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Abstract

For a Q-Fano 3-fold X on which KX is a canonical divisor, we
investigate the geometry induced from the linear system |−mKX |
and prove that the anti-m-canonical map ϕ

−m is birational onto
its image for all m ≥ 39. By a weak Q-Fano 3-fold X we mean a
projective one with at worst terminal singularities on which −KX

is Q-Cartier, nef and big. For weak Q-Fano 3-folds, we prove that
ϕ
−m is birational onto its image for all m ≥ 97.

1. Introduction

Throughout we work over any algebraically closed field k of charac-
teristic 0 (for instance, k = C). We adopt the standard notation in
Kollár–Mori [16] and will freely use them.

A normal projective variety X is called a weak Q-Fano variety if X
has at worst Q-factorial terminal singularities and the anti-canonical
divisor −KX is nef and big. A weak Q-Fano variety is said to be Q-
Fano if −KX is Q-ample and the Picard number ρ(X) = 1. According
to Minimal Model Program, Q-Fano varieties form a fundamental class
in birational geometry.

Given a Q-Fano n-fold X (resp. weak Q-Fano n-fold X), the anti-
m-canonical map ϕ−m is the rational map defined by the linear system
| − mKX |. By definition, ϕ−m is birational onto its image when m
is sufficiently large. Therefore it is interesting to find such a practical
numbermn, independent ofX, which stably guarantees the birationality
of ϕ−mn . Such a number m3 exists due to the boundedness of Q-Fano
3-folds, which was proved by Kawamata [11], and the boundedness of
weak Q-Fano 3-folds proved by Kollár–Miyaoka–Mori–Takagi [15]. It is
natural to consider the following problem.

Problem 1.1. Find the optimal constant c such that ϕ−m is bira-
tional onto its image for all m ≥ c and for all (weak) Q-Fano 3-folds.

The following example tells us that c ≥ 33.
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Example 1.2 ([10, List 16.6, No.95]). The general weighted hyper-
surface X66 ⊂ P(1, 5, 6, 22, 33) is a Q-Fano 3-fold. It is clear that ϕ−m
is birational onto its image for m ≥ 33, but ϕ−32 fails to be birational.

It is worthwhile to compare the birational geometry induced from
|mK| on varieties of general type with the geometry induced from | −
mK| on (weak) Q-Fano varieties. An obvious feature on Fano varieties
is that the behavior of ϕ−m is not necessarily birationally invariant.
For example, consider degree 1 (rational) del Pezzo surface S1 and P2,
| − KP2 | gives a birational map but | − KS1 | does not. This causes
difficulties in studying Problem 1.1. In fact, even if in dimension 3,
there is no known practical upper bound for c in written records. The
motivation of this paper is to systematically study ϕ−m on (weak) Q-
Fano 3-folds.

When X is nonsingular, we may take c = 4 according to Ando [3]
and Fukuda [9]. When X has terminal singularities, Problem 1.1 was
treated by the first author in [8], where an effective upper bound of c
in terms of the Gorenstein index of X is proved (cf. [8, Theorem 1.1]).
Since, however, the Gorenstein index of a weak Q-Fano 3-fold can be as
large as “840” (see Proposition 2.4), the number “3× 840 + 10 = 2530”
obtained in [8, Theorem 1.1] is far from being optimal. It turns out that
Problem 1.1 is closely related to the following problem (cf. [8, Theorem
4.5]).

Problem 1.3. Given a (weak) Q-Fano 3-fold X, can one find the

minimal positive integer δ1 = δ1(X) such that dimϕ−δ1(X) > 1?

Problem 1.3 is parallel to the following question on 3-folds of general
type:

Let Y be a 3-fold of general type on which |nKY | is composed
with a pencil of surfaces for some fixed integer n > 0. Can
one find an integer m (bounded from above by a function in
terms of n) so that |mKY | is not composed with a pencil any
more?

This question was solved by Kollár [13] who proved that one may take
m ≤ 11n + 5. The result is a direct application of the semi-positivity
of f∗ω

l
Y/B since, modulo birational equivalence, one may assume that

there is a fibration f : Y −→ B onto a curve B. As far as we know,
there is still no known analogy of Kollár’s method in treating Q-Fano
varieties.

Firstly, we shall prove the following theorem.

Theorem 1.4. Let X be a Q-Fano 3-fold. Then there exists an
integer n1 ≤ 10 such that dimϕ−n1(X) > 1.

Theorem 1.4 is close to be optimal due to the following example.
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Example 1.5 ([10, List 16.7, No.85]). Consider the general codimen-
sion 2 weighted complete intersection X := X24,30 ⊂ P(1, 8, 9, 10, 12, 15)

which is a Q-Fano 3-fold. Then dimϕ−9(X) > 1 while dimϕ−8(X) = 1.

In fact, theoretically, there are only 4 possible weighted baskets for
which we need to take n1 = 10 (see Remark 3.13 and Subsection 3.6
for more details and discussions). Theorem 1.4 allows us to prove the
following result.

Theorem 1.6. Let X be a Q-Fano 3-fold. Then ϕ−m is birational
onto its image for all m ≥ 39.

A key point in proving Theorem 1.4 is that we have ρ(X) = 1, which
is not the case for arbitrary weak Q-Fano 3-folds. Therefore we should
study weakQ-Fano 3-folds in an alternative way. Our result is as follows.

Theorem 1.7. Let X be a weak Q-Fano 3-fold. Then dimϕ−n2(X) >
1 for all n2 ≥ 71.

Theorem 1.7 allows us to study the birationality.

Theorem 1.8. Let X be a weak Q-Fano 3-fold. Then ϕ−m is bira-
tional onto its image for all m ≥ 97.

Remark 1.9. We remark that Theorems 1.7 and 1.8 are true even
if X has canonical singularities instead of Q-factorial terminal singular-
ities, which is not difficult to see.

This paper is organized as follows. In Section 2, we recall some basic
knowledge. In Section 3, we consider Problem 1.3 on Q-Fano 3-folds.
We generalize a result of Alexeev and reduce the problem to the numer-
ical behavior of anti-plurigenera, then we apply a method developed by
J. A. Chen and the first author to analyze the possible weighted baskets.
Section 4 is devoted to proving Theorem 1.7 for weak Q-Fano 3-folds.
We reduce the problem to the numerical behavior of Hilbert functions
and use Reid’s formula to estimate the lower bound of Hilbert functions.
Finally we study the birationality in Section 5. We give an effective cri-
terion for the birationality of ϕ−m. As applications, we prove Theorems
1.6 and 1.8 in the last part.
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2. Preliminaries

LetX be a weak Q-Fano 3-fold. Denote by rX the Gorenstein index of
X, i.e. the Cartier index of KX . For any positive integer m, the number
P−m(X) := h0(X,OX (−mKX)) is called the m-th anti-plurigenus of
X. Clearly, since −KX is nef and big, Kawamata–Viehweg vanishing
theorem [12, Theorem 1-2-5] implies

hi(−mKX) = hi(X,KX − (m+ 1)KX) = 0

for all i > 0 and m ≥ 0.
For two linear systems |A| and |B|, we write |A| � |B| if there exists

an effective divisor F such that

|B| ⊃ |A|+ F.

In particular, if A ≤ B as divisors, then |A| � |B|.

2.1. Rational map defined by a Weil divisor.
Consider an effective Q-Cartier Weil divisor D on X with h0(X,D) ≥

2. We study the rational map defined by |D|, say

X
ΦD
��� Ph0(D)−1

which is not necessarily well-defined everywhere. By Hironaka’s big
theorem, we can take successive blow-ups π : Y → X such that:

(i) Y is nonsingular projective;
(ii) the movable part |M | of the linear system |�π∗(D)	| is base point

free and, consequently, the rational map γ := ΦD◦π is a morphism;
(iii) the support of the union of π−1∗ (D) and the exceptional divisors

of π is of simple normal crossings.

Let Y
f−→ Γ

s−→ Z be the Stein factorization of γ with Z := γ(Y ) ⊂
Ph0(D)−1. We have the following commutative diagram.

X

Y

Z

Γ�

� �

�
�
�
�
��

- - - - - - - - - - -�

f

sπ

ΦD

γ

Case (fnp). If dim(Γ) ≥ 2, a general member S of |M | is a nonsin-
gular projective surface by Bertini’s theorem. We say that |D| is not
composed with a pencil of surfaces.
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Case (fp). If dim(Γ) = 1, i.e. dimΦD(X) = 1, then Γ ∼= P1 since
g(Γ) ≤ q(Y ) = q(X) := h1(OX ) = 0. Furthermore, a general fiber S of
f is an irreducible nonsingular projective surface by Bertini’s theorem.
We may write

M =
n∑

i=1

Si ∼ nS

where Si is a nonsingular fiber of f for all i and n = h0(D)− 1. We can
write

|D| = |nS′|+ E,

where |S′| = |π∗S| is an irreducible rational pencil, |nS′| is the movable
part and E is the fixed part. In this case, |D| is said to be composed with
a rational pencil of surfaces. We collect a couple of basic facts about
rational pencils as follows.

Lemma 2.1. Keep the same notation as above. If |D| = |nS′| + E
is composed with a rational pencil of surfaces, then n = h0(D)− 1.

Lemma 2.2. If |D1| = |k1S1| + E1 and |D2| = |k2S2| + E2 are
composed with rational pencils of surfaces and D1 ≤ D2, then |S1| =
|S2|.

Proof. Since D1 ≤ D2, we have Mov|D1| � Mov|D2|. Hence |S1| �
|k2S2|. Thus |S1| � |S2| by the irreducibility of |S1|. Then by h0(S1) =
h0(S2) = 2 and |S1|, |S2| are movable, we have |S1| = |S2|. q.e.d.

For another Weil Q-Cartier divisor D′ satisfying h0(X,D′) > 1, we
say that |D| and |D′| are composed with the same pencil if |D| and |D′|
are composed with pencils and they define the same fibration structure
Y → P1 on some model Y . In particular, |D| and |D′| are not composed
with the same pencil if one of them is not composed with a pencil.

Define

ι = ι(D) :=

{
1, Case (fnp);

n, Case (fp).

Clearly, in both cases, M ≡ ιS with ι ≥ 1.

Definition 2.3. For both Case (fnp) and Case (fp), we call S a
generic irreducible element of |M |.

We may also define “a generic irreducible element” of a moving linear
system on a surface in the similar way.

Restricting our interest to special cases, we fix an effective Weil divisor
D ∼ −m0KX at the very beginning assuming that P−m0 ≥ 2 for some
integer m0 > 0. We would like to study the geometry of X induced by
ΦD.
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2.2. Reid’s formula.
A basket B is a collection of pairs of integers (permitting weights),

say {(bi, ri) | i = 1, · · · , s; bi is coprime to ri}. For simplicity, we will
alternatively write a basket as follows, say

B = {(1, 2), (1, 2), (2, 5)} = {2× (1, 2), (2, 5)}.
Let X be a weak Q-Fano 3-fold. According to Reid [18], for a Weil

divisor D on X,

χ(D) = 1 +
1

12
D(D −KX)(2D −KX) +

1

12
(D · c2) +

∑
Q

cQ(D),

where the last sum runs over Reid’s basket of orbifold points. If the
orbifold point Q is of type 1

r (1,−1, b) and i = iD is the local index of
divisor D at Q (i.e. D ∼ iKX around Q, 0 ≤ i < r), then

cQ(D) = − i(r2 − 1)

12r
+

i−1∑
j=0

jb(r − jb)

2r
.

Here the symbol · means the smallest residue mod r and
∑−1

j=0 := 0.
Write

χsing(D) :=
∑
Q

cQ(D) and

χreg(D) := 1 +
1

12
D(D −KX)(2D −KX) +

1

12
(D · c2).

We make some remarks here on how to compute the term cQ(D):

(1) If D = nKX for n ∈ Z, we take i = n (modulo r) and then

cQ(nKX) = cQ(iKX) = − i(r2 − 1)

12r
+

i−1∑
j=0

jb(r − jb)

2r
.

(2) If D = tKX for t ∈ Z+, then it is easy to see

cQ(tKX) = − t(r2 − 1)

12r
+

t−1∑
j=0

jb(r − jb)

2r
.

