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Abstract

We obtain several results about stability of the Bergman ker-
nel on a tower of coverings on complex manifolds. An effective
estimate for stability of the Bergman kernel is given for a tower of
coverings on a compact Riemann surface of genus > 2. Stability of
the Bergman kernel is established for towers of coverings on all hy-
perbolic Riemann surfaces and on complete Kahler manifolds that
satisfy certain potential conditions. As a consequence, stability of
the Bergman kernel is established for any tower of coverings of
Riemann surfaces.

1. Introduction

The classical Bergman kernel — the reproducing kernel for L?-holomor-
phic functions — has long played an important role in complex analysis.
Its generalization to complex manifolds — in this case, the kernel for the
projection onto the space of harmonic (p, ¢)-forms with L?-coefficients —
is encoded with information on the algebraic and geometric structures
of the underlying manifolds. How the Bergman kernel behaves as the
underlying structures change is a problem that has been extensively
studied in a number of settings. Convergence of the Bergman kernel
associated to tensor powers of a positive holomorphic line bundle over a
compact complex manifold as the power goes to infinity was established
in the celebrated work of Yau [54], Tian [51], Zelditch [58], and Catlin
[10]. (See [3] and references therein for recent developments.)

__In this paper, we study stability of the Bergman kernel on a quotient
M /T of a complex manifold M by a free and properly discontinuous
group I' of automorphisms of M as T shrinks to the identity. We first
recall the setup in Riemannian geometry. Let M be a Riemannian
manifold and I' a free and properly discontinuous group of isometries
of M. A tower of subgroups of I' is a nested sequence of subgroups
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'=I1>Iy>--- 2T D--- >Nl = {id} such that I'; is a normal
subgroup of I' of finite index [I' : I';] for each j (see [17, p. 135]). The
smooth manifolds M; = M /T'j are equipped with the push-downs of
the Riemannian metric on M. The family {M } is called a tower of

coverings on the Riemannian manifold M = M /F We will refer to
M as the top manifold, M; the covering manifolds, and M = M/F
the base manifold of the tower of coverings. (In applications, the top
manifold is usually assumed to be the universal covering of the base
manifold. However, we make no such assumption in this paper.) It is
well known that every Riemannian manifold whose fundamental group
is isomorphic to a finitely generated subgroup of SL(n,C) admits a
tower of coverings with the top manifold being the universal covering
(cf. [7, Theorem B and Proposition 2.3]). This is the case, for instance,
for an arithmetic quotient of a bounded symmetric domain. Limiting
behavior of the spectrum of the Laplacian on M; as j — oo was studied
for a tower of coverings on symmetric spaces of non-compact type by
DeGeorge-Wallach [17].

In his work [29, 30], Kazhdan employed the Bergman kernel to study
arithmetic varieties and initiated the study of the Bergman kernel on
a tower of coverings on a complex manifold. It follows from his work
that for a tower of coverings {M/I';} on a compact complex manifold,

the Bergman kernel on the universal covering M is nontrivial provided
lim sup,_, o h™O(M;)/[L : Ty] > 0, where h™%(M;) is the dimension of
the space of global sections of the canonical line bundle on M; (see [30,
Theorem 1]). Kazhdan suggested that for a tower of coverings on a
Riemann surface, the pull-back of the Bergman metric on M; converges

to that of the upper half plane M=H (see [35, p. 12]). In [54, p. 139],
Yau stated, as a result attributed to Kazhdan, that this also holds for
a tower of coverings on any compact complex manifold. (See Section 4
below for a discussion on the link between Kazhdan’s inequality and
convergence of the Bergman kernels.)

For brevity, a tower of coverings {M;} on a complex manifold is said
to be Bergman stable if the pull-back of the Bergman kernel on M;

converges locally uniformly to that of the top manifold M as j — oo.
In 1993, Rhodes showed that a tower of covering on a compact Rie-
mann surface of genus g > 2 is indeed Bergman stable [43]. Donnelly
[21] proved analogous results for a tower of coverings on a Riemann-
ian manifold M under the conditions that A has bounded sectional
curvature and the smallest nonzero eigenvalue of the Laplacian on M;
is uniformly bounded from below by a positive constant. His method
was based on Cheeger—Gromov—Taylor’s estimates of the heat kernel
[14] and Atiyah’s L?-index theorem [2]. Building on Donnelly’s work,
Yeung showed in [56, 57] that the canonical line bundle of M; is very
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ample when the injectivity radius of M; is greater than a certain effec-

tive constant depending on the top manifold M and the base manifold
M. More recently, using Donnelly-Fefferman’s L?-estimate for the 0-
operator, Ohsawa [39] established Bergman stability for a tower of cov-
erings on a complex manifold under certain assumptions on successive
approximations of 0-closed (n,0)-forms on M. ; by those on M. He fur-
ther gave an example of a tower of non-normal coverings on a compact
Riemann surface that is not Bergman stable ([40]).

In this paper, we study stability of the Bergman kernel on a tower of
coverings of complex manifolds, with an emphasis on the case when the
base manifold is non-compact. For a tower of coverings on a compact
Riemann surface, we establish the following effective version of Rhodes’
theorem:

Theorem 1.1. Let M; = D/T'; be a tower of coverings on a compact
Riemann surface of genus g > 2. Let 7; be the injectivity radius of
M; and let | - |nyp be the pointwise length with respect to the hyperbolic
metric. Then the Bergman kernel Kyy; of M; satisfies

12-3%/3
(1.1) |4 K fyp — 1] < ——— (g — 1)"/?e777,
7r
when 7; > log3. Furthermore, a similar estimate also holds for the
Bergman metric.

Our proof of the above theorem is elementary; it uses only the Gauss—
Bonnet formula and the reproducing property of the Bergman kernel.
For a tower of coverings on a compact complex manifold, we exhibit a
connection between the Bergman stability and the theory of L2-Betti
numbers, an area studied extensively in the literatures (cf. [11, 12, 33,
55]; see Section 4 below).

The main focus in this paper, however, is on towers of coverings on
noncompact complex manifolds. Recall that a Riemann surface M is hy-
perbolic if it carries a negative nonconstant subharmonic function. This
is equivalent to existence of the Green function on M. (We refer the
reader to [24, Chapter IV] for relevant background material.) For non-
compact Riemann surfaces, as an application of the classical Myrberg’s
formula [37] and an idea from [25], we have:

Theorem 1.2. Any tower of coverings on a hyperbolic Riemann sur-
face is Bergman stable.

