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Abstract

Let X be an abstract not necessarily compact orientable CR
manifold of dimension 2n — 1, n > 2. Let ng) be the Gaffney
extension of Kohn Laplacian on (0, ¢)-forms. We show that the
spectral function of Dlgq) admits a full asymptotic expansion on
the non-degenerate part of the Levi form. As a corollary, we de-
duce that if X is compact and the Levi form is non-degenerate
of constant signature on X, then the spectrum of Dlgq) in |0, 00|
consists of point eigenvalues of finite multiplicity. Moreover, we
show that a certain microlocal conjugation of the associated Szeg6
kernel admits an asymptotic expansion under a local closed range
condition. As applications, we establish the Szegé kernel asymp-
totic expansions on some weakly pseudoconvex CR manifolds and
on CR manifolds with transversal CR S! actions. By using these
asymptotics, we establish some local embedding theorems on CR
manifolds and we give an analytic proof of a theorem of Lem-
pert asserting that a compact strictly pseudoconvex CR manifold
of dimension three with a transversal CR S! action can be CR
embedded into CV, for some N € N.
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1. Introduction and statement of the main results

Let (X, T%%X) be a CR manifold of hypersurface type and dimension
2n—1,n > 2. Let Dl()q) be the Gaffney extension of the Kohn Laplacian
acting on (0,q) forms (see (2.9)). The orthogonal projection IT(@) :
L%qu) (X) — Ker Dlgq) onto Ker Dl()q) is called the Szegd projection, while

its distribution kernel I1(%) (x,y) is called the Szegé kernel. The study of
the Szegd projection and kernel is a classical subject in several complex
variables and CR geometry.

When the Levi form satisfies condition Y (¢) on X (see Definition 2.2),
then Kohn’s subelliptic estimates with loss of one derivative for the
solutions of Dl()q)u = f hold, cf. [23, 34, 50], and, hence, II? is a
smoothing operator. When condition Y (g) fails, one is interested in the
singularities of the Szegé kernel 1@ (z, y).

A very important case is when X is a compact strictly pseudoconvex
CR manifold (in this case Y (0) fails). Assume first that X is the bound-
ary of a strictly pseudoconvex domain. Boutet de Monvel-Sjostrand [17]
showed that I1(9) (z, ) is a Fourier integral operator with complex phase.
In particular, I1€)(z,y) is smooth outside the diagonal of X x X and
there is a precise description of the singularity on the diagonal = = y,
where I1(0) (z,z) has a certain asymptotic expansion.

The Boutet de Monvel-Sjostrand description of the Szegé6 kernel had a
profound impact in many research areas, especially through [18]: several
complex variables, symplectic and contact geometry, geometric quan-
tization, Kéahler geometry, semiclassical analysis, quantum chaos, cf.
[11, 12, 13, 15, 16, 21, 22, 26, 29, 38, 40, 49, 54, 55, 64, 66], to
quote just a few. These ideas also partly motivated the introduction of
alternative approaches, see [55, 56, 58, 57].
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From the works of Boutet de Monvel [14], Boutet de Monvel-Sjostrand
[17], Harvey-Lawson [39], Burns [19] and Kohn [51, 52] follows that
the conditions below are equivalent for a compact strictly pseudoconvex
CR manifold X, dimgp X > 3:

(a) X is embeddable in the Euclidean space CV, for N sufficiently
large;

(b) X bounds a strictly pseudoconvex complex manifold;

(¢) The Kohn Laplacian Dl()o) on functions of X has closed range in L?.

Therefore, the description of the Szeg6 kernel given by [17] holds for CR
manifolds satisfying the equivalent conditions (a)—(c). Moreover, if X an
abstract compact strictly pseudoconvex of dimension > 5, then X satis-
fies condition (a), by a theorem of Boutet de Monvel [14]. Among em-
beddable strictly pseudoconvex CR manifolds of dimension three there
are those carrying interesting geometric structures, such as transverse
St actions, cf. [9, 30, 53], conformal structures, cf. [7], or Sasakian
structures, cf. [59].

The first author [44] showed that if the Levi form is non-degenerate
and Dl()q) has L? closed range for some ¢ € {0,1,...,n — 1}, then the
Szegd kernel @ (x,y) is a complex Fourier integral operator. Therefore,
the study of the singularities of the Szeg6 kernel is closely related to the

closed range property of the Kohn Laplacian.
Kohn [52] proved that if Y (¢) fails but Y (¢—1) and Y (¢+1) hold on a

compact CR manifold X, then DI()q) has L? closed range. In this case the
result of [44] applies and we can describe the Szeg kernel 119 (z, ). On
the negative side, Burns [19] showed that the closed range property fails
in the case of the non-embeddable examples of Grauert, Andreotti—Siu
and Rossi [36, 1, 62].

Beside Kohn’s criterion, it is very difficult to determine when Dl()q)
has L? closed range. Let’s see a simple example. Let [z] = [z1,.. ., 2y]
be the homogeneous coordinates of CPY~1. Consider 1 < m < N — 1.
Put

N
(1.1) X = {[21,...,2N] e CPV 1, ZAj\zj\Zzo},

j=1
where \; <O for1 <j<mand\; >0form+1<j<N. Then, X is
a compact CR manifold of dimension 2(N — 1) — 1 with CR structure
THOX .= THOCPN-I N CTX. It is straightforward to see that the Levi
form has exactly m — 1 negative eigenvalues and N — m — 1 positive
eigenvalues at every point of X. Thus, when ¢ = m—1, N—m—1 = ¢+1,
Y (q) and Y (¢ + 1) fail and Kohn'’s criterion does not work in this case.
Even in this simple example, it doesn’t follow from Kohn’s criterion that

DI()q) has L? closed range. We are lead to ask the following questions:
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QUESTION 1.1. Let X be compact CR manifold whose Levi form is
non-degenerate of signature (n_,ny). Assume ny € {n_ — 1,n_ + 1}.
When does Dl(,q) have L? closed range for ¢ = n_? Note that in this
case, Y(q) and Y (g + 1) fail.

This question was asked by Boutet de Monvel. We will introduce
another condition, called W (q) (see Definition 6.22) which applied for
CR manifolds with S* action shows that DI()q) has L? closed range in the
situation of Question 1.1, see Theorem 6.23. In particular, the Kohn
Laplacian on the manifold X in the examples (1.1) has closed range.

QUESTION 1.2. Let X be a not-necessarily compact CR manifold and
the Levi form can be degenerate (for example, X is weakly pseudocon-

vex). Assume that DI()q)

has L? closed range. Does the Szegd kernel
(@ (z,y) admit an asymptotic expansion on the set where the Levi

form is non-degenerate?

QUESTION 1.3. Find a natural local analytic condition (weaker than
L? closed range condition) which implies that the Szegd kernel admits
a local asymptotic expansion.

Without any regularity assumption, Ker DI()q) could be trivial and,

therefore, we consider the spectral projections H(ng\ := E([0,)]), for

A > 0, where ¥ denotes the spectral measure of DI()q).

QUESTION 1.4. Is Hg\ a Fourier integral operator, for every A > 07

The purpose of this work is to answer Questions 1.1-1.4. Our first
main results tell us that on the non-degenerate part of the Levi form,

H(g\ is a Fourier integral operator with complex phase, for every A > 0,

and HE‘/I\)l Wi E((A1, A2]) is a smoothing operator, for every 0 < A\; <
A2.

Theorem 1.5. Let X be a CR manifold whose Levi form is non-
degenerate of constant signature (n_,n.) at each point of an open set
D € X. Then for every A > 0 the restriction of the spectral projector

H(Sq; to D is a smoothing operator for q ¢ {n_,ny} and is a Fourier
integral operator with complex phase for q € {n_,ny}. Moreover, in the

latter case, the singularity of H(g\ does not depend on A, in the sense
that the difference H(g\l — H(<qg\2 is smoothing on D for any A1, Ay > 0.

The Fourier integral operators A considered here (and in this paper)
have kernels of the form
(1.2)

Ala,y) = /0 -5 (., t)dt+ /0 ¢ @O (2, y, )i+ Rz, ).



ON THE SINGULARITIES OF THE SZEG(O PROJECTIONS 87

where the integrals are oscillatory integrals, ¢_, ¢4 are complex phase
functions, s_, s classical symbols of type (1,0) and order n—1, s_ =0
ifg#n_, sy =0if g # ny and R a smooth function, see Section 2 for
a precise definition.

A detailed version of Theorem 1.5 will be given in Theorems 4.1, 4.7
and 4.8. As a corollary of Theorem 1.5, we deduce:

Corollary 1.6. Let X be a CR manifold of dimension 2n — 1, whose
Levi form is non-degenerate of constant signature at each point of an
open set D € X. Let 0 < g <n—1and 0 < A\ < Ag. Then, the
projector HE;I\)L)Q} is a smoothing operator on D. In particular, if X is
compact and the Levi form is non-degenerate of constant signature on

X, then the projector HE‘/I\)l Aol 18 a smoothing operator on X.

As a consequence, we deduce that if X is compact and the Levi form
is non-degenerate of constant signature on X, then the spectrum of
Dl()q) in ]0, co[ consists of point eigenvalues of finite multiplicity. Burns—
Epstein [20, Theorem 1.3] proved that if X is compact, strictly pseudo-
convex of dimension three, then the spectrum of Dl()o) in ]0, co[ consists
of point eigenvalues of finite multiplicity. We generalize their result to

any g € {0,1,...,n — 1} and any dimension.

Theorem 1.7. We assume that X is compact and the Levi form is
non-degenerate of constant signature (n_,ny) on X. Fiz
qge{0,1,...,n—1}.

Then, for any p > 0, Spec Dl()q) N [w, 00| is a discrete subset of R, any

v € Spec Dl()q) with v > 0 is an eigenvalue of Dl()q) and the eigenspace
H&,/(X) = {u € Dom Dl()q); Dlgq)u = I/’LL} is finite dimensional with
HY,(X) € Q04(X).

If Dl(,q) has closed range, then 119 = H(g\ for some A > 0, so we
can deduce the asymptotic of the Szegd kernel from Theorem 1.5. We
introduce now the following local and more flexible version of the closed
range property.

Definition 1.8. Fix ¢ € {0,1,2,...,n —1}. Let Q : L%Oq)(X) —
L%O 9 (X) be a continuous operator. We say that DI()q) has local L? closed
range on an open set D C X with respect to Q if for every D' € D,
there exist constants C'pr > 0 and p € N, such that

HQ(I - H(q))uH2 < C’D/((DI()q))pum), Yu € Qg’q(D/).

When D = X, @ is the identity map and p = 2, this property is just
the L? closed range property for Dl()q). When D = X, @ is the identity
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map, p = 1 and ¢ = 0, this property is the L? closed range property
for 0y,

Let ¥ = X~ UXT be the characteristic manifold of Dl(,q) (see (2.14)).
For an open set D C X, let Lz’f(D,T*O’qX X 74 X) denote the space
of classical pseudodifferential operators on D of order m from sections
of T*99X to sections of T*%9X, respectively. We refer the reader to
Section 2.2, for the notations and definitions used in the following the-
orem.

Theorem 1.9. Let X be a CR manifold of dimension 2n — 1, whose
Levi form is non-degenerate of constant signature (n—,ny) at each point
of an open set D € X. Let g € {0,1,...,n— 1} and let Q : L%Oq)(X) —

L?O 9 (X) be a continuous operator and let Q* be the L? adjoint of Q
()

with respect to (-|-). Suppose that O, has local L* closed range on D
with respect to Q and QIIW = TIDQ on L?O 9 (X) and

Q—Qo=0at SO T*D,

where Qg € Lgl (D, T*%9X R T*9X). Then, Q*IIDQ is smoothing on
D ifq ¢ {n_,n,} and is a Fourier integral operator with complex phase
qu S {n_,n+}.

For the precise meaning for Q—Qq = 0 at X (T D, see Definition 2.4.
This result will be proved in Section 5, see Theorem 5.1 for a detailed
version of Theorem 1.9. It should be mentioned that the operator @) in
Theorem 1.9 will be used when there is an S' action on X.

For Q € L7(X), let og(x,§) € €°°(T*X) denote the principal sym-
bol of Q.

By using Theorem 1.9, we establish the following local embedding
theorem (see Section 5 for a proof).

Theorem 1.10. Let X be a CR manifold of dimension 2n—1, whose
Levi form is positive at each point of an open set D € X. Let @ :
L*(X) — L*(X) be a continuous operator with QII®) = IO)Q and

Q—Qo=0at X OT*D,
where Qo € L% (X). Assume that og,(z,£) # 0 at each point of

YXTO\T*D. Suppose that Dl()o) has local L? closed range on D with re-
spect to Q. Then, for any point xg € D, there is an open neighborhood
D € D of zg such that D can be embedded into C"™ by a global CR map.

We notice that in Theorem 1.10, Dl()o) might not have L? closed range,
however, with the help of the operator (), we can still understand the
Szeg6 projection and produce many global CR functions.

We will apply Theorem 1.9 to establish Szeg6 kernel asymptotic ex-
pansions on compact CR manifolds with transversal CR S actions un-
der certain Levi curvature assumptions.
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Theorem 1.11. Let (X,T'°X) be a compact CR manifold of di-
mension 2n — 1, n > 2, with a transversal CR S action and let T €
E>*(X,TX) be the real vector field induced by this S' action. For

m e Z, let Bpl(X) C L%O 9 (X)) be the completion of
BYI(X) == {u e Q¥(X); Tu=—vV~1Imu},

and let Q(Sqé : L%O o(X) = @mezvmgoBSﬂ(X) be the orthogonal projec-
tion. Assume that Z(q) fails but Z(q — 1) and Z(q + 1) hold at every
point of X. Then, DI()q) has local L? closed range on X with respect to

Q(g()). Suppose further that the Levi form is non-degenerate of constant
stgnature (n_,n+) on an open canonical coordinate patch D € Xieg .

Then, Q(q 1@ Q<0 s smoothing on D if ¢ # n_ and Q(q (@) Q(<3 s a
Fourier integral operator with complex phase if ¢ =n_ .

This result will be proved in §6, see Theorem 6.20 for the details,
see Definition 6.1 and Definition 6.7 for the meanings of transversal CR
St action and condition Z(q) and see the discussion after (6.2) for the
meaning of X,e. As a consequence we obtain (cf. Theorem 6.23 and
Corollary 6.24):

Theorem 1.12. Let (X, T"°X) be a compact CR manifold of dimen-
sion 2n—1, n > 2, with a transversal CR S* action. Assume W (q) holds

on X for some q € {0,1,...,n—1}. Then DI()q) has L? closed range.
In particular, for any CR submanifold in CPN of the form (1.1), the
associated Szegd kernel T1(9) (z,y) admits a full asymptotic expansion.

We notice that if the Levi form is non-degenerate of constant signa-
ture on X then W (g) holds on X (see Definition 6.22). In particular,
for a 3-dimensional compact strictly pseudoconvex CR manifold, T (0)

holds on X. Hence, Dl()o) has L? closed range if X admits a transversal
CR S! action. From this, we deduce the following global embeddability
of Lempert [53, Theorem 2.1], cf. also [30, Theorem A16] (see Sec-
tion 6).

Theorem 1.13. Let (X, T'°X) be a compact strictly pseudoconvex
CR manifold of dimension three with a transversal CR S action. Then
X can be CR embedded into CV, for some N € N.

Note that Baouendi-Rothschild—Treves [3] proved that the existence
of a local transverse CR action implies local embeddability. Let us
point out that transversality in Theorem 1.13 cannot be dispensed with:
the non-embeddable example of Grauert, Andreotti-Siu and Rossi [36,
1, 62] admits a nontransversal circle action; see also the example of
Barrett [4] which admits a transverse CR torus action, but no one-
dimensional sub-action exists which itself is transverse. The embeddable



90 C.-Y. HSIAO & G. MARINESCU

small deformations of S! invariant strictly pseudoconvex CR structures
on circle bundles over Riemann surfaces were described by Epstein [30].
Theorem 1.9 yields immediately the following.

Theorem 1.14. Suppose that X is a CR manifold such that Dl()o) has

closed range in L?. Then the Szegd projector 119 is a Fourier integral
operator on the subset where the Levi form is positive definite.

Corollary 1.15. Let X be a compact pseudoconver CR manifold
satisfying one of the following conditions:

(i) X = OM, where M is a relatively compact pseudoconvex domain
i a complex manifold, such that there exists a strictly psh function
i a neighborhood of X.

(i) X admits a CR embedding into some BEuclidean space CN .

Then the Szegé projector IIV) is a Fourier integral operator on the subset
where the Levi form is positive definite.

Indeed, it was shown that 9 has closed range in L? under condition
(i) in [52, p.543] and under condition (ii) in [2, 61]. For boundaries of
pseudoconvex domains in C™ the closed range property was shown in
[10, 52, 63]. Note also that any three-dimensional pseudoconvex and
of finite type CR manifold X admits a CR embedding into some C if
0y has L? closed range, cf. [24].

We can give a very concrete description of the Szeg6 kernel in case
(i) of Corollary 1.15. Let M be a relatively compact domain with smooth
boundary in a complex manifold M’ and M = {p < 0} where p €
¢>°(M’) is a defining function of M. We assume that the Levi form
L(p) is everywhere positive semi-definite on the complex tangent space
to X = OM and is positive definite of a subset D C X. Fix Dy € D
and let U be a small neighborhood of Dy in M’. As in [17], one can
construct an almost-analytic extension ¢ = ¢(z,y) : M’ x M" — C of p
with the following properties:

(1.3)

o(z,x) = o(x) and Oy, 0, vanish to infinite order on z = y.

bl

p(y,x) = p(2,9).
Im(z,y) > ¢z —y[> on U x U, where ¢ > 0 is a constant.

Then on Dy, the Szeg kernel I1(9) (,4) of X has the form
(1.4)

10) (¢, y) = / @D sy 1)t + Rlx,y)
0

= F(z,y)(—ip(z,y) +0)" + G(z,y) log(— ip(z,y) +0),
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for some smooth functions F', G and R. Here we denote by (—’i(,D(ﬂi, y)+
0) ", log(— ip(z,y) + 0) the distributions limit of (—ip(x,y) + ¢) o
and log (— io(x,y) + E) as € — 04. See Section 7 for more details.

