

αjϕj

αiϕi + αjϕj
ϕ

2(n−1)
n−2

i dSg ≥γ

2

∫
∂M

ϕ
n

n−2

i ϕjdSg.(64)
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Hence, combining (17), (60) and (64), we conclude that for any pair
i �= j, the following estimate holds:

Eg(fp(λ)(σ))

≤ (1 + oA,ᾱ,λ(1))Q(Bn)

(
p− γ

2c1

∮
∂M

ϕ
n

n−2

i ϕjdSg

) 1
n−1

.
(65)

Clearly (65) implies, that we always have

Eg(fp(λ)(σ)) ≤ (1 + oA,ᾱ,λ(1)) p
1

n−1Q(Bn),

and in case
∑

i �=j εi,j > ε

Eg(fp(λ)(σ)) ≤ (1 + oA,ᾱ,λ(1)) p
1

n−1Q(Bn)

(
1− γε

2pc1

) 1
n−1

,

thereby ending the proof of point 1). Now, we are going to treat the
second case. Hence, we may assume∑

i �=j

εi,j � 1,

and thus according to Lemma 2.8

εi,j = (1 + oεi,j (1))εi,j and λdĝ(ai, aj) � 1,(66)

and for the meaning of oεi,j (1), see Section 2. We then use Lemma 2.8,
(55) and (66) to have

Ng(fp(λ)(σ)) =

p∑
i=1

p∑
j=1

αiαj (〈Lgϕi, ϕj〉+ 〈Bgϕi, ϕj〉)

=

p∑
i=1

α2
i (〈Lgϕi, ϕi〉+ 〈Bgϕi, ϕi〉)

+
∑
i �=j

αiαj (〈Lgϕi, ϕj〉+ 〈Bgϕi, ϕj〉)

=
∑
i

α2
i Eg(ϕi)Dg(ϕi) + c0(1 + o∑

i, �=j εi,j
(1))

∑
i �=j

αiαjεi,j ,

(67)

and (for the meaning of o∑
i �=j εi,j

(1), see Section 2)

D
n−1
n−2
g (fp(λ)(σ)) =

∮
∂M

(
p∑

i=1

αiϕi

) 2(n−1)
n−2

dSg

=

p∑
i=1

αi

∮
∂M

⎛
⎝ p∑

j=1

αjϕj

⎞
⎠

n
n−2

ϕidSg
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=

p∑
i=1

αi

∮
∂M

⎛
⎝αiϕi +

p∑
j=1, j �=i

αjϕj

⎞
⎠

n
n−2

ϕidSg.

To proceed further, we set

Ai = {x ∈ ∂M : αiϕi(x) >

p∑
j=1, j �=i

αjϕj(x)},

and use Taylor expansion to obtain

D
n−1
n−2
g (fp(λ)(σ)) =

p∑
i=1

α
2(n−1)
n−2

i

∮
Ai

ϕ
2(n−1)
n−2

i dSg

+
n

n− 2

∑
i �=j

α
n

n−2

i αj

∮
Ai

ϕ
n

n−2

i ϕjdSg

+

p∑
i=1

αi

∮
Ac

i

⎛
⎝ p∑

j=1, j �=i

αjϕj

⎞
⎠

n
n−2

ϕidSg

+OA,ᾱ,λ

⎛
⎝∑

i �=j

α
n−1
n−2

i α
n−1
n−2

j

∮
∂M

ϕ
n−1
n−2

i ϕ
n−1
n−2

j dSg

⎞
⎠ ,

(68)

where Ac
i := ∂M \ Ai, A := (a1, · · · , ap), ᾱ := (α1, · · · , αp), OA,ᾱ,λ(1)

is defined as in Section 2, and we made use of n ≥ 3 and the algebraic
relation

(a+ b)
n−1
n−2 ≤ Cn(a

n−1
n−2 + b

n−1
n−2 ),

for a, b ≥ 0 and Cn a positive constant depending only on n. More-
over, since

(a+ b)
n

n−2 ≥ a
n

n−2 + b
n

n−2 ,(69)