Our main result on higher dimensional non-compact complex mani-
folds can be stated as follows:

Theorem 1.3. Let M and M be complete Kdihler manAi]folds with
associated Kdihler forms w and w respectively. Let M;j = M/I'; be a

tower of coverings on M. Then the tower is Bergman stable provided
the following two conditions are satisfied:
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1) There exist a compact set K C M, a C%-smooth plurisubharmonic
function ¥ on M\ K, and a constant C > 0 such that C~'w <
00¢ < Cw and 00 > C~1OyY Aoy on M\ K.

2) There exist a C*-smooth plurisubharmonic function v on M and
a consjant? >A0, such that C~'% < 85{/; < C% and 85{/; >
6’_181[) AOY on M.

Recall that M is a hyperconvex complex manifold if it admits a C?
strongly plurisubharmonic exhaustion function. It is easy to see that
the conditions in the above theorem is satisfied if the base manifold M
is hyperconvex (see Corollary 6.6 below). As a consequence of Theo-

rem 1.2 and Theorem 1.3, we establish the following result, confirming
a suggestion by Kazhdan (see [35, p. 12] and [54, p. 139]):

Theorem 1.4. Any tower of coverings of Riemann surfaces with a
simply-connected top manifold is Bergman stable.

Our proof of Theorem 1.3 uses DonnellyFefferman type L?-estimates
[22] for the O-Laplacian. It also uses spectral theory: the conditions on
M and M ensure that the spectrum and essential spectrum of the re-
spective complex Laplacian on (n,1)-forms on M and M are positive.
However, here instead of estimating the heat kernel as in [21], we study
the spectral (Bergman) kernel. This enables us to streamline the argu-
ments and replace curvature conditions by potential theoretic conditions
on manifolds M and M.

This paper is organized as follows. In Section 2, we review relevant
definitions and properties for a tower of coverings and the Bergman
kernel. Theorem 1.1 is proved in Section 3. In Section 4, we exhibit
a connection among Kazhdan’s inequality, the L?-Betti numbers, and
stability of the Bergman kernel on towers of coverings on compact com-
plex manifolds. Theorem 1.2 is proved in Section 5 and Theorem 1.3 in
Section 6. Applications of Theorem 1.3 to quotients of the polydisc and
the ball are given in Section 7.

Throughout this paper, we will use C' to denote a positive constant

which may be different in various appearances. Also, the notation f 2
g means f > Cg where C is a constant, its independence of certain
parameters being clear from the context; and A ~ B means A 2 B and
B =z A.
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2. Preliminaries

We briefly recall the definition of the Bergman kernel and metric
on a complex manifold (see [31]). Let X be a complex manifold and
A%mo) (X) space of square integrable holomorphic (n,0)-forms f
equipped with the inner product

(2.1) (f.g) =2 /X fAg.

The Bergman kernel is an 2n-form on X x X given by
(2.2) Kx(z,w) =Y bj(z) Abj(w),
j=1

where {b;} is an orthonormal basis for A?n 0)(X ). Write K3() =
Kx(z,-). Then the Bergman kernel has the following reproducing prop-

erty:
@23)  f(z)= ()" /X Kinf, Ve (%)

The Bergman kernel on diagonal Kx(z) = Kx(z, z) is a biholomorphi-
cally invariant (n,n)-form on X with the extremal property:

(2.4) Kx(z) = max{f(z) A f(2) | f € AL, )(X), If]| = 1},

where ||-|| denotes the L?-norm defined by (2.1). Furthermore, it satisfies
the following decreasing property: Ky, (z) < Kx,(z) if X; and X5 are
subdomains of X with X; C Xo.
Given a local holomorphic coordinate chart (z1,...,z,), write w, =
;-‘:1(%(1,2]- A dZz;) and
Kx(z) = K*(2)wp.

When K*(z) > 0, the Bergman (pseudo-)metric is given by

", 9%log K*(z)
ds%k = —————=dz;dz.
- j%::l D20z

The Bergman metric is a biholomorphically invariant metric and it can
be regarded as the pull-back of the Fubini-Study metric of (possibly
infinitely dimensional) complex projective spaces ([31]).

We review elements of the L?-cohomology theory for the d-operator.
Let (M,w) be a complex hermitian manifold of complex dimension n.
Let CI(M) be the space of C™ (p, g)-forms with compact supports on
M and let LP(M) be the completion of CJ(M) with respect to the

(2)
1/2
Jull = ( / \uPdv) ,
M

following L?-norm:
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where |- | is the point-wise norm corresponding to w and dV' the volume
form. The weak maximal extension O : L*?g(M) — L’()SH(M) is a
densely defined closed operator. Let 0* be the adjoint of J. Then the
O-Laplacian is [0 = 90* + 0% and the space of L2-harmonic (p, ¢)-forms
is given by
H€2‘)1(M) = {u € L’(’éSI(M) cOu = 0} = {u € L’(’;)I(M) c0u=0"u= 0} .
We now review relevant basic facts on covering spaces. Let (M ,w) be
a Riemannian manifold. Let I" be a subgroup of the isometries that acts
freely and properly discontinuously on M. (Recall that I' acts freely if
the identify map is the only element in I' that has a fixed point and
properly discontinuously if for any compact set K, there is only finitely
many vy € I' such that K NyK # ().) Let M = M /T be the quotient
manifold and 7: M — M the covering map. We equip M with the
push-down metric w from M so that 7 (w) = w. Denote by dg7 and dy

the distances on M and M associated with & and w respectively. For
x € M, let

(2.5) D(x) ={y € M | dg;(y,x) < dgy(y,72), ¥y € T\ {1}}

be the Dirichlet fundamental domain with center at x. It is easy to see
that no pair of points in D(z) are equivalent under I'" and every point

in M has an equivalent point in D(z) or its boundary. Let

(2.6) T(x) = %inf {dp(@,yz) -y e T\ {1}}.

Evidently, the geodesic ball B(x,7(x)) is contained in D(z). Moreover,
when M has no conjugate points, (i.e., any two points are joint uniquely
— up to reparametrization — by a geodesic), 7(x) is the injectivity radius
of m(z) in M. In particular, this is the case when M = D, the unit disk.

Let {I';} be a tower of subgroups of I'. Denote by 7;(z) the quantity
defined by (2.6) with I' replaced by I';. Since 7;(-) is invariant under
I';, it can be pushed down onto M;. The following lemma is well known
(compare, e.g., [17, Theorem 2.1] and [20, Lemma 2.1]):

Lemma 2.1. 7;(x) is an increasing sequence of positive continuous
functions such that 7;(x) — oo locally uniformly on M as j — oco.