Our method can be extended to non-compact weakly pseudoconvex
tube domains in C" with basis a strictly pseudoconvex domain in C"*~!
cf. Theorems 7.4 and 7.5.

Let us, finally, mention that the analysis of the Szeg6 kernels was
also used to study embeddings given by CR sections of a positive CR
bundle, introduced in [47] (see also [45, 46]).

The Szeg6 projector plays an important role in embedding problems
also through the framework of relative index for Szegd projectors intro-
duced by Epstein cf. [31]. One outcome of this analysis is the solution
of the relative index conjecture [32], which implies that the set of em-
beddable deformations of a strictly pseudoconvex CR structure on a
compact three-dimensional manifold is closed in the €*°-topology.

The layout of this paper is as follows. In Section 2, we collect some
notations, definitions and statements we use throughout.

In Section 3, we review some results in [44] about the existence of a
microlocal Hodge decomposition of the Kohn Laplacian on an open set
of a CR manifold where the Levi form is non-degenerate.

In Section 4, we first study the microlocal behavior of the spectral
function and by using the microlocal Hodge decomposition of the Kohn
Laplacian established in [44], we prove Theorem 1.5. Furthermore, by
using Theorem 1.5 and some standard technique in functional analysis,
we prove Theorem 1.7.

Section 5 is devoted to proving Theorems 1.9 and 1.10.

In Section 6, we study CR manifolds with transversal CR S! actions.

We introduce the microlocal cut-off functions Q(g()] and Q(f()) and study
the closed range property with respect to these operators. Finally, we
establish Theorems 1.11, 1.12 and 1.13.

In Section 7, by using Hérmander’s L? estimates, we establish the
local L? closed range property for Dl()o) with respect to Q) for some
weakly pseudoconvex tube domains in C”, hence, establish the asymp-
totics of the Szegd kernel (see Theorem 7.4 and Theorem 7.5).

Finally, in Section 8, we prove the technical Theorem 5.4 by using
semi-classical analysis and global theory of complex Fourier integral
operators of Melin-Sjostrand [60]. Theorem 5.4 will be used in the
proof of Theorem 1.9.

Acknowledgments. We are most grateful to Louis Boutet de Monvel
and Johannes Sjostrand for their beautiful theory [17] and many discus-
sions about the Szegd kernel over the years. We also thank the referee
for many detailed remarks that have helped to improve the presenta-
tion.
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2. Preliminaries

2.1. Standard notations. We shall use the following notations: N =
{1,2,...}, Ng = NU {0}, R is the set of real numbers,

Ry:={z€R;2>0}.

For a multiindex a = (au, ..., a;,) € Nj we denote by |a] = a1 +...+ay,
its norm and by () = n its length. For m € N, write « € {1,...,m}"
if aj € {1,...,m}, j =1,...,n. «is strictly increasing if oy < o <
... < ay. For x = (x1,...,2,) we write
% =t .,
8;%.:%, 81‘:81‘1181%:@’
1 1
Dy =0, D3 =D ..D%, Di=-0;.
Let z = (21,...,2n), 2j = X2j—1 + ix25, j = 1,...,n, be coordinates of
C™. We write
2 =212, 20 =22,
9 0 1< 0 .0 > 0 1< 0 w 0 )
= — = — — 1 = = — 1
=i 8Zj 2 al‘Qj_l 8:172]' ’ i 82]' 2 al‘Qj_l 8:172]' ’
olal olal
0 =03t ... .00 = 950 oF =05 ...00" = g

For j,s € Z,set §; s =1if j =5, 0, =01if j # s.

Let M be a €°° paracompact manifold. We let TM and T*M denote
the tangent bundle of M and the cotangent bundle of M, respectively.
The complexified tangent bundle of M and the complexified cotangent
bundle of M are be denoted by CT'M and CT*M, respectively. Write
(-,-) to denote the pointwise duality between T'M and T* M. We extend
(-,-) bilinearly to CTM x CT*M. Let G be a € vector bundle over
M. The fiber of G at x € M will be denoted by G,. Let E be another
vector bundle over M. We write GX F to denote the vector bundle over
M x M with fiber over (z,y) € M x M consisting of the linear maps
from G to E. Let Y C M be an open set. From now on, the spaces of
distribution sections of G over Y and smooth sections of G over Y will
be denoted by Z'(Y, G) and €°°(Y, G), respectively. Let &(Y, G) be the
subspace of 2'(Y,G) whose elements have compact support in Y. For
m € R, let H™(Y,G) denote the Sobolev space of order m of sections
of G over Y. Put

HP (Y,G) ={ue Z'(Y.G); pu c H"(Y,G),Vp € 6;°(Y)},
Hignp (Y, G) = Hig(Y,G) N &'(Y, G).

We recall the Schwartz kernel theorem [42, Theorems5.2.1, 5.2.6], [57,
Theorem B.2.7], [65, p.296]. Let G and E be € vector bundles over
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a paracompact orientable ¥°° manifold M equipped with a smooth
density of integration. If A : 65°(M,G) — Z'(M, E) is continuous, we
write K4(x,y) or A(x,y) to denote the distribution kernel of A. The
following two statements are equivalent

(a) A is continuous: &' (M,G) — €< (M, E),
(b) Ka € €®(M x M,Gy, R E,).

If A satisfies (a) or (b), we say that A is smoothing on M. Let A, B :
C5°(M,G) — 2'(M, E) be continuous operators. We write

(2.1) A= B (on M),

if A — B is a smoothing operator.

We say that A is properly supported if the restrictions of the two
projections (z,y) — z, (x,y) — y to Supp K 4 are proper.

Let H(z,y) € 2'(M x M,G, X E,). We write H to denote the
unique continuous operator ¢5°(M,G) — 2'(M, E) with distribution
kernel H(x,y). In this work, we identify H with H(x,y).

2.2. Set up and terminology. Let (X, T"°X) be an orientable not
necessarily compact, paracompact CR manifold of dimension 2n—1, n >
2, where 710X is a CR structure of X. Recall that T5°X is a complex
n — 1 dimensional subbundle of CT X, satisfying T"°X N T%' X = {0},
where 701X = T10X and [V,V] C V, where V = € (X, T10X).

Fix a smooth Hermitian metric (-|-) on CT'X so that (u|v) is real if
u, v are real tangent vectors and 779X is orthogonal to 701X := T1.0X .
Then locally there is a real vector field T of length one which is pointwise
orthogonal to 719X @ T%' X . T is unique up to the choice of sign. For
v e CTX, we write [v]> := (v]v). We denote by T*19X and T*01 X
the dual bundles of T"°X and T%!' X, respectively. Define the vector
bundle of (0,q) forms by T*%9X := AIT*%1X. The Hermitian metric
(-]-) on CTX induces, by duality, a Hermitian metric on CT*X and
also on the bundles of (0,q) forms T*%4X, ¢ =0,1,...,n — 1. We shall
also denote all these induced metrics by (-|-). For u € T*%X, we
write |ul®> := (u|u). Let D C X be an open set. Let Q%9(D) denote
the space of smooth sections of T*%4X over D and let Qg’q(D) be the
subspace of 2%9(D) whose elements have compact support in D.

Locally there exists an orthonormal frame wy,...,w,_1 of the bundle
T*1.0X . The real (2n — 2) form w = YOl AT A A w1 A Tp_q 18
independent of the choice of the orthonormal frame. Thus, w is globally
defined. Locally there exists a real 1-form wy of length one which is
orthogonal to T*9X & T*%1 X, The form wy is unique up to the choice
of sign. Since X is orientable, there is a nowhere vanishing (2n — 1)
form © on X. Thus, wy can be specified uniquely by requiring that
wAwy = fO, where f is a positive function. Therefore, wg, so chosen, is
globally defined. We call wg the uniquely determined global real 1-form.
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We take a vector field T' so that
(2.2) T =1, (T, w)=-1.

Therefore, T' is uniquely determined. We call T" the uniquely determined
global real vector field. We have the pointwise orthogonal decomposi-
tions:

CT*X =T"X @ 7" X @ {\wo; A € C},

2.3
23) CTX =TY°X o T™" X ¢ {\T; A € C}.

Definition 2.1. For p € X, the Levi form £, is the Hermitian qua-

dratic form on TI} 0X defined as follows. For any Z, W € Tp1 Ox , pick
ZW e €(X,T"X) such that Z(p) = Z, W(p) = W. Set

(2.4) L,(2,W) = —([Z W1(p),wo(p)) .

where [Z,W] = Z W — W Z denotes the commutator of Z and W.
Note that £, does not depend on the choices of Z and W.

Locally there exists an orthonormal basis {Z1,..., 2, 1} of TM0X
with respect to the Hermitian metric (-|-) such that £, is diagonal in
this basis, £,(Z;,2;) = 0;,\j(p). The entries \i(p), ..., A\y—1(p) are
called the eigenvalues of the Levi form at p € X with respect to (-|-).

Definition 2.2. Given ¢q € {0,...,n—1}, the Levi form is said to sat-
isfy condition Y'(¢) at p € X, if £, has at least either min (¢ + 1,7 — q)
pairs of eigenvalues with opposite signs or max (¢ + 1,n — q) eigenval-
ues of the same sign. Notice that the sign of the eigenvalues does not
depend on the choice of the metric (-|-).

Let
(2.5) Op : Qo’q(X) — QO"”I(X)

be the tangential Cauchy—Riemann operator. We will work with two
volume forms on X:

e A given smooth positive (2n — 1)-form m(x) on X.

e The volume form v(x) induced by the Hermitian metric (-|-).

The natural global L? inner product (-|-) on Qg’q(X) induced by m(x)
and (-|-) is given by

(2.6) (ulv) = [ (u@)|v(@))m(z), u,veQUX).

= e—

the completion of Q 4(X) with respect to (-|-).

0,0 )(X). We extend (-]-) to L2 (X) in the

We denote by L2 (
= (0,9)

)
We write L? (X) L?
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standard way. For f € L%O 9 (X), we denote || f||* := (f|f). We extend

0y to L%O’T,)(X), r=0,1,...,n—1, by

(2.7) 3y : Domy C L, (X) = Ly, 1) (X),

where Dom 9, := {u € L?o,r)(X)3 Oyu € L?O,r—l—l)(X)}’ where for any
u € L?

0.1) (X), Opu is defined in the sense of distributions. We also write
(2.8) By : Dom 0, C Ly, 1y(X) = Ly 9 (X)

to denote the Hilbert space adjoint of 9 in the L? space with respect to
(-]). Let DI()q) denote the (Gaffney extension) of the Kohn Laplacian

given by
(2.9)
DomDI()q) = {S € L%Qq)(X); s € Dom 9, N Dom 8, Jys € Dom dy,

Oys € Domgb} ,
Déq)s = 9y0ys + 9, 0ps for s € Dom Dl(,q) .

By a result of Gaffney, for every ¢ = 0,1,...,n — 1, Dl(,q) is a positive
self-adjoint operator (see [57, Proposition 3.1.2]). That is, Dl()q) is self-
adjoint and the spectrum of DI()q) is contained in R, ¢ =0,1,...,n— 1.
We shall write Spec Dl(,q) to denote the spectrum of Dl()q). For a Borel set
B C R we denote by E(B) the spectral projection of Dl(,q) corresponding

to the set B, where E is the spectral measure of Dl()q) (see Davies [25, § 2]
for the precise meanings of spectral projection and spectral measure).
For A1 > A >0, we set

H{ \(X) :=Ran E((—00,\]) C L (X)),
(2.10) Hy (X)) == Ran E((\,00)) C L, ,y(X),

H 2y (X) = Ran B((X, \1]) € Ly ) (X).
For A =0, we denote
(2.11) H{(X) := H .o(X) = Ker Dl()q).
For Ay > XA >0, let

H(ng\ : L%O,q) (X) — Hg,g,\(X):

(2.12) I < Ly (X) = H\ (X)),
(@) . 72
s Lo (X) = HY (1 (X)
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be the orthogonal projections with respect to the product (- |-) defined
n (2.6) and let
(2.13)

19 (z,y), 19 (z,y), T

(@) € 2'(X x X, T X RT;00X),

denote the distribution kernels of H(qu\, H(B\ and Hg\)’ L respectively.

For A = 0, we denote I1(?) := H(<q()], @ (z,y) := H(f()](x,y).
We recall now some notions of microlocal analysis. The characteristic
manifold of Dl()q) is given by ¥ = X7 U X, where
(2.14)
ST ={(z, \wo(7)) € T*X; A >0}, ¥ = {(z, \wo(z)) € T*X; A <0},

where wy € €°°(X,T*X) is the uniquely determined global 1-form (see
the discussion before (2.2)).

Let T' be a conic open set of RM, M € N, and let E be a smooth
vector bundle over I'. Let m € R, 0 < p,d < 1. Let S;’}(;(F,E) denote
the Hormander symbol space on I' with values in E of order m type
(p,6) and let SIF(I', E') denote the space of classical symbols on I' with
values in E of order m, see Grigis—Sjostrand [37, Definition 1.1 and
p. 35] and Definition 2.3 below.

Let D be an open set of X. Let L7, (D,7*%X X T*%9X) and

272

LZ?(D,T*O"JD X T*%4D) denote the space of pseudodifferential oper-
ators on D of order m type (%, %) from sections of 799X to sections
of T*94X and the space of classical pseudodifferential operators on D
of order m from sections of T*%9X to sections of T*"9X, respectively.
The classical result of Calderon and Vaillancourt tells us that for any
Ae L7 (D, T*9X X T*09X),

2.15)

A:HS (D, T*9X) — H ™(D, T*%9X) is continuous, Vs € R.

comp loc

We refer to Hormander [43] for a proof.

Definition 2.3. For m € R, S7(D x D x Ry, T, X R T;*X) is
the space of all a(z,y,t) € € (D x D x R+,T;0’qX X T;O’qX) such

that for all compact K € D x D and all a, 3 € Ng"‘l, ~v € Ny, there is
a constant Cy g~ > 0 such that

agagaga(x,y,t)\ < Copr 1+ )™, Y@,y t) € K xRy, t> 1.
Put
S7®°(D x D x Ry, T;%X RT;09X)

= ) S70(D x D x Ry, T;%X RT;9X).
meR
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Let a; € 815 (D x D x Ry, Ty X RT;1X), j =0,1,2,... with m; —
—00, j — 0o. Then there exists a € ST (D x D x Ry, T;* X HT;"1X)
unique modulo S™°°, such that Q_Z?;S aj € S1¢ (DxDxRy, Ty XX
;X)) for k=0,1,2,....

If a and a; have the properties above, we write a ~ Z;‘io a; in
ST (D x D x Ry, Ty X W T;%9X). We write

(2.16) s(z,y,t) € STH(D x D x Ry, T;%9X K T;%9X),
if s(z,y,t) € SToH (D x D x Ry, T,"X MT;79X) and
(2.17)

(0. ]

s(@,y, ) ~ Y s/ (@, y)t" T in SPEH(D x D x Ry TR0 X RT;09X)
j=0

s (z,y) € € (D x D, ;"X RT;%X), j € No.

Definition 2.4. Let Q : L%O " (X) — L%O " (X) be a continuous op-
erator. Let D € X be an open local coordinate patch of X with local
coordinates z = (z1,...,x2,—1) and let n = (n1,...,n2n—1) be the dual

variables of . We write
Q=0at X NT*D,
if for every D' @ D,

Q(x,y) = / @M g (2, )dn on D',

where q(z,n) € SYo(T*D', T**9X W T*4X) and there exist M > 0
and a conic open neighborhood A_ of ¥~ such that for every (x,n) €
T*D' N A_ with |n| > M, we have ¢(z,n) = 0. We define similarly
Q=0at X" NT*Dand Q=0at XNT*D.

)

3. Microlocal Hodge decomposition theorems for Dl()q

In this section, we review some results in [44] about the existence of
a microlocal Hodge decomposition of the Kohn Laplacian on an open
set of a CR manifold where the Levi form is non-degenerate.

Theorem 3.1, Theorem 3.2 and Theorem 3.4 are proved in chapter 6,
chapter 7 and chapter 8 of part I in [44]. In [44] the existence of the
microlocal Hodge decomposition is stated for compact CR manifolds,
but the construction and arguments used are essentially local. Let D C
X be an open set. We recall the notation A = B on D (see the discussion
before (2.1)).

Theorem 3.1. We assume that the Levi form is non-degenerate
of constant signature (n_,ny) at each point of an open set D € X.
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Let ¢ # n_,ny. Then, there is a properly supported operator A €
LTY (D, 7" DR T*%9D) such that O A =T on D.

23
Let po(x,§) € €°°(T*X) be the principal symbol of Dl(,q). Note that
po(x,§) is a polynomial of degree 2 in . Recall that the characteristic

manifold of Dl(f) is given by ¥ = ¥ U XY™, where ©* and X~ are given
by (2.14).

Theorem 3.2. We assume that the Levi form is non-degenerate of
constant signature (n_,ny) at each point of an open set D € X. Let
q=n_ orng. Then there exist properly supported continuous operators
Ae L7 (D, T*%DRT*%D), S_,S; € LY , (D, T*"DRT**ID), such

272

that 272
OWA+S +8, =1 onD,
DI()q)S_ =0 onD, DI(JQ)SJr =0 onD,
A=A" onD, S_A=0 onD, StA=0 on D,
S_.=8*=52 onD,
S+ESiESi on D,
S_8,=85.5_=0 onD,
where A*, S* and S} are the formal adjoints of A, S_ and Sy with
respect to (-|-), respectively, and S_(x,y) satisfies
S_(z,y) = /000 ei‘p*(x’y)ts_(x,y,t)dt on D,
with a symbol s_(z,y,t) € S?l_l(D x D x R+,T;0’qX X T;fo’qX) as in
(2.16), (2.17) and phase function ¢_ such that ¢ = p_ satisfies
e € (D x D), Imp(z,y) >0,
plz,x) =0, o(z,y) #0 if z#y,
dap(z,y)|,_, = —wo(@), dyp(@,y)|,_, = wo(z),
p(r,y) = =@y, x).
Moreover, there is a function f € €°°(D x D) such that

vanishes to infinite order at x = y. Similarly,

(3.2)

oo

Sy (a,y) = / ¢+ (o, t)dt o D,
0

with si(z,y,t) € ST 1D x D x Ry, T;""X R T;%9X) as in (2.16),
(2.17) and =%, (x,y) satisfies (3.2) and (3.3). Moreover, if ¢ # n4,
then sy (x,y,t) vanishes to infinite order at x = y. If ¢ # n_, then
s_(z,y,t) vanishes to infinite order at x =y.
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The operators Sy, S_ are called approximate Szegs kernels.