(3) By Reid’s formula, Kawamata–Viehweg vanishing theorem, and
Serre duality, we have, for any n > 0,

P−n(X) = − χ(OX((n+ 1)KX ))

=
1

12
n(n+ 1)(2n + 1)(−K3

X) + (2n + 1)− l(−n)

where l(−n) = l(n + 1) =
∑

i

∑n
j=1

jbi(ri−jbi)
2ri

and the sum runs
over Reid’s basket of orbifold points

BX =
{
(bi, ri) | i = 1, · · · , s; 0 < bi ≤ ri

2
; bi is coprime to ri

}
.
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The above formula can be rewritten as:

P−1 =
1

2

(
−K3

X +
∑
i

b2i
ri

)
− 1

2

∑
i

bi + 3,

P−m − P−(m−1) =
m2

2

(
−K3

X +
∑
i

b2i
ri

)
− m

2

∑
i

bi + 2−Δm

where Δm =
∑

i

(
bim(ri−bim)

2ri
− bim(ri−bim)

2ri

)
for any m ≥ 2.

2.3. Upper bound of Gorenstein indices.
The following fact might be known to experts. We will apply it in

our argument.

Proposition 2.4. Let X be a weak Q-Fano 3-fold. Then either rX =
840 or rX ≤ 660. (This means that the Gorenstein index of a weak
Q-Fano 3-fold is bounded from above by 840. Among known Q-Fano
3-folds, the maximal Gorenstein index is 420. For example, so is the
general weighted hypersurface X19 ⊂ P(1, 3, 4, 5, 7) (cf. [10, List 16.6,
No.40]). We do not know if this bound is optimal.)

Proof. Write Reid’s basket

BX =
{
(bi, ri) | i = 1, · · · , s; 0 < bi ≤ ri

2
; bi is coprime to ri

}
.

Then, by definition, rX = l.c.m.{ri | i = 1, · · · , s}.
By [15], we know that (−KX · c2(X)) ≥ 0. Therefore Reid [18, 10.3]

gives the inequality ∑
i

(
ri − 1

ri

)
≤ 24.(2.1)

Now for the sequence R = (ri)i, we define a new set P = {sj}j
as following: if we factor ri into its prime factors such that ri =
pa1i1 pa2i2 · · · pakik , then we take P = {pajij }1≤j≤k,i. It is easy to show
that if a, b > 1 and coprime, then

ab− 1

ab
≥ a− 1

a
+ b− 1

b
+ 2.(2.2)

So ∑
j

(
sj − 1

sj

)
≤

∑
i

(
ri − 1

ri

)
≤ 24.(2.3)

and we also have l.c.m.(sj)j = l.c.m.(ri)i = rX . So the problem is
reduced to treat the sequence (sj)j instead. Clearly, for each j,

sj ∈ {2, 3, 4, 5, 7, 8, 9, 11, 13, 16, 17, 19}.
Now we may assume that rX > 660.

Denote by s1 the largest value in P, by s2 the second largest value,
by s3, s4 the third, the forth, and so on. For instance, if P = {2, 3, 4, 5},
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then s1 = 5, s2 = 4, s3 = 3, and s4 = 2. If the value sj does not exist by
definition, then we set sj = 1. In the previous example, we have s5 = 1.

Since l.c.m.(2, 3, 4, 5, 7) = 420 and l.c.m.(2, 3, 4, 5, 7, 8) = 840, if s1 ≤
8, then 3, 5, 7, 8 ∈ P. In this case P = {3, 5, 7, 8} or {2, 3, 5, 7, 8} by
inequality (2.3) and R = (3, 5, 7, 8) or (2, 3, 5, 7, 8) by inequality (2.2).
In a word, rX = 840.

If s1 ≥ 16, then ∑
j>1

(
sj − 1

sj

)
≤ 8 +

1

16
.

Then s2 ≤ 8. Also s2 ≥ 5 since, otherwise, l.c.m.(2, 3, 4, s1) ≤ 228 < rX
(a contradiction). Hence∑

j>2

(
sj − 1

sj

)
≤ 3 +

1

16
+

1

5
.

So s3 ≤ 3, but 2 and 3 can not be in P simultaneously. Then l.c.m.(sj)j
≤ 3× 8× 19 < rX , a contradiction.

If s1 = 13, then s2 ≥ 5 since, otherwise, l.c.m.(2, 3, 4, s1) = 12s1 < rX
(a contradiction). Then∑

j>2

(
sj − 1

sj

)
≤ 11− s2 +

1

13
+

1

s2
.

If s2 = 11, then sj = 1 for any j > 2 and rX = 11× 13, a contradiction.
If s2 = 9, then s3 ≤ 2 and l.c.m.(sj)j ≤ 2×9×13 < rX , a contradiction.
If s2 = 8, then s3 ≤ 3, but 2 and 3 can not be in P simultaneously. So
l.c.m.(sj)j ≤ 3×8×13 < rX , a contradiction. If s2 = 7, then s3 ≤ 4, but
3 and 4 can not be in P simultaneously. So l.c.m.(sj)j ≤ 6×7×13 < rX ,
a contradiction. If s2 = 5, then 3 and 4 can not be in P simultaneously.
So l.c.m.(sj)j ≤ 6× 5× 13 < rX , a contradiction.

If s1 = 11, then 9 ≥ s2 ≥ 7 since, otherwise, l.c.m.(2, 3, 4, 5, s1) =
60s1 < rX (a contradiction). Then∑

j>2

(
sj − 1

sj

)
≤ 6 +

1

11
+

1

7
.

Hence s3 ≤ 5. If s3 = 5, then sj = 1 for any j > 3 and l.c.m.(sj)j ≤
5×9×11 < rX , a contradiction. If s3 = 4, then s4 ≤ 2 and l.c.m.(sj)j ≤
4 × 9 × 11 < rX , a contradiction. If s3 ≤ 3, then l.c.m.(sj)j ≤ 2 × 3 ×
9× 11 < rX , a contradiction.

If s1 = 9, then 8 ≥ s2 ≥ 7 since, otherwise, l.c.m.(2, 3, 4, 5, 9) = 180 <
rX (a contradiction). Consider firstly the case s2 = 8. We have∑

j>2

(
sj − 1

sj

)
≤ 7 +

1

9
+

1

8
.

If s3 = 7, then sj = 1 for any j > 3 and l.c.m.(sj)j ≤ 7× 8× 9 < rX , a
contradiction. If s3 ≤ 5, then l.c.m.(sj)j ≤ lcm(2, 3, 4, 5, 8, 9) = 360 <
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rX , a contradiction. Next we consider the case s2 = 7. Then∑
j>2

(
sj − 1

sj

)
≤ 8 +

1

9
+

1

7
.

If s3 = 5, then s4 ≤ 3 and l.c.m.(sj)j ≤ 2×5×7×9 < rX , a contradiction.
If s3 ≤ 4, then l.c.m.(sj)j ≤ 4 × 7 × 9 < rX , a contradiction. So we
conclude the statement.

From the proof we also know that rX = 840 only happens when
R = (3, 5, 7, 8) or (2, 3, 5, 7, 8). q.e.d.

3. When is | −mKX | not composed with a pencil? (Part I)

The most important part of this paper is to find a minimal positive
integer m so that | −mKX | is not composed with a pencil of surfaces.
For the convenience of expression, we fix the notation first.

Definition 3.1. Let X be a weak Q-Fano 3-fold. For any 0 ≤ i ≤ 2,
define

δi(X) := min{m ∈ Z+ | dimϕ−m(X) > i}.
We will mainly treat Q-Fano 3-folds in this section.

3.1. Two key theorems.
We prove two theorems here which are crucial in proving Theorem

1.4.

Theorem 3.2. Let X be a Q-Fano 3-fold with the basket B of sin-
gularities. Fix a positive integer m such that P−m > 0. Assume that,
for each pair (b, r) ∈ B, one of the following conditions is satisfied:

(1) m ≡ 0,±1 mod r;
(2) m ≡ −2 mod r and b = � r2	;
(3) m ≡ 2 mod r and 3b ≥ r;
(4) m ≡ 3 mod r and 4b ≥ r;
(5) m ≡ 4 mod r, b(r − b) ≥ 4b(r − 4b), and

b(r − b) + 2b(r − 2b) ≥ 3b(r − 3b) + 4b(r − 4b).

Then one of the following holds:

(I) P−m = 1 and −mKX ∼ E is an effective prime divisor;
(II) P−m = 2, |−mKX | does not have fixed part, and is composed with

an irreducible rational pencil of surfaces;
(III) P−m ≥ 3, | −mKX | does not have fixed part, and is not composed

with a pencil of surfaces.

Proof. We generalize the argument of Alexeev [1, 2.18] where the case
m = 1 is treated.
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Assume that none of the conclusions holds, then there exists a strictly
effective divisor E such that −mKX − E is strictly effective and

h0(−mKX)− h0(−mKX − E)− h0(E) + h0(OX) = 0.

In fact, if P−m = 1 and −mKX ∼ D is not a prime divisor, then we
take E to be one irreducible component of D; if P−m ≥ 2 and |−mKX |
has fixed part, then we take E to be one component in the fixed part;
if P−m ≥ 3, | −mKX | does not have fixed part, but is composed with a
(rational) pencil of surfaces, then | −mKX | = |nS| with n ≥ 2 and we
can take E = S.

By Kawamata–Viehweg vanishing theorem and ρ(X) = 1, all higher
cohomologies vanish for OX(−mKX), OX(−mKX − E), OX(E), and
OX . Hence

ΔΔχ(−mKX ,−mKX − E,E, 0) = 0,

where the double difference of a function f is defined by

ΔΔf (a, a− d, b, b− d) = f(a)− f(a− d)− f(b) + f(b− d).

Then we have

ΔΔχ,reg(−mKX ,−mKX −E,E, 0)

+ΔΔχ,sing(−mKX ,−mKX − E,E, 0) = 0.

It is clear to see that

ΔΔχ,reg(−mKX ,−mKX−E,E, 0) =
m+ 1

2
(−KX)(−mKX−E)E > 0,

since E and −mKX − E are ample by the construction and ρ(X) = 1.
To get a contradiction, it is sufficient to show that

ΔΔχ,sing(−mKX ,−mKX − E,E, 0) ≥ 0

under the assumption of this theorem. Thus it suffices to show that, for
every single point Q = (b, r) ∈ B,

cQ(−mKX)− cQ(−mKX − E)− cQ(E) ≥ 0.(3.1)

Set F (x) := x(r−x)
2r for any integer x and l := m. We may assume

that the local index of E at Q is i (0 ≤ i < r).
Then

cQ(−mKX)− cQ(−mKX − E)− cQ(E)

=
(
− (2r − l)(r2 − 1)

12r
+

2r−l−1∑
j=0

F (jb)
)

−
(
− (2r − l − i)(r2 − 1)

12r
+

2r−l−i−1∑
j=0

F (jb)
)
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−
(
− i(r2 − 1)

12r
+

i−1∑
j=0

F (jb)
)

=

2r−l−1∑
j=0

F (jb) −
2r−l−i−1∑

j=0

F (jb) −
i−1∑
j=0

F (jb)

=

2r−l−1∑
j=2r−l−i

F (jb) −
i−1∑
j=0

F (jb)

=
l+i∑

j=l+1

F (jb)−
i−1∑
j=0

F (jb)

=

l+i∑
j=i

F (jb)−
l∑

j=0

F (jb)

=

l∑
j=0

F (ib+ jb)−
l∑

j=0

F (jb).(3.2)

Then to prove inequality (3.1), it suffices to prove that

G(x) :=
l∑

j=0

F (x+ jb)−
l∑

j=0

F (jb) ≥ 0

for arbitrary integer x.
Note that G(x) is a periodic piecewise quadratic function with nega-

tive leading coefficients. Hence the minimal value can only be reached
at end points of each piece. It is easy to see that the set of end points
is {nr − jb | n ∈ Z, j = 0, 1, . . . , l}. Hence G(x) ≥ 0 is equivalent to
G(−jb) ≥ 0 for all j = 0, 1, . . . , l. Note that G(0) = G(−lb) = 0.

If m ≡ 0, 1 mod r, there is nothing to prove.
If m ≡ 2 mod r, then G(−b) = F (b) − F (2b). It is easy to see that

F (b)− F (2b) ≥ 0 is equivalent to 3b ≥ r.
If m ≡ 3 mod r, then G(−b) = G(−2b) = F (b) − F (3b). It is easy

to see that F (b)− F (3b) ≥ 0 is equivalent to 4b ≥ r.
Ifm ≡ 4 mod r, thenG(−b) = G(−3b) = F (b)−F (4b) andG(−2b) =

F (b) + F (2b)− F (3b) − F (4b).