Proof. For the reader’s convenience, we include a proof here. Since
7j(x) is the infinum of a sequence of continuous functions, it is itself
upper semi-continuous. To prove that 7;(z) is continuous, it suffices to
show that A, = {z € M | 7j(x) > a} is open for any a > 0. Let
xo € An. Choose € > 0 sufficiently small so that 7j(xg) > o + . Then
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for any « € B(xg,£/2) and v € I,

dyp (@, yx) > dig(wo, v20) — dyp(x, 20) — dyz (v, y0)
= dﬁ(azo,’yazo) — 2d1\7(x,x0) > 200 + €.
Thus B(xg,e/2) C A,. Therefore, A, is open and hence 7;(z) is
continuous. It follows from the properly discontinuous property of I

that 7j(z) > 0 and 7;(xz) — oo for any x € M. Since I'; D I'j4q,
7j(x) < Tjq11(z). It then follows from Dini’s theorem that 7;(x) — oo

locally uniformly on M. q.e.d.

Hereafter, we assume that (M w) is a complex Hermitian manifold
and ' C Aut(M), the automorphism group of M. Let M; =M / I'; and

Dyt M — M; be the natural projection. Throughout the paper, when
it is Contextually clear, for the economy of notations, we will identify
K7 with its push-down to M and likewise Ky, with its pull-back on

M. The following proposition establishes the upper semi-continuity of
the Bergman kernel Ky, on a tower of coverings on complex manifolds
(compare [21, Proposition 1.2]).

Proposition 2.2. For each z € M, lim SUP;jy00l; (K ;) (2) < K7 (2).

Proof. Let Dj(z) C M be the Dirichlet fundamental domain of M;
as defined in (2.5) by replacing I' by I';. Then p; maps D;(z) biholo-
morphically onto its image p;(D;(z)). It follows from the decreasing
property of the Bergman kernel that

K; (0 (2)) < K5;(0;(2)) (95 (2))-
Since B(z,7;(2)) C Dj(z), we have
(2.7) P (Km;)(2) < D5 (Kp; ;) (2) = Kpj(2)(2) < KBz (2)) (2)-
We then conclude the proof by applying Lemma 2.1 and Ramadanov’s
theorem ([42]). q.e.d.

As an application of the above proposition, we provide a proof of the
following version of Kazhdan’s inequality (see [30, Theorem 1 and its
proof]; also [28, pp. 13 and pp. 153]):

Proposition 2.3. When M is compact

hn 0
(2.8) lim sup ————= / Ky

Jj—o00
Proof. Since M is compact, there exists a compact set A C M such
that p(A) = M, where p = p; is as before the natural projection from

M onto M = M. Let € be the minimum of 7(x) on A. We cover A by
finitely many geodesic balls {B(zy,r;/2)};, with 2z, € A and r, < €
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such that each B(zj,r) is contained in a normal neighborhood in M.
It follows from (2.7) that for z € B(zy,11/2),

ﬁ;(KM])(Z) < KB(Z,T(Z)) (Z) < KB(zk,rk/2) (Z)
It then follows that Ky, is uniformly bounded from above on M. (Here
we identify K, with its push-down onto M.) Inequality (2.8) is then
obtained by integrating both sides of the inequality in Proposition 2.2
over M, the dominated convergence theorem, and the fact that

/KMJ T r]/ K j_h{;(](jrw]), qe.d.

The following proposmon estabhsiles the link between the conver-
gence of the Bergman kernel and the Bergman metric (compare [42]).

Proposition 2.4. Suppose the Bergman kernel Kﬁ(z,z) 18 positive
and the tower of coverings {M;} is Bergman stable. Then the pull-back
of Bergman metric of M; converges locally uniformly to the Bergman

metric on M.
Proof. Let zy € M. Recall that B; = B(20,7j(20)) C Dj(20), the
Dirichlet fundamental domain of M; with center at 29. Denote by ||- ||,

the L2-norm as defined by (2.1) over B;. Let w € B;. It follows from
the reproducing property of the Bergman kernel that

175 (K, (w) = K, ()|
= [|75 (Kar, ) Cow) [, 2R€<Pj(KMj>(vw%KBj( )+ K, G,
HKMJ H~ _ 2pj (K, ) (w, w) +KBJ(w w)
HKM HM 2pj(KMj)(w7w) +KBj(wvw)
= KBj (w7w) pj(KMj)(w7w)'
Similarly,
”Kﬁ(vw) - KBj('vw)”2Bj < KBj (w7w) - Kﬁ(w7w)’
Therefore,

(2.9) K5 w) =55 (K (w3, <
2(2Kp; (w, w) — Kyp(w, w) — p5 (K, ) (w, w)).

It follows from Ramadanov’s theorem [42] and the Bergman stability
assumption that the right hand side above converges locally uniformly
to zero for w near zy. Since the Bergman metric is given locally by
00K* OK* NOK*

K* (K*)2 ’
we then conclude the proof by applying the Cauchy integral formula
and the Cauchy—Schwarz inequality. q.e.d.

00log K* =
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3. Effective estimates

Recall that the hyperbolic metric on the unit disk D is given by
4 |dz|?

o = 1 o
and the hyperbolic distance between z and 0 is
1+ |z]
1— |z
It follows that the Euclidean and hyperbolic balls Bgy(0,7) and
Biyp(0,7) are identical provided

disthyp (0, 2) = log

e" —1
r= .
e+ 1
Furthermore,
1(e™ +1)> _
Kpip0m(0) = T =% N 45

where K, (o) denotes the Bergman kernel form on Bhyp(0,7). Let
p: D — M be a covering map on a Riemann surface M. Then the
hyperbolic metric dsﬁyp’ o satisfies

p*(dsﬁyp,M) = dslzlyp‘

Thus for a form K on M, we have |p*(K)(2)|nyp = |K(P(2))hyp,m,
where |- |pyp denotes the pointwise norm with respect to the hyperbolic
metric. (We will drop subscript M when doing so causes no confusion.)

We now prove Theorem 1.1. Let p;: D — M; =D/T'; and p;: M; —
M = M;/(I'/T';) be the natural projections. Let 7;(w) be the injectivity
radius at w € M; and let 7; denote the injectivity radius of M;. For
any z € D, we have

|KMj (ﬁj(z)”hyp = |]5;(KMj)(Z)|hyp < |KBhyp(szj(Z))(Z)|hyp
< ’KBhyp(O,Tj)(O)‘hyp'

Hence

- 1 1 e
(3.1) [, (B3 (2)) oy — - < T 1)
It follows from the Gauss—Bonnet theorem that

47T(gj — 1) = VOlhyp(Mj).
Since volyyp,(M;) = [I' : T'j]volyy, (M), we obtain

9i 1
—g—1+—.
[FF]] [FF]]

Note that
9j :/ ’KMj‘hypthypv
M.