REMARK 3.3. With the notations and assumptions used in Theo-
rem 3.2, assume that ¢ = n_ # ny. Since s4(z,y,t) vanishes to infinite

order at x = y, we have S; = 0 on D. Similarly, if ¢ = ny # n_. then
S_=0onD.

The following result describes the phase function in local coordinates.

Theorem 3.4. We assume that the Levi form is non-degenerate of
constant signature (n_,ny) at each point of an open set D € X. For
a given point xg € D, let {VVJ};L;I1 be an orthonormal frame of TH0X
i a neighborhood of xg such that the Levi form is diagonal at xq, i.e.,
LoeW;, W) = 0jsp5, 5,8 = 1,...,n — 1. We take local coordinates
x = (T1,...,Tm—1), 2j = Tgj—1 +ix25, j = 1,...,n — 1, defined on
some neighborhood of xy such that wy(xg) = dron—1, ©(x9) = 0, and for
somec; €C,j=1,...,n—1,

0

_— N
szafzj—lﬂjzjm—cﬂznqaw +O0(|2[%), 5=1,...,n— 1.

2n—1

Set Yy = (y17’” 7y2n—1)7 W; = Y25-1 +Z?ng7 ,] = 17 y = L. Then; fO’I"
w— in Theorem 3.2, we have

2n—2

(34) Imgo_(:n,y) ZCZ |$J_y]|27 c>0,
=1

in some neighborhood of (0,0) and

(3.5)
n—1
; 2
@-(xay) = —Topn—1+ Yon—1t+1 Z ‘M]’ ’Zj — w]\
=1
n—1
™ Z(Zﬂj@jwa’ — 2jw;) + ¢j(—2jT2p—1 + WjYm—1)
=1

+Cj(—Zjrom—1 + @jyzn—l)) + (r2n-1 — y2n—1)f(z,y) + O(| (=, y)|3)7

where f is smooth and satisfies f(0,0) =0, f(x,y) = f(y,z).

0

The following formula for the leading term s” on the diagonal follows
from [44, §8], its calculation being local in nature. For a given point
xg € D, let {I/VJ};‘:_l1 be an orthonormal frame of (T1X, (-|-)) near
x0, for which the Levi form is diagonal at zy. Put

(36) Ewo(WJ7W€):MJ(xO)5]€7 ]7£:177n_1
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We will denote by
n—1

(3.7) det Loy = [ 1i(z0).
j=1

Let {T]};L;ll denote the basis of T*%1 X, dual to {W]};L:_ll We assume
that p1;(zg) < 0if 1 < j <n_ and pj(zg) >0if no +1<j<n-—1
Put

N(zo,n-) == {cTi(zo) A... NT,_(x0); c € C},

B9 Nwons) = (T a@) Ao ATy a(zo) c€ C),

and let
(3.9)  Toon_ 1 ToXIX — N(zo,n),  Togmy : Tod4X — N (zo,m4)

be the orthogonal projections onto N (zg,n_) and N (zg,n+) with re-
spect to (-|-), respectively. We recall that m(z) is the given smooth
2n — 1 form on X and v(x) is the volume form induced by (-|-), see
the discussion after (2.5).

Theorem 3.5. We assume that the Levi form is non-degenerate of
constant signature (n_,ny) at each point of an open set D € X. If
q = n_, then for the leading term s° (x,y) of the expansion (2.17) of
s_(z,y,t), we have

1 _ v(zp)
0
(310) S_(JZ‘Q,.Z’()) = 57‘(‘ n ’det ﬁxO’ meo,n7 , x9 € D.

Similarly, if g = ny, then for the leading term 8&(:17, y) of the expansion

(2.17) of sy (z,y,t), we have

1 v(x
(3.11) % (20, o) = ol " |det Ly, | Qﬂcovm , o € D.

m(zo)

4. Microlocal spectral theory for Dl()q)

In this section, we will apply the microlocal Hodge decomposition

)

theorems for Dl()q from Section 3 in order to study the singularities for

the kernel Hg\(m, y) on the non-degenerate part of the Levi form. The
section ends with the proof of Theorem 1.7.
For any A\ > 0, it is clear that there is a continuous operator
N L2 2 (X) = Dom O,
such that

O N + 119 =T on L2 (X)),

(0.9)
N0 + 119 = I on Dom O},

Let us formulate a detailed version of Theorem 1.5.

(4.1)
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Theorem 4.1. With the notations and assumptions used above, as-
sume that the Levi form is non-degenerate of constant signature (n_,n4.)
at each point of an open set D € X. If ¢ ¢ {n_,n}, then there is an
Ae L7 (D, T*%X R T*%4X), such that for any A\ > 0, we have

272
H(ng\ = and N/gq) =A onD.
If g € {n_,ny}, then for any X\ > 0, we have
H(Sq; =S_+5+ and N)(\q) =G onD,
where G € L7 (D,T*X B T*%X), S8, € LY ,(D, 79X K
272

2°2

T*9X) are independent of A and the kernels of S_ and S satisfy
Se(ey)= [ ey oy it on D,
0

with symbols sy (x,y,t) € S(’?l_l(D x D xRy ,T;O’qX X T;O’qX) as in
(2.16), (2.17), s_ =0 if g # n_, s, = 0 if ¢ # ny, where s° (x,z) and
s&(m,x) are given by (4.2), and phase functions vy such that ¢ = @_
and ¢ = —p . satisfy (3.2), (3.3) (see Theorem 4.2 and Theorem 4.4,

for more properties of the phases ¢4 ).

Since s_(z,y,t) =0if ¢ #n_, S- =0 on D if ¢ # n_. Similarly,
Sy = 0on D if ¢ # ny. The following result describes the phase
function in local coordinates.

Theorem 4.2. The function p_ from Theorem 4.1 fulfills the esti-
mates (3.4) and (3.5) in local coordinates near a point of D, chosen as
in Theorem 3.4.

Definition 4.3. With the assumptions and notations used in The-
orem 4.1, let 1,02 € €°°(D x D). We assume that ¢ and @9 sat-
isfy (3.2) and (3.4). We say that ¢; and ¢y are equivalent on D if
for any by (z,y,t) € SQ_I(D x D x R+,T;0’qX X T;O’qX) we can find
bo(z,y,t) € STH(D x D x Ry, Ty X K T3"X) such that

/ eiwl(m’y)tbﬂx,y,t)dtz/ e #>@Wihy (2, y,t)dt on D,
0 0

and vise versa.
We characterize now the phase ¢_ (see Section 8).

Theorem 4.4. With the assumptions and notations used in Theo-
rem 4.1, let ¢1 € €°°(D x D). We assume that p1 satisfies (3.2) and
(3.4). The functions p1 and p_ are equivalent on D in the sense of
Definition 4.3 if and only if there is a function h € €°°(D x D) such
that ¢1(z,y) — h(x,y)e—_(x,y) vanishes to infinite order at x = y.
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The proof of Theorem 4.4 is essentially the same as the proof of
Theorem 5.4 and, therefore, will be omitted.

We give the formulas of the leading terms of the asymptotic expan-
sions of the symbols si (z,y) from Theorem 4.1.

Theorem 4.5. With the assumptions and notations used in Theo-
rem 4.1, and the notations (3.6), (3.8), (3.9), we have for a given point
xg € D,

1
S(l(l‘(),l‘o) =_m " |det £w0| MTxo,n, , forq=mn_,
(42) 2 m(xo)
) 1 _ v(xg
s?r(xo,xo) =5 " |det Ly, | m((:EO))TmO’M , forq=mn,.

Recall that H(g\ is given by (2.12). Let A > 0. From the spectral
theory for self-adjoint operators (see Davies [25]), it is well-known that
9 - %) (X) » Dom O, 1O =0f"1Y, on Dom O},
and H(g\Dl()q) : Dom DI()q) — L? )(X) is continuous. Since Dom Dl()q) is

(0,9
(9) D(q)

dense in L? )(X), we can extend 230" continuously to L%O,q) (X) in

(0,
the standard way. Similarly, for every m € N, we can extend H(qu\(ljl()q) )"

continuously to L2, /(X) and we have

(0,9)
(4.3)
Oy = 18 ()™ on L3 (X),
(Déq))mﬂg\ = Hg\(Déq))m : L%O,q) (X) — Dom Dl(f) is continuous.

Now, we fix A > 0. It is clear that there is a continuous operator

N L2 ) (X) = Dom O,

(0,9
such that
o 0N +119 =T on L2 (X),
' @@ 7@ _ ()
Ny L, +H§)\ I on Dom ;™.

Until further notice, we assume that the Levi form is non-degenerate of
constant signature (n_,n, ) at each point of an open set D € X and we
work on D. We need

Theorem 4.6. With the assumptions and notations used above, let
qg=mn_ orny. We have

Dl()q)H(ng\ =0onD.
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Proof. In view of (3.1), we see that
(4.5) A0 4+ 8% + 8% =T on D.

Note that A*, §*, S1, A, S_ and S are properly supported. We recall
that
(4.6)

A* A HE (D, TX) — HEGL (D, T*9X), Vs € Z,

A* A HE (D, T*9X) — HPYD, T*%X), Vs e Z,

S*, 8,85, 8y ¢ Hipy (D, T*9X) — HE 0 (D, T*X), Vs € Z,
S*,8_,8%, S Hi (D, T*X) — H (D, T*X), VseZ.

comp

From (4.5), we have

(4.7) A (O + (5* + s1)00nY, = o).

Since (S* + Si)l]l()q) =0 on D, we have

(4.8)

(5* +57)0M, : HY,, (D, T*9X) — H, (D, T**X), Vs € No.
From (4.3) and (4.6), we see that

(4.9) A (O - B, (D, T**1X) — HL, (D, T9X).
From (4.9), (4.8) and (4.7), we conclude that

(4.10) oW1, « B, (D, T%1X) — HL, (D, T9X).
Similarly, we can repeat the procedure above and deduce that

(4.11) @21« B, (D, T09X) — HL, (D, T*9X).

From (4.11) and (4.6), we get
(412) 4O : HY,,, (D, TX) = HE, (D, T9X).

comp

Combining (4.12), (4.8) with (4.7), we obtain
(4.13) oW1, : HY,,, (D, T%9X) — HE, (D, T9X).

comp

Continuing in this way, we deduce that
(414) 0009 - HY,,, (D, T*X) = H}, (D, T9X), Vs e N,.

comp
Since V1Y), = 1057,

(4.15) OO - HY,,, (D, T**X) — H}, (D, T*9X), Vs e N,.
By taking adjoint in (4.15), we conclude that

(4.16) O0Y - HZS,, (D, T*%X) — H), (D, T*1X), Vs e N,.

comp
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Similarly, we can repeat the procedure above and deduce that for every
m e N,

(4 17) (Dg‘]))mﬂ(jg\ : Hc_ofnp (D’ T*O,QX) N Hl?)c (D, T*O’qX), Vs € No,
(Dg‘]))mﬂ(ng\ - HO (D,T*O’qX) N Hlsoc (D,T*O’qX)’ Vs € N.

comp

Now, from (4.4), we have
(4.18) (5% +SOOPNY + (8% + 5, = 5% + 57

Since (S* + Si)Dl()q) =0 on D, from (4.18), it is easy to see that for all
s € Ny,

(4.19)
S* +8%) = (87 + S« H,,, (D, T09X) — H, (D, T9X).
+ +/77<A p loc
From (4.5), we have
(4.20) g + (57 + 510 =Y.

From (4.6), (4.17), (4.20) and (4.19), it is not difficult to see that
(4.21)

(8" +8%) 1 : HY,p (D, T*9X) — H (D, T**1X), Vs € Ny,

comp
and, hence,
(4.22)
(S_+54) — 9 : Hopyy (D, T*%9X) — HY (D, T**X), Vs € Ny.

Combining (4.22) with (4.6), we deduce that for any s € Ny we can
extend H(ng\ to the space H ;5 (D, T*%9X), and we have

comp

(4.23) T Hepy (D, T9X) — H2 (D, T*%9X), Vs € Ny,

comp loc

From (4.23) and note that (S* + Si)DI()q) =0 on D, we have
(4.24)

(5" +57)000Y, : Hes,y (D, T*9X) — H, (D, T**1X), Vs € No.

comp

From (4.24), (4.17), (4.7) and (4.6), we obtain
(4.25) ONY : B, (D, T9X) — HL. (D, T*9X), Vs e N,.

comp

Similarly, we can repeat the procedure above and deduce that

(4.26) (O) 1Y : Hgsyp, (D, T*9X) — HLL (D, T*9X), Vs € Ny

comp
From (4.26) and (4.6), we get
(4.27)
AO)Y : HS, (D, TO9X) — HE (D, T9X), s € Ny,

comp

Combining (4.27), (4.24) with (4.7), we obtain
OWnY : B, (D, T9X) — HE (D, T"9X), Vs e N,.

comp



ON THE SINGULARITIES OF THE SZEG(O PROJECTIONS 105

Continuing in this way, we deduce that
OV« H,, (D, T9X) — HE (D, T*9X), Vs,t € N,
Hence, Déq)H(g\ =0 on D. The theorem follows. q.e.d.

Now, we can prove one of the main results of this work.

Theorem 4.7. We assume that the Levi form is non-degenerate of
constant signature (n_,n4) at each point of an open set D € X. Let
qg=n_ orny. Then, for any A > 0, we have

(4.28) H(ng\ =S_+5;y and N)(\q) =A onD,
where Niq) is given by (4.4), S_, S+ and A are as in Theorem 3.2.

Proof. Fix A > 0. From (4.5), we have

A0 4+ (50 + 5019 =119 on D.
In view of Theorem 4.6: we see that ) )
(4.29) (5* + 519 =119 — F, on D,
where ) )
F = A0,
Fr=0on D.
On the other hand, from (4.4), we have
NOO(S- + 84) + T (S- + S1) = S— + 84

(4.30)

Since Dl()q)(S_ +S4) =0 on D, we conclude that
S_+8; =19 (S_ +54) + NF,
St 4 5% = (ST + S, + F*N{,

where F'=0 on D and F™* is the adjoint of F'. Note that ' and F* are
properly supported on D. From (4.29) and (4.31), we deduce that

(4.31)

S_+8;+Ff =19 + NF,

St +51+ F =19 + PN,

where F} is the adjoint of F;. From (4.32), we have
(s2+s1+m-19)(s-+ 8+ Ff -1

— F*(N)2F on HY,, (D, T*X).

comp

(4.32)

(4.33)

Since

F*(N\")2F : (D, T"*1X) — Q) *(X) € L2 (X) — Q%9(X),
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we have F™* (Niq))zF = 0 on D. From this observation and (4.33), we
obtain
(434) (St +8p+ R -1 (S + 5+ Ff ~1%) =0 on D,
Now,
(4.35)
(52 + 85+ F -0 (- + 54+ Ff -9 )
= (5% + S1)(S- + S4) + (8% + S5 FF — (5% +51)19,
+ RS-+ 54) + B Fy - ALY~ 119 (S + 54) - 19 Fy o+ 1Y),

Since F1 =0 on D and S_, S are properly supported on D, it is clear
that F(S— + 54) and (S + S%)F} are well-defined and

(4.36) Fi(S-+84)=0, (ST4+S})Ff=0 onD.
From (4.30) and Theorem 4.6, we see that

(4.37) ANY = 400 @9)? = 401, = 0 on D,
and, hence,
(4.38) 9 Fy =0 on D.

From (4.30), we see that F1F} = A*(Déq))zﬂ(g\fl. Since A is properly

supported, Fy F} is well-defined as a continuous operator
FLFf QYD) — 2'(D, T*9X).

Moreover, from the proof of Theorem 4.6, we see that (Dl()q))2ﬂ(q

on D. Thus,

(4.39) RF = A(09)219 A =0on D.

From (4.29), (4.35), (4.36), (4.37), (4.38) and (4.39), it is straightforward
to see that

(s2+s1+m-19)(s-+ 5+ F 1)
= (5" +5%)(S- + 54) — 11 on D.
From (4.40) and (4.34), we conclude that

(4.40)

(4.41) (5% +S7)(S- +54) =1 on D.

From (3.1), it is not difficult to see that (S* 4 5%)(S— +S4) = S_+ 54
on D. Combining this observation with (4.41), we get

(4.42) S_+5. =1 on D.
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The first formula in (4.28) follows. We now prove the second formula
in (4.28). We first claim that

(4.43) (S* +SND(S_ +5,)=0on D.
From (4.32), (4.30) and notice that N/SQ)H(SQ; = H(Sq;\NSI) = 0, we have

N(S_+ 54) = (M),

and, hence,

(4.44) (N)2(S- + 54) = (M) F.
From (4.32), (4.30) and (4.44), we have

(4.45)

(5% + SN (S_ + 54) = (MG + F*N — F)NY (S- + 54)
= P(N)2(S- + 54)
= F*(N?)3F =0 on D.
The claim (4.43) follows. On D, we have
(4.46) N = (A*O0 +5" + 57N = A*(1-19) +(S* +55)N?,
and
(447) N = NOOP A+ 5_+5;) = [ -T)A+ N (S_+5,).
From (4.46) and (4.47), we have

(4.48)
N)(\Q)

= (I -TT9)A+ NP (S_+5,)
- A-T9 A+ (A*([ ~ 1Y) + (57 + 51)N§‘1>) (s_ + s+)
= A-TOA+ A - TD)(S- +54) + (5 + STND(S_ +55).