If m ≡ −1 mod r, then G(x) =
∑r−1

j=0 F (x+ jb)−∑r−1
j=0 F (jb) = 0.

If m ≡ −2 mod r, then G(x) =
∑r−2

j=0 F (x + jb) −∑r−2
j=0 F (jb) =

F (b)−F (x+(r− 1)b). It is easy to see that F (b)−F (x+(r− 1)b) ≥ 0
for all x if and only if b = � r2	.

So we have proved the theorem. q.e.d.

As a special case of Theorem 3.2, Alexeev proved the following theo-
rem.
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Theorem 3.3 ([1, 2.18]). Let X be a Q-Fano 3-fold. If P−1 ≥ 3,
then | − KX | has no fixed part and is not composed with a pencil of
surfaces.

Hence we only need to deal with the case when P−1 < 3. For this
purpose, we prove the following theorem.

Theorem 3.4. Let X be a Q-Fano 3-fold. Fix a positive integer m.
Assume that one of the following holds:

(i) P−m = 1 and E ∈ | −mKX | is an effective prime divisor;
(ii) P−m = 2 and | −mKX | does not have fixed part.

Write n0 := min{n ∈ Z+ | P−nm ≥ 2}. For any integer l ≥ n0, write
l = sn0 + t with s ∈ Z and 0 ≤ t ≤ n0 − 1. Take

l0 = min{l ∈ Z≥n0 | P−lm > s+ 1}.
Then | − l0mKX | does not have fixed part and is not composed with

a pencil of surfaces.

Proof. First we assume that | − l0mKX | has a base component El0 .
It follows that P−m = 1 and El0 = E. Thus, by definition, we have
l0 > 1. Hence

P−(l0−1)m = h0(−l0mKX − (−mKX))

= h0(−l0mKX − El0) = h0(−l0mKX) > s+ 1,

which contradicts the minimality of l0. The similar argument implies
that | − n0mKX | does not have fixed part.

Now assume that | − l0mKX | is composed with a (rational) pencil of
surfaces, i.e.

| − l0mKX | = |(P−l0m − 1)S|,
where |S| is an irreducible rational pencil. Write l0 = sn0 + t. Since
P−n0m ≥ 2, we have P−sn0m ≥ s+ 1.

If t > 0, by the minimality of l0 we get P−sn0m = s + 1. So we can
write |−sn0mKX | = |sS| by Lemma 2.2 since |−n0mKX | does not have
fixed part and | − sn0mKX | � | − l0mKX |. Now

−tmKX ∼ −l0mKX − (−sn0mKX) ∼ (P−l0m − 1)S − sS

= (P−l0m − 1− s)S ≥ S.

This implies that P−tm ≥ 2, which contradicts the minimality of n0.
Hence t = 0 and l0 = sn0.

If s ≥ 2, by the minimality of l0 we get P−(s−1)n0m = s ≥ 2. We can
write |−(s− 1)n0mKX | = |(s − 1)S| by Lemma 2.2. Hence

−n0mKX ∼ −l0mKX − (−(s− 1)n0mKX) ∼ (P−l0m − 1)S − (s− 1)S

= (P−l0m − s)S ≥ 2S.

This implies that P−n0m ≥ 3, which contradicts the minimality of l0.
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Hence s = 1 and l0 = n0. By P−n0m ≥ 3, we have n0 > 1. This
implies, by assumption, P−m = 1 and −mKX ∼ E is a fixed prime
divisor. Since E ≤ (P−Nm − 1)S ∼ −n0mKX and E is reduced and
irreducible, E ≤ S0 for certain surface S0 ∈ |S|. Hence

−(n0 − 1)mKX ∼ −n0mKX − (−mKX) ∼ (P−n0m − 1)S − E

≥ (P−n0m − 2)S + (S0 − E) ≥ S.

This implies that P−(n0−1)m ≥ 2, which contradicts the minimality of
n0. We are done. q.e.d.

Now let us explain the strategy to prove Theorem 1.4. Firstly, we
divide all Q-Fano 3-folds into several families, roughly speaking, by the
value of P−1. Then in each family, we may take a suitable m satisfying
the condition of Theorem 3.2. Applying Theorem 3.4 to m, we are able
to find the number l0 and so δ1(X) ≤ l0m. In order to find such l0,
or an upper bound of l0, we may assume that l0 is sufficiently large,
say, l0 ≥ 9, then by the assumption of Theorem 3.4, we know the value
of P−m, P−2m, P−3m, . . . , P−8m. Then, by Chen–Chen’s method ([4])
on the analysis of baskets, we can recover all possibilities for baskets
of singularities, of which each possibility can be proved to be either
impossible or very easy to treat. For this purpose, we need to recall
relevant materials on baskets, packings, the canonical sequence, and so
on.

3.2. Weighted baskets.
All contents of this subsection are mainly from Chen–Chen [4, 5].

We list them as follows:

1) Let B = {(bi, ri) | i = 1, · · · , s; 0 < bi ≤ ri
2 ; bi is coprime to ri} be

a basket. We set σ(B) :=
∑

i bi, σ
′(B) :=

∑
i
b2i
ri
, and Δn(B) =∑

i

( bin(ri−bin)
2ri

− bin(ri−bin)
2ri

)
for any integer n > 1.

2) The new (generalized) basket

B′ := {(b1 + b2, r1 + r2), (b3, r3), · · · , (bs, rs)}
is called a packing of B, denoted as B � B′. Note that {(2, 4)} =
{(1, 2), (1, 2)}. We call B � B′ a prime packing if b1r2 − b2r1 = 1.
A composition of finite packings is also called a packing. So the
relation “�” is a partial ordering on the set of baskets.

3) Note that for a weak Q-Fano 3-fold X, all the anti-plurigenera P−n
can be determined by Reid’s basket BX and P−1(X). This leads

to the notion of “weighted basket”. We call a pair B = (B, P̃−1) a

weighted basket if B is a basket and P̃−1 is a non-negative integer.
We write (B, P̃−1) � (B′, P̃−1) if B � B′.
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4) Given a weighted basket B = (B, P̃−1), define P̃−1(B) := P̃−1 and
the volume

−K3(B) := 2P̃−1 + σ(B)− σ′(B)− 6.

For all m ≥ 1, we define the “anti-plurigenus” in the following
inductive way:

P̃−(m+1) − P̃−m

=
1

2
(m+ 1)2(−K3(B) + σ′(B)) + 2− m+ 1

2
σ −Δm+1(B).

Note that, if we set B = (BX , P−1(X)) for a given weak Q-Fano
3-fold X, then we can verify directly that −K3(B) = −K3

X and

P̃−m(B) = P−m(X) for all m ≥ 1.

Property 3.5 ([5, Section 3]). Assume B := (B, P̃−1) � B′ :=

(B′, P̃−1). Then

(i) σ(B) = σ(B′) and σ′(B) ≥ σ′(B′);
(ii) For all integer n ≥ 1, Δn(B) ≥ Δn(B′);
(iii) −K3(B) + σ′(B) = −K3(B′) + σ′(B′);
(iv) −K3(B) ≤ −K3(B′);

(v) P̃−m(B) ≤ P̃−m(B′) for all m ≥ 2.

Next we recall the “canonical” sequence of a basket B. Set S(0) :=
{ 1n | n ≥ 2}, S(5) := S(0) ∪ {25}, and inductively for all n ≥ 5,

S(n) := S(n−1) ∪
{
b

n
| 0 < b <

n

2
, b is coprime to n

}
.

Each set S(n) gives a division of the interval (0, 12 ] =
⋃
i
[ω

(n)
i+1, ω

(n)
i ] with

ω
(n)
i , ω

(n)
i+1 ∈ S(n). Let ω

(n)
i+1 = qi+1

pi+1
and ω

(n)
i = qi

pi
with g.c.d(ql, pl) = 1

for l = i, i + 1. Then it is easy to see that qipi+1 − piqi+1 = 1 for all n
and i (cf. [5, Claim A]).

Now given a basket B = {(bi, ri) | i = 1, · · · , s}, we define new baskets
B(n)(B), where B(n)(·) can be regarded as an operator on the set of

baskets. For each (bi, ri) ∈ B, if bi
ri
∈ S(n), then we set B(n)

i := {(bi, ri)}.
If bi

ri
�∈ S(n), then ω

(n)
l+1 < bi

ri
< ω

(n)
l for some l. We write ω

(n)
l = ql

pl

and ω
(n)
l+1 =

ql+1

pl+1
respectively. In this situation, we can unpack (bi, ri) to

B(n)
i := {(riql− bipl)× (ql+1, pl+1), (−riql+1+ bipl+1)× (ql, pl)}. Adding

up those B(n)
i , we get a new basket B(n)(B), which is uniquely defined

according to the construction and B(n)(B) � B for all n. Note that, by

the definition, B = B(n)(B) for sufficiently large n.
Moreover, we have

B(n−1)(B) = B(n−1)(B(n)(B)) � B(n)(B)
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for all n ≥ 1 (cf. [5, Claim B]). Therefore we have a chain of baskets

B(0)(B) � B(5)(B) � · · · � B(n)(B) � · · · � B.

The step B(n−1)(B) � B(n)(B) can be achieved by a number of succes-
sive prime packings. Let εn(B) be the number of such prime packings.
For any n > 0, set B(n) := B(n)(B).

The following properties are essential to represent B(n).

Lemma 3.6 ([5, Lemma 2.16]). For the above sequence {B(n)}, the
following statements hold:

(i) Δj(B(0)) = Δj(B) for j = 3, 4;

(ii) Δj(B(n−1)) = Δj(B(n)) for all j < n;

(iii) Δn(B(n−1)) = Δn(B(n)) + εn(B).

It follows that Δj(B(n)) = Δj(B) for all j ≤ n and

εn(B) = Δn(B(n−1))−Δn(B(n)) = Δn(B(n−1))−Δn(B).

Moreover, given a weighted basket B = (B, P̃−1), we can similarly

consider B(n)(B) := (B(n), P̃−1). It follows that

P̃−j(B(n)(B)) = P̃−j(B)

for all j ≤ n. Therefore we can realize the canonical sequence of
weighted baskets as an approximation of weighted baskets via anti-
plurigenera.

We now recall the relation between weighted baskets and anti-pluri-
genera more closely. For a given weighted basket B = (B, P̃−1), we start

by computing the non-negative number εn and B(0), B(5) in terms of
P̃−m. From the definition of P̃−m we get

σ(B) = 10− 5P̃−1 + P̃−2,

Δm+1 = (2− 5(m+ 1) + 2(m+ 1)2) +
1

2
(m+ 1)(2− 3m)P̃−1

+
1

2
m(m+ 1)P̃−2 + P̃−m − P̃−(m+1).

In particular, we have

Δ3 = 5− 6P̃−1 + 4P̃−2 − P̃−3;

Δ4 = 14− 14P̃−1 + 6P̃−2 + P̃−3 − P̃−4.

Assume B(0) = {n0
1,r × (1, r) | r ≥ 2}. By Lemma 3.6, we have

σ(B) = σ(B(0)) =
∑

n0
1,r;

Δ3(B) = Δ3(B(0)) = n0
1,2;

Δ4(B) = Δ4(B(0)) = 2n0
1,2 + n0

1,3.
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Thus we get B(0) as follows:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
n0
1,2 = 5− 6P̃−1 + 4P̃−2 − P̃−3;

n0
1,3 = 4− 2P̃−1 − 2P̃−2 + 3P̃−3 − P̃−4;

n0
1,4 = 1 + 3P̃−1 − P̃−2 − 2P̃−3 + P̃−4 − σ5;

n0
1,r = n0

1,r, r ≥ 5,

where σ5 :=
∑

r≥5 n
0
1,r. A computation gives

ε5 = 2 + P̃−2 − 2P̃−4 + P̃−5 − σ5.

Therefore we get B(5) = {n5
1,r × (1, r), n5

2,5 × (2, 5) | r ≥ 2} as follows:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

n5
1,2 = 3− 6P̃−1 + 3P̃−2 − P̃−3 + 2P̃−4 − P̃−5 + σ5;

n5
2,5 = 2 + P̃−2 − 2P̃−4 + P̃−5 − σ5;

n5
1,3 = 2− 2P̃−1 − 3P̃−2 + 3P̃−3 + P̃−4 − P̃−5 + σ5;

n5
1,4 = 1 + 3P̃−1 − P̃−2 − 2P̃−3 + P̃−4 − σ5;

n5
1,r = n0

1,r, r ≥ 5.