J
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and |Ky, |nyp is invariant under the deck transformations of p;: M; —
M. Thus

1 1 1
2 K nyo@Vigs = —d _ > — dVhyp-
(3 ) /M ’ MJ ‘lyp hyp /M A Vhyp + [F . 1’1]] /M A hyp

Here we identify Kjs; with its push-down to M.

It suffices to prove the theorem at z = 0; the general case is reduced to
this case by applying a Mobius transformation. Let r; = (€77 —1)/(e™ +
1). Then the Euclidean disk Beyc(0,7;) is identical to the hyperbolic
disk Byyp(0,7;) and it is contained in the Dirichlet fundamental domain
D;(0) of M;. Write p;(Kn;)(2) = K}%(z)dz NdzZ on Bj = Beya(0,75).
Let € be a sufficiently small positive constant to be chosen. For w € By,
let f be a holomorphic 1-form on M; with unit L?-norm (as defined by

(2.1)) such that Ky, (pj(w)) = f;(pj(w)) A f3(pj(w)). Write pj(f)(z) =

f*(2)dz. Then
* 1 r
/ |f |2dVeucl = 5 / A f‘ =1.
B M;

Since

1
< =
-2

/ () AT
B,

J

2. * 2
(3.3) (f*(2)? = _J/<< _(f(C))—QdVeucl, 2 € Bj,

(12— ()

it follows that

(2 — ()2 < e =2,

7T7"j

for all 2,2 € %Bj. Now suppose w € eBj where € is a sufficiently small
number to be chosen. Then

L= [w]*)? 1 48
12
< |KM] (0)|hyp + TT‘;

j
From (3.2) and then (3.1), we have

1 1
Lkl )dvh s/ <KM,.h —>dvh
N G EL e B (L S

4(g — 1)e™
— (e —1)2°
Combining this with (3.4), we obtain
1 12¢ _ 4(g —1)e™ 1
o B hyp(0) = —5 <

A mr? = (e —1)2 volyyp(eB;)’

J
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Since volypyp(eB;) = 4m(er;)?/(1 — (er;)?) > 47re2r]2-,

1 12¢  (g—1)e7 1

— — | K. 0) < .
An ’ M;‘hyp( ) = 7_(7,]2 ﬂ.(eq—j _ 1)2 627,]2,

Choosing € = ((g — 1)e™ /6(e™ — 1)?)'/3 we then have

1 18 [ (g— 1) \'/?
=K < (e )
47T ‘ MJ ’hyp(o) — 7_‘_7‘? <6(e7’j . 1)2)

Note that the right hand side above is greater than that in (3.1). Since
7j > log 3, we have

e —1 1
T _1>9 - S -
¢ =% T 1T
Hence
1 C 1/3 —71,/3
oty Oy — 4| < —g = )26/
where

C=18-4-(6-4)"1% =12.3%5

This concludes the proof of Theorem 1.1 for the Bergman kernel.

We now show how to obtain effective estimates for the Bergman met-
ric, without keeping track of the numerical constants. Let K]’(/[j(z,w)
denote the function on D representing the pull-back of the Bergman
kernel form on M;. Let K and ng be the Bergman kernel functions

of D and Bj = Beyi(0,7;) respectively. Assume that 7; > log3. Then
rj > 1/2. From the first part of the theorem, we know that for w € %]D),

(35) ’K}\kﬂj (waw) - K]E)(waw)‘ < C(g - 1)1/36_Tj/3'
Furthermore, a simple calculation yields that
(3.6) K, (w,w) — K(w,w)| < Ce™™.

Following the same lines of argument as in the proof of (2.9), we have

B0 [ 1K ) - Kl w)PdVona () <
B;
2(2K§j (w,w) — Kp(w,w) — Ky, (w,w)).
Combining (3.5)—(3.7), we then obtain

[, iy ) — K ey w)PdViaz) < Clo - )36
=D

2

Using the reproducing property of the Bergman kernel on %]D) asin (3.3)
and applying the Cauchy—Schwarz inequality, we have for any integers
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CV,/BZO,

azaazﬁ = 550558 <C(g— 1)1/36—73»/3‘

(aaw Ky, 9o+ KD) 00

The above estimates then enable us to obtain an effective estimate for
the Bergman metric. We leave the detail to the interested reader.

4. Compact complex manifolds

In this section, we study the Bergman stability for a tower of coverings
on a compact complex manifold. In particular, we exhibit a connection
between stability of the Bergman kernel and the theory of L2-Betti
numbers, a subject which has been studied extensively in literature (cf.
[11, 12, 33, 55]). The following proposition is implicit in [30]*:

Proposition 4.1. A tower of coverings {M;} on a compact complex
manifold M is Bergman stable if and only if Kazhdan’s inequality (2.8)
becomes an equality:

hn 0
(4.1) lim —————=~ / Ky

J—00

This proposition is a consequence of Proposition 2.2. We present a
proof below for the reader’s convenience. We will need the following
lemma:

Lemma 4.2. Let {M;} be a tower of coverings on a complex mani-
fold. Then the family {p}(Kn;,)} of the pull-backs of the Bergman ker-

nels of the M;’s is locally equicontinuous on M.

Proof. Let zg € M. Let U CC B; = B(z0,7;(20)) be a neighbor-
hood of zp contained in a local coordinate chart. Let Kj’\k/[j(z,w) be
the Bergman kernel function, representing the pull-back to M of the
Bergman kernel form Ky, (z,w) on M;. Since

175 (Kaay ) w)lly = a0, Gl gy < 10, Gl
= p](KMJ)(waw) < KBJ' (w,w),

and Kp;(w,w) converges uniformly on U to K7(w,w), the above ex-
pressions are uniformly bounded on U. As a consequence,

/ / |K o, (2, w)[? AV (2) dV (w) < C < 0.
vJu

The equicontinuity of pj(Kas;) near zo then follows from the Cauchy
estimate. q.e.d.