From (4.43), (4.42) and noting that (S_ + S4)A =0 on D, A*(S_ +
S4+) =0 on D, we conclude that

A+ AT T (S-+54) + (5* + 55N (S +54) =0 on D.

From this and (4.48), we get the second formula in (4.28). The theorem
follows. q.e.d.

By using Theorem 3.1, we can repeat the proof of Theorem 4.7 and
conclude the following.
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Theorem 4.8. We assume that the Levi form is non-degenerate of
constant signature (n_,n4) at each point of an open set D € X. As-
sume that q ¢ {n_,ny}. Then, for any X > 0, we have

(4.49) n¥9 =0 and N’ =4 onD,
where N/Sq) is given by (4.4), and A is as in Theorem 3.1.
From Theorem 4.7 and Theorem 4.8, Theorem 4.1 follows.

Definition 4.9. Let H be a Hilbert space and @ be a closed densely
defined operator () : Dom @ C H — Ran @ C H, with closed range. By
the partial inverse of (), we mean the bounded operator M : H — H
such that QQ o M = my, M o QQ = m on Dom @), where 71, mo are the
orthogonal projections in H such that Ranm; = (KerQ)', Ranmy =
Ran Q. In other words, for v € H, let mu = Qu, v € (Ker Q)*NDom Q.
Then, Mu = v.

From Theorem 4.7 and Theorem 4.8, we deduce:

Corollary 4.10. Let g € {0,1,...,n — 1}. Assume that Dl()q) has L?
closed range and let N(9 : L?O )(X) — Dom Dl()q) be the partial inverse
of Déq). We assume that the Levi form is non-degenerate of constant
signature (n_,ny) at each point of an open set D € X. If g ¢ {n_,n},

then
N9 =0 and N9 =A4 onD,

where A is as in Theorem 3.1. If ¢ € {n_,ny}, then
N9=5_+5, and N9 =4 onD,
where S_, S4 and A are as in Theorem 3.2.

By using Corollary 1.6 and some standard argument in functional

)

analysis, we can establish the spectral theory of Dl(,q when the Levi

form is non-degenerate of constant signature on X.

Proof of Theorem 1.7. Let 0 < pu < pp < oo. We claim that

Spec Dl()q) N [u, 1] is a discrete subset of R. We assume that Spec Dl()q) N

[, 1] is not a discrete subset of R. Then, we can find f; € E([u, p1]),
J=1,2,..., with (fj|fi) =04 forall j0 =1,2,.... Take 0 < A\; <
W< pp < Ao < oo. Then, we have

(4.50) fi= (A1 2] fiv 7=12,.

In view of Corollary 1.6, we know that HE;{) Aol is a smoothing operator

on X and, hence, HE)\) 2] is a compact operator on L?O )(X ). By Rel-
lich’s theorem, we can find a subsequence {f, }ro; of {f;} < i—1, Where
1 <51 <sp<...,suchthat f;, = fin L%Oq)(X) as k — oo, for some
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fe L%O,q)(X)' But (fs,|fs,) = 0if k # £, we get a contradiction.

We conclude that Spec Dlgq) N [, u1] is a discrete subset of R, for any
0 < p < py < oo. Thus, for any p > 0, Spec Dl()q) N [p,00) is a discrete
subset of R.

Let v € Spec DI()q) with v > 0. Since Spec Dl()q) O [u, p1] is discrete,
where 0 < u < v < pp, we have

Dl()q) — v : Dom Dl(f’) - L?O,q) (X) = L%O’q)(X)
)

has L? closed range. Hence, if Dl()q — v is injective, then Range (Dl()q) —

v) = L%O,q)(X) and Dl(,q) — v has a bounded inverse (Dl()q) —v)~t:
L?()’q) (X) — L?()’q) (X). Thus, v is a resolvent if Dl(,q) — v is injective.

We conclude that Dl(,q) — v is not injective, that is, v is an eigenvalue of
Dl()q). Take 0 < A\ < v < Ay < 00. We have

HY(X) =1 HI(X) = {H&M fife HI‘iV(X)}.

v (A1,A2]
Since Hg)l o] is a smoothing operator on X, we conclude that H, ngu) (X) C
Q%4(X). Moreover, from Rellich’s theorem, we see that dim H é?y) (X) <
oo. The theorem follows. q.e.d.

5. Szeg6 kernel asymptotic expansions

In this section, we will apply Theorem 3.1 and Theorem 3.2 to estab-
lish Szegé kernel asymptotic expansions on the non-degenerate part of
the Levi form under certain local conditions.

In view of Theorem 1.5, we see that if Dl(,q) has L? closed range, then
@ admits a full asymptotic expansion on the non-degenerate part
of the Levi form. But in general, it is difficult to see if Dl(,q) has L2
closed range. We then impose the condition of local L? closed range, cf.
Definition 1.8. It is clear that if DI()q) has L? closed range then Dl()q) has
local L? closed range on every open set D with respect to the identity
map I.

We now prove the following precise version of Theorem 1.9.

Theorem 5.1. Let X be a CR manifold of dimension 2n — 1, whose
Levi form is non-degenerate of constant signature (n_,n.) at each point
of an open set D €@ X. Let q € {0,1,...,n— 1} and let Q : L%Oq)(X) —
L?O 9 (X) be a continuous operator and let Q* be the L? adjoint of Q

with respect to (+|-). Suppose that Dl()q) has local L? closed range on D

with respect to Q and QIIW = TIDQ on L?O 2 (X) and
Q- Qo=0at SNT*D,
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where Qo € LY (D, T*99X W T*09X). Then,

(5.1) QUWQ=0o0nD if q¢{n_,ni},
and if ¢ € {n_,n}, then

(QTQ)(x,y)

5.2 . Ry
( ) - / eup,(gp,y)ta_ (33‘, Y, t)dt T / elgo+(m,y)ta+ (33‘, Y, t)dt on D7
0 0

where py(x,y) € €°°(D x D) are as in Theorem 4.1 and
a_(z,y,t), a4 (z,y,t) € Sg’l_l(D x D x R+,T;0’qX X T;O’qX)

satisfy

a_(z,y,t) =0ifq#n_orQ=0at X~ NT*D,

ar(z,y,t) =0ifq#ny or Q=0 at X" NT*D.

(See Definition 2.4 for the meaning of @ =0 at X~ (\T*D.) Moreover,

assume that ¢ = n_, then the leading term a° (x,y) of the expansion

(2.17) of a—(z,y,t) satisfies

(5.4)

a® (z,x)

1)

2 m(x)

where det L, is the determinant of the Levi form defined in (3.7), v(x)
is the volume form on X induced by (-|-), q(x,n) € €>°(T*D) is the
principal symbol of Q, q*(x,n) is the adjoint of q(xz,n) : %X
Ti%9X with respect to (-|-) and Ten_ 15 as in (3.9).

(5.3)

|det Lo| T ¢" (2, —wo(x))q(z, —wo(x))Tppn_, Y € D,

To prove Theorem 5.1 we need a series of results, starting with the
following.

Theorem 5.2. In the conditions of Theorem 5.1 we have (5.1) and
(5.5)  QTWQ = (S +51)Q"Q(S- +51) on D if g € {n—,ny},
where S_ and Sy are as in Theorem 3.2.

Proof. We first assume that ¢ € {n_,ny}. Put S = S_ + S, where
S_ and S, are as in Theorem 3.2 and let S* be the adjoint of S. From
(3.1), we have

(5.6) 1pTI@ = (A*D 4 §4)1p11@ = §*1 110,
and, hence,

(5.7) @1, =1@158 on D.
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Fix D' € D. Let u € Q0%(D'). Since Dl(,q) has local L? closed range on
D with respect to @, we have for every s € Z,

Yu € Q04(D"),

s

(5.8) HQ[ @ SUH<CD/ \/H PSUH ]|

where Cpr s > 0, p € N are constants independent of v and ||-||, denotes

the usual Sobolev norm of order s on D’. Since (Dl()q))pS =0on D, for
every s € Ny, there is a constant Cs > 0 such that

Yu € Q04(D").

—5

(5.9) H(DIS‘Z))”SUHS < O |Ju

From (5.9) and (5.8), we can extend Q(I — I1(9)S = QS — QII@ (here
we used (5.7)) to Heopy, (D, T*%4X), Vs € Ny and we have
(5.10)

QS — QI . Hgn (D, T4 X) — L%O )(X) is continuous, Vs € Ny.

By taking adjoint in (5.10), we get
(5.11)
S*Q* — MW Q* - L%O q)(X) — H (D, T*%9X) is continuous, Vs € Ny.

From (5.10) and (5.11), we conclude that for any s € Ny the map
(57Q" —TWQ)(QS — QU@) : H, (D, T*UX) — Hif (D, T0X)
is continuous. Hence,

(5.12) (5*Q* —MWQ*)(QS — QIIW) =0 on D.

Now,

(57Q" —T9Q")(QS — Q@)

= 5*Q*QS — S*Q*QUW — 19WQ*QS + 1WQ*QIY

= $*Q*QS — S TIDQ*Q — Q*QII? S + Q*QIY

= $*Q*QS — 1D Q*QU .

(5.13)

Here we used QII9 = 1@ Q, Q*I19 = 119Q*, (5.6) and (5.7). From
(5.13) and (5.12), (5.5) follows. By using Theorem 3.1, we can repeat
the procedure above and obtain (5.1). We omit the details. q.e.d.

In the rest of this section, we will study the kernel (S* +57% )Q*Q(S-+
Si)(z,y). We will use the notations and assumptions used in Theo-
rem 5.2 and until further notice we assume that ¢ = n_. Let ¢_(z,y) €
E>*°(D x D), oi(z,y) € €°(D x D) be as in Theorem 3.2. We need
the following result, which is essentially well-known and follows from
the stationary phase formula of Melin—Sjostrand [60] (see also [44, p.
76-77] for more details).
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Lemma 5.3. There is a complez valued phase function ¢ € €°°(D X

D) with p(z,z) = 0, dpp(,Y)|z=y = —wo(x), dy@(®,y)|z=y = wo(w)
and @(x,y) satisfies (3.4) such that for any properly supported operators
B,C:92'(D, T*X) - 2'(D, T*X),

B:/ ew*(m’y)tb(az,y,t)dt, C:/ ew*(m’y)tc(az,y,t)dt,
0 0

with b(x,y,t), c(x,y,t) € S(’?l_l(D x D xRy, T*9X KT*9X), we have
BoC= [° e @Wtd(x, y, t)dt on D,

where d(x,y,t) € Sg‘l_l(D x D xRy, T*%X X T*%9X) and the leading

term do(x,y) of the expansion (2.17) of d(xz,y,t) satisfies

(5.14) do(z,x) = 2%"% |det Lo bo(z, 2)co(z, ), Va € D,

where by(z,y), co(x,y) denote the leading terms of the expansions (2.17)
of b(z,y,t), c(x,y,t), respectively.

We postpone the proof of the following theorem for Section 8.

Theorem 5.4. With the notations and assumptions used above, there
is a g(x,y) € €°(D x D) with g(z,x) = 1 such that

(5.15)  p(x,y) — g(z,y)o—(z,y) vanishes to infinite order at x = y.
From Lemma 5.3 and Theorem 5.4, we deduce
Corollary 5.5. In the conditions of Lemma 5.3 we have
BoC = [° eo-@Wle(x y t)dt on D,

where e(z,y,t) € STH(D x D x Ry, T*%X R T*%9X) and the leading
term eo(z,y) of the expansion (2.17) of e(x,y,t) satisfies (5.14).

Similarly, we can repeat the proof of Corollary 5.5 and conclude that

Theorem 5.6. With the notations and assumptions used in The-

orem 5.2, let ¢ = ny. For any properly supported operators B,C :
2'(D, T*"X) — 9'(D, T*X),

B:/ ew*(x’y)tb(az,y,t)dt, C:/ ew*(x’y)tc(az,y,t)dt,
0 0

with b(x,y,t),c(x,y,t) € S?l_l(D x D xRy, T*9X XT*4X), we have
BoC= [ et e+ @V (g t)dt on D,

where f(z,y,t) € ST 1D x D x Ry, T*%X R T*%9X) and the leading
term fo(x,y) of the expansion (2.17) of f(x,y,t) satisfies (5.14).

We also need the following.
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Lemma 5.7. With the notations and assumptions used in Theo-
rem 5.2, let ¢ = ny = n_. For any properly supported operators
B,C:2'(D,T"X) — 2'(D,T*X),
B= / ew*(x’y)tb(az,y,t)dt, C = / ew*(x’y)tc(az,y,t)dt,
0 0
where b(x,y,t), c(x,y,t) € Sg‘l_l(D X DxR, T*XRT*X), we have
BoC=0 and CoB=0 onD.

Proof. We first notice that B o C' is smoothing away = = y. We also

write w = (wy, ..., ws,—1) to denote local coordinates on D. We have

(5.16)

BoC(x,y)= / i+ @wlotio—(Wty 2 w o)e(w,y, t)dom(w)dt
c>0,t>0

= / etp+(@w)ste— Wiy w, st)e(w,y, t)dsm(w)dt.
s>0,t>0

Take X € Cg(;)O(Ra [07 1])7 X = 1 on [_%7 %]7 X = 0 on ] - 007_1] U[17OO[
From (5.16), we have

BoC(x,y)=1I1.+1I,

2
I€ = / eit(¢+(m7w)s+§0(w7y))x<|$ _ 'LU| >
s>0,t>0 e

(5.17) X tb(z, w, st)c(w,y, t)dsm(w)dt,

2
'[IE = / eit(S@wL(wi)S-i-st(w,y)) <1 . X(M))
s>0,t>0 e

X th(x, w, st)c(w,y, t)dsm(w)dt,

where £ > 0 is a small constant. Since ¢4 (2, w) = 0 if and only if 2 = w,
we can integrate by parts with respect to s and conclude that I1. is
smoothing. Since B o C' is smoothing away = = y, we may assume that
2 — y| < &. Since dy (4 (2, W)+ (1,9)) lomymu = —wo(@)(5+1) £ 0,
if € > 0 is small, we can integrate by parts with respect to w and
conclude that I. =0 on D. We get Bo(C =0 on D. Similarly, we can
repeat the procedure above and conclude that C'o B = 0 on D. The
lemma follows. q.e.d.

Recalling Definition 2.4 we see that Theorem 5.5, Theorem 5.6 and
Lemma 5.7 yield:

Theorem 5.8. With the notations and assumptions used in Theo-
rem 5.2, let ¢ € {n_,ny}. Then,
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(5.18)
(8Z 4+ S1)Q*Q(S- + S1)(z,y)

E/ ei¢(m’y)ta_(x,y,t)dt+/ ei“”(x’y)tmr(a:,y,t)dt on D,
0 0

where @i (x,y) € €°°(D x D) are as in Theorem 4.1, ay(z,y,t) €
ST YD x D x Ry, T X RT3 X),

a_(z,y,t) =0ifqg#n_or Q=0 at X~ NT*D,

5.19
(5.19) ar(z,y,t) =0ifqg#ny orQ=0at XTNT*D.

Moreover, assume that ¢ = n_, then, for the leading term a° (z,y) of
the expansion (2.17) of a_(x,y,t) satisfies
(5.20)
a® (z,z)
1
1)
2 m(x)
where det L, is the determinant of the Levi form defined in (3.7), v(x)
is the volume form on X induced by (-|-), q(xz,n) € €°°(T*D) is the
principal symbol of Q, ¢*(x,n) is the adjoint of q(xz,n) : %X
i X with respect to (-|-) and T 15 as in (3.9).

|det Lo| T ¢* (2, —wo(x))q(z, —wo(x))Tppn_, Yo € D,

Proof of Theorem 1.9. From Theorem 5.2 and Theorem 5.8, we get
Theorem 5.1 and Theorem 1.9. q.e.d.

Proof of Theorem 1.10. Fix p € D, let {VVJ}?:_l1 be an orthonormal
frame of 719X in a neighborhood of p such that the Levi form is

diagonal at p. We take local coordinates x = (x1,...,%,—1), 2 =

T9j_1 +ixej, j = 1,...,n — 1, defined on some neighborhood of p such

that wo(xo) = dxan—1, z(p) =0, and for some ¢; € C, j=1,...,n—1,
0

W= — —iujzi——— — CiTop_ O(lz]*), j=1,...,n—1.
= %z I L A +O(|z[%), j

For © = (x1,29,...,22,-1), we write 2’ = (z1,292,...,%9,_2). Take

X € 65°(] —€0,e0]), x =1 near 0, x(t) = x(—t), where g > 0 is a small

constant. Take ey > 0 small enough so that D'x] — g, e9[€ D, where

D' is an open neighborhood of 0 € R?"~2. For each k > 0, we consider

the operator
By :u € 6°(D) — (QTOQ) (e ™2t x(yan1)u(y')) € €(X).

From the stationary phase formula of Melin—Sjostrand [60], we can
check that Fj is smoothing and the kernel of Ej, satisfies

(5.21) Ey(z,y) = " g(a,y' k) mod O(k™),



ON THE SINGULARITIES OF THE SZEG(O PROJECTIONS 115

loc

where g(z,y’, k) € €, g(x,y k) ~ Zgj(x,y’)k”_l_j in S"_l(l),
=0

gj(z,y) € €, 5 =0,1,2,..., go(z,2') # 0, & € €, Imd > 0,
P (z,2') =0 and

n—1
O(z,y') = —xon-1 +Z'Zﬂj |2j — wj|2
j=1
n—1
(5.22) + Z (z’,uj (ijj — Zj@j) — CjZjToan—1 — Ej2j332n—1)
j=1

3
+ $2n—1f($7y/) + O(‘(:Evy/)‘ )7
feggoo, f(070) :07 w; :y2j—1+iy2j7 ]: 1,...,7’L—1.
(See Section 8 for the details and the precise meanings of A = B
mod O(k~*°) and S]"_'(1).) Put
(5.23) up() == B (x(ky1)x(kyz) - .. x(kyzn—2)k>" ).