then (68) and (69) implies

D
n−1
n−2
g (fp(λ)(σ)) ≥

p∑
i=1

α
2(n−1)
n−2

i

∮
∂M

ϕ
2(n−1)
n−2

i dSg

+
n

n− 2

∑
i �=j

α
n

n−2

i αj

∮
∂M

ϕ
n

n−2

i ϕjdSg

+
∑
i �=j

αiα
n

n−2

j

∮
Ac

i

ϕ
n

n−2

j ϕidSg

+OA,λ

⎛
⎝∑

i �=j

α
n−1
n−2

i α
n−1
n−2

j

∮
∂M

ϕ
n−1
n−2

i ϕ
n−1
n−2

j dSg

⎞
⎠(70)
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≥
p∑

i=1

α
2(n−1)
n−2

i

∮
∂M

ϕ
2(n−1)
n−2

i dSg

+ 2
n− 1

n− 2

∑
i �=j

α
n

n−2

i αj

∮
∂M

ϕ
n

n−2

i ϕjdSg

+OA,ᾱ,λ

⎛
⎝∑

i �=j

α
n−1
n−2

i α
n−1
n−2

j

∮
∂M

ϕ
n−1
n−2

i ϕ
n−1
n−2

j dSg

⎞
⎠ .

So, using Lemma 2.9 and (66), we have that (70) implies

D
n−1
n−2
g (fp(λ)(σ)) ≥

p∑
i=1

α
2(n−1)
n−2

i

∮
∂M

ϕ
2(n−1)
n−2

i dSg

+
2(n− 1)

n− 2

(
1 + o∑

i �=j εi,j
(1)
)∑

i �=j

α
n

n−2

i αjεi,j

+ o∑
i �=j εi,j

⎛
⎝∑

i �=j

α
n−1
n−2

i α
n−1
n−2

j εi,j

⎞
⎠ .

(71)

Thus, using Young’s inequality and the symmetry of εi,j , we infer from
(71) that the following estimate holds:

D
n−1
n−2
g (fp(λ)(σ)) ≥

p∑
i=1

α
2(n−1)
n−2

i

∮
∂M

ϕ
2(n−1)
n−2

i dSg

+
2(n− 1)

n− 2
(1 + o∑

i �=j εi,j
(1))

∑
i �=j

α
n

n−2

i αjεi,j .

(72)

Hence, using again Young’s inequality, Taylor expansion and Lemma
2.7, we have that (72) gives

Dg(fp(λ)(σ))

≥
(

p∑
i=1

α
2(n−1)
n−2

i

∮
∂M

ϕ
2(n−1)
n−2

i dSg

)n−2
n−1

⎛
⎜⎝1 +

2(n−1)
n−2

(
1 + o∑

i �=j εi,j
(1)
)∑

i �=j α
n

n−2

i αjεi,j

∑p
i=1 α

2(n−1)
n−2

i

∮
∂M ϕ

2(n−1)
n−2

i dSg

⎞
⎟⎠

n−2
n−1

=

(
p∑

i=1

α
2(n−1)
n−2

i

∮
∂M

ϕ
2(n−1)
n−2

i dSg

)n−2
n−1

(73)
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+ 2

(
1 + o∑

i �=j εi,j
(1)
)∑

i �=j α
n

n−2

i αjεi,j(∑p
i=1 α

2(n−1)
n−2

i

∮
∂M ϕ

2(n−1)
n−2

i dSg

) 1
n−1

=

(
p∑

i=1

α
2(n−1)
n−2

i D
n−1
n−2
g (ϕi)

)n−2
n−1

+ 2c
− 1

n−1

1

(
1 + o∑

i �=j εi,j
(1)
)∑

i �=j α
n

n−2

i αjεi,j(∑p
i=1 α

2(n−1)
n−2

i

) 1
n−1

.

Now letting

G =

p∑
i=1

α2
i Eg(ϕi)Dg(ϕi) + c0

(
1 + o∑

i �=j εi,j
(1)
)∑

i �=j

αiαjεi,j ,

and

H =

(
p∑

i=1

α
2(n−1)
n−2

i D
n−1
n−2
g (ϕi)

)n−2
n−1

+ 2c
− 1

n−1

1

(
1 + o∑

i �=j εi,j
(1)
)∑

i �=j α
n

n−2

i αjεi,j(∑p
i=1 α

2(n−1)
n−2

i

) 1
n−1

,

we find from combining (67) and (73) via Taylor expansion

Eg(fp(λ)(σ)) ≤ H
G

=

∑p
i=1 Eg(ϕi)α

2
iDg(ϕi)(∑p

i=1 α
2(n−1)
n−2

i D
n−1
n−2
g (ϕi)

)n−2
n−1

+
c0

c
n−2
n−1

1

(
1 + o∑

i �=j εi,j
(1)
)∑

i �=j αiαjεi,j(∑p
i=1 α

2(n−1)
n−2

i

)n−2
n−1

− 2c0

c
n−2
n−1

1

(
1 + o∑

i �=j εi,j
(1)
) (∑p

i=1 α
2
i

) (∑
i �=j α

n
n−2

i αjεi,j

)
(
∑p

i=1 α
2(n−1)
n−2

i )
2n−3
n−1

.