Because B(5) = B(6), we see ε6 = 0 and on the other hand

ε6 = 3P̃−1 + P̃−2 − P̃−3 − P̃−4 − P̃−5 + P̃−6 − ε = 0

where ε := 2σ5 − n0
1,5 ≥ 0.

Going on a similar calculation, we get

ε7 = 1 + P̃−1 + P̃−2 − P̃−5 − P̃−6 + P̃−7 − 2σ5 + 2n0
1,5 + n0

1,6;

ε8 = 2P̃−1 + P̃−2 + P̃−3 − P̃−4 − P̃−5 − P̃−7 + P̃−8

− 3σ5 + 3n0
1,5 + 2n0

1,6 + n0
1,7.

A weighted basket B = (B, P̃−1) is said to be geometric if B =
(BX , P−1(X)) for a Q-Fano 3-fold X. Geometric baskets are subject to
some geometric properties. By [11], we have that (−KX · c2(X)) > 0.
Therefore [18, 10.3] gives the inequality

γ(B) :=
∑
i

1

ri
−

∑
i

ri + 24 > 0.(3.3)

For packings, it is easy to see the following lemma.

Lemma 3.7. Given a packing of baskets B1 � B2, we have γ(B1) ≥
γ(B2). In particular, if inequality (3.3) does not hold for B1, then it
does not hold for B2.

Lemma 3.7 implies that, for two weighted baskets B1 � B2, if B1 is
non-geometric, then neither is B2.

Furthermore, −K3(B) = −K3
X > 0 gives the inequality

σ′(B) < 2P−1 + σ(B)− 6.(3.4)
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Finally, by [14, Lemma 15.6.2], if P−m > 0 and P−n > 0, then

P−m−n ≥ P−m + P−n − 1.(3.5)

Notation. For the connivence of readers who are not familiar with
Chen–Chen’s method, we collect in the following the notation that will
be frequently used in the rest of this paper.

B = {(bi, ri)}: a basket.
σ(B) =

∑
i bi.

σ′(B) =
∑

i
b2i
ri
.

B = (B, P̃−1): a weighted basket.
−K3(B): the volume of B.

P̃−m(B): the m-th anti-plurigenus of B. We just write P−m instead
if B is geometric.
{B(m)}: the canonical sequence of B.
B(m) = {nm

b,r × (b, r)}: expression of B(m).

εm(B): the number of prime packings between B(m−1) to B(m).
σ5 =

∑
r≥5 n

0
1,r.

ε = 2σ5 − n0
1,5.

γ(B) =
∑

i
1
ri
−∑

i ri + 24.
Note that usually we will omit B in the symbols if B is clear enough.

3.3. Q-Fano 3-folds with h0(−K) = 2.
In this subsection we prove the following theorem.

Theorem 3.8. Let X be a Q-Fano 3-fold with P−1 = 2. Then for

any integer m ≥ 6, dimϕ−m(X) > 1. In particular, δ1(X) ≤ 6.

Theorem 3.8 is optimal due to the following example.

Example 3.9 ([10, List 16.6, No.88]). Consider the general weighted
hypersurfaceX42 ⊂ P(12, 6, 14, 21), which is a Q-Fano 3-fold with P−1 =

2. Then dimϕ−6(X42) > 1 while dimϕ−5(X42) = 1. So δ1(X42) = 6.

Proof of Theorem 3.8. Since P−1 > 0, it is sufficient to prove that there

exists an integer m ≤ 6 such that dimϕ−m(X) > 1.
Assume, to the contrary, that δ1(X) > 6. Then, by applying Theo-

rems 3.2 and 3.4 to the case m = 1, we have

P−1 = 2, P−2 = 3, P−3 = 4, P−4 = 5, P−5 = 6, P−6 = 7.

Now by those formulae in Subsection 3.2, we have n0
1,2 = 1, n0

1,3 = 1,

n0
1,4 = ε5 = 1 − σ5, and 0 = ε6 = 1 − ε. Hence ε = 1, and this implies

σ5 = n0
1,5 = 1. Hence the basket B(5) = B(0) = {(1, 2), (1, 3), (1, 5)} by

ε5 = 0. Since B(5) admits no prime packings, B = B(5) and −K3
X =

−K3(B(X)) = −1/30 < 0, a contradiction. q.e.d.
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3.4. Q-Fano 3-folds with h0(−K) = 1.
We are going to prove the following theorem.

Theorem 3.10. Let X be a Q-Fano 3-fold with P−1 = 1. Then, for

any integer m ≥ 9, dimϕ−m(X) > 1. In particular, δ1(X) ≤ 9.

This result is optimal as well due to the following example.

Example 3.11 ([10, List 16.7, No.85]). Consider the general codi-
mension 2 weighted complete intersection X = X24,30 ⊂ P(1, 8, 9, 10, 12,

15) which is a Q-Fano 3-fold with P−1 = 1. Then dimϕ−9(X) > 1 and

dimϕ−8(X) = 1 since P−8 = 2. So δ1(X) = 9.

Proof of Theorem 3.10. Since P−1 > 0, it is sufficient to prove that there

exists an integer m ≤ 9 such that dimϕ−m(X) > 1. Assume, to the
contrary, that δ1(X) > l for some integer l ≤ 9. We will deduce a
contradiction.

Applying Theorems 3.2 and 3.4 to the case m = 1, we discuss on the
number n0 (defined in Theorem 3.4). By Chen–Chen [4, Theorem 1.1],
we have n0 ≤ 8.

If n0 = 2 and set l = 6, then Theorem 3.4(i)(m = 1) implies that

P−1 = 1, P−2 = P−3 = 2, P−4 = P−5 = 3, P−6 = 4.

Then n0
1,2 = 5, n0

1,3 = 1, n0
1,4 = ε5 = 1 − σ5, 0 = ε6 = 1 − ε. Hence

ε = 1, and this implies σ5 = n0
1,5 = 1. Hence the basket B(5) = B(0) =

{5 × (1, 2), (1, 3), (1, 5)} by ε5 = 0. Since B(5) admits no further prime

packings, B = B(5) and −K3(B) = − 1
30 < 0, a contradiction. Thus

δ1(X) ≤ 6.
If n0 = 3 and set l = 6, then Theorem 3.4(i)(m = 1) implies that

P−1 = P−2 = 1, P−3 = P−4 = P−5 = 2, P−6 = 3.

Then n0
1,2 = 1, n0

1,3 = 4, n0
1,4 = ε5 = 1 − σ5, 0 = ε6 = 1 − ε. Hence

ε = 1, and this implies σ5 = n0
1,5 = 1. Hence the basket B(5) = B(0) =

{(1, 2), 4 × (1, 3), (1, 5)} by ε5 = 0. Since B(5) admits no further prime

packings, B = B(5) and −K3(B) = − 1
30 < 0, a contradiction. Thus

δ1(X) ≤ 6.
If n0 = 4 and set l = 6, then Theorem 3.4(i)(m = 1) implies that

P−1 = P−2 = P−3 = 1, P−4 = P−5 = P−6 = 2.

Then n0
1,2 = 2, n0

1,3 = 1, n0
1,4 = 3 − σ5, ε5 = 1 − σ5, 0 = ε6 = 1 − ε.

Hence ε = 1, and this implies σ5 = n0
1,5 = 1. Hence B(5) = {2 ×

(1, 2), (1, 3), 2 × (1, 4), (1, 5)} by ε5 = 0. Hence ε7 ≤ 1 and ε8 = 0

by considering possible prime packings of B(5). On the other hand,
ε7 = P−7 − 1 and ε8 = P−8 − P−7. So P−8 = ε7 + 1 ≤ 2. But this
contradicts P−4 = 2 and inequality (3.5). So δ1(X) ≤ 6.
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If n0 = 5 and set l = 7, then Theorem 3.4(i)(m = 1) implies that

P−1 = P−2 = P−3 = P−4 = 1, P−5 = P−6 = P−7 = 2.

Then n0
1,2 = 2, n0

1,3 = 2, n0
1,4 = 2 − σ5, ε5 = 3 − σ5, 0 = ε6 = 2 − ε,

ε7 = 1 − 2σ5 + 2n0
1,5 + n0

1,6. Hence ε = 2, and this implies (σ5, n
0
1,5) =

(1, 0) or (2, 2). If (σ5, n
0
1,5) = (1, 0), then n0

1,6 = 1 by ε7 ≥ 0. Hence

ε5 = 2 and B(5) = {2×(2, 5), (1, 4), (1, 6)}. Since B(5) admits no further

prime packings, B = B(5) and −K3(B) = − 1
60 < 0, a contradiction. If

(σ5, n
0
1,5) = (2, 2), then ε5 = 1, ε7 = 1, and B(7) = {(3, 7), (1, 3), 2 ×

(1, 5)}. Since B(7) admits no further prime packings, B = B(7) and
−K3(B) = − 2

105 < 0, a contradiction. So δ1(X) ≤ 7.
If n0 = 6 and set l = 8, then Theorem 3.4(i)(m = 1) implies that

P−1 = P−2 = P−3 = P−4 = P−5 = 1, P−6 = P−7 = P−8 = 2.

Then n0
1,2 = 2, n0

1,3 = 2, n0
1,4 = 2−σ5, ε5 = 2−σ5, 0 = ε6 = 3−ε. Hence

ε = 3 and σ5 ≤ 2, and this implies (σ5, n
0
1,5) = (2, 1). Then ε5 = 0 and

B(5) = {2× (1, 2), 2 × (1, 3), (1, 5), (1, s′)} for some s′ ≥ 6. This implies
ε7 = ε8 = 0 since there are no further packings. On the other hand,
ε7 = 2−2σ5+2n0

1,5+n0
1,6 and ε8 = 2−3σ5+3n0

1,5+2n0
1,6+n0

1,7. Hence

n0
1,6 = 0, n0

1,7 = 1, and B(7) = {2 × (1, 2), 2 × (1, 3), (1, 5), (1, 7)}. Since

B(7) is minimal, B = B(7) and −K3(B) = − 1
105 < 0, a contradiction.

Thus δ1(X) ≤ 8.
If n0 ≥ 7 and set l = 9, then Theorem 3.4(i)(m = 1) implies that

P−1 = P−2 = P−3 = P−4 = P−5 = P−6 = 1, P−8 = P−9 = 2.

Then n0
1,2 = 2, n0

1,3 = 2, n0
1,4 = 2 − σ5, ε5 = 2 − σ5, 0 = ε6 = 2 − ε.

Hence ε = 2 and σ5 ≤ 2, and this implies (σ5, n
0
1,5) = (1, 0) or (2, 2).

If (σ5, n
0
1,5) = (2, 2), then B(5) = {2 × (1, 2), 2 × (1, 3), 2 × (1, 5)} by

ε5 = 0. Since B(5) admits no further prime packings, B = B(5) and
−K3(B) < 0, a contradiction.

Thus we are left to consider the case: (σ5, n
0
1,5) = (1, 0). Then we

have B(5) = {(1, 2), (2, 5), (1, 3), (1, 4), (1, s′)} with s′ ≥ 6 by ε5 = 1.

Assume that s′ = 6, 7. Clearly any basket B, with such a given B(5),
dominates one of the following minimal ones:

B1 = {(3, 7), (2, 7), (1, s′)};
B2 = {(1, 2), (3, 8), (1, 4), (1, s′)}.

Since σ′(B) ≥ σ′(Bi) ≥ 2 where s′ = 6, 7 and i = 1, 2, inequality (3.4)
fails for all B, which says that this case does not happen. Hence s′ ≥ 8,
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then the expression of ε8 gives

P−8 − P−7 = ε8 + 1.

Hence P−7 = P−6 = 1 and ε7 = ε8 = 0 since P−8 = 2. We have
B(8) = B(5) = {(1, 2), (2, 5), (1, 3), (1, 4), (1, s′)} with s′ ≥ 8. Since B(8)

admits no further prime packings, B = B(8). By inequalities (3.3) and
(3.4), s′ can only be 9, 10, 11. But then direct calculations show that
P−9 = 3 in all these three cases, a contradiction. We have proved
δ1(X) ≤ 9.

So we conclude the theorem. q.e.d.