Then ug(z) is a global smooth CR function on X. From (5.21) and
(5.22), we can check that

(5.24)

lim &~"
k—o0 6332n_1

= lim & [ e**OY) (—ik)g(0, v/, k)x(ky1) . .. x(kyon—2)k*"~2dy’

k—o00

= (_i)QO(Ovo)/X(yl)"'X(y2n—2)dy,7

ouy,

(0)

) _p0ug o B
klgrolok 8—:1315(0) =0, t=1,2,...,2n — 2.

For any s € {1,2,...,n — 1}, put

(5.25) wj(z) == Ex(k(y2s—1 + iyas)x (kyr)x (kya) - .. x(kyan—2)k*" 2.

Then uj(z) is a global smooth CR function on X, s = 1,2,...,n — 1.
From (5.21), (5.22) and notice that gbui =0,s=1,2,...,n—1, we can
check that

ous
li k,—n-i—l_k 0
L
= khm k_n-H /eik¢(07yl)2k2ﬂs ‘y2s—1 + Z‘?428’2 9(07 y/7 k)
—00
(5.26) x x(ky1) - .. X(kyan—2)k*" 2 dy’

= 2usgo(0,0)/ y2s—1 + iy2s)* X (1) - - - X(yon—2)dy’,
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ou;
kh_}rgok azt(O) 0, t=1,2,....,n—1,
and for t # s, t € {1,2,...,n — 1}, we have
(5.27)
lim k"1 Ou (0)
k—o0 aZt

= lim kTt /6ik¢(0’yl)2k2ut(y2t—1 — iy2e) (Y2s—1 + 125)9(0, 9/, k)
X X (k1) -« x(kyan—2)k*" 2 dy’
= 2000(0,0) [ (i1 — 901 + i) (1) - X(gmn-2)df =0,
From (5.24), (5.26) and (5.27), it is not difficult to check that for k
large, the differential of the CR map
€ X = (up(x),up(z),...,uf " Hz)) e C"
is injective at p. Thus, near p, the map
€ X — (up(x),up(z),...,up Hz)) € C"

is a CR embedding. Theorem 1.10 follows. q.e.d.

6. Szegd projections on CR manifolds with transversal CR S!
actions

In this section, we will apply Theorem 1.9 to establish Szeg6 kernel
asymptotic expansions on compact CR manifolds with transversal CR
S1 actions under certain Levi curvature assumptions. As an application,
we will show that if X is a 3-dimensional compact strictly pseudocon-
vex CR manifold with a transversal CR S! action, then X can be CR
embedded into CV, for some N € N. We introduce some notations first.

Let (X, T%°X) be a CR manifold. Let assume that X admits an S*
action S x X — X, (¢ 2) = ez, Let T € €°(X,TX) be the real
vector field given by

— 9 0 00
(6.1) Tu = %u(e x) g’ UE C>(X).

We call T the global vector field induced by the S! action or the infini-
tesimal generator of the action.

Definition 6.1. We say that the S' action e? is CR if
[T, (X, T"°X)] c ¢>(X,T"°X)
and is transversal if for every point z € X,

CT(z) ® TH°X @ T>' X = CT, X.
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Until further notice, we assume that (X,7%°X) is a CR manifold
with a transversal CR S' action and we let T be the global vector field
induced by the S! action. For z € X, we say that the period of z is 27“,

. - 27
¢ eN,if e ox # x, for every 0 < 0 < 27” and e’z ox = z. For each

¢ e N, put
(6.2) X, = {x € X; the period of z is 27” ,

and let p = min {¢ € N; X, # 0}. It is well-known that if X is connected,
then X, is an open and dense subset of X. In this work, we assume
that p = 1 and we denote X, := X, = X1. We call x € X, a regular
point of the S' action.

Fix 0y € [0,27[. Let de® : CT, X — CT.i,,X denote the differential
of the map e¢® : X — X.

Definition 6.2. Let U C X be an open set and let V € ¢°°(U,CT X)
be a vector field on U. We say that V is T-rigid if de’®V (z) =
V(z), Va € e®UnU, for every 6 € [0,2r[ with U NU # 0.

We also need

Definition 6.3. Let (-|-) be a Hermitian metric on CTX. We say
that (-|-) is T-rigid if for T-rigid vector fields V' and W on U, where
U C X is any open set, we have

(V(z)|W(x)) = (de?V ()| de!®W (%)), VYo e U, b e 0,2n].
The following result was established in [46, Theorem 9.2].

Theorem 6.4. There is a T-rigid Hermitian metric (-|-) on CTX
such that TY°X 1L T9YX, T 1 (TYWOX@T" X)), (T|T)=1 and (uv)
1s real if w,v are real tangent vectors.

Until further notice, we fix a T-rigid Hermitian metric (-|-) on CT'X
such that 710X | 701X, T | (T'9X @ TY'X), (T|T) = 1 and
(ulv) is real if u, v are real tangent vectors and we take m(x) to be the
volume form induced by the given T-rigid Hermitian metric (-|-). We
will use the same notations as before. We need the following result due
to Baouendi-Rothschild-Treves [3, Section 1]

Theorem 6.5. For every point xg € X, there exists local coordinates
r = (x1,...,%m-1) = (2,0) = (21,...,20-1,0), zj = @2j_1 + ixy;,
j=1....n—1, 0 = x9,_1, defined in some small neighborhood U of
xo such that

0 o 09, 0

where Zj(x), j =1,...,n—1, form a basis of Ti°X, for each x € U,
and ¢(z) € €°(U,R) is independent of 6.

j=1,...,n—1,
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Let x = (:El, ... ,l‘Qn_l) = (2,9) = (Zl, ... ,zn_1,9), Zj = X2j—1 +’il‘2j,
j=1,...,n—1, 8§ = x9,_1, be canonical coordinates of X defined in
some open set D € X. It is clear that

{dfjl /\.../\dzjq; 1< <je<...<Jg S’I’L—l}
is a basis for T;O’qX, for every x € D. Let u € Q%4(X). On D, we write
u = > Ujy,.jgdZj0 N Nz, ug g, € (D).
1<j1<je<...<jg<n—1
On D, we define
(6.4) Tu := Z (Tujh...,jq)dzjl VANPIAN dzjq.
1<j1<ja<...<jg<n—1
Let Yy = (yl,... ,ygn_l) = (w,y), Wi = Y251 + iygj, j = 1,... ,n— 1,
v = Yon—1, be another canonical coordinates on D. Then,

0o 5 _ 9 .06, 0

6.5 T -, j=1,...,n—1
(65) Wy J=Lon-1

T0y T owy
where Zj(y), j=1,...,n—1, form a basis of Tyl’OX, for each y € D,
and ¢(w) € €°°(D,R) independent of v. From (6.5) and (6.3), it is not
difficult to see that on D, we have
(6.6)
w=(wi,...,wp—1) = (Hi1(2),...,Hy—1(2)) = H(z), Hj(z) € €, Vj,
v=0+G(2), G(z) €€,
where for each j =1,...,n — 1, H;(2) is holomorphic. From (6.6), we
can check that
n—1-a7—
.
(6.7) dw; = del, j=1,...,n—1.
=1 82[
From (6.7), it is straightforward to check that the definition (6.4) is
independent of the choice of canonical coordinates. We omit the details
(see also [45, Section5]). Thus, Tu is well-defined as an element in
0%4(X).
For m € Z, put
(6.8) BY(X) = {u € Q"(X); Tu=—imu},
and let Bd(X) C L%O 2 (X) be the completion of By?(X) with respect
to (-]-). It is easy to see that for any m,m’ € Z, m # m/,
(6.9) (ulv) =0, YueB%(X),veB(X).

We have actually an orthogonal decomposition of Hilbert spaces

—

13, (X) =@, _ BhIX).
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For m € Z, let
(6.10) QW : LY 4 (X) = Bpd(X)

be the orthogonal projection with respect to (-|-). Moreover, it is not
difficult to see that for every m € Z, we have

Q) : QY(X) = BRU(X),
HTQS?L)UH = |m| HQSZ)UH , Yue L%Qq)(X).

Since the Hermitian metric (- |-) is T-rigid, it is straightforward to see
that (see [45, Section 5])

D9QY = QWO on 09(X,), Vm € Z,
(6.12) ng%) = Q%H)gb on Qg’q(X), VYmeZ,q=0,1,...,n— 2,
70 = QU VT, on OVUX), ¥m eZ, g=1,...,n— 1.
Now, we assume that X is compact. By using elementary Fourier anal-

ysis, it is straightforward to see that for every u € Q%4(X),

N
lim > ng)u = u in the € topology,

N—oo m=—N

(6.13)
) HQ o <, v e me

m=

Thus, for every u € L(0 q) (X),

lim Z Q Ju=uin L2 )(X,Lk),

N—oo ., (0.q
(6.14)
H@@ ol < i, N €N,
For m € Z, put
@
6.15) QY L% (X) = LY (X), ur—s Jim Q) ju,
§=0

and
(6.16) QY1 Lf) (X) = Ly (X), ur—s ngnoozczmﬂ
‘7_
In view of (6.13) and (6.14), we see that (6.15) and (6.16) are well-

defined.
The following is straightforward and we omit the proof.
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Theorem 6.6. Let m € Z, we have

QY. Q(‘” L 009(X) = QM(X),
i(TQY ulu) > mllul|, ¥ue Q™(X),
i(TQY ulu) <mllul|, ¥ueQ™(X),
sz’ ng : Dom 8, — Dom 9y,
Q(qungb = ng(ﬁ)n on Dom 0y,

Q(ngngb = ng(qun on Dom 0y,

Q(Zqzn, Q(ngn : Domgz — Domgz,
QY3 = 3,Q%), on Dom

QY3 = 3,Q%), on Dom
Q(é’ZmQ(q) 'DomD(q) N Dole()q),

(6.17)

Q>m D(q Q>m on Dom Dl(> ),
Q<m D(q Q<m on Dom DI() ),
QY 1) = Q(q on L2 (X),
Q( ) 1@ = Q on L?O 9 (X).

To continue, put for m € Z,
619 B2 (X) = {Qgglu; ue L%O’q)(X)} ,
B2 (X) := {Qg;u; ue L%O’q)(X)} .

Note that (Qg)n)2 = Q(qun, (Q(Zqzn)2 = Q(fzn. From this observation and
(6.17), we see that

Dom DI()q) N B%’gl = {Q(qunu; u € Dom Dl()q)} ,
Dom Dl()q) N BOZ’% = {Q(Zqznu; u € Dom Dl(f)} ,
and
619 0, Dom O} 1 BL, (X) — B, (X),
O : Dom O N B2 (X) — B2 (X).

Thus, it is quite interesting to study the behavior of Dl()q) in the spaces

BOZ’% and BOS’ZI. We recall now the condition Z(q) of Hérmander.
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Definition 6.7. Given ¢ € {0,...,n — 1}, the Levi form is said
to satisfy condition Z(q) at p € X, if £, has at least n — g positive
eigenvalues or at least ¢ + 1 negative eigenvalues.

Usually, the condition Z(q) is introduced for a smooth domain D
with boundary X = 9D in a complex manifold M.Then condition Z(q)
implies subelliptic estimates for the d-Neumann problem on D, cf. [23,
34]. Note that the condition Z(q) is related to the choice of sign of wy
in Section 2.2. Let’s explain what the choice is when X = dD. Assume
that

X={reC®M R);r=0},
where M’ is a complex manifold and dr # 0 on X. Suppose ||dr|| =1
on X. Then, the condition Z(q) for X is defined by taking wo = J(dr),
where J : T*M' — T*M’ is the complex structure map.

If one wants to obtain subelliptic estimates on X, one cannot dis-
tinguish whether X is the boundary of D or X is the boundary of the
complement of D. Thus, one assumes that condition Z(¢) holds on both
D and its complement M \ D. Note that condition Z(q) on M \ D is
equivalent to condition Z(n — ¢ — 1) on D. However, we show in the
next theorem, that condition Z(q) (resp. Z(n —q— 1)) yields subelliptic
estimates on a C'R manifold with S' action, by projecting the forms

with Q(Sq()], (resp. Q(Zq()))
Theorem 6.8. With the notations and assumptions above, assume

that Z(q) holds at every point of X. Then, for every s € Ny, there is a
constant Cs > 0 such that

620 [JQ ,, < c.( [P Q%] + @y

where |||, denotes the usual Sobolev norm of order s on X.
Similarly, if Z(n —1 — q) holds at every point of X, then for every
s € Ny, there is a constant Cg > 0 such that

621) [ <o +[ ey

Proof. If we go through Kohn’s L? estimates (see [23, Theorem 8.4.2],
[34, Proposition 5.4.10], [50]), we see that:
(I) If Z(q) holds at every point of X, then, for every s € Ny, there is a
constant Cs > 0 such that for all u € Q%4(X) with i(Tu|u) < 0, we
have

), Vu € Q09(X),
s+

0,q
. ) Vu € Q0(X).

lullier < Co [0+ Tl

(IT) If Z(n—1—¢q) holds at every point of X, then, for every s € Ny, there
is a constant Cy > 0 such that for all u € Q%9(X) with i(Twu|u) > 0,
we have

lull s < Cu [[OFw)|+ Il
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We notice that
(TQ(qOu | Q<0u) <0, z'(TQ(Zq())u | Q(quu) >0, Vue Q%(X).
From this observation and (I) and (II), the theorem follows. q.e.d.
For every s € Z, let H* (X, T*%9X) and H$ (X, T*%9X) denote the
completions of Bog’g(X) N Q%4(X) and BOZ’S(X) N Q%4(X) with respect
to ||||,, respectively. Let 2" (X, T*%9X) and Z/, (X, T*9X) denote the
dual spaces of B%’g(X) NQ%4(X) and BOZ’S(X) N Q%9(X), respectively.

From Theorem 6.8, we can repeat the method of Kohn (see [23,
Chapter 8], [34], [50]) and deduce the following.

Theorem 6.9. With the notations and assumptions above, assume
that Z(q) holds at every point of X. Then DI()q) : Dom Dl()q) N Bg’g(X) —
B%’g(X) has closed range. Let

N B2(X) — Dom O N BLY(X)
be the associated partial inverse and let
'Y : B2(X) — Ker O

be the orthogonal projection. Then, we have
(6.22)

I()) NP 4119 = 1 on B%’g(X),

NY9O ( )+ 119 = 1 on Bg’g( )ﬂDomDI() ),

N9 . [gs (X, T*%4X) — HHY(X, T*%9X), Vs € Z,

' g (X, 7*%9X) — H*N (X, 7*09X), Vs € Z and N € N.

Moreover, NP and 19 can be continuously extended to D' (X, T**1X)
and we have

' 2 (X, 7%9X) — BLI(X) () Q%X
N9 g (X, T9X) = 7' (X ,T*O’qX),
OWND 19 = 1 on 2/ (X, T709X),
NSO 19 = 1 on 97 (X, T*09X).

(6.23)

Theorem 6.10. With the notations and assumptions above, assume
that Z(n — 1 — q) holds at every point of X. Then,

Oy : Dom 0§ N BL4(X) — BLY(X)
has closed range. Let

N BY(X) — Dom O N BYY(X)
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be the associated partial inverse and let
Y : B24(X) — KerO?
be the orthogonal projection. Then, we have

(6.24)

O N + 1% =1 on BY(X),
NPOW + 1% =1 on BY(X) N Dom O,

N9 HS (X, T*09X) — HSTY(X, T*X), Vs € Z,
9 . qs (X, T*09X) — HN (X, T*9X), Vs € Z and N € N.

Moreover, NJ(rq) and Hgf) can be continuously extended to D', (X, T**4X)
and we have

Y 2/ (X, T%X) — B2(x) (%X
Ni‘” L P (X, T X) = 7 (X, T*quX),
OYND 1 = 1 on 7/ (X, T709X),
N9 19 = 1 on 7, (X, T09X).

(6.25)

Our next goal is to prove that if Z(q) fails but Z(q—1) and Z(q+1)
hold at every point of X, then,

Oy : Dom 0§ N B24(X) — BLY(X)

has closed range. Until further notice, we assume that Z(q) fails but

Z(q—1) and Z(q+1) hold at every point of X. Let Ngq_l) and N£q+1)
be as in Theorem 6.9. We first need the following.

Lemma 6.11. Let u € B%’g(X). We have

(6.26) 9,0, N g, = 0,
and
(6.27) O NU Vg =0

Proof. Let u € Bo’q( X). Take u; € Bo’q( X)nQY(X), j=1,2,...,
so that u; — w in L?O q)(X) as j — oo. Then, 5255N£q+1)55uj —

NIV in 9 (X, T*°9X) as j — co. Fix j = 1,2,.... From
(6.22), we have

gngN£q+1)5buj _ N£q+1)Dl(,q+1)525bN£q+l)5buj
_ N£q+1)5255|:|§)q+1)N£q+1)5buj
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— N9TV8;0,(1 — 1) D
= N5 90u; = 0.

Hence, gngN£q+1)5bu = 0. (6.26) follows. The proof of (6.27) is essen-

tially the same. q.e.d.
Lemma 6.12. The following operators are continuous:

NV} BL(X) - BLY(X),

(6.28) (D) 0 0

Oy N0, BS’S(X) — BS’S(X).

Moreover, for every u € B%’g(X),
(6.29) u— (ngEq_l)gz + 52N£q+1)5b)u € ker Dl()q) N Bog’g(X).
Proof. Let u € Bg)(’]q) NN%(X). We have
— 2
HabNﬁq“)abuH
= (N ouu | ;N TV o) = (9,0, N u | N ou)
= (Déq+1)N£q+1)5bu \ N£q+1)5bu) (here we used (6.26))
= (Dpu | N Byu) = (u| TyNPyu)
< Jlull [ BNy

|

Thus, EZNS‘]H)EI, can be continuously extended to
NI, B2(X) — BXI(X).
Similarly, we can repeat the proce?iure above_and conclude that
ngEq_l)gz : B%’g(X) — B%’g(X) is continuous.
(6.28) follows.

Let u € B%S(X)HQO"I(X) and set v = u— (ngSq_l)gz+5;N£q+1)5b)u.
We have

Ty = Oyu — OO, N 0
= Opu — Dl()qH)NSqH)gbu (here we used (6.26))
= gbu — gbu = 0.

Hence,

5§N£q+1>5buH < Jlull, Vue BY(X)NQ%(X).