(74)
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Hence, using (17) and rearranging the terms in (74), we get

Eg(fp(λ)(σ)) ≤ max
i=1,··· ,p

Eg(ϕi)

∑p
i=1 α

2
iDg(ϕi)(∑p

i=1

(
α2
iDg(ϕi)

)n−1
n−2

)n−2
n−1

+

(
1 + o∑

i �=j εi,j
(1)
)
Q(Bn)(∑p

i=1 α
2(n−1)
n−2

i

)n−2
n−1

(75)

⎛
⎜⎜⎝∑

i �=j

⎡
⎢⎢⎣1− 2

α
2

n−2

i

(∑p
k=1 α

2
k

)
(∑p

k=1 α
2(n−1)
n−2

k

)
⎤
⎥⎥⎦αiαj

εi,j
c1

⎞
⎟⎟⎠ .

This inequality has the following impact. First note for the first sum-
mand of (75), that the function

Γ : {γ ∈ [0, 1]p :

p∑
i=1

γi = 1} −→ R+,

γ −→
∑p

i=1 γ
2
i

(
∑p

i=1 γ
2(n−1)
n−2

i )
n−2
n−1

,

(76)

has the strict global maximum

(77) γmax =

(
1

p
, . . . ,

1

p

)
,

with Γ(γmax) = p
1

n−1 . Thus, using Lemma 2.7, Lemma 2.5, (55), (66)
and (75), we infer that for any ν > 0, for every ε > 0 and small and for
every p ∈ N

∗, there exists λp := λp(ν, ε) ≥ 1
δn0

such for every λ ≥ λp

and for every σ :=
∑p

i=1 αiδai ∈ Bp(∂M), there holds

Eg(fp(λ)(σ)) < p
1

n−1Q(Bn),

whenever

∃io �= j0 such that
αi0

αj0

> ν and
∑
i �=j

εi,j ≤ ε,

thereby ending the proof of point 2). Now, we are going to treat point
3) and end the proof of the Lemma. Thus, we may assume

∀ i, j
αi

αj
≤ 1 + o+μ (1) and

∑
i �=j

εi,j � 1,(78)

where o+μ (1) is a positive quantity depending only μ with μ small
and verifying the property that it tends to 0 as μ tends to 0. So,
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using (75), (78) and the properties of Γ (see (76) and (77)), we infer
that the following estimate holds:

Eg(fp(λ)(σ))
≤ max

i=1,··· ,p
Eg(ϕi)p

1
n−1

− (1 + o∑
i �=j εi,j

(1) + oμ(1))
Q(Bn)

∑
i �=j αiαj

εi,j
c1

(
∑p

i=1 α
2(n−1)
n−2

i )
n−2
n−1

= max
i=1,··· ,p

Eg(ϕi)p
1

n−1

− (1 + o∑
i �=j εi,j

(1) + oμ(1))Q(Bn)p
2−n
n−1

∑
i �=j

εi,j
c1

.

(79)

Now, using Lemma 2.5, (66), (78) and (79), we have that there exists
C0 > 0, ν0 > 1, λ0 ≥ 1

δn0
and 0 < ε0 ≤ δ0 such that for every

1 < ν ≤ ν0, for every 0 < ε ≤ ε0, for every p ∈ N
∗, for every λ ≥ λ0

and for every σ :=
∑p

i=1 αiδai ∈ Bp(∂M), we have if αi
αj

≤ ν ∀i, j
and

∑
i �=j εi,j ≤ ε, then there holds

Eg(fp(λ)(σ)) ≤p
1

n−1Q(Bn)

⎛
⎝1 +

C0

λn−2 − 1

2c1p

∑
i �=j

εi,j

⎞
⎠ .(80)