!The authors thank Professor David Kazhdan for kindly sharing with us his proof
of this proposition.
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We now prove Proposition 4.1. The necessity is trivial, following from
the uniform convergence theorem as in the proof of Proposition 2.3. To
prove the sufficiency, we note that from Proposition 2.2 and (4.1), we
have

lim sup 57 (K, )(2) = K7 (2)

]—)OO
Thus it suffices to show liminf; o pj(K;)(2) > Ky;(2). Proving by
contradiction, we assume that there exist zg € M and ¢ > 0 such

K, (20) < K37(20) — €,

for a subsequence j. — oco. As before, K* denotes the function repre-
senting the (pull-back) of the Bergman kernel form on a local coordinate
chart U near zy. By Lemma 4.2, after possible shrinking of U, we have

7, (K, ) (2) < Kg(2) — e

for z € U. It then follows that

R 0(
lim sup ————= = limsup / K
Jk—00 [F F]k Jk—00 Mo
< lim sup —l—/ Ky — evol (U)
Jk—r00 M\U

/ Ky — evol(U)

contradicting (4.1). We thus conclude the proof of Proposition 4.1.
We now recall relevant facts about the L2-Betti numbers. (We re-
fer the reader to [2], [11, 12, 13|, and [28, Section 8] for extensive

discussions on related topics.) Let M be a universal covering and let
M; = M /T'j be a tower of coverings on a complete Riemannian manifold
M. Let Hiy (M (N) be the space of L2-harmonic s-forms on M correspond-
ing to the d-Laplacian A. Let K- be the Schwartz kernel of ’Hé)(]f\\f)
The L?-Betti number of M is then given by

o) (M) = /M K JaV.

When M has bounded geometry and finite volume, Cheeger and Gromov
showed that

bs(Mj) s
where b° (M) is the ordinary s-th Bett1 number of M; ([11, 12]). Similar
result was obtalned by Yeung [55] on compact Kahler manifolds with
negative sectional curvatures. An analogous result was established for
a finite connected C'W-complex by Liick [33].
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When M is a compact Kéhler manifold, the L2-Hodge number
h‘&‘)]( ) of M is similarly given by

hpq j/ |}(PQ|dL/

where K %q is the Schwartz kernel for 7—[(2) (M ), the space of L2-harmonic

(p, q)-forms corresponding to the d-Laplacian [J.

Proposition 4.3. A tower of coverings {M;} on an n-dimensional
compact Kdhler manifold is Bergman stable if (4.2) holds for s = n.

Proof. The Hodge-Kodaira decomposition
Hey (1) = @ HEg ()

ptg=s
implies that
(4.3) by (M) = > BI(M
(2
ptag=s
By Kazhdan’s inequality,
. hP4(M;) Dyq

([30, Theorem 1 and its proof], [28, pp. 153]; see also Proposition 2.3
above), where h?9(M;) denotes the ordinary Hodge numbers of M;.
Since b*(M;) = >, = WP9(Mj;), it follows from (4.2)—(4.4) that

. hPU(M)

lim 2% = hPA(M).

JR N A WA (M)
In particular, we have (4.1) and thus the Bergman stability by Propo-
sition 4.1. q.e.d.

5. Hyperbolic Riemann surfaces

Let I' be a Fuchsian group, i.e., a properly discontinuous subgroup of
SL(2,R). Recall that I' is of convergence type it (1 —[v(0)]) < oco.
We refer the reader to [52, Chapter XI| for a treatment of the subject.
Let p be the natural projection from D onto D/T" (we will also use p
to denote the natural projection from D x D onto (D/T") x (D/I').) A
classical result of Myrberg states that I' is of convergence type if and
only if D/T" is a hyperbolic Riemann surface, and in this case,

(5.1)  gpr(p => gz, y(w) ==Y lo

vyel vyel

z —y(w)
ol
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where gpp and gp are Green’s functions of D/I" and I respectively (see
[52, Theorem XI. 13]). Note that since gp(z,0) = gp(y(2),~(0)) for any

vel,
1|22 = 1=hOP)=hEP) 40 = O0)DA - [v(2)|
11— ~(0)y(2)]2 ~ max{(1 — |y(2)])%, (1 = [7(0))?}
Therefore,
C122)(1 — _
(1 -z )(41 [v(0)[) <1—y(2)] < 4(11_||7Z(|2)|)7

from which it follows that when I' is of convergent type, > (1 —
|7(2)]) < oo for all z € D. Using

2
A e BO - bl Gl
. e S0 ),

and the simple inequality —logz < 2(1 — x) when = > 1/2, we then
have

2 2
s [ 2w

1—(w)z 1—(w)z

provided 1 — |y(w)| < (1 —|2|)/4(1 + |z|). Therefore, the series on the
right hand side of (5.1) converges local uniformly in z and likewise in w.

We now establish a transformation formula of Bergman kernel for a
normal covering map between hyperbolic Riemann surfaces. A related
formula for Reinhardt domains in C™ was obtained in [25].

1
——log

5 =1 = y(w)),

Proposition 5.1. Let M and M be hyperbolic Riemann surfaces.
Let p: M — M be a normal covering map. Then

(5.2) (0" Kw) (zw) = Y (v K5 (w).

yell

Proof. We first prove the case when M=Dand M =D /T where I is
a Fuchsian group of convergence type. Write Kpr(z, w) = Kﬁ)/r(z, w) X

(%dz A dw) where z and w are holomorphic coordinates induced by the
covering map. Then (5.2) becomes

(5:3)  Kr(E(2), Pw)p()p (w) = Y Kz, 7(w))y (w).
yel’
The above formula then follows from differentiating both sides of (5.1)
with respect to z and w and by applylng Schiffer’s formula [45].
We now prove the general case. Let M = D/T and M = D/T with
I’ a normal subgroup of I'. Applying (5.3) to both D/T" and D/T" and
then combining the results, we then obtain formula (5.2). q.e.d.
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We are now in position to prove Theorem 1.2. Let M; = D/T'; be
a tower of coverings on a hyperbolic Riemann surface M D/T and
M = ]D/F be the top manifold. Then Fj is a decreasing sequence of

normal subgroups such that NI'; = I. Let F] = F]/F. Let p;: M — M;
be the natural projection. Applying (5.3) to p;, we have

(5.4) K3, (5(=2), 5(w)p; (2)P;(w) = Y Ki(2,7(w)) (w).
et
For 74 € fj, write ¥ = [y;] with v; € I';. Let p: D — ]D)/f be the natural
projection. Let w € D and ¥ € I'. We have
P~ o
~ e P (v (w)Y (P(w)) _ p'(75(w)) (¥ ;) (w)
¥ (v ()7 (P(w)) = = = :
’ P (W) p'(w)

Therefore, for z,w € D,

K}fq(ﬁ(?ﬁ)ﬁ(ﬁ(w)))?’( )ZKL(A( ) (v (w)))¥' (p(w))
= ZK]D)z'V'VJ DA (v (w)) - ' (p(w))

ff’(z Wer
L1 (2,37 (w)) 5 0 7, (w)
(5.5) —MW%KD(%V(%( N 0 v;) (w).