Similarly, we have 521) = 0. Thus,

u—(@,NYV3; + TNV u € Ker O,
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for every u € B%’g(X) N Q%(X). Since

I-8,N Vg, — NV, . BEI(X) — BLI(X)
is continuous, (6.29) follows. q.e.d.

Let 52’f : QU X)) — QY9(X) be the formal adjoint of 9, with

respect to (-|-). That is, (Opf|g) = (f@Z’fg), for all f € Q%9(X),
g € Q%FL(X). We need

7f
Lemma 6.13. LetueL(Oq)( ). If 0y u € L?
Dom 8, and dyu = ab’ u

(0.0 1)(X), then u €

Proof. Let g € Dom 9, C L(oq 1)(X). From Friedrichs’ lemma [23,

Corollary D.2], we can find g; € Qf’q_l(Xl, j = 1,2,..., such that
gj — gin L(Oq 1)(X) as j — oo and Opg; — Jpg in L%O,q)(X) as j — oo.
We have

(u|Opg) = lim (u]gbgj) = lim (EZ’fu]gj) = (EZ’fu]g).
j—o00 j—o00

Thus, u € Domgz and 52u = EZ’fu. The lemma follows. q.e.d.
Lemma 6.14. We have
(6.30)  F(NUTVY29, : BLI(X) — Dom O N BLY(X),
and
6.31)  F(NUV)28; - BLI(X) — Dom O N BY(X).
Proof. In view of (6.22), we see that
o, (N2, . Bog’g(X) — Bog’g(X) is continuous.
Let u € BOS’S(X) NN%(X). We have
(6.32)

Hé,,éz<zv£q+l>>25bu“ 3,0, <N<q+ ) 28y | 940, (NTV)28,u)

(

(830405 (N )28,u | 85 (N "H)280,u)
(gyoieth (N<q+1 )20u | D (N TTY25,4,)
(

8bN Yoy |95 (N 29,0)

q+1)) 8bUH

IN

S

From (6.28) and (6.32), we see that there is a constant C' > 0 such that

HEQZ(NS‘””)QEWH <Clull, Vue BX(X)NQ0M(X).
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Thus, 9,0, (N (g1 ))28b can be extended continuously to Bo’q( X) and we
have

ngZ(N£q+l))25b : BOS’S(X) — BOS’SH(X) is continuous.

Hence,
(6.33) 3y (N D)2, - BLI(X) — Dom 9, N BLY(X).
Let u € Bg’g(X) NN%(X). We have

3,/ 0,0, (N 29yu = 3,0,0, (N2 Byu
(6.34) = GO (N 25,

= EZNEqH)@bu.

From (6.28) and (6.34), we see that there is a constant C'; > 0 such that
‘ —
Thus, 8b’f8b8b( (ot ))2(‘917 can be extended continuously to B d(X) and
we have

(6.35) EZ’fngZ(N£q+l))25b : B%’g(X) — B%’g(X) is continuous.
From (6.35) and Lemma 6.13, we conclude that
(6.36) 840, (NTV)28, - BLI(X) — Dom d, N BLI™ (X).

f EbEZ(NE‘””)?EbuH < Cylull, Vue BY(X)NQ%(X).

Moreover, it is easy to see that for u € BO< (X), 9y(N (q+1))25bu €
Dom 5: and B
002 (N ™25, = 0.
From this observation, (6.36) and (6.33), (6.30) follows.
The proof of (6.31) is essentially the same. q.e.d.

Theorem 6.15. With the notations above, assume that Z(q) fails
but Z(q—1) and Z(q+ 1) hold at every point of X. Then,

Oy : Dom 0§ N B2Y(X) — BLY(X)
has closed range.

Proof. Let Dl()q)uj = v;, u; € Dom Dl()q) N B%’g(X), vj € B%’g(X),
j=12,..., withv; = v e B%’g(X) as j — oo. We are going to prove
that there is a g € Dom Dl()q) N BOS’S(X) such that Dl()Q)g — . Let N7V
and N7 be as in Theorem 6.9. Put

6 =@N B, + BN Ty, =12,
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In view of (6.28), we see that g; € Bg’g(X). Moreover, from (6.29), we
have -

— @ N5, 45, N VG, )u; € Ker O € Dom O, j=1,2,... .
Hence,

(6.37) gj € Dole()Q) N Bg’g(X), j=1,2,...,
Dl()q)gj = Dlgq)uj =v;, j=1,2,....
We claim that for each j,
g =B, N V9, + 9,N V5 )y
(6.38) — (@5 (N )29, 4+ B, (N V)25, 0@y,
= (@ (N2, + B (N2} ) ;.

Fix j =1,2,.... Let f, € BL{(X) N Q(X), s = 1,2,..., with fs — u;
in BOS’S(X) as s — oo. We have
(6.39)
(5*(N(q+1))25b + Oy(N (q—l))zgz)ml()q)fs

=@, (NY)28, + 9, (N T2 0Py in 77 (X, T*09X) as s — oo.
We can check that
(6.40)

(@ (N5, + 3, (ND)28,) O £,

= Gy (N2, £, 4 B, (N V)20V,

= N1 — 11N £, + B,NTV (1 - 11 D)a; £,

= ;N Va, 1, + 8NV, £,

—>(52N£q+1)5b + ngSq_l)EZ)uj =g; in 7' (X,T*%9X) as s — <.

N
N

From (6.39) and (6.40), (6.38) follows. Since v; — v € B%’g(X) and
B) (N(q+1))28 + 0y(N N4 _1))28b ng( ) — B%’g(X) is continuous
(see (6.22)), we conclude that
9; = 9 =(@(N)8, + 0y (NUV)P0)w € BLY(X),

and DI()q)g =vin 2/ (X, T*%9X). In view of Lemma 6.14, we see that
g € Dom DI()q) N BOS’S(X). The theorem follows. q.e.d.

We can repeat the proof of Theorem 6.15 and deduce the following.
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Theorem 6.16. With the notations above, assume that Z(n —1—q)
fails but Z(n — 2 — q) and Z(n — q) hold at every point of X. Then,

O : Dom O N BLA(X) — BL(X)
has closed range.
Now, we can prove:

Theorem 6.17. With the notations above, assume that Z(q) fails
but Z(q—1) and Z(q+1) hold at every point of X. Then, D(q) has local

L? closed range on X with respect to Q( <o in the sense of Definition 1.8.

Proof. From Theorem 6.15, we see that there is a constant C' > 0
such that

(6.41) H(I - H(_q))uH <C ng‘”u , Vue B2 N DomO?.

Let f € Q%9(X). Then, QY)f € BL N Q%9(X). We claim that
(6.42) QU@ f =nQY)
Note that QM@ f = IWQY) f. Thus,
(QUUW QU — 1) f) = (NDQY)f| (I - 1)QYf) = 0.
We have the orthogonal decompositions
Qi"%f - Q(é% @+ QU - H(‘”)f

(6.43)
Q ) =1 Q 0+ (-1 )Q

Hence,
(6.44) QUUWf - 1n9QY = (1 -1'QYf — QY — 1)y,
From (6.44), we have

( (Sq())H(Q)f _ H(_‘I)Q(Sq())f | Q(q) @ f (q)Q(q) )

(6.45) = QY@ f —nPQW s | (1 - 1)QYf — QY1 —1@)f)
=0,

since Q(Sq()]ﬂ(q)f - H(_‘Z)Q(Sq()]f € Ker Dl()q) N B%’g. Hence,
QYW f =11 9QY) .

The claim (6.42) follows. Note that Q(Sq()) : Dom Dl()q) N L%O q)(X) —

Dom Dl()q) ﬁB%’g(X) and Q(Sq()) (VX)) — B%’g(X) NN%4(X). From this
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observation, (6.42) and (6.41), we obtain
s
-] < e - o
<C HD&%H . Yu e Q09(X),
where C' > 0 is a constant. The theorem follows. q.e.d.

Similarly, we can repeat the proof of Theorem 6.17 and deduce

Theorem 6.18. With the notations above, assume that Z(n—1—q)
fails but Z(n — 2 — q) and Z(n — q) hold at every point of X. Then,

DI()q) has local L? closed range on X with respect to Q(f()] in the sense of
Definition 1.8. -

Let D C X,eg be a canonical coordinate patch and let

= (21, Ton 1)

be canonical coordinates on D as in Theorem 6.5. We identify D with
W x| —n,7[C R?"~! where W is some open set in R?"~2. Until further
notice, we work with canonical coordinates x = (z1,...,22,-1). Let
7= (M,...,N2n—1) be the dual coordinates of x. It is clear that there
is a conic neighborhood A of ¥ such that

1 %
(6.46) [12n-1] 2 eolnl, V(z,n) € A(T*D,

where €p > 0 is a small constant. Let a(z2,—1) € €°(R,]0,1]) with
1,1

a=1on[},00[,a=00n]—o00,1] Let y € 65°(R), x =1 on [-1,1].

We recall Definition 2.4. We need

Lemma 6.19. With the notations above,

(6.47)
QYY) = prmr [ @B (1 = x(In*))a( =2t )dy at BN T*D,
Qg())(x,y) =0atXTNT*D,

and
(6.48)
Q(Zq()](:v,y)
1 . )
=~ | eileymg — 2=yt S ATHED
et [ €T a2 ay
Q(Zq()](:v,y) =0at X" NT*D.



130 C.-Y. HSIAO & G. MARINESCU

Proof. 1t is easy to see that on D,
(6.49)
™

Q<Ou( ) % Z eimy2n1/ —imt (y t)dta VUG Qg’q(D)a

meZ,m>0 -

where y' = (y1,...,y2n—2). Fix D" € D and let x(y2n,—1) € €5°(]—m,7])
such that x(y2n—1) = 1 for every (v',y2n—1) € D’. Let B(xo,—1) €
%>(R,[0,1]) with 3 = 1 on [~%,00[, 3 =0on ] —oco,—3]. Let R :
Qg’q(D’) — QU4(D’) be the continuous operator given by

(6.50)
eHT2n—1=Y2n 1,120 1)/@ Nan—1)(1 — x(yon—
27T2 E /t<7r (M2n-1)(1 = x(y2n-1))

elmyzn—1 =Mty (o B dtdng,—1dyon—1,

where 2/ = (x1,...,%2,-2). Moreover, we can integrate by parts with
respect to 72,1 and conclude that
(6.51) R=0 at X" NT*D', R=0 at XTNT*D".

Now, we claim that

(652) QY(z,y) = R(z,y) + —

(2my2n—1 / "V B (1,1 )dn on D'

Let u € Qg’q(D/ ). From Fourier inversion formula, it is straightforward
to see that

(zﬂ%/ei<x—y7n)5(n2n_1)u(y)d77

(6,53) 27T — Z /t< eHT2n—1=Y2n—1,12n— 1>/8(772n—1)

X X(ygn_l)elmy%*l ey (2! t)dtdnan—1dyzn—1.-
From (6.50) and (6.53), we have

(271')%/6i<m_ym>6("72n—l)u(y)d’l’}—I—Ru(;p)

(6.54) _ 2 Z / Zw2n 1=Y2n—1,12n— 1>B(772n—1)
<m

x ezmyznfl e—lmtu(x/, t)dth]Qn—ldy2n—1 :

From Fourier inversion formula and notice that for every m € Z,

TMY2n—1 ,—1Y2n— —
/e Y2an 16 Yan—172n ldy2n_1 :27T5m(772n—1)y

where the integral above is defined as an oscillatory integral and §,, is
the Dirac measure at m (see Chapter 7.2 in Hormander [42]), (6.54)
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becomes
(277)%/ei<x_y’n>5(ﬂ2n—1)U(y)dn+Ru(g;)
=5 Y Btmpen [t o
(6.55) T mez. | <
= Q(Sq()]u(:n).

Here we used (6.49). The claim (6.52) follows. From (6.52) and (6.51),
we conclude that

Q<0(x y) — @ﬂ% f6i<x_y’n>,8(7]2n_1)d77 =0at X" NT*D',
(f())(x y)=0at ST NT*D'.

Moreover, it is straightforward to see that

(%)1/<(< x(ln)a(™®
=0 at X" NT*D.

|,’7| ) 5(772n—1))d77

From this observation, (6.47) follows. The proof of (6.48) is essentially
the same as the proof of (6.47). q.e.d.

From Theorem 6.17, Theorem 6.18, Lemma 6.19 and Theorem 5.1,
we get the following two results.

Theorem 6.20. Let (X, T'°X) be a compact CR manifold of di-
mension 2n — 1, n > 2, with a transversal CR S action and let T €
(X, TX) be the real vector field induced by this S' action. We fix
a T-rigid Hermitian metric (-|-) on CTX such that T'°X 1 TO'1X,
T 1L (TYYX @T%X), (T|T) =1 and (u|v) is real if u,v are real
tangent vectors and we take m(x) to be the volume form induced by
the given T-rigid Hermitian metric (-|-). Assume that Z(q) fails but
Z(q—1) and Z(q + 1) hold at every point of X. Suppose that the
Levi form is non-degenerate of constant signature (n_,ny) on an open

(X) = L, ) (X)

canonical coordinate patch D € X,ee . Let Q(Sq()] L2 (0,0)

(0,9)
be as in (6.15). Then,
(6.56) Q&%H(q)Q(q)] =0onDifg#n_,

and

(657 QUUIQE(w.y) = [ ¢ aeyt)dt on D ifg=n_
- 0
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where ¢_ € €>(D x D) is as in Theorem 4.1 and a(z,y,t) € S~ (D x

D xR, T;"X K T;O’qX) where with notations as in (3.7), (3.9), the
leading term ao(z,y) of the expansion (2.17) of a(x,y,t) satisfies

1
ap(z,z) = 57?‘" |det Lo| T, Va € D.

Similarly, we obtain the following.

Theorem 6.21. Under the hypotheses of Theorem 6.20 assume that
Z(n—1—=q) fails but Z(n —2 —q) and Z(n — q) hold at every point of
X. Suppose that the Levi form is non-degenerate of constant signature
(n—,ny) on an open canonical coordinate patch D € X,ep . Let

Q(Zq% : L%O,q) (X) - L%O#Z) (X)
be as in (6.16). Then,
(6.58) QUIWQWY =0 on D if q # ny,

and

(659) QYUY (@)= [ eIyt on D if g =n.
- B 0

where ¢4 € €>(D x D) is as in Theorem 4.1 and b(z,y,t) € S~ (D x

DxR.T;"XK T;fo’qX), where with notations as in (3.7), (3.9), the
leading term bo(z,y) of the expansion (2.17) of bo(z,y,t) satisfies

1
bo(z,z) = §7r_" |det Lo Tony, Vx € D.

Kohn proved that if X is any compact CR manifold and Y (q) fails

but Y (¢ — 1) and Y (¢ + 1) hold on X then Dl()q) has L? closed range
(see [23]). By using Theorem 6.9, Theorem 6.10, Theorem 6.15 and
Theorem 6.16, we can improve Kohn’s result if X admits a transversal
CR S! action.

Definition 6.22. Given ¢ € {0,...,n — 1}, the Levi form is said to
satisfy condition W (q) at p € X, if one of the following condition holds:
(I)Y(g) holds at p. (II) Z(q), Z(n —2 — q) and Z(n — ¢) hold at p.
(II1) Z(g—1), Z(g+1) and Z(n — 1 —q) hold at p. (IV) Y(q—1) and
Y(g+1) hold.

It is straightforward to see that if the Levi form is non-degenerate
of constant signature on X then for every ¢ € {0,1,...,n— 1}, W(q)
holds at every point of X. It is clear that if Y (¢ — 1) and Y (¢ + 1) hold
at p € X, or Y(q) holds at p, then W (q) holds at p. But it can happen
that W (gq) holds at p but Y'(¢) fails at p and Y (¢ —1) or Y(g+1) fail at
p. For example, if the Levi form is non-degenerate of constant signature
(n_,ny)atpand ny =n_+1, thenforg=n_, Z(¢—1), Z(¢g+1) and
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Z(n —1—¢q) hold at p. Thus, W(q) holds at p but Y (¢q) and Y (g + 1)
fail at p.

Theorem 6.23. Let (X, T'°X) be a compact CR manifold of di-
mension 2n — 1, n > 2, with a transversal CR S action and let T €
(X, TX) be the real vector field induced by this S' action. We fix
a T-rigid Hermitian metric (-|-) on CTX such that T'°X 1 TO'X,
T 1L (TYYX @T%X), (T|T) =1 and (u|v) is real if u,v are real
tangent vectors and we take m(x) to be the volume form induced by the

given T-rigid Hermitian metric (-|-). Assume that W(q) holds at every
point of X. Then, Dl(,q) : Dom Dl()q) — L%O 2 (X) has L? closed range. In
particular, if the Levi form is non-degenerate of constant signature on

X, then Dl()q) : Dom Dlgq) — L%O 9 (X) has L? closed range.

Proof. Since W (q) holds at every point of X, from Theorem 6.9, The-
orem 6.10, Theorem 6.15 and Theorem 6.16, we see that the operators

0y : Dom O N B2 — B, O : Dom Oy N B — B

have closed range. It is not difficult to see that this implies that DI()q) :

Dom DI()q) — L%O 9 (X) has L? closed range. We leave the details to the

reader. q.e.d.

Corollary 6.24. Under the same notations and assumptions used in

Theorem 6.23, let N . L%O 9 (X) — Dom Dl(,q) be the partial inverse

of Déq). We assume that the Levi form is non-degenerate of constant
signature (n—,ny) at each point of an open set D € X. Ifq ¢ {n_,n},
then

N9 =0 and N9=A4 on D,
where A € Lzll(D,T*quX X T*09X) is as in Theorem 4.1. If q €

272
{n_,ny}, then
ne =g + S, and ND =g on D,
where S_, Sy € L 1 (D, T*™X R T*X) and G € L1 (D, T*X K
272

23
T*9X) are as in Theorem 4.1.
In particular, for any CR submanifold in CPN of the form (1.1), the
associated Szegd kernel admits a full asymptotic expansion.

For hypersurfaces of type (1.1) of signature (1, N — 3), Biquard [8]
studied the filling problem for small deformations of the CR structure.