3.5. Q-Fano 3-folds with h0(−K) = 0.
In this subsection we prove the following theorem.

Theorem 3.12. Let X be a Q-Fano 3-fold with P−1 = 0. Then

there exists an integer m1 ≤ 11 such that dimϕ−m1(X) > 1. Moreover,
we can take such a number m1 ≤ 8 except for the following baskets of
singularities:

No.1. {2× (1, 2), 3× (2, 5), (1, 3), (1, 4)};
No.2. {5× (1, 2), 2× (1, 3), (2, 7), (1, 4)};
No.3. {5× (1, 2), 2× (1, 3), (3, 11)};
No.4. {5× (1, 2), (1, 3), (3, 10), (1, 4)};
No.A. {7× (1, 2), (3, 7), (1, 5)};
No.B. {6× (1, 2), (4, 9), (1, 5)};
No.C. {5× (1, 2), (5, 11), (1, 5)};
No.D. {4× (1, 2), (6, 13), (1, 5)};
No.E. {7× (1, 2), (3, 8), (1, 5)};
No.F. {5× (1, 2), (4, 9), (1, 3), (1, 5)}.

Remark 3.13. We do not know if this result is optimal since very
few examples with P−1 = 0 are known. There are 4 known examples
due to Iano-Fletcher [10, List 16.7, No.60] and Altınok–Reid [2], [19,

Example 9.14]. For these examples we can see that dimϕ−8(X) > 1 by
our theorem. Moreover, in next subsection we will treat the exceptional
cases. If one can confirm either the existence or non-existence of type
No.1–No.4, the result becomes optimal and so does Theorem 1.4.

Before proving Theorem 3.12, we recall a result by J. A. Chen and
the first author.
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Proposition 3.14 ([4, Theorem 3.5]). Any geometric basket of weak
Q-Fano 3-folds with P−1 = P−2 = 0 is among the following list:

B −K3 P
−3 P

−4 P
−5 P

−6 P
−7 P

−8

No.1. {2 × (1, 2), 3× (2, 5), (1, 3), (1, 4)} 1/60 0 0 1 1 1 2

No.2. {5 × (1, 2), 2× (1, 3), (2, 7), (1, 4)} 1/84 0 1 0 1 1 2

No.3. {5 × (1, 2), 2× (1, 3), (3, 11)} 1/66 0 1 0 1 1 2

No.4. {5 × (1, 2), (1, 3), (3, 10), (1, 4)} 1/60 0 1 0 1 1 2

No.5. {5 × (1, 2), (1, 3), 2× (2, 7)} 1/42 0 1 0 1 2 3

No.6. {4 ×(1, 2), (2, 5), 2× (1, 3), 2 × (1, 4)} 1/30 0 1 1 2 2 4

No.7. {3 × (1, 2), (2, 5), 5× (1, 3)} 1/30 1 1 1 3 3 4

No.8. {2 × (1, 2), (3, 7), 5× (1, 3)} 1/21 1 1 1 3 4 5

No.9. {(1, 2), (4, 9), 5 × (1, 3)} 1/18 1 1 1 3 4 5

No.10. {3 × (1, 2), (3, 8), 4× (1, 3)} 1/24 1 1 1 3 3 5

No.11. {3 × (1, 2), (4, 11), 3 × (1, 3)} 1/22 1 1 1 3 3 5

No.12. {3 × (1, 2), (5, 14), 2 × (1, 3)} 1/21 1 1 1 3 3 5

No.13. {2 × (1, 2), 2× (2, 5), 4 × (1, 3)} 1/15 1 1 2 4 5 7

No.14. {(1, 2), (3, 7), (2, 5), 4× (1, 3)} 17/210 1 1 2 4 6 8

No.15. {2 × (1, 2), (2, 5), (3, 8), 3× (1, 3)} 3/40 1 1 2 4 5 8

No.16. {2 × (1, 2), (5, 13), 3 × (1, 3)} 1/13 1 1 2 4 5 8

No.17. {(1, 2), 3 × (2, 5), 3× (1, 3)} 1/10 1 1 3 5 7 10

No.18. {4 × (1, 2), 5× (1, 3), (1, 4)} 1/12 1 2 2 5 6 9

No.19. {4 × (1, 2), 4× (1, 3), (2, 7)} 2/21 1 2 2 5 7 10

No.20. {4 × (1, 2), 3× (1, 3), (3, 10)} 1/10 1 2 2 5 7 10

No.21. {3 × (1, 2), (2, 5), 4× (1, 3), (1, 4)} 7/60 1 2 3 6 8 12

No.22. {3 × (1, 2), 7× (1, 3)} 1/6 2 3 4 9 12 17

No.23. {2 × (1, 2), (2, 5), 6× (1, 3)} 1/5 2 3 5 10 14 20

Proof of Theorem 3.12. In the proof, we will always take a suitable in-
teger m satisfying one of the conditions in Theorem 3.2. If necessary,
we apply Theorem 3.4 on m and take m1 = l0m.

Case I. P−2 = 0.
The basket B = BX of the singularities of X is among the list of

Proposition 3.14. We just discuss it case by case.
If B is of type No.1, take m = 5. Since P−5 = 1 and P−10 = 4, we

can take m1 = 10.
If B is of type No.2, take m = 11. Since P−11 = 4, we can take

m1 = 11.
If B is of type No.3, take m = 10. Since P−10 = 3, we can take

m1 = 10.
If B is of type No.4, take m = 11. Since P−11 = 4, we can take

m1 = 11.
If B is of type No.5, take m = 8. Since P−8 = 3, we can take m1 = 8.
If B is of type No.6, take m = 8. Since P−8 = 4, we can take m1 = 8.
If B is of type No.7–No.21, take m = 3. Since P−3 = 1 and P−6 ≥ 3,

we can take m1 = 6.
If B is of type No.22–No.23, take m = 3. Since P−3 = 2 and P−6 ≥ 9,

we can take m1 = 6.

Case II. P−2 > 0.
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Since P−1 = 0, the basket B(0) has datum⎧⎪⎨
⎪⎩

n0
1,2 = 5 + 4P−2 − P−3;

n0
1,3 = 4− 2P−2 + 3P−3 − P−4;

n0
1,4 = 1− P−2 − 2P−3 + P−4 − σ5.

By Lemma 3.7, B(0) satisfies inequality (3.3) and thus

0 < γ(B(0)) =
∑
r≥2

(1
r
− r

)
n0
1,r + 24

≤
∑

r=2,3,4

(1
r
− r

)
n0
1,r −

24

5
σ5 + 24

=
25

12
+

37

12
P−2 + P−3 − 13

12
P−4 − 21

20
σ5.

Hence, by n0
1,3 ≥ 0 and n0

1,4 ≥ 0, we have⎧⎪⎪⎨
⎪⎪⎩

25

12
+

37

12
P−2 + P−3 − 13

12
P−4 − 21

20
σ5 > 0;(3.6)

4− 2P−2 + 3P−3 − P−4 ≥ 0;(3.7)

1− P−2 − 2P−3 + P−4 − σ5 ≥ 0.(3.8)

Considering the inequality “(3.6)+(3.7)+2×(3.8)”:
97

12
− 11

12
P−2 − 1

12
P−4 − 61

20
σ5 > 0,(3.9)

we obtain σ5 ≤ 2.

Subcase II-1. σ5 = 0.
At first, we consider the case P−3 = 0. By inequality (3.7), we have

2P−2+P−4 ≤ 4. Since 1 ≤ P−2 ≤ P−4, it follows that (P−2, P−4) = (1, 1)

or (1, 2). If (P−2, P−4) = (1, 1), then B(0) = {9×(1, 2), (1, 3), (1, 4)} with
−K3(B(0)) = − 1

12 < 0. By considering a minimal basket Bmin domi-

nated by B(0), then either Bmin = {(10, 21), (1, 4)} with −K3(Bmin) =
− 1

84 < 0 or Bmin = {9×(1, 2), (2, 7)} with −K3(Bmin) = − 1
14 < 0. Thus

−K3(B) ≤ −K3(Bmin) < 0, a contradiction. If (P−2, P−4) = (1, 2),
then B(0) = {9× (1, 2), 2× (1, 4)}. Since B(0) admits no prime packings

anymore, B = B(0) and −K3(B) = 0, a contradiction.

Let us consider the case P−3 ≥ 1. Since σ5 = 0, B(0) is composed
of (1, 2), (1, 3), (1, 4). In particular, 4b ≥ r holds for every pair (b, r) ∈
B(0). As an easy conclusion, after packings, 4b ≥ r holds for every pair
(b, r) ∈ B. Som = 3 satisfies the condition of Theorem 3.2. By Theorem
3.4, we can take m1 = 3 or 6 unless (P−3, P−6) = (1, 1), (1, 2), (2, 3). By
inequality (3.8),

P−4 ≥ 2P−3 + P−2 − 1 ≥ 2P−3.(3.10)
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By P−2 > 0, P−6 ≥ P−4. Thus we only need to consider the case
(P−3, P−6) = (1, 2). By inequality (3.10), P−2 = 1 and P−4 = 2. On
the other hand,

0 = ε6 = 3P−1 + P−2 − P−3 − P−4 − P−5 + P−6 − ε = −P−5.
This implies P−5 = 0 which contradicts P−2 = P−3 = 1.

Subcase II-2. σ5 = 2.
By inequality (3.9) and P−4 ≥ 2P−2 − 1, we have P−2 ≤ 1. Hence

P−2 = 1 and, by inequalities (3.6)–(3.8), we have inequalities:⎧⎪⎪⎨
⎪⎪⎩

46

15
+ P−3 − 13

12
P−4 > 0;(3.11)

2 + 3P−3 − P−4 ≥ 0;(3.12)

−2− 2P−3 + P−4 ≥ 0.(3.13)

Considering the inequality “2×(3.11)+(3.13)”, we have P−4 ≤ 3. Hence
P−3 = 0 by inequality (3.13), and P−4 = 2 by inequalities (3.12) and

(3.13). Then B(0) = {9 × (1, 2), (1, s1), (1, s2)} with 5 ≤ s1 ≤ s2. If

s2 > 5, then γ(B(0)) ≤ 9 × (12 − 2) + (15 − 5) + (16 − 6) + 24 < 0, a

contradiction. Thus B(0) = {9 × (1, 2), 2 × (1, 5)}. Since B(0) admits

no further prime packings, B = B(0). Take m = 5. Since P−5 = 3 by
ε5 = 0, we can take m1 = 5 by Theorem 3.4.

Subcase II-3. σ5 = 1.
By inequalities (3.6)–(3.8), we have⎧⎨

⎩
12 + 37P−2 + 12P−3 − 13P−4 ≥ 0;(3.14)

4− 2P−2 + 3P−3 − P−4 ≥ 0;(3.15)

−P−2 − 2P−3 + P−4 ≥ 0.(3.16)

Considering the inequality “(3.14) + 13× (3.16)”, we have

7P−3 ≤ 12P−2 + 6.(3.17)

Considering the inequality “(3.15) + (3.16)”, we have

3P−2 ≤ P−3 + 4.(3.18)

Inequalities (3.17) and (3.18) imply P−2 ≤ 3.

Subsubcase II-3-i. (σ5, P−2) = (1, 3).
By inequalities (3.17) and (3.18), 5 ≤ P−3 ≤ 6.

If P−3 = 6, by inequalities (3.14) and (3.16), P−4 = 15. Then B(0) =

{11 × (1, 2), (1, 3), (1, s)} for some integer s ≥ 5. By γ(B(0)) > 0, we
have s = 5. Since the one-step packing B1 = {10 × (1, 2), (2, 5), (1, 5)}
has negative γ(B1), B = B(0) = {11× (1, 2), (1, 3), (1, 5)}. Take m = 4.
Since P−4 = 15, we can take m1 = 4 by Theorem 3.4.

If P−3 = 5, by inequalities (3.15) and (3.16), P−4 = 13. Then B(0) =

{12 × (1, 2), (1, s)} for some integer s ≥ 5. By γ(B(0)) > 0, we have
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s = 5, 6. Clearly B = B(0). Take m = 5. Since P−5 = 22, we can take
m1 = 5 by Theorem 3.4.