Thus, recalling that (see (42))

εi,j = (1 + oεi,j (1))c3
G(ai, aj)

λn−2 ,

and using again (66), we infer from (80) that up to taking ε0 smaller,
for every 1 < ν ≤ ν0, for every 0 < ε ≤ ε0, for every p ∈ N

∗, for every
λ ≥ λ0 and for every σ :=

∑p
i=1 αiδai ∈ Bp(∂M), there holds

αi

αj
≤ ν ∀i, j and

∑
i �=j

εi,j ≤ ε

imply

Eg(fp(λ)(σ)) ≤p
1

n−1Q(Bn)

⎛
⎝1 +

C0

λn−2 − c3
4c1pλn−2

∑
i �=j

G(ai, aj)

⎞
⎠

≤p
1

n−1Q(Bn)

(
1 +

C0

λn−2 − cg
(p− 1)

λn−2

)
,

thereby ending the proof of point 3), hence of the Lemma. q.e.d.

Proof of Proposition 3.1. It follows from Lemma 3.2 by taking C0

and ν0 to be the ones given by Lemma 3.2, while ε0 :=
ε0
2 and

λp := λp(ε, ν0) := max{λp(
ε

2
), λp(2ε, ν0), λ0},
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where ε0, λp(
ε
2), λp(2ε, ν0) and λ0 are as in Lemma 3.2. q.e.d.

Now, using Proposition 3.1, we have the following corollary which
will be used together with Proposition 3.1 in the next section to carry
a suitable algebraic topological argument of Bahri–Coron[14].

Corollary 3.3. There exists p0 ∈ N
∗ large enough such that for

every 0 < ε ≤ ε0 and for every for every λ ≥ λp0 (where ε0 and λp0

are given by Proposition 3.1), there holds

fp0(λ)(Bp0(∂M)) ⊂ Wp0−1.

Proof. It follows directly from Proposition 3.1 and the definition of
Wp0−1 (see (7) with p replaced by p0 − 1). q.e.d.

4. Application of Bahri–Coron’s barycenter technique

In this section, we are going to use directly the results of the previous
one to run a suitable scheme of the barycenter technique of Bahri–
Coron[14]. To do so, we first introduce the notion of neighborhood of
potential critical points at infinity of the Euler–Lagrange functional Eg.
Precisely, for p ∈ N

∗, 0 < ε ≤ ε0 (where ε0 is given by Proposition 3.1),
we define V (p, ε) the (p, ε)-neighborhood of potential critical points
at infinity of Eg, namely

V (p, ε) := {u ∈ W 1,2(M) | ∃a1, · · · , ap ∈ ∂M, α1, · · · , αp > 0,

λ1, · · · , λp ≥ 1

ε
: ||u−

p∑
i=1

αiϕai,λi
|| ≤ ε,

αi

αj
≤ ν0

and for i �= j : εi,j ≤ ε},
where || · || denotes the standard W 1,2-norm, εi,j := εi,j(A, λ̄) with
A := (a1, · · · , ap), λ̄ := (λ1, · · · , λp), (εi,j(A, λ̄))’s are defined by (18),
ϕai,λ is given by (28) for i = 1, · · · , p and ν0 is given by Proposition 3.1.

Concerning the sets V (p, ε), for every p ∈ N
∗, we have that there

exists 0 < εp ≤ ε0 such that for every 0 < ε ≤ εp, we have that

∀u ∈ V (p, ε) the minimization problem min
BCpε

||u−
p∑

i=1

αiϕai,λi
||(81)

has a unique solution, up to permutations, where BCpε is defined as

BCpε := {(ᾱ, A, λ̄) ∈ R
p
+ × (∂M)p × (0,+∞)p |,

λi ≥ Cp

ε
,
αi

αj
≤ ν0 and for i �= j : εi,j ≤ Cpεp},

and Cp > 1. Furthermore, we define the selection map

sp : V (p, ε) −→ (∂M)p/σp,
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as follows:

(82) sp(u) := A, u ∈ V (p, ε), and A is given by (81).

Now having introduced the neighborhoods of potential critical points
at infinity of the Euler–Lagrange functional Eg, we are ready to present
our algebraic topological argument for existence. In order to do that,
we start by the following classical deformation lemma which follows
from the same arguments as for its counterparts in classical application
of the algebraic topological argument of Bahri–Coron[14] (see, for ex-
ample, Proposition 6 in [14]) and the fact that the ϕa,λ can replace
the standard bubbles in the analysis of diverging PS sequences of the
Euler–Lagrange functional Eg.