Let
Ej = K, (0(p(2)), p(p(w)))D; (P(2))7; (p(w)) — K37 (P(2), p(w)).

Combining (5.4) and (5.5), we then have:

Ej= Y KS(0(2),70w)7 (pw))

Fel;\{1}
Y Y KiTouw)For) W)

[y]€T;\{1} 7€T
- Y K@)y w).
YET,\I

It follows from a simple computation that

By < ! > S - )P

P (2)P (w)|(1 = [2)(1 = |w]) et

Since NI'; = I, we have |E;| — 0 locally uniformly as j — oo. This
concludes the proof of Theorem 1.2.

Remark. We have not used the condition [I' : I';] < oo in the above
proof. Theorem 1.2 remains true even if the finiteness assumption on
the indices [I' : T';] is dropped from the definition of tower of coverings.
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6. Complete Kahler manifolds

In this section, we study towers of coverings on complete Kahler man-
ifolds, using tools from spectral theory of the complex Laplacian. Let
(M,w) be a complete Kéahler manifold. Let D%I be the 0-Laplacian on

L‘E’S(M ). (We will drop the subscript or superscript from the notation

D%q when doing so causes no confusions.) Denoted by o(J) and o.(0)
respectively the spectrum and essential spectrum of the operator [J.
The following lemma is well-known:

Lemma 6.1. Suppose there is a compact set K C M and a constant
C > 0 such that

(6.1) \WW§c<me+me+/hMmﬁ
K

holds for all u € Dom (9)NDom (5*)HL€5§(M). Then o.(02) C [, 0).

Proof. Let A € 0.(0J). Then by the Weyl criteria (cf. [53, Theo-
rem 7.24]), there exists a sequence u; € Dom (O) such that [ju;| = 1,
(O —= XN)uj|| = 0, and u; — 0 weakly. Thus

i BITAIK: 312 =
Jim ([0, + 07w ) = A

By the interior ellipticity of [ and the Rellich compactness theorem,
there exists a subsequence uj, converging in the L?-norm on K. By the
assumption, the limit must be 0. Plugging w;, into (6.1) and taking the
limit, we then obtain A > 1/C. q.e.d.

Note that if K is an empty set, then (6.1) is equivalent to ¢(OJ) C
(&, 00). Furthermore, if o.(0) C [, o), then o(0) N[0, &) is either
empty or consists of eigenvalues of finite multiplicities (cf. [16, Theorem
4.5.2)).

Now let (M,w) be an n-dimensional complex Kéhler manifold as in
the statement of Theorem 1.3. Then there exists a C?-smooth plurisub-
harmonic function ¢ on M \ K satisfying

Cylw <00y < Cow, |02 < Oy,

where K is a compact subset of M and Cy > 0 is a constant. After
a multiple of a cut-off function, we may assume that 1 is a C? real-
valued function on M such that the above inequalities hold outside a
geodesic ball B(zg, R) = {z € M; dy(z0,2) < R} where dps(2o,-) is
the distance to a fixed point zg € M. Write 1; = pj-(l/}), wi = p;(w),
and d;(-) = pj(dm(z0,-)) where p; : M; — M is the natural projec-
tion. Note that d; need not be the distance function of M;. Let K; =
pj_l(B(zo,2R)).
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Lemma 6.2. There ezists a constant C; = C(n,Cy, R) > 0 such that

(6.2) lull* < €y <H3U|!2 + (10" ul|? +/ MQdV)
K
holds for all u € Dom (9) N Dom (9*) N L?L,I(Mj). As a consequence,
M; 1
oe(0,,1) C [, 00)-

Proof. This lemma is an easy consequence of an L>-technique that
goes back to Donnelly-Fefferman [22] and Gromov [27] (see also [41, 19,
48, 5, 36, 15] for related results). We provide a proof for completeness.
Let v € C’g’l(Mj) such that v = 0 on pj_l(B(zo,R)). By the Bochner—
Kodaira—Nakano formula, we have for any 7 > 0,

012, + 18,0124, > | (V=Tro0u, Ao v)e ™ av

(6.3) > Cy 'rllvliZy,

where A is the adjoint of Lu = w A w, || - |7y, the L?-norm with weight
71, and 5:%, the adjoint of & with respect to the inner product (-, Vs

(see [6, p. 68]). Let w = e~"%i/2y. Note that
5o = i/ (G + i
ov=r¢e"" <8w+ 25%/\10),
and
* TP, * T 5
awjv = e™Vi/? <8 w— 581/@410) ,

W

where “J” is the contraction operator. It follows from the Cauchy—
Schwarz inequality that

1B0l2,, + 135, 0112, < 208w]? + 215 w|? + Corw]®.
Substituting this inequality into (6.3), we have
_ - T _
(6.4) |Owlf* + [|0*wl]|* > 5(Co b= Com)lw|* = Cil|w]?,

provided 7 < Cy 2 /2. Now fix such a positive constant 7. Let 0 < x <1
be a C* cut-off function such that x = 0 on (—o0,1) and x = 1 on
(2,00). Let u € Ci"'(M;) and w = x(d;/R)u. Then

ow = x(dj/R)0u+ dx(d;/R) Au;
O'w = x(dj/R)0*u— dx(d;j/R)ou.
From (6.4) and the Cauchy-Schwarz inequality, we have

lull* < Cy <H5u\|2 + (10"l +/ | lulde> :

J
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By Andreotti-Vesentini’s approximation theorem [1], the same inequal-
ity holds for all « € Dom (0) N Dom (0*) N L%J(Mj). From Lemma 6.1,

we have O'e(DQ/’[{) C [C%, 00). q.e.d.

Let C be the constant in Lemma 6.2. For 0 < § < Ci, let ’Hg;(Mj, J)

be the linear span of (n,1)-eigenforms of the d-Laplacian Dn 1, with
the corresponding eigenvalues smaller than or equal to 6. Note that
7-[?2)1 (M;,9) is a finite dimensional complex vector space. Let {¢y} be
an orthonormal basis of eigenforms in 7—[?2)1 (M;,5). We define the cor-
responding Bergman kernel function as

K sl = ol

dim?—["’l(Mj,é):/ | K, sldV.
M;

Then we have

)
It is easy to see that
(65)  |Kiy4l(2) <nsup{|FP(2): f € Hy) (Mg, 0),|Ifl =1},
(e.g., [4, Lemma 4.1]).