From Corollary 6.24 and Theorem 6.23, we establish the global em-
beddability for three dimensional compact strictly pseudoconvex CR
manifolds with transversal CR S! actions (Theorem 1.13).
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Theorem 6.25. Let (X, T'°X) be a compact strictly pseudoconvex
CR manifold of dimension three with a transversal CR S action. Then
X can be CR embedded into CV, for some N € N.

Proof. Let T € €°°(X,TX) be the real vector field induced by the
given transversal CR S! action on X and we fix a T-rigid Hermitian
metric (-|-) on CTX such that T%°X 1L 71X T 1 (THX @ TY1X),
(T|T) =1and (ulv) is real if u,v are real tangent vectors and we
take m(z) to be the volume form induced by the given T-rigid Hermitian
metric (-]-). We will use the same notations as before. From Theo-

rem 6.23, we know that DI()O) : Dom DI()q) — L?(X) has closed range.
Let N© : [2(X) — Dom DI()Q) be the partial inverse of DI()q). From
Corollary 6.24, we have

OONO £ 110 = [ on LA(X),

(6.60) NOOO 41O = I on Dom O,
NO e L (X), T e Lf ,(X).
22 ’

From Kohn'’s result [52], in order to prove that X can be CR embed-
ded into CV, for some N € N, we only need to prove that 9, : Dom 9, C
L*(X) — L%o,l)(X) has closed range. Let Jyu; = vj, u; € Dom 0,
v; € L%O,l)(X)’ Jj=12,..., withv; — vE L%o,l)(X)fsj — 00. We are
going to prove that there is a g € Dom 9y, such that 99 = v. We claim

that for every j =1,2,...,
6.61)  NOgTu; € 12 1(X) and (I - 1)u; = NOG; v,

where 52’f is the formal adjoint of ) (acting on distributions). Since
N© e LT (X), it is clear that N9, v; € L2(X), ¥j. Fix j € N. Let
272

fs € €°(X), s € N, with f; — u; in Z'(X) as s — oo. From (6.60),
we have
(6.62)

N(O)g?fgbfs

= N(O)Déo)fs = (I -1 f, - (I -1, in 2'(X) as j — oo.

Note that N(O)EZ’fgbfs — N(O)EZ’fgbuj = N(O)EZ’fvj in 7'(X) as j —
oo. From this observation and (6.62), the claim (6.61) follows. Since
N e L7 (X),

272
(6.63) N(O)EZ’f : L%o,l)(X) — L*(X) is continuous.
From (6.61) and (6.63), we conclude that

(I - Ty, = N(O)EZ’fvj — N(O)EZ’fv =:u in L*(X).
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Thus, Jyu = v in the sense of distribution. Since v € L%O 1)(X ), u €

Dom 8;. We have proved that 9;, : Dom 9, C L?(X) — L%O 1)(X) has

closed range. The theorem follows. q.e.d.

EXAMPLE 6.26 (Grauert tube). Let M be a compact complex man-
ifold endowed with a Hermitian metric © and associated Riemann-
ian metric g”™. We consider a Hermitian holomorphic line bundle
(L,h*) on M. The Grauert tube associated to (L,h”) is the disc bun-
dle G = {u € L* |u|]~ < 1}, with defining function ¢ : L* — R,
0= |u|iL — 1. The boundary X = 0G = {u € L*, |u|,+ = 1} is the
unit circle bundle in L*. The Grauert tube was introduced by Grauert
[35], one important application being the Kodaira embedding theorem
for singular spaces.

Let V¥ be the Chern connection on (L,h") and let RF = (V)2
be the Chern curvature. The Levi form of p restricted to the com-
plex tangent plane of X coincides with the pull-back of w = /—1RF
through the canonical projection p : X — M. Therefore, the signature
of the Levi form of p coincides with the signature of the curvature form
vV—1RE.

Note that p : X — M is an S'-principal bundle and there exists a
canonical ST action on X. The connection V¥ on L induces a connection
on this S'-principal bundle. Let TH”X  TX be the corresponding
horizontal bundle. Let us introduce the Riemannian metric ¢7* =
(™) ® d¥? on TX = THX @ TS'. We will denote by d;, the formal
adjoint of 9, with respect to this metric and form the Kohn-Laplacian
0,. The operators 0y, 52 and DI()q) commute with the action of S!
on X.

Consider the space (X)), of smooth functions f on Y which trans-
form under the action (y, ) — ¢’y of S' according to the law

(6.64) F(e™y) =P f(y).

Then €°(X), = Bg’g(X), where Bp?(X) were defined in (6.8). Let
us endow Q®*(M, LP) with the L? inner product induced by © and h’.
There exists a natural isometry

B2 (X) = €>(X), = Q"°(M, LP).

More generally, consider the space of sections Q%*(X),, which transform
under the action of S' according to (6.64). Then Q%F(X), = BE’S(X)
is naturally isometric to the space Q%F(X, LP). In this way we obtain
an interpretation of the spaces Bg’z (X), B(i’g(X ) and of the projectors
Q<o0, @>0 in terms of the sections of LP. For more details on the relation

of the Szeg6 projection and the Bergman kernel of LP one can consult
[56, §1.5], [568, §3.2].
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7. Szeg6 kernel asymptotic expansion on weakly
pseudoconvex CR manifolds

By using Theorem 1.9, we establish Szeg6 kernel asymptotic expan-
sions on some weakly pseudoconvex CR manifolds. We will consider
in Section 7.1 the case of boundaries of weakly pseudoconvex domains
(corresponding to Corollary 1.15 (i)). We also give an application to the
asymptotics of the Bergman kernel of a semi-positive line bundle. In
Section 7.2 we study some non-compact weakly pseudoconvex domains.

7.1. Compact pseudoconvex domains. Let G be a relatively com-
pact, weakly pseudoconvex domain, with smooth boundary X, in a
complex manifold G’ of dimension n. Then X is a compact weakly
pseudoconvex CR manifold of dimension 2n — 1 with CR structure
TYWX =T NCTX.

Theorem 7.1. Let G be a relatively compact domain in a complex
manifold G' of dimension n, such that G has smooth boundary X = 0G,
which is everywhere weakly pseudoconvex and strictly pseudoconvexr on
an open subset D C X. Fix Dy € D. Assume that there exist a smooth
strictly plurisubharmonic function defined in a neighborhood of X. Let
¢ € €°(G") be a defining function of G, let (-|-) be a Hermitian metric
on G' and let v(z) be the induced volume form on X. Let m(x) be a
volume form on X and consider the corresponding space L*(X). Then,
the kernel of the Szegd projector 10 L?(X) — ker Oy has the form

(7.1) H(O)(az,y)z/ @5y t)dt on Dy,
0

where p(x,y) € €U x U) is an almost analytic extension of ¢ as in

(1.3) to some neighborhood U be of Dy in G', and s(z,y,t) € S(’?l_l(D X

D x Ry). Moreover, the leading term so(z,y) of the expansion (2.17)
of so(z,y,t) satisfies

1 _, v(x)

80($7$) - 577 m(x)

where L, is the restriction of L,(¢) to the tangent space T X

|det Lo | = [pa(2)] - - [pn—a ()],
with pi(x), ..., pn—1(x) the eigenvalues of L, with respect to (-|-).

|det L;|, Yz € Dy,

Proof. By a theorem of Kohn [52, p.543] we know that if G meets

the conditions in statement above, then Kohn’s Laplacian Dl()o) has L2
closed range. For boundaries of pseudoconvex domains in C” the closed
range property was shown in [10, 63]. By Theorem 1.14 we deduce that
1) is a complex Fourier integral operator on Dy and I1)(z, %) has the
form (7.1) with a phase function as in (3.2).
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Fix p € Dy and take local coordinates x = (z1,9,...,x9,—1) of X

defined in a small neighborhood of p in Dy such that z(p) = 0 and
wo(p) = dxon—1. It is easy to see that 8y§f,1 (0,0) =1= 855;1 (0,0),
where ¢_ is as in Theorem 4.1. From the Malgrange preparation theo-
rem [42, Theorem 7.57], we conclude that in some small neighborhood

of (p,p) in Dy x Dy, we can find f(x,y), f1(z,y) € € such that
(10—(337 y) = f(:Ev y)(y2n—1 + h(ZE, y/))7
90($7y) = f1($7y)(y2n—1 + hl(:an/))v

in a small neighborhood of (p,p) in Dy x Dy, where ¥/ = (y1,...,y2n—2),
h,hy € €. Tt is not difficult to see that yo,—1+h(z,y), yan—1+h1(z,y")
satisfy (3.4), (3.5) and

5b(y2n—1 + h(l‘, y,)) s 5b(y2n—1 + hy (:Ea y/))

vanish to infinite order on x = y. From this observation, it is straight-
forward to check that h(x,y’) — hi(x,y’) vanishes to infinite order on
x =y. We conclude that ¢ and ¢_ are equivalent. The theorem follows.

q.e.d.

Theorem 7.2. Let M be a projective manifold and let L — M be
an ample line bundle. Let h™ be a smooth Hermitian metric on L such
that /—1R¥ is semipositive. Consider the Grauert tube G = {v € L* :
[v|per < 1}, X = 0G and p : X — M the projection. Then the Szegd
projector TIC) . L%Qo) (X) — ker 0y is a Fourier integral operator with

complex phase on the set p~t(M(0)), where M(0) C M is the set where
V—1R" is positive.

Proof. Since L is ample, there exists a Hermitian metric hé on L
with positive curvature. The Levi form of the function gy : L* — R,
0= |u|i .+ 1s positive definite on the complex tangent space of any level

0

set oo = ¢ > 0. It is easy to see that given any compact set K C L*\0 we
can modify g to construct a strictly plurisubharmonic on K. Therefore,
the Grauert tube G fulfills the hypothesis of Theorem 7.1. q.e.d.

Theorems 7.1 and 7.2 are based on closed range property for d;. Note
that Donnelly [27] gave an example of a semipositive line bundle L — M
which is positive at some point (i.e. M(0) # (), whose Grauert tube
doesn’t have the closed range property for .

An important application of the asymptotics of the Szeg6 kernel of
the Grauert tube is the asymptotics of the Bergman kernel of the tensor
powers of the bundle L. This was first achieved by Catlin [21] and
Zelditch [66] for a positively curved metric h*. We exemplify here such
an application of Theorem 7.2.

Consider a Hermitian metric © on M and introduce the L? inner
product on €°°(M, LP) induced by the volume element ©"/n! and the
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metric A% and denote by L?(M, LP) the corresponding L? space. Let
P, : L?*(M,LP) — H°(M,LP) be the orthogonal projection, called
Bergman projection. Its kernel P,(-,-) is called the Bergman ker-
nel. The restriction to the diagonal of P,(-,-) is denoted P,(-) and
is called the Bergman kernel function (or density). We refer the reader
to the book [57] and to the survey [55] for a comprehensive study of
the Bergman kernel and its applications.

Corollary 7.3. Let M be a projective manifold of dimension n and
let L — M be an ample line bundle. Let h™ be a smooth Hermitian
metric on L such that /—1RY is semipositive. Then the Bergman kernel
function P,(-) has the asymptotic expansion

(7.2) Py(z) ~ Zp"_jbg-o) () locally uniformly on M (0),
=0

where bg-o) € E*(M(0)),j=0,1,2,....

Proof. The Bergman kernel P, and the Szegd kernel 11O are linked
by the formula

1

(7.3 By(o) = 5 [ 1Oy av,

where x € M and y € X satisfy p(y) = =z, that is, P,(x) represent
the Fourier coefficients of the distribution II(9) (y,y). Since O is a
Fourier integral operator on p~!(M(0)) by Theorem 7.2, we deduce the
asymptotics (7.2) exactly as in [21, 66] by applying the stationary phase
method. q.e.d.

Corollary 7.3 was obtained by different methods by Berman [5] in the
case of a projective manifold M and in [48, Theorem 1.10] for a general
Hermitian manifold M.

7.2. Non-compact pseudoconvex domains. Now, we consider non-
compact cases. By using Theorem 1.9, we will establish Szeg6 kernel
asymptotic expansions on some non-compact CR manifolds. Let I" be
a strictly pseudoconvex domain in C*~!, n > 2. Consider X =T x R.
Let (z,t) be the coordinates of X, where z = (21,...,2,-1) denote the
coordinates of C"~! and t is the coordinate of R. We write 2j = Xoj_1+
ixej, j = 1,...,n — 1. We also write (2,t) = = (21,...,22,—1) and
let n = (n1,...,m2n—1) be the dual variables of z. Let u(z) € €>(I',R).
We define T X to be the space spanned by
0 op 0 .
{8zj +Zazj8t’ Jj=1...,n 1}.

Then (X,7'°X) is a non-compact CR manifold of dimension 2n — 1.
We take a Hermitian metric (-|-) on the complexified tangent bundle
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CT X such that

o  opo 9 owd . 9 )
{azj“azjat’azj ot T T hem 1

is an orthonormal basis. The dual basis of the complexified cotangent
bundle CT* X is

{dzj Jdzy, —wo = dt+ I (i dz i) =1, 0 1} .
The Levi form £, of X at p € X is given by

n—1
82
L, = Z %(p)dzj A dzy.

Now, we assume that

82/L n—1
(7.4) ( — (z)> >0, Vzel,
8zj8,zg j,e=1
and take
(7.5) m(x) = 6_2‘2‘2da;1da:2 . dzon_1

to be the volume form on X. Thus, X is a weakly pseudoconvex CR
manifold.

Take 7 € €°(R,[0,1]) with 7 =0 on] — 00,1}, 7 =1 on [, 00[. We

also write 6 to denote the t variable. Let Q) : €5°(X) — €°°(X) be
the operator given by

Qu(z,1)
(7.6) 1
2w
We can extend Q) to L?(X) such that
QY : [2(X) — L*(X) is continuous,
(7.7) |QOu| <, wue £2(x),
QU =0at Xt NT*D, VD € X.

/ e =0y (2, 0)r(n)dndd € € (X), u(zt) € €5°(X).

We will prove that DI()O) has local L? closed range property on X with

respect to Q) under certain assumptions. More precisely, we have the
following.

Theorem 7.4. LetI' = C" ! or T be a bounded strictly pseudoconvex
domain in C" L. Let u € €>(I'"), where I is an open neighborhood of
T (if T = C" ! this means just that u € €>°(C"1)). When T = C" 1,
we assume that > 0. Then

8) QO -1 < ol vuegEx)



140 C.-Y. HSIAO & G. MARINESCU

0)

where Cy > 0 is a constant independent of w. In particular, Dé
local L? closed range on X with respect to Q.

has

From Theorem 1.9, (7.7) and Theorem 7.4, we deduce

Theorem 7.5. With the notations and assumptions of Theorem 7.4,

n—1

suppose that the matriz <62-2;ze (:E)) . 1$ positive definite on an open
]7 =

set D € X. Then,

(7.9) QUTIOQO) (5, 4)) = / ¢~ @Dz y )t on D,
0

where ¢_(x,y) € €°(D x D) is as in Theorem 4.1 and
a(z,y,t) € S"—l(D x D x Ry),

a(z,y,t Zajzz:ytnlj inSﬁal(DxDxRQ,

1 . 82,& n—1
ag(x,z) = o7 det (87:)024 ($)>j7é:1, Vo e D.

We first introduce the partial Fourier transform F and the operator
Q. Let u € QYY(X). Put

(7.10) (Fu)(z,n) = / e~y (5, 1)dt.
R

From Parseval’s formula, we have

(7.11)

Ful? = [ 1(Fu)en)dndo(z) =2r [ Ju(ed)F dido(z) = 2 Jul.
X X
where dv(z) = e‘z‘z‘zdazldazg ...dxo,_o. Thus, we can extend the oper-
ator F to L(0 )(X) and
F: L%O q)(X) — L?

|Full = Vo |lull, Yu e L ,(X).

(X) is continuous,
(7.12) .0

For u € L(o )(X ), we call Fu the partial Fourier transform of u with
respect to t.

Take 7 € €°°(R,[0,1]) with 7 =0 on ] — oo, 1], 7 =1 on [, c0[. We
also write @ to denote the ¢ variable. Let Q@ : Qg’q(X) 0%4(X) be
the operator given by

(7.13)

QWu(z,t)

= 5 [ €z, 0)r(n)dndt € OPX), u(z.) € BT
T
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From Parseval’s formula and (7.11), we have

o 47?2/ 1/ i

- / (Fu) el I ddo(z)
< o [0 dndv(z) = ful?.

where u € Qg’q(X). Thus, we can extend Q@ to L%O 2 (X) and

QD : L%O,q) (X) — L%O’q) (X) is continuous,

dv( )dt

dv( )dt

(7.15) HQ(q)uH <lull, Vu € L 5(X).

We need

Lemma 7.6. Let u € L%O,q)(X)' Then,

(7.16) (FQWu)(z,n) = (Fu)(z,m)r(n).

Proof. Let u; € Qg’q(X), J = 1,2,..., with lim;_, ||u; —ul|| = 0.
From (7.15) and (7.12), we see that

(7.17) FQWu; — FQWy in L?()’q)(X) as j — oo.

From Fourier inversion formula, we have

(7.18) (FQWuy)(z,m) = (Fuy)(z,m)(n), j=1,....

Note that (Fu;)(z,n)7(n) — (Fu)(z,n)7(n) in L(Oq)(X) as j — oo.
From this observation, (7.18) and (7.17), we obtain (7.16). q.e.d.

The following is straightforward. We omit the proofs.