Lemma 4.1. Assuming that Eg has no critical points, then for
every p ∈ N

∗, up to taking εp smaller (where εp is given by (81)),
we have that for every 0 < ε ≤ εp, there holds (Wp, Wp−1) retracts by
deformation onto (Wp−1 ∪ Ap, Wp−1) with V (p, ε̃) ⊂ Ap ⊂ V (p, ε)
where 0 < ε̃ < ε

4 is a very small positive real number and depends on ε.

Using Proposition 3.1 and Lemma 4.1, we are going to show that if
Eg has no critical points, then for λ large enough, the map (f1(λ))∗
is well defined and maps ∂M (in top homology) in a nontrivial way in
(W1, W0). Precisely, we show:

Lemma 4.2. Assuming that Eg has no critical points and 0 < ε ≤
ε1 (where ε1 is given by (81)), then up to taking ε1 smaller and λ1

larger (where λ1 is given by Proposition 3.1), we have that for every
λ ≥ λ1

f1(λ) : (B1(∂M), B0(∂M)) −→ (W1, W0)

is well defined and satisfies

(f1(λ))∗(w1) �= 0 in Hn−1(W1, W0).

Proof. It follows from the selection map s1 given by (82), Lemma
2.5 and the same arguments as in Lemma 26 in [45]. q.e.d.

Next, as in [57], using Lemma 2.1, Proposition 3.1, Lemma 4.1 and
the algebraic topological argument of Bahri–Coron[14], we are going to
show that if for λ large Bp(∂M) (in top homology) survives “topo-
logically” the embedding into (Wp, Wp−1) via fp(λ), then for λ large
Bp+1(∂M) (in top homology and as a cone with base Bp−1(∂M) and
top ∂M) survives “topologically” the embedding into (Wp+1, Wp) via
fp+1(λ). Precisely, we prove the following proposition:

Proposition 4.3. Assuming that Eg has no critical points and
0 < ε ≤ εp+1 (where εp+1 is given by (81)), then up to taking εp+1
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smaller and λp and λp+1 larger (where λp and λp+1 are given by
Proposition 3.1), we have that for every λ ≥ max{λp, λp+1}, there holds

fp+1(λ) : (Bp+1(∂M), Bp(∂M)) −→ (Wp+1, Wp),

and
fp(λ) : (Bp(∂M), Bp−1(∂M)) −→ (Wp, Wp−1)

are well defined and satisfy

(fp(λ))∗(wp) �= 0 in Hnp−1(Wp, Wp−1)

implies

(fp+1(λ))∗(wp+1) �= 0 in Hn(p+1)−1(Wp+1, Wp).

Proof. First of all, we let p ∈ N
∗ and 0 < εp+1, where εp+1 is given

by (81). Next, recalling that we have assumed that Eg has no critical
points, and using Lemma 4.1, then up to taking εp+1 smaller, we infer
that the following holds:

(83) (Wp+1, Wp)  (Wp ∪ Ap+1, Wp),

with

(84) V (p+ 1, ε̃) ⊂ Ap+1 ⊂ V (p+ 1, ε), 0 < 4ε̃ < ε.

Now, using Lemma 2.8 and Proposition 3.1, we have that for every
λ ≥ max{λp, λp+1} (where λp and λp+1 are given by Proposition 3.1),
there holds

(85) fp+1(λ) : (Bp+1(∂M), Bp(∂M)) −→ (Wp+1, Wp),

and

(86) fp(λ) : (Bp(∂M), Bp−1(∂M)) −→ (Wp, Wp−1)

are well defined and hence have that the first point is proven. Next, us-
ing Proposition 3.1, (85) and (86), we have that up to taking λp+1 and

λp larger (for example, larger than 4max{λp+1(ε), λp(ε), λp(2ε̃), λp(
ε̃
2),

1
ε̃}, where λp(ε), λp+1(ε), λp(2ε̃), and λp(

ε̃
2) are given by Proposition

3.1 and ε̃ is given by (84)) the following diagram:

(87)