Lemma 6.3. For every ¢ > 0, there exist 0 < dg < C% and jo > 0
such that for § < dg and j > jo,

K, sl(2) <€, VzeK;

Proof. Let z € K;. Let f € H™(M;,0) be the form that realizes
the supremum on the right side of (6.5). Let x be a C'"*°-smooth cut-off
function such that 0 < x <1, kK =1 on (—00,1/2), and k = 0 on (1, 00).
Let

p = lda,(2,-)/75(2)) f-
Here we use 7;(-) to denote also the push-down to M; of 7;(-) from M
(as defined by (2.6) with I' replaced by I';). Recall that p;: M — M; is
the natural projection. Let p = ]7;(/)) By an argument similar to that
in the proof of Lemma 6.2, we have

~12 57112 %112
Iell5; < Cdloplls; + 107115

sup |#'|? .
< C + 10f115s. + 0% f
( 2 T 10 191

/12
< ol )
75 (2)
Since p;(K;) = B(20,2R) is compact, there is a constant r = r(R) > 0
such that 7j(z) > 2r for all j. Thus p = f on B(z,r). Using Garding’s
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inequality together with Sobolev’s estimates, we have that for suffi-
ciently large 7 and m > n,

HRONE c( |t [ \D<m>f12dV)
B(z,r) B(z,r)
< ¢ (I + 10 1134,
<

/12
C sup |1 + 54 52"
Tj(z)

where the constants depend only on m and r. Lemma 6.3 then follows
from (6.5) and Lemma 2.1. q.e.d.

Lemma 6.4. For every € > 0, there exist 0 < g < C% and jo > 0
such that for each 6 < dg and j > jo,

dim H () (M;,6) < e [T : Tj] vol (B(20,2R)).

Proof. Let {¢r} be an orthonormal basis of H;
The estimate (6.2) implies

1=|¢l* <C <5+ /K |¢k|2dV> :

Summing up, we have

®) (Mj, d) as above.

., Ce
d1mH(2)1(M 8) < 1_05/ Kby, 51dV < _C(Svol( )

Ce [ : T;]vol(B(z0, 2R)) ed

T 1_ggt T avoeBLEe, 2. e

Observe that every positive eigenvalue A\ of D%é on L’ég](M ;) is also

an eigenvalue of [ j on Lj. )(M i): If {f} is a normalized eigenform of

2
Dné on Lég)(M ) assocnated with A, then

O,1(9f) = A0f and ||0f3;, = (O3 f f) =
Thus O induces a linear injection from ’Hg?(Mj,&) S H?2§)(MJ) into

H?Z’)l(Mj, J), and

6.6)  dim (H??(Mj,é)eﬂ?g)( )) < dim H5) (M;,6) < oo

where 7-[( )(M],d) is the linear span of (n,0)-eigenforms of O asso-

n 07
ciated with the eigenvalues smaller than or equal to §. Let |K M]’g‘ and

|Kn;| be the Bergman kernel functions of H?z’g)(Mj,é) and H?2)O(MJ)

respectively.
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Lemma 6.5. For every ¢ > 0, there exist 0 < dg < C% and jo > 0
such that for § < dg and j > jo,

0 < |Kn5l(2) — [Ka;l(2) <€, VzeKj
Proof. By (6.6) and Lemma 6.4, we have for 6 < dy and j > jo,
/ (K, o] — [Kag )AV < ¢ T : Ty vol(B(z0, 2R)).

M;

Since the function in the integral is invariant under I'/T';,
(6.7) / (K, 5] — | Kar, )V < evol(B(zo, 2R)).
M

Now take a normal coordinate ball B(z,¢p) around z (lifted from M)
where €y depends only on M. Again it follows from Garding’s inequality
and Sobolev’s estimates that for m > n,

1) < oy ( [ UfPav [ jpmsiay
B(z,€0) B(z,e0)
(6.8) < Chpeo (1 +6%™) / |V,
M
for all f € Hy'(M;,8) © H{3)(M;). By (6.7) and (6.8),
‘KM]%;‘(Z) - ’KMJ‘(Z) < Cm750(1 + 62m)6V01(B(207 2R))7
completing the proof. q.e.d.

We now proceed to prove Theorem 1.3. In light of Proposition 2.2, it
suffices to verify the lower semicontinuity of the Bergman kernels Kyy; as

j—oo. Let z € M. Let R be sufficiently large so that p1(z) € B(zo, R).
Let &y and jy be chosen as in Lemma 6.5. Let f be a candidate for the
extremal property (2.4) of K3;(2) and let

05 = r(dyz(2,-)/7(2)) [,
where & is the cut-off function as in the proof of Lemma 6.3. Since p;
is supported in a Dirichlet fundamental domain of M;, we may push
down g; onto M; and regard it as a (n,0)-form on M; with [[o;|[a; < 1.
Then we have the orthonormal decomposition

0j = uj + vy,

with u; € ’H?Q’)O(Mj, do) and

Bz, v5) = dollvs 1.
By Lemma 6.5, we have

(6.9)  us*(2) < Kty o0 |(2)llsl* < 1Kty 01(2) < [Kpy|(2) + e,
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for j > jo, whereas
(6.10) lloglI* < 65 (Buj, v5) = &5 19wy 1.
Since Hu; € H?Z’g)(Mj,do), we have
(5uj,5vj) == (DUj,Uj) =0.

Hence
(6.11) 101> < [|9g;]1* < C'sup [ *77(2).
By (6.10) and (6.11),
sup |2 _
(6.12) oI < € 7% (2).

In order to obtain a pointwise estimate of v;, we fix a coordinate unit

ball B" in M , centered at z and lifted from M. It follows from Garding’s
inequality together with Sobolev’s estimates that for m > n,

o) < ([ 0uPav+ [ B @u)Rar)
B" B"
< Cn(L+ 8| Fug P < Con(1+ 63715y 1,

for z € IB%’f/Q. (Here we identify u; and v; with their pull-backs from A
onto M.) Since p; is holomorphic in B" for large j, we conclude that
(6.13) |0v;|* = |0u;]* — 0,

uniformly on IB%?/Q as j — oo. Let Ky be the Bochner—Martinelli
kernel. Then

v;(0) = - A(r(2|2))vj) Kpm

= / Ujéﬁ(2]z\)KBM
]Bn

+/ %(2|Z|)5UjKBM
converges to 0 by (6.12) and (6.13); because Ky is L' on B". Com-
bining this fact with (6.9), we conclude that
|K7l(2) < liminf; o0 [ Ky, |(2)-
This concludes the proof of Theorem 1.3.

Corollary 6.6. Any tower of coverings on a hyperconvex complex
manifold is Bergman stable.