Subsubcase II-3-ii. (σ5, P−2) = (1, 2).
By inequalities (3.17) and (3.18), 2 ≤ P−3 ≤ 4.
If P−3 = 4, by inequalities (3.14) and (3.16), P−4 = 10. Then B(0) =

{9× (1, 2), 2 × (1, 3), (1, s)} for some integer s ≥ 5. By γ(B(0)) > 0, we
have s = 5. Since the one-step packing B1 = {8 × (1, 2), (2, 5), (1, 3),

(1, 5)} has negative γ(B1), B = B(0) = {9 × (1, 2), 2 × (1, 3), (1, 5)}.
Take m = 4. Since P−4 = 10, we can take m1 = 4 by Theorem 3.4.

If P−3 = 3, by inequalities (3.15) and (3.16), 8 ≤ P−4 ≤ 9. Firstly let

us consider the case P−4 = 9. Clearly B(0) = {10 × (1, 2), (1, 4), (1, s)}
for some integer s ≥ 5. By γ(B(0)) > 0, we have s = 5. If B = B(0),
we may take m = 4. Since P−4 ≥ 9, we can take m1 = 4 by Theorem
3.4. If B �= B(0), we have B = {10 × (1, 2), (2, 9)}. Take m = 8.
Since P−8 ≥ 3, we can take m1 = 8 by Theorem 3.4. Now we consider
the case P−4 = 8. We have B(0) = {10 × (1, 2), (1, 3), (1, s)} for some

integer s ≥ 5. Since γ(B(0)) > 0, we have 5 ≤ s ≤ 6. For the case
(P−4, s) = (8, 6), we get B = {10×(1, 2), (1, 3), (1, 6)} since any possible

packing of B(0) has negative γ. Take m = 5. Since P−5 = 13, we can
take m1 = 5 by Theorem 3.4. For the case (P−4, s) = (8, 5), we get
either B = {10 × (1, 2), (1, 3), (1, 5)} or B = {9 × (1, 2), (2, 5), (1, 5)} or
B = {8× (1, 2), (3, 7), (1, 5)} by γ > 0. For all these cases, take m = 6.
Since P−6 ≥ 3, we can take m1 = 6 by Theorem 3.4.

If P−3 = 2, we have P−4 = 6 by inequalities (3.15) and (3.16). Then

B(0) = {11× (1, 2), (1, s)} for some integer s ≥ 5. Similarly, γ(B(0)) > 0

implies 5 ≤ s ≤ 7. Since B(0) admits no further prime packings, B =
B(0). Take m = 6. Since P−6 ≥ 3, we can take m1 = 6 by Theorem 3.4.

Subsubcase II-3-iii. (σ5, P−2) = (1, 1).
By inequality (3.17), P−3 ≤ 2.
If P−3 = 2, we have P−4 = 5 by inequalities (3.14) and (3.16). Then

B(0) = {7 × (1, 2), 3 × (1, 3), (1, s)} for some integer s ≥ 5. Similarly,

γ(B(0)) > 0 implies s = 5. Furthermore, we have either B = {7 ×
(1, 2), 3 × (1, 3), (1, 5)} or B = {6 × (1, 2), (2, 5), 2 × (1, 3), (1, 5)} by
γ > 0. Take m = 4. Since P−4 = 5, we can take m1 = 4 by Theorem
3.4.

If P−3 = 1, we have 3 ≤ P−4 ≤ 4 by inequalities (3.14) and (3.16).
Consider the case (P−3, P−4) = (1, 4). We have

B(0) = {8× (1, 2), (1, 3), (1, 4), (1, s)}

for some integer s ≥ 5. Again we have s = 5 since γ(B(0)) > 0. With

the property γ > 0 and considering all possible baskets with B(0), we
see that B must be one of the following baskets:
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B1 = {8× (1, 2), (1, 3), (1, 4), (1, 5)},
B2 = {8× (1, 2), (2, 7), (1, 5)},
B3 = {8× (1, 2), (1, 3), (2, 9)},
B4 = {7× (1, 2), (2, 5), (1, 4), (1, 5)}.

For B2, take m = 6. Since P−6(B2) ≥ 3, we can take m1 = 6 by
Theorem 3.4. For B3, take m = 8. Since P−8(B3) ≥ 3, we can take
m1 = 8 by Theorem 3.4. For B1 and B4, take m = 4. Similarly we can
take m1 = 4 by Theorem 3.4. Consider the case (P−3, P−4) = (1, 3).

We have B(0) = {8 × (1, 2), 2 × (1, 3), (1, s)} for some integer s ≥ 5.
Similarly, γ(B(0)) > 0 implies 5 ≤ s ≤ 6. If s = 6, we see either
B = {8 × (1, 2), 2 × (1, 3), (1, 6)} or B = {7 × (1, 2), (2, 5), (1, 3), (1, 6)}
since γ(B) > 0. Take m = 5. Since P−5 ≥ 3, we can take m1 = 5 by
Theorem 3.4. If s = 5, by considering all possible packings dominated
by B(0) and using the property γ > 0, we see that B must be one of the
following baskets:

Bi = {8× (1, 2), 2 × (1, 3), (1, 5)},
Bii = {7× (1, 2), (2, 5), (1, 3), (1, 5)},
Biii = {6× (1, 2), 2 × (2, 5), (1, 5)},
Biv = {6× (1, 2), (3, 7), (1, 3), (1, 5)},
Bv = {5× (1, 2), (4, 9), (1, 3), (1, 5)},
Bvi = {7× (1, 2), (3, 8), (1, 5)},
Bvii = {5× (1, 2), (3, 7), (2, 5), (1, 5)}.

For Bv (corresponding to No.F) and Bvi (corresponding to No.E), take
m = 9. Since P−9 ≥ 3, we can take m1 = 9 by Theorem 3.4. For other
cases, take m = 6. Since P−6 ≥ 3, we can take m1 = 6 by Theorem 3.4.

If P−3 = 0, by inequality (3.15), P−4 ≤ 2. Firstly, consider the case
(P−3, P−4) = (0, 2). We have B(0) = {9 × (1, 2), (1, 4), (1, s)} for some

integer s ≥ 5. In fact, 5 ≤ s ≤ 6 by γ(B(0)) > 0. When s = 6, B = B(0)

since B(0) admits no further packings. Take m = 7. Since P−7 = 6,
we can take m1 = 7 by Theorem 3.4. When s = 5, the property γ > 0
implies that B(0) admits at most one further packings. Thus either
B = {9 × (1, 2), (1, 4), (1, 5)} (take m = 4) or B = {9 × (1, 2), (2, 9)}
(take m = 8). For the first basket, P−4 = 2 and P−8 = 7, we can take
m1 = 8 by Theorem 3.4. For the second basket, P−8 = 7 and we can
take m1 = 8 by Theorem 3.4.

Finally we consider the case (P−3, P−4) = (0, 1). We have B(0) =

{9 × (1, 2), (1, 3), (1, s)} for some integer s ≥ 5. Similarly, γ(B(0)) > 0
implies 5 ≤ s ≤ 7. When s = 7, the property γ > 0 implies that either
B = {9 × (1, 2), (1, 3), (1, 7)} or B = {8 × (1, 2), (2, 5), (1, 7)}. Take
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m = 8. Since P−8 ≥ 3, we can take m1 = 8 by Theorem 3.4. When
s = 6, the inequalities γ > 0 and −K3 > 0 imply that B must be one
of the following baskets:

{8× (1, 2), (2, 5), (1, 6)},
{7× (1, 2), (3, 7), (1, 6)},
{6× (1, 2), (4, 9), (1, 6)}.

Take m = 7. Since P−7 ≥ 3, we can take m1 = 7 by Theorem 3.4.
When s = 5, inequalities γ > 0 and −K3 > 0 imply that B is among
one of the following baskets:

Ba = {7× (1, 2), (3, 7), (1, 5)},
Bb = {6× (1, 2), (4, 9), (1, 5)},
Bc = {5× (1, 2), (5, 11), (1, 5)},
Bd = {4× (1, 2), (6, 13), (1, 5)}.

For Bd (corresponding to No.D), take m = 11. Since P−11 ≥ 3, we
can take m1 = 11 by Theorem 3.4. For other baskets (corresponding
to No.A–No.C), take m = 9. Since P−9 ≥ 3, we can take m1 = 9 by
Theorem 3.4. So the theorem is proved. q.e.d.

3.6. Exceptional cases.
In this subsection, we treat the exceptional cases in Theorem 3.12.

Theorem 3.15. Let X be a Q-Fano 3-fold with basket of singularities
B.

(i) If B is of type No.1–No.4 as in Theorem 3.12, then dimϕ−10(X) >
1.

(ii) If B is of type No.A–No.D as in Theorem 3.12, then dimϕ−8(X) >
1.

(iii) If B is of type No.E–No.F as in Theorem 3.12, then dimϕ−6(X) >
1.

Proof. (i). Recall the proof in Case I of Theorem 3.12. We may only
consider the two cases with No.2 and No.4. Since P−9 = 2, δ1(X) ≥ 10.
We want to show that δ1(X) = 10 in both cases. In fact, we have
P−4 = P−6 = 1, P−8 = 2, P−10 ≥ 3. Note that the conditions of
Theorem 3.2 are all satisfied with m = 4. It follows that −4KX ∼ E
is a prime divisor. Assume that dimϕ−10(X) = 1, then we can write
|−10KX | = |nS|+E′ with n ≥ 2, |S| is an irreducible rational pencil of
surfaces and E′ is the fixed part. By P−6 > 0, we have E ≤ |nS|+ E′.
Since E is reduced and irreducible, either E ≤ |S| or E ≤ E′ holds.
Then

P−6 = h0(−10KX − E) = h0(nS + E′ − E) ≥ h0(S) = 2,

a contradiction.
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(ii). Recall the last part of Subsubcase II-3-iii in the proof of Theorem
3.12. If B is of type No.A–No.D, we have P−2 = P−4 = 1, P−6 = 2, and

P−8 = 3. Assume, to the contrary, that dimϕ−8(X) = 1.
Write −2KX ∼ D for some effective Weil divisor. By Theorem 3.4(i)

(with m = 2), D must be either reducible or non-reduced. As in the
proof of Theorem 3.2, take E to be any strictly effective divisor such
that E < D. Then inequality (3.1) must fail for some singularity Q in
Ba–Bd. Clearly, such an offending singularity Q must be “(1, 5)”. By
equality (3.2), the local index iQ(E) of E should be 4 since inequality
(3.1) holds for i ∈ {0, 1, 2, 3} and (b, r) = (1, 5), that is, E ∼ −KX at
Q. Since E is arbitrary such that 0 < E < D and iQ(−2KX ) = 3,
we conclude that D = E1 + E2 where Ei is fixed prime divisor with
iQ(Ei) = 4 for i = 1, 2.

If E1 = E2, then 2(−KX −E1) ∼ 0. By [17, Proposition 2.9] and the
fact that −KX −E1 is Cartier at Q, we conclude that −KX −E1 is not
2-torsion. Hence −KX − E1 ∼ 0, which contradicts P−1 = 0. Thus E1

and E2 are different prime divisors.
Since | − 6KX | � | − 8KX |, by Lemma 2.2 we can write

| − 6KX | = |S|+ a6E1 + b6E2,

| − 8KX | = |2S|+ a8E1 + b8E2,

where |S| is an irreducible rational pencil of surfaces, aiE1+ biE2 is the
fixed part, ai, bi ∈ N for i = 6, 8.

Claim 1. a6b6 = a8b8 = 0.

Proof. Assume that a6, b6 ≥ 1, then

P−4 = h0(−6KX − E1 − E2) ≥ h0(S) = 2,

a contradiction. Similarly, we have a8b8 = 0. q.e.d.

We may assume that b6 = 0. Then

3E1 + 3E2 ∈ |S + a6E1| = |S|+ a6E1.(3.19)

It follows that a6 ≤ 3.

Case ii.1. b8 = 0.
In this case

2S + a8E1 ∼ −8KX ∼ −6KX +E1 + E2 ∼ S + (a6 + 1)E1 + E2.

Since a8E1 is the fixed part of |2S + a8E1|, a8 ≤ a6 + 1. Then

S ∼ (a6 + 1− a8)E1 + E2.(3.20)

By relations (3.19) and (3.20),

(2a6 + 1− a8)E1 + E2 ∼ 3E1 + 3E2.(3.21)
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Clearly, 2a6 + 1 − a8 ≤ 3 is absurd. Thus 2a6 + 1 − a8 ≥ 4. On
the other hand 2a6 + 1 − a8 ≤ 7 since a6 ≤ 3. Locally at Q, since
iQ(E1) = iQ(E2) = 4, we have

2a6 + 1− a8 ≡ 0 mod 5.