(Bp+1(∂M), O(Bp(∂M)))
fp+1(λ)−−−−−→ (Wp+1, Wp) ⏐⏐  ⏐⏐

(O(Bp(∂M)), Bp−1(∂M))
fp(λ)−−−−→ (Wp, Wp−1)

is well defined and commutes, where

O(Bp(∂M)) := {σ =

p+1∑
i=1

αiδai ∈ Bp+1(∂M) |

∃ i0 �= j0 :
αi0

αj0

> ν0 or
∑
i �=j

εi,j > ε̃},
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with ν0 given by Proposition 3.1. On the other hand, we have

(88) O(Bp(∂M))  Bp(∂M),

and

(89) Bp+1(∂M) \ O(Bp(∂M))  Bp+1(∂M) \Bp(∂M).

Now, using Lemma 2.1, we derive

Hn−1((∂M)p+1/σp+1)×Hn(p+1)−1(Bp+1(∂M), Bp(∂M))
	−→ Hn(p+1)−n(Bp+1(∂M), Bp(∂M))

∂−→ Hn(p+1)−n−1(Bp(∂M), Bp−1(∂M)).

(90)

Furthermore, using (83), we infer that

Hn−1(Ap+1)×Hn(p+1)−1(Wp+1, Wp)

	−→ Hn(p+1)−n(Wp+1, Wp)
∂−→ Hn(p+1)−n−1(Wp, Wp−1).

(91)

Moreover, passing to homologies in (87) and using (89), we derive

Hn(p+1)−1(Bp+1(∂M), Bp(∂M))

(fp+1(λ))∗−−−−−−→ Hn(p+1)−1(Wp+1, Wp),
(92)

and

Hnp−1(Bp(∂M), Bp−1(∂M))
(fp(λ))∗−−−−−→ Hnp−1(Wp, Wp−1)

are well defined and the following diagram commutes:
(93)

Hn(p+1)−n(Bp+1(∂M), Bp(∂M))
(fp+1(λ))∗−−−−−−→ Hn(p+1)−n(Wp+1, Wp)

∂

⏐⏐" ∂

⏐⏐"
Hnp−1(Bp(∂M), Bp−1(∂M))

(fp(λ))∗−−−−−→ Hnp−1(Wp, Wp−1).

Next, recalling that we have taken λp+1 and λp larger than

4max{λp+1(ε), λp(ε), λp(2ε̃), λp(
ε̃

2
),
1

ε̃
},

we derive that

fp+1(λ) (Bp+1(∂M) \ O(Bp(∂M)))

⊂ V (p+ 1, ε̃) ⊂ Ap+1 ⊂ V (p+ 1, ε).
(94)

Thus, using (22), (82), (88), (89) and (94), we infer as in formula (6.3)
in [45] that (see also [12] or [14])

(fp+1(λ))
∗(s∗p+1(O

∗
∂M )) = O∗∂M , with

s∗p+1(O
∗
∂M ) �= 0 in Hn−1(Ap+1).

(95)
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On the other hand, using (93), we derive that

(96) ∂(fp+1(λ))∗ = (fp(λ))∗∂ in Hn(p+1)−n(Bp+1(∂M), Bp(∂M)).

Now, combining Lemma 2.1, (88), (90), (91), (92), (95) and (96), we
obtain

(fp(λ))∗(ωp) = (fp(λ))∗ (∂(O∗∂M � ωp+1))

= (fp(λ))∗
(
∂(((fp+1(λ))

∗(s∗p+1(O
∗
∂M ))) � ωp+1)

)
= ∂

(
(fp+1(λ))∗((fp+1(λ))

∗(s∗p+1(O
∗
∂M )) � ωp+1)

)
= ∂(s∗p+1(O

∗
∂M ) � ((fp+1(λ))∗(ωp+1))),

(97)

with all the equalities holding in Hnp−1(Wp, Wp−1). Hence, clearly
(97) and the assumption

(fp(λ))∗(wp) �= 0 in Hnp−1(Wp, Wp−1)

imply

(fp+1(λ))∗(wp+1) �= 0 in Hn(p+1)−1(Wp+1, Wp),

as desired, thereby completing the proof of Proposition 4.3. q.e.d.

Now, we are ready to present the proof of Theorem 1.1.

Proof of Theorem 1.1. As in [57], it follows by a contradiction argu-
ment from Corollary 3.3, Lemma 4.2 and Proposition 4.3. q.e.d.
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