Proof. Let M; = M /T'; be a tower of covering on a hyperconvex com-
plex manifold M. Let p: M — [—1, 0) be a smooth strictly plurisub-

harmonic proper map. Put ¢ = —log(—p), w = 9, Y = p*(v), and
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w = p*(w), where p: M — M is the natural projection. Then the
assumptions in Theorem 1.3 are satisfied. q.e.d.

Theorem 1.3 can be generalized to a tower of coverings on a complete
Hermitian manifold. More specifically, we have the following:

Theorem 6.7. A tower of coverings M; on a complete Hermitian
manifold (M,w) is Bergman stable if the following conditions hold:

1) There exist a compact set K C M, a C*°-smooth plurisubharmonic
function on M\K, and a constant C > 0 such that w = 00 and
90 > C~10y A Oy on M\K.

2) There exist a C°-smooth plurzsubharmomc function ¥ on the top
manifold M and a constant C' > 0 such that 881/) > C~'% and
00y > C1oY A O, where @ is the lift of w to M.

We indicate how the proof of Theorem 1.3 given above can be easily
modified to prove Theorem 6.7. Since M is Kahler on M \ K, the
conclusion of Lemma 6.2 is evidently valid under condition (1) above.
The proof of Lemma 6.3 can be modified as follows: Since for each (n, q)-
form on M , the L2-norm with respect to 851/; is always dominated by
the L?-norm with respect to the metric @. Thus

1811%; o5 < C (10512 g5+ 1071 45

12
<o (15o2, o 5. ) < (RIS
C (19pl3s, + 196131, ) _0< oG

The other arguments in the proof remain unchanged after replacing
181157 by 17157 55

We are now in position to prove Theorem 1.4. Let M be a Riemann
surface. When the universal covering space of M is P!, Theorem 1.4 is
trivial; because in this case, M is also P! ([24, Theorem IV.6.3, p. 193]).
When the universal covering space of M is C, then M and its normal
covering spaces are conformally equivalent to either C, the punctured
complex plane C*, or a torus ([24, Theorem IV.6.4, p. 193]). Hence the
Bergman kernels of the normal covering spaces of M vanish identically
when M is non-compact and stability of the Bergman kernel is therefor
established in this case. In the case when M is a torus, each covering
space M; in the tower is also a torus except the universal covering space
C. Since holomorphic 1-forms on a torus have the form of ¢ - dz where
c is a complex number, we have |K,| = 1/vol M;, which tends to zero
as j — oo. Thus we have Bergman stability in this case. It remains
to deal with the case when the universal covering space of M is the
unit disk D. According to Rhodes’ theorem and Theorem 1.2, it suffices
to consider the case when M is parabolic. By a theorem of Nakai [38],
there exists a harmonic function u outside of a compact subset such that
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u(z) = 400 as z tends to the ideal boundary OM of M. Let K be a
compact subset of M such that u > 1 on M\ K. By Richberg’s theorem,
there is a C'*°-smooth strictly subharmonic function ¢ on M\K such
that |¢ — (—u)| < 1 holds on M\K. Let 0 < x < 1 be a function in
C§°(M) such that x =1 on a neighborhood of K, and let 0 < k <1 be
a function in C§°(M) such that x = 1 in a neighborhood of supp x. Let
wo be a Kéhler metric on M. Put

w = Cirwo + 09 (1 = x)(~log(—9)))

where C7 > 0 is a constant. We see that w is a complete Hermitian
metric on M satisfying condition (1) in Theorem 6.7, provided C is
sufficiently large (we may take ¢ = —log(—¢)). Let p: D — M be the
natural projection. We define

¥(2) = Cy (—log(1 — |2*)) + 5" (1 = x)(~log(—¢))) ,
where Cy > 0 is a constant. Since ~(‘95(— log(1 — |2]?)) descends to a
complete Kihler metric on M, 90 dominates w provided Cy suffi-
ciently large. It is also easy to verify 00y > C~10y A 0. Applying
Theorem 6.7, we then conclude the proof of Theorem 1.4.

7. Appendix: Applications

In this appendix, we apply Theorem 1.3 to study Bergman stability
of towers of coverings on quotients of the polydisc and the ball. We first
recall the setting for quotients of the polydisc.

Let H™ be the n-product of the upper half planes H, equipped with
the Bergman metric. The connected component G of the identity for
the automorphism group of H” contains all transformations in the form
of o = (0(1), e ,0(”)), o) e PSL(2,R). An element o of G is parabolic
if each o) has exactly one fixed point on R. Let I' be a Hilbert modular
group. (We refer the reader to [50, 47] for the relevant material.) Then
I" has a fundamental domain F' of the form

F=FRUVU---UV,
where Fp is relatively compact in H", the V;’s are disjoint, each V; C
aj_l(Uj) is the furidamental domain of the group I'; of all v € I' fixing
some point x; in Rn, and
Uj={2€C":Imz x--- xImz, >d,;},
with d; being a suitably chosen positive number, o; an element in G
such that o;(z;) = oo (see [47, p. 48]). Since each nontrivial element of

oI’ jaj_l fixes exactly one point co, it must be a translation. Let D™ be
the unit polydisc in C™ and let I be a Hilbert modular group.

Proposition 7.1. Any tower of coverings M; = D"/T'j on M =
D™/T" is Bergman stable.



STABILITY OF THE BERGMAN KERNEL 395

Proof. Since D" is biholomorphic to H", it suffices to prove the propo-
sition for H". The Bergman kernel

1 1
(4m)" (Im 2z X -+ - x Im 2,,)?’

KHn (Z) =

of H" is invariant under translations. In particular, it is ajl“jaj_l—invar—
iant. A direct computation shows that

001og Kyn > 0log Kgn A 0log Kgn.

By setting ¢ = o7 log Kp» on each parabolic end V;/T';, we see that
conditions in Theorem 1.3 are satisfied. q.e.d.

Proposition 7.2. Any tower of coverings on a complete Kdahler man-
ifold with pinched megative sectional curvature and finite volume is
Bergman stable.

Proof. Let (M,w) be a complete Kéhler manifold with pinched neg-
ative sectional curvature and finite volume. Let (M ,w) be its universal
covering. According to a result of Siu and Yau [49], each Busemann
function 1 on M satisfies C~'w < 9¢y < Cw and 09y > C~LOp A 0.
Furthermore, M is the union of a compact set and a finite number of
cusp ends such that each end g\@mits a function that is a push-down of
some Busemann function on M. Thus the conditions of Theorem 1.3
are satisfied. q.e.d.

Remark. Proposition 7.2 also holds when M is a ball quotient that
is geometrically finite in the sense of Bowditch [9]. We leave the detail
to the interested reader.
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