So 2a6 + 1 − a8 = 5. Then relation (3.21) implies 2E1 ∼ 2E2. By [17,
Proposition 2.9], we conclude that E1 ∼ E2, a contradiction.

Case ii.2. a8 = 0 and b8 > 0.
In this case

2S + b8E2 ∼ −8KX ∼ −6KX + E1 + E2 ∼ S + (a6 + 1)E1 + E2.

This implies that b8 ≤ 1. Hence b8 = 1 and

S ∼ (a6 + 1)E1.(3.22)

By relations (3.19) and (3.22),

(2a6 + 1)E1 ∼ 3E1 + 3E2.(3.23)

Clearly 2a6 + 1 ≥ 4 and 2a6 + 1 ≤ 7 since a6 ≤ 3. Locally at Q, since
iQ(E1) = iQ(E2) = 4, we have

2a6 + 1 ≡ 1 mod 5.

Since 4 ≤ 2a6 + 1 ≤ 7, this is impossible.

(iii). Recall the cases with Bv (No.F) and Bvi (No. E) (see Subsub-
case II-3-iii in the proof of Theorem 3.12). We have P−2 = 1, P−4 = 3,

P−6 = 9. Assume, to the contrary, that dimϕ−6(X) = 1.
We can write −2KX ∼ D for some effective divisor D. By the same

argument as (ii), D = E1 + E2 with Ei reduced and irreducible and
iQ(Ei) = 4 for i = 1, 2 where Q is the singularity “(1, 5)”. Note that,
however, we do not know if E1 and E2 are different.

Since | − 4KX | � | − 6KX |, by Lemma 2.2 we can write

| − 4KX | = |2S|+ a4E1 + b4E2,

| − 6KX | = |8S|+ a6E1 + b6E2,

where |S| is an irreducible rational pencil of surfaces and aiE1+ biE2 is
the fixed part, ai, bi ∈ N for i = 4, 6. Hence

2S + a4E1 + b4E2 ∼ −4KX ∼ 2(−2KX ) ∼ 2E1 + 2E2.

Since a4E1+b4E2 is the fixed part of |2S+a4E1+b4E2|, we may assume
a4 ≤ b4 ≤ 2.

If b4 = 2, then 2S ∼ (2 − a4)E1. Hence E1 ≤ S by the irreducibility
of E1. Then

1 = h0(E1) ≥ h0(2S − E1) ≥ h0(S) = 2,

a contradiction.
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If b4 = 1 ≥ a4, then 2S ∼ (2− a4)E1 +E2 ≥ E1 +E2. Hence E1 ≤ S
by the irreducibility of E1. Then

1 = h0(E1 + E2) ≥ h0(2S − E1) ≥ h0(S) = 2,

a contradiction.
Hence a4 = b4 = 0 and 2S ∼ 2E1 + 2E2. Then

0 ∼ − 6KX − 3E1 − 3E2

∼ 4(2E1 + 2E2) + a6E1 + b6E2 − 3E1 − 3E2

≥ 5E1 + 5E2,

a contradiction. So we have proved the theorem. q.e.d.

To make the summary, Theorems 3.12 and 3.15 directly imply the
following:

Corollary 3.16. Let X be a Q-Fano 3-fold with P−1 = 0. Then
δ1(X) ≤ 8 except for the following cases:

No.1. {2× (1, 2), 3× (2, 5), (1, 3), (1, 4)} δ1(X) = 10;
No.2. {5× (1, 2), 2× (1, 3), (2, 7), (1, 4)} δ1(X) = 10;
No.3. {5× (1, 2), 2× (1, 3), (3, 11)} δ1(X) = 10;
No.4. {5× (1, 2), (1, 3), (3, 10), (1, 4)} δ1(X) = 10;
No.A. {7× (1, 2), (3, 7), (1, 5)} δ1(X) = 8;
No.B. {6× (1, 2), (4, 9), (1, 5)} δ1(X) = 8;
No.C. {5× (1, 2), (5, 11), (1, 5)} δ1(X) = 8;
No.D. {4× (1, 2), (6, 13), (1, 5)} δ1(X) = 8;
No.E. {7× (1, 2), (3, 8), (1, 5)} δ1(X) ≤ 6;
No.F. {5× (1, 2), (4, 9), (1, 3), (1, 5)} δ1(X) ≤ 6.

Theorem 1.4 follows directly from Theorems 3.3, 3.8, and 3.10, and
Corollary 3.16.

4. When is | −mKX | not composed with a pencil? (Part II)

As we have seen in the last section, the condition ρ(X) = 1 is crucial
to proving Theorem 3.2. For arbitrary weak Q-Fano 3-folds, we have
to study in an alternative way. Naturally what we can prove is weaker
than Theorem 1.4.

Let X be a weak Q-Fano 3-fold. We are going to estimate δ1(X) from
above. The main idea is to relate this problem to the value distribution
of the Hilbert function χ−m = P−m.

Lemma 4.1. Keep the same notation as in Subsection 2.1. The
number rX(π∗(−KX)2 · S)Y is a positive integer.

Proof. Note that the number (π∗(−KX)2 · S)Y is positive since

(π∗(−KX)2 · S)Y = (π∗(−KX)|S)2S
and π∗(−KX)|S is nef and big on S. It is independent of the choice
of π according to the projection formula of the intersection theory. So
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we may choose such a modification π that dominates a resolution of
singularities τ : Ŵ → X. Then we see (π∗(−KX)2 · S)Y = (τ∗(−KX)2 ·
S1)Ŵ where S1 = θ∗(S) is a divisor on Ŵ and θ : Y → Ŵ is a birational
morphism. Note that, however, S1 is a generic element in an algebraic
family though it is not necessarily nonsingular.

We may write KŴ = τ∗(KX) +Δτ where Δτ is an exceptional effec-
tive Q-divisor over those isolated terminal singularities on X. Now, by
intersection theory, we have

(rXτ∗(−KX) · τ∗(−KX) · S1)Ŵ = (rXτ∗(−KX) · (−KŴ ) · S1)Ŵ

is an integer. q.e.d.

Corollary 4.2. Let X be a weak Q-Fano 3-fold. If

P−m > rX(−KX)3m+ 1

for some integer m, then | −mKX | is not composed with a pencil.

Proof. Assume that | −mKX | is composed with a pencil. Set D :=
−mKX and keep the same notation as in Subsection 2.1. Then we have
mπ∗(−KX) ≥M−m ≡ (P−m − 1)S. Thus

m(−KX)3 ≥ (P−m − 1)(π∗(−KX)2 · S) ≥ 1

rX
(P−m − 1)

by Lemma 4.1, a contradiction. q.e.d.

Next we estimate the number m which satisfies Corollary 4.2. We
will do this in two steps as follows.

Proposition 4.3. Let X be a weak Q-Fano 3-fold. Take an arbitrary
real number 0 < t ≤ 37. Denote rmax := max{ri ∈ BX} the maximum
of local indices of singularities. If

m ≥ max

{
37,

rmaxt

3
,

√
6rX +

12

t(−K3
X)

}
,

then P−m ≥ rX(−K3
X)m+ 2. In particular, | −mKX | is not composed

with a pencil.

Proof. By Reid’s formula, there exists a basket of singularities

BX =
{
(bi, ri) | i = 1, . . . , s; 0 < bi ≤ ri

2
; bi is coprime to ri

}
such that we have the formula

P−n =
1

12
n(n+ 1)(2n + 1)(−K3

X ) + 2n+ 1− l(−n)
for any n > 0, where

l(−n) =
∑
i

n∑
j=1

jbi(ri − jbi)

2ri
.
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To estimate the lower bound of P−n, we need to bound l(−n) from
above.

For any pair (b, r) ∈ BX , we have r ≤ 24 by inequality (2.1). In fact,
we have the following estimation.

1) If r = 2, then

jb(r − jb)

2r
=

{
1
4 when j odd;

0 when j even.

2) If r is odd, then jb(r−jb)
2r ≤ r2−1

8r .
3) If r is even and r > 2, then

jb(r − jb)

2r
≤

{ r−2
2

r+2
2

2r = r2−4
8r when jb �= r/2;

r2

8r when jb = r/2.

Clearly, b �= r/2 under the same situation. Since jb = r/2 and

(j − 1)b = r/2 can not hold simultaneously, we have

(j − 1)b(r − (j − 1)b)

2r
+

jb(r − jb)

2r
≤ r2 − 4

8r
+

r2

8r
≤ 2 · (r2 − 1)

8r
.

Hence, when r is even and r > 2, we have

(4.1)

n∑
j=1

jb(r − jb)

2r
≤ n · r

2 − 1

8r
.

By the way, inequality (4.1) also holds when r is odd.
Recall that we have

r∑
j=1

jb(r − jb)

2r
=

r2 − 1

12
.

Hence, whenever r > 2 and n ≥ rmaxt
3 , we have

n∑
j=1

jb(r − jb)

2r
=

⌊n
r

⌋r2 − 1

12
+

n∑
j=1

jb(r − jb)

2r

≤
⌊n
r

⌋r2 − 1

12
+ min

{
n · r

2 − 1

8r
,
r2 − 1

12

}
≤ r2 − 1

12r

(
n+

r

3

)
(4.2)

≤ r2 − 1

12r
· (t+ 1)n

t
.

We prove the second inequality here. Assume, to the contrary, that⌊n
r

⌋r2 − 1

12
+ n · r

2 − 1

8r
>

r2 − 1

12r

(
n+

r

3

)
,(4.3)
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and ⌊n
r

⌋r2 − 1

12
+

r2 − 1

12
>

r2 − 1

12r

(
n+

r

3

)
.(4.4)

Inequality (4.3) implies n > 2r
3 . But from inequality (4.4), we have

n < 2r
3 , a contradiction.

Since X is weak Q-Fano, recall that we have inequality∑
i

(
ri − 1

ri

)
≤ 24

by inequality (2.1). Denote by N2 the number of ri = 2 in BX . Then,
if n ≥ rmaxt

3 ,

l(−n) =
∑
i

n∑
j=1

jbi(ri − jbi)

2ri

=
N2

4

⌊n+ 1

2

⌋
+

∑
ri>2

n∑
j=1

jbi(ri − jbi)

2ri

≤ N2

4

⌊n+ 1

2

⌋
+

(t+ 1)n

t

∑
ri>2

r2i − 1

12ri

≤ N2

4

⌊n+ 1

2

⌋
+

(t+ 1)n

t
· 24−

3
2N2

12

≤ 2(t+ 1)n

t
−N2

((t+ 1)n

8t
− 1

4

⌊n+ 1

2

⌋)
≤ 2(t+ 1)n

t

where (t+1)n
8t − 1

4�n+1
2 	 ≥ 0 whenever n ≥ t. Hence

P−n =
1

12
n(n+ 1)(2n + 1)(−K3

X ) + 2n+ 1− l(−n)

≥ 1

6
n3(−K3

X) +
n2

4
(−K3

X) + 1− 2n

t
.

By [4], −K3
X ≥ 1

330 . Hence n2

4 (−K3
X) ≥ 1 if n ≥ 37. If m ≥√

6rX + 12
t(−K3

X)
, then

P−m ≥ 1

6
m3(−K3

X) + 2− 2m

t

≥ 1

6

(
6rX +

12

t(−K3
X)

)
m(−K3

X) + 2− 2m

t

= rX(−K3
X)m+ 2.

We complete the proof. q.e.d.
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In practice, we will take a suitable t to apply Proposition 4.3. Note
that rmax ≤ 24.

Proposition 4.4. Let X be a weak Q-Fano 3-fold.

(i) If rX ≤ 660, then
√

6rX + 3
2(−K3

X)
< 67. In particular, P−m ≥

rX(−K3
X)m+ 2 for m ≥ 67.

(ii) If rX > 660, then rX = 840, and P−m ≥ rX(−K3
X)m + 2 for

m ≥ 71.

Proof. Statement (i) is clear since −K3
X ≥ 1

330 by [4] and take t = 8
in Proposition 4.3. We mainly prove (ii) here.

First of all, by Proposition 2.4, rX = 840 and R = (3, 5, 7, 8) or
(2, 3, 5, 7, 8).

For r > 2, we use the inequality (4.2) (in the proof of Proposition
4.3) that

n∑
j=1

jb(r − jb)

2r
≤ r2 − 1

12r

(
n+

r

3

)
.

Then

l(−n) =
∑
i

n∑
j=1

jbi(ri − jbi)

2ri

≤ N2

4

⌊n+ 1

2

⌋
+

∑
ri>2

r2i − 1

12ri

(
n+

ri
3

)

≤ n+ 1

8
+

32 − 1

12 · 3 (n+ 1) +
52 − 1

12 · 5
(
n+

5

3

)
+

72 − 1

12 · 7
(
n+

7

3

)
+

82 − 1

12 · 8
(
n+

8

3

)
=

19907n

10080
+

295

72

≤ 2n +
7

3

as long as n ≥ 71.
Hence

P−n =
1

12
n(n+ 1)(2n + 1)(−K3

X ) + 2n+ 1− l(−n)

≥ 1

6
n3(−K3

X) +
(n2

4
(−K3

X)− 10

3

)
+ 2.

By [4], −K3
X ≥ 1

330 . Hence n2

4 (−K3
X) ≥ 10

3 whenever n ≥ 71. If

m ≥ 71 >
√
6rX , then

P−m ≥ 1

6
m3(−K3

X) + 2
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≥ 1

6
(6rX)m(−K3

X) + 2

= rX(−K3
X)m+ 2.

We finish the proof. q.e.d.

Theorem 1.7 directly follows from Corollary 4.2 and Proposition 4.4.

5. Birationality

In this section, we consider the birationality of anti-pluricanonical
maps ϕ−m.

5.1. Main reduction.
In this subsection, we reduce the birationality problem on X to that

on Y .

Lemma 5.1 (cf. [8, Lemma 2.5]). Let W be a normal projective
variety on which there is an integral Weil Q-Cartier divisor D. Let
h : V −→ W be any resolution of singularities. Assume that E is an
effective exceptional Q-divisor on V with h∗(D) + E a Cartier divisor
on V . Then

h∗OV (h
∗(D) + E) = OW (D)

where OW (D) is the reflexive sheaf corresponding to the Weil divisor D.

Lemma 5.2 (cf. [8, 2.6]). Let X be a weak Q-Fano 3-fold and π :
Y −→ X the same resolution as in Subsection 2.1. Then, for any m > 0,
ϕ−m is birational if and only if so is Φ|KY +�(m+1)π∗(−KX)�|.

Proof. Recall that

KY = π∗(KX) + Eπ

where Eπ is an effective Q-Cartier Q-divisor since X has at worst ter-
minal singularities. We have

KY + �(m+ 1)π∗(−KX)�
= π∗(KX) + Eπ + π∗(−(m+ 1)KX) + Em+1

= π∗(−mKX) + Eπ + Em+1

where Eπ + Em+1 is an effective Q-divisor on Y exceptional over X.
Lemma 5.1 implies

π∗OY (KY + �(m+ 1)π∗(−KX)�) = OX(−mKX).

Hence ϕ−m is birational if and only if so is Φ|KY +�(m+1)π∗(−KX)�|. q.e.d.

Noting that

H0(OX(−mKX)) ∼= H0(OY (�−mπ∗(KX)	))
∼= H0(OY (KY + �(m+ 1)π∗(−KX)�)),
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we denote by |M−m| the movable part of |�−mπ∗(KX)	|. We have the
equality:

−mπ∗(KX) = M−m + Fm(5.1)

where Fm is an effective Q-divisor. Another direct consequence is that
we may write:

KY + �(m+ 1)π∗(−KX)� ∼M−m +N−m

where N−m is the fixed part of |KY + �(m+ 1)π∗(−KX)�|.

5.2. Key theorem.
Let X be a weak Q-Fano 3-fold on which P−m0 ≥ 2 for some integer

m0 > 0. Suppose that m1 ≥ m0 is another integer with P−m1 ≥ 2 and
that | −m1KX | and | −m0KX | are not composed with the same pencil.
Recall that, for any m > 0 with P−m > 1,

ι(m) =

{
1, if | −mKX | is not composed with a pencil;

P−m − 1, if | −mKX | is composed with a pencil.

Set D := −m0KX and keep the same notation as in Subsection 2.1.
We may modify the resolution π in Subsection 2.1 such that the movable
part |M−m| of |�π∗(−mKX)	| is base point free for all m0 ≤ m ≤ m1.
Pick a generic irreducible element S of |M−m0 |. By equality (5.1), we
have

m0π
∗(−KX) = ι(m0)S + Fm0

for some effective Q-divisor Fm0 . In particular, we see that

m0

ι(m0)
π∗(−KX)− S ∼Q effective Q-divisor.

Define the real number

μ0 = μ0(|S|) := inf{t ∈ Q+ | tπ∗(−KX)− S ∼Q effective Q-divisor}.
Remark 5.3. Clearly, we have 0 < μ0 ≤ m0

ι(m0)
. If | − m0KX | is

composed with a pencil, for all k such that | − kKX | � | −m0KX | and
| − kKX | is also composed with a pencil, we have

kπ∗(−KX) = ι(k)S + Fk

for some effective Q-divisor Fk by Lemma 2.2, and hence μ0 ≤ k
ι(k) .

By the assumption on | −m1KX |, we know that |G| = |M−m1 |S | is
a base point free linear system on S and h0(S,G) ≥ 2. Denote by C a
generic irreducible element of |G|. Since m1π

∗(−KX) ≥M−m1 , we have

m1π
∗(−KX)|S ≡ C +H

where H is an effective Q-divisor on S.
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We define two numbers which will be the key invariants accounting
for the birationality of ϕ−m. They are

ζ := (π∗(−KX) · C)Y = (π∗(−KX)|S · C)S and

ε(m) := (m+ 1− μ0 −m1)ζ.

Note that ζ and ε(m) are invariants under taking higher model of the
resolution Y by projection formula. Hence we can modify π if necessary.

While studying the birationality of ϕ−m, we always need to check
that the linear system Λm := |KY + �(m+ 1)π∗(−KX)�| satisfies the
following assumption for some integer m > 0.

Assumption 5.4. Keep the notation as above.

(1) The linear system Λm distinguishes different generic irreducible
elements of |M−m0 | (namely, ΦΛm(S

′) �= ΦΛm(S
′′) for two different

generic irreducible elements S′, S′′ of |M−m0 |).
(2) The linear system Λm|S distinguishes different generic irreducible

elements of the linear system |G| = |M−m1 |S | on S.

The following is the key theorem in this section.

Theorem 5.5 (cf. [8, Theorem 3.5]). Let X be a weak Q-Fano 3-fold.
Keep the notation as above. Let m > 0 be an integer. If Assumption
5.4 is satisfied and ε(m) > 2, then ϕ−m is birational onto its image.

Proof. By Lemma 5.2, we only need to prove the birationality of ΦΛm .
Since Assumption 5.4(1) is satisfied, the usual birationality principle
(see, for instance, [6, 2.7]) reduces the birationality of ΦΛm to that of
ΦΛm|S for a generic irreducible element S of |M−m0 |. Similarly, due to
Assumption 5.4(2), we only need to prove the birationality of ΦΛm |C for
a generic irreducible element C of |G|. Now we show how to restrict the
linear system Λm to C.

Now assume ε(m) > 0. We can find a sufficiently large integer n

so that there exists a number μ
(n)
0 ∈ Q+ with 0 ≤ μ

(n)
0 − μ0 ≤ 1

n ,

�ε(m,n)� = �ε(m)� where ε(m,n) := (m+ 1− μ
(n)
0 −m1)ζ and

μ
(n)
0 π∗(−KX) ∼Q S + E(n)

for an effective Q-divisor E(n). In particular, ε(m,n) > 0, and ε(m,n) >

2 if ε(m) > 2. Re-modify the resolution π in Subsection 2.1 so that E(n)

has simple normal crossing support.
For the given integer m > 0, we have

|KY + �(m+ 1)π∗(−KX)− E(n)�| � |KY + �(m+ 1)π∗(−KX)�|.
(5.2)

Since ε(m,n) > 0, the Q-divisor

(m+ 1)π∗(−KX)− E(n) − S ≡ (m+ 1− μ
(n)
0 )π∗(−KX)
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is nef and big and thus

H1(Y,KY + �(m+ 1)π∗(−KX)− E(n)� − S) = 0

by Kawamata–Viehweg vanishing theorem. Hence we have surjective
map

H0(Y,KY + �(m+ 1)π∗(−KX)− E(n)�) −→ H0(S,KS + Lm,n)(5.3)

where

Lm,n := (�(m+ 1)π∗(−KX)−E(n)� − S)|S ≥ �Lm,n�(5.4)

and Lm,n := ((m+ 1)π∗(−KX)− E(n) − S)|S . Moreover, we have

m1π
∗(−KX)|S ≡ C +H

for an effective Q-divisor H on S by the setting. Thus the Q-divisor

Lm,n −H − C ≡ (m+ 1− μ
(n)
0 −m1)π

∗(−KX)|S
is nef and big by ε(m,n) > 0. By Kawamata–Viehweg vanishing theo-
rem again,

H1(S,KS + �Lm,n −H� − C) = 0.

Therefore, we have surjective map

H0(S,KS + �Lm,n −H�) −→ H0(C,KC +Dm,n)(5.5)

where

Dm,n := �Lm,n −H − C�|C ≥ �Dm,n�(5.6)

and Dm,n := (Lm,n −H − C)|C with deg�Dm,n� ≥ �ε(m,n)�.
Now by relations (5.2)–(5.6), to prove the birationality of ΦΛm |C , it

is sufficient to prove that |KC + �Dm,n�| gives a birational map. Clearly
this is the case whenever ε(m) > 2, which in fact implies deg(�Dm,n�) ≥
�ε(m,n)� ≥ 3 and KC + �Dm,n� is very ample.

We complete the proof. q.e.d.

Corollary 5.6. Keep the same notation as above. For any integer
m > 0, set

ε(m, 0) :=
(
m+ 1− m0

ι(m0)
−m1

)
ζ.

If ε(m, 0) > 0, then

Λm|S � |KS + Lm|
where Lm := (�(m+ 1)π∗(−KX)− 1

ι(m0)
Fm0� − S)|S.

Proof. First of all, relation (5.2) reads

|KY + �(m+ 1)π∗(−KX)− 1

ι(m0)
Fm0�| � |KY + �(m+ 1)π∗(−KX)�|.

(5.7)
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In fact, as long as ε(m, 0) > 0, the front part of the proof of Theorem 5.5
is valid. In explicit, surjective map (5.3) reads the following surjective
map

H0(Y,KY + �(m+ 1)π∗(−KX)− 1

ι(m0)
Fm0�) −→ H0(S,KS + Lm)

(5.8)

where

Lm := (�(m+ 1)π∗(−KX)− 1

ι(m0)
Fm0� − S)|S .(5.9)

Hence we have proved the statement. q.e.d.

5.3. Applications.
In order to apply Theorem 5.5, we need to verify Assumption 5.4 and

ε(m) > 2 in advance, for which one of the crucial steps is to estimate
the lower bound of ζ.

Proposition 5.7 (cf. [8, Theorem 3.2]). Let m > 0 be an integer.
Keep the same notation as in Subsection 5.2.

(i) If g(C) > 0 and ε(m) > 1, then ζ ≥ 2g(C)−2+�ε(m)�
m ;

(ii) Moreover, if g(C) > 0, then

ζ ≥ 2g(C)− 1

μ0 +m1
;

(iii) If g(C) = 1, then ζ ≥ 1
rmax

, where rmax = max{ri ∈ BX} is the
maximum of local indices of singularities;

(iv) If g(C) = 0, then ζ ≥ 2;
(v) If h0(−νKX) > 0 for some integer ν, then ζ ≥ 1

νrmax
.

Proof. (i). In the proof of Theorem 5.5, if g(C) > 0 and ε(m) > 1
then |KC + �Dm,n�| is base point free with

deg(KC + �Dm,n�) ≥ 2g(C) − 2 + �ε(m,n)� = 2g(C)− 2 + �ε(m)�.
Denote by Nm the movable part of |KS + �Lm,n −H�|. Noting the
relations (5.2)–(5.6) while applying [7, Lemma 2.7], we get

mπ∗(−KX)|S ≥M−m|S ≥ Nm

and Nm|C ≥ KC + �Dm,n� since the latter one is base point free. So we
have

mζ = mπ∗(−KX)|S · C ≥ Nm · C ≥ deg(KC + �Dm,n�).
Hence

mζ ≥