Lemma 7.7. We have
Q9 : Domd, — Domd,, ¢=0,1,....,n—1,

7.19 — — 3

( ) Q(q+1)ab = abQ(q) on Dom 8{;, q = 07 17 cees— 27
and

(720) Q(Q)H(Q) = H(Q)Q(Q) on L%O,q) (X)

Moreover, for u e Qg’q(X), we have
(721)  8.((Fu)(z,m)e™@)e ™) = (Foyu)(z,m), ¥(z,n) € X,
where p € €°(I',R) is as in the beginning of Section 7.
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We will study now the local L? closed range property for Dl()o) with
respect to Q(©). We pause and introduce some notations. Let Q0%4(T)
be the space of all smooth (0,¢) forms on I' and let Qg’q(F) be the
subspace of Q2%4(I") whose elements have compact support in I'. We
take the Hermitian metric (-|-) on T*%4T" the bundle of (0, q) forms of
I" so that

{dzj, NdZj, N ... ANdZj;1 < 1 <ja...<jg<n—1}

is an orthonormal basis. Let T € ¥°°(I',R) and let (-|-)y be the L?
inner product on Qg’q(F ) given by

(Flor = [(F19)e ™ Onr@). 1.9€ BD),
where d\(z) = dzidxs ... dxo,—o. Let L%O 9
tion of Qg’q(F) with respect to the inner product (-|-)y. We write

LT, Y) := Lf ) (T, T). Put

H(L,Y):={feL*T,Y); f =0}.

(I, Y) denote the comple-

From now on, we assume that

82,& n—1
7.22 2 >0, VzeT,
( ) (8@82@ ( )>j7g:1 -

and take
m(x) = e_2|z|2dx1d:172 . dTon_odt = 6_2‘2‘2d/\(z)dt

be the volume form on X.
Now, suppose I' = C" ! or I' is a bounded strictly pseudoconvex
domain in C"1,

Proof of Theorem 7.4 for T = C" 1. Let u € 65°(X). We consider
QI — 1)y,
In view of (7.20), we see that QO (I — 1)y = (I — I(0)Q 4. Put
(7.23) v(z,m) = FQO I — TTO)u(z, n)e™ ).
From (7.15), (7.12) and (7.16), we see that

/!’U(zm)!z e 22 () < oo,

and v(z,m) = 0 if n ¢ Supp7(n). From Fubini’s Theorem and some
elementary real analysis, we know that for every n € R, v(z,n) is
a measurable function of z and for almost every n € R, v(z,n) €
L2(D, nu(z) + |z[%) and for every z € T, v(z,7) is a measurable function
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of 7 and for almost every z € T, [ lu(z,m)|*dn < oo. Moreover, let
B e LI, |z|%), then the function

n) = / oz, m)B(2)e2m @2 4 (2)

is measurable and f(n) is finite for almost every n € R, f(n) = 0 if
n ¢ Supp7(n) and f(n) € L*(R). We claim that

For almost every i € Ry, v(z,1) € L3I, nu(z) + |2|?) and
(005 | B)ysyap = 0> VB € HO(T, mu(2) + [#f2)

From the discussion after (7.23), we know that there is a measurable
set Ag in Ry with |4g] = 0 such that for every n ¢ Ao, v(z,n) €
L2(D,nu(z) + |2|%), where |Ao| denote the Lebesgue measure of Ag.
Since 11 > 0, {2% a € Ng_l} is a basis for HO(C" 1 nu(z) + |z|?), for
every n > 0. Fix a € Ng_l. We consider

fa(n) = /U(z,n)zo‘e_2w(z)_2sz)\(z).

From the discussion after (7.23), we know that f,(n) € L?(R). Fix
n €N, put hy(n) := f,(1n)1p,n(n). Then,

/ |fa(n)? dn—/fa
_/U( 0)Z%hy(n)e _2’7“(2)_2|Z‘2d)\(z)dn.

Let B, € 65°(X), £ =1,2,..., such that 8y — (I — )y in L?(X) as
¢ — oco. From (7.12), (7.15), (7.16) and (7.25), we see that
(7.26)
lim /J'"Q(O)ﬁz(zan)zahn(ﬁ)e_"”(z)_2|zZdA(Z)d?? —>/ | fa(m)|? .
0

l—00

(7.24)

(7.25)

From (7.16) and Parseval’s formula, we can check that

(7.27)
/ FQUO Bo(z,m)zhn (m)e™ =2 a(2)dn

= / fﬂe(z,n)T(n)Eahn(n)e‘”“(z)”""?dA(Z)dn
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It is straightforward to check that the function
/za(z)hn(n)T(n)e_W(z)H"tdn € Ker 9, N L*(X).
Thus,
(7.28)
[ =100 [ hatrae O ane 2 ir@)de = o
From (7.28), (7.27) and (7.26), we conclude that f,(n) = 0 almost

everywhere. Thus, there is a measurable set A, D Ay in R, with
|An| = 0 such that for every n ¢ A, we have (v(z,n) |2 Jopt)22 = 0-

Put A = UaeN{;*l Agy. Then, |A| = 0. We conclude that for every
n¢ A n=0,
(00 1) [ B)ys e = 0> 8 € HO(T, mpa + 1),

The claim (7.24) follows.
Now, we can prove (7.8). Let u € 65°(X). From (7.19) and (7.21),
we have

0,QO(I —11O)y = QW oy,

(FQUWdu)(2,m) = 0-(FQVu(z, n)em ) )e~m().

As before, we put v(z,1) = FQO (I —I10)u(z,1)e™ ) and set
9. (FQUU — )u(z, m)e ™) = D.v(z,m) = g(z,m).

It is easy to see that

(7.29)

829(27 77) - 07
(7.30) g(z,m) =0 if n ¢ Supp7(n),

[ ozl e a:) < oc, i € Supp (),
From (7.22), we see that there is a C' > 0 independent of € Supp 7(n)
such that

& 92(|2? + nu(z))
aZjazg

(z)w;we

From (7.31) and Hérmander’s L? estimates [41, Lemma 4.4.1], we
conclude that for every n € Supp7(n), we can find a

677(z) € L%@J)(Fa??ll(z) + |Z|2)7
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such that
(732) gzﬁn(z) = g(Z, 77)7

and
(7.33)

/ 1By (22 e 2mO-2 g0 (2) < © / gz, m)|? e 22 gy (),

In view of (7.24), we see that there is a measurable set A in R, with
Lebesgue measure zero in R such that for every n ¢ A, n >0, v(z,n) L
HOT,nu(z) + |2|?). Thus, for every n ¢ A, n > 0, v(z,7) has the
minimum L? norm with respect to (-|-) > of the solutions da =

- np+| 2|

0,v(z,m) = g(z,m). From this observation and (7.33), we conclude that
v ¢ A,

(7.34)

/]v(z,n)\2e_277“(z)_2Z2d>\(2) < C/|azv(z,n)|2e_zn“(z)_2|2|2d)\(z).
Thus,
[ 1o e o2 axz)ay
(7.35) ,
< C/|azv(z,n)|2e_2n“(z)_2|2| d\(z)dn.

From the definition of v(z,7n), (7.12), (7.29) and (7.15), it is straightfor-
ward to see that

/!v(z,n)IZ6‘2’7“(2)‘2""2dk(2)d77

(7.36) ,

— (27) / ‘Q(O)(I—H(O))u(z,t)‘ =2 ax(2)dt,
and

/‘821)(,2,77)‘26‘277“(2)_2Z2d>\(2)d77
(7.37) — (27) / ‘Qmébu(z,t)fe—2\z\2dA(z)dt

< (27) / Byu(z1)[2 2 dx(2)dt.
From (7.35), (7. 36) and (7.37), we conclude that

HQ<0 (I -y /‘Q (I — Oz, )‘ =22 g\ (2)dt
<c / Byu(z )2 2P dn(z)dt = C [y

Theorem 7.4 for I' = C*! follows. q.e.d.
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Now, we consider the case when I' is a bounded strictly pseudoconvex
domain in C"1,

Proof of Theorem 7.4. (For I' a bounded strictly pseudoconvex do-
main in C"1.) Let u € €5°(X). We have

QI =T )u = QWdyu,

(FQWau)(z,1) = 0,(FQWu(z,n)em=))em(z),

As before, we put v(z,n) = FQO (I — I)u(z,7)e"™*) and set
9:(FQUU — 1 )u(z,m)e™ ) = 9zv(z,n) =: g(z,m).

(7.38)

Then,

529(27 77) - 07
(7.39) g(z,m) =0if n ¢ Supp7(n),

/ gz, |2 22 43 (2) < o0, Vi € Supp(n).

From (7.31) and Hérmander’s L? estimates [41, Lemma 4.4.1], we
conclude that for every n € Supp7(n), we can find a
ﬁn(z) € L%@J)(Fa??ll(z) + |Z|2)7
such that
(7.40) 9:8y(2) = g(z,m),

and
(7.41)

/Iﬁn(z)|2e_2"“(z)_2Z2dA(z) < C/Ig(z,n)l26_2"“(2)_222&(7:),

where C' > 0is a constant independent of 7, g(z,n) and /3, (z). Moreover,
since g(z,n) is smooth, it is well-known that (,(z) can be taken to be
dependent smoothly on 7 and z (see the proof of [6, Lemma 2.1]). Take
x(n) € €=°(R,[0,1]) with x = 0if [y > 1 and x = 1if |y| < §. For
J=1,2,...,set x;(n) = x(}). Put

03(t) = 5= [ Bulen e ey € ().
From (7.41), we have
(7.42)
ety — cug||?

2
= 47172/'/ﬁn(z)(xj(n)—Xk(n))e_"”(z)ei"t(n)dn e 22 g (2)dt
< iz [ [P )~ el e ar
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2
SC@//M@mWhﬂm—xwm%”W@”zdM@M
— 0 as j,k — oo,

where Cy > 0 is a constant independent of j, k, /3, (z) and g(z,7). Thus,
aj — « in L?(X), for some o € L?(X). Moreover, we can repeat the
procedure above with minor change and deduce that

2
MWS%//MWWEWM*Zw@m

2
)

(7.43) ,
< Cof2m) [@Wayu||” < ¢ [0yl

where Cy > 0 is the constant as in (7.42) and C; = Cyp(27). Further-
more, it is straightforward to see that

(7.44) Opa(z,t) = QMdu(z, t).

From (7.43) and (7.44), we conclude that dya(z,t) = QM dyu(z,t) and
lal? < Cy HEbuHZ Since (I — (©)Q©® has the minimum L? norm of
the solutions of dy f = Q(l)gbu(z, t), we conclude that

H([ _ H<0>)Q<°>uH2 - HQ<O>([ - H(O))UH2 < Jlall® < & ||Byul|.

Theorem 7.4 follows. q.e.d.
Proof of Theorem 7.5. Recall that wg = —dt + E?;f(ig—gdzj —

ig—;jdfj). Thus,

(7.45)

ut = {(:v,n) €T X;

n—1 P | - 8#

Y= {(az,n) e T"X;

n—1
o 2
— —Adzoy_ 1 + A dag; q — dag; ), A .
n Top_1 -+ ;(8@]-(2) L1 (9962]'_1(2) azgj) <0}

Note that
QY (z,y) = / YN T (19,1 )d,

where 7 € €°(R, [0,1]) with 7 =0 on | — 00, 1], 7 =1 on [, o0[. From
this observation and (7.45), we conclude that
(7.46) QU =0at Xt NT*D, VD € X.

From Theorem 1.9, Theorem 7.4 and (7.46), we get Theorem 7.5. q.e.d.
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8. Proof of Theorem 5.4
We introduce some notations from semi-classical analysis.

Definition 8.1. Let W be an open set in RY. We define the space
of symbols

S(1) =SLW)
= {a cE*(W);VaeNY3IC, >0:]0%(x)] < Cy on W}

If a = a(x, k) depends on k €]1, o[, we say that a(z, k) € Sioc (1; W) =
Shoc (1) if x(x)a(x, k) uniformly bounded in S(1) when k varies in |1, oo,
for any x € €5°(W). For m € R, we put S (L, W) = S (1) =

k™ Sie (1). If aj € S7(1), mj \, —o0, we say that a ~ > i2pa; in

loc

Sipo(1) if a — Z;-V:OO a; € S{:f‘)“(l) for every Ny. For a given sequence
a; as above, we can always find such an asymptotic sum a and a is
unique up to an element in S °(1) = S, 2°(L; W) := NSk, (1). We

say that a(x, k) € S])0(1) is a classical symbol on W of order my if
(8.1)

a(z, k) ~ Z;io k™o ~a;(z) in S{"0(1), aj(z) € Se(l), j=0,1....

loc

The set of all classical symbols on W of order mg is denoted by

SMo (1) = 8™ (1, ).

loc ,cl loc,cl

Let E be a vector bundle over a smooth paracompact manifold Y.
We extend the definitions above to the space of smooth sections of F
over Y in the natural way and we write S| (1;Y, E) and S[\. ,(1;Y, E)
to denote the corresponding spaces. 7

A k-dependent continuous operator Ay : 65°(W, E) — Z'(W, F) is
called k-negligible (on W) if Ay is smoothing and the kernel Ag(x,y)
of Ay satisfies 8%85Ak(x,y)‘ = O(k™") locally uniformly on every
compact set in W x W, for all multi-indices o, 8 and all N € N. A; is
k-negligible if and only if

Ap = O™) 2 gy (W, E) = Hi TN (W, F),

loc

for all NN’ > 0 and s € Z. Let C, : 65°(W, E) — 2'(W, F) be another
k-dependent continuous operator. We write Ay = Ci mod O(k™>°)
(on W) or Ai(z,y) = Ci(z,y) mod O(k=°) (on W) if A — C}, is
k-negligible on W.

Now, we prove Theorem 5.4. We will use the same notations and
assumptions in Theorem 5.4. Fix p € D. Take local coordinates x =
(1,...,xo,_1) defined in some small neighborhood of p such that z(p) =
0 and wy(p) = dxop—1. Since dyp(x,y)|r=y = dyo—(2,Y)|z=y = wo(x),

o] Op_ . .
we have 8y2:i1 (p,p) = 6y2i71 (p,p) = 1. From this observation and the
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Malgrange preparation theorem [42, Theorem 7.57], we conclude that
in some small neighborhood of (p,p), we can find

f(@y), fi(z,y) € €,
such that
p—(z,y) = f(z,y)(yan—1 + h(2,y")),
o(x,y) = fi(z,y)(Y2n—1 + hi(z,9)),

in some small neighborhood of (p,p), where v/ = (y1,...,y2,—2). For
simplicity, we assume that (8.2) hold on D x D. It is clear that ¢_(z,y)
and ya,—1 + h(z,y') are equivalent in the sense of Melin-Sjostrand [60],
o(x,y) and yo,—1 + hy(z,y") are equivalent in the sense of [60], we may
assume that ¢ (2,y) = yop—1 + h(z,y') and (2, y) = yan—1+h(z,y).
Fix zg € D. We are going to prove that h(x,y’) — hi(x,y’) vanishes to
infinite order at (xg, z). Note that S_oS_ = S_. From this observation
and Lemma 5.3, it is straightforward to see that

oo

(8.2)

lWan—1+h(zy))t g (x,y,t)dt

S

(8.3)

/oo ei(yzn—l-l-hl(x’,y))ta(x’ Y, t)dt on D,
0

where S_(J},y,t), a(x7y7t) S S?l_l(D x D x R+7T*O,qX ¢ T*O’qX) are
as in (2.16). Put
$0 - (x(l),x%,“.’x?)n_l)7 ':L'é] = (xé7-.-7x?)n_2)-

Take 7 € G (R*1), 71 € €°(R*™72), x € 65°(R) so that 7 = 1
near xo, 71 = 1 near z(;, x = 1 near x%"_l and SupptT € D, Suppm X
Supp x € D’ x Supp x € D, where D’ is an open neighborhood of zj, in
R?"=2_ For each k > 0, we consider the distributions

(o]
Ap:u ._>/ et Wan—1Fh(@y t=ikyn-1r(2)s_(z,y,t)
0

x 71 (Y )X (Y2n—1)u(y")dydt,

(8.4) o
By:us / e Wan—1th(@yNi=ikyn-1r (1) q(x, y, t)
0

x 71 (Y )X (Y2n—1)u(y")dydt,

for u € €°(D', T*"9X). By using the stationary phase formula of
Melin—Sjostrand [60], we can show that (cf. the proof of [48, Theorem

3.12]) Ay and By, are smoothing operators and
(8.5)

Ap(z,y) = M@ g2y k) mod O(k™),
Bi(z,y) = e*MEp(2,y/ k) mod O(k™),
glz,y k), b(z,y k) € SP-L (1; D' x D, T*"X R T*09X),

loc,cl
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g9(z,y' k)

~ 320 g,y )k in SN DY x D, TR X RT04X),
b(z,y', k)

~ 32 by(w,y )k T in SN (1, D x D, T X RT09X),
9i(,y),bi(z,y) € €°(D x D'\ T X RT;%X), j=0,1,...,
go(zo, () # 0, bo(zo,x() # 0.

Since
/oo ei(yzn—l"‘h(%y/))ts_(x’ " t)dt B /00 ei(yznﬂ—i—h1(ac,y/))ta(x7 Y, t)dt
0 0

is smoothing, by using integration by parts with respect to ys,_1, it is

easy to see that Ay — B, =0 mod O(k~°) (see [48, Section 3]). Thus,
g gl R = I ) + Ry,
' Fe(z,y') =0 mod O(k™).

Now, we are ready to prove that h(z,y") — hi(z,y’) vanishes to infinite
order at (zg,z(). We assume that there exist ag € Ngn_l, Bo € Ng"‘2,
lag| + |Bo| > 1 such that

00 () ~ it (w0 = Cono £0.
x0,Z,

and

020, (ih(z.y/) — ih (@) oy =0l 18] < o] + [ ol

0,

From (8.6), we have

atmloago (eikh(m,y/)_ikhl(m,y/)g(% Y. k) — bz, v, k:))

(x07x6)
(8.7)
— _ A% 5o —ik‘hl(x,y’)
oo (e Fi(e,))|
Since hi(wg, zf) = —22" " and Fy(z,7) =0 mod O(k~>°), we have
. 1 —n QQQ ﬁo —ikhl(.’ﬂ,y/)F / =0.
(88)  lim k7" 000 (e ey, =0

On the other hand, we can check that

(8.9)
lim k" 9500)0 (M) gy k) — bl )
k—00

(1‘07506)
= a0,6090($0,$6) # 0,
since go(xo, ) # 0. From (8.7), (8.8) and (8.9), we get a contradiction.

Thus, h(z,y’) — hi(x,y’) vanishes to infinite order at (zg,x(). Since x
is arbitrary, the theorem follows.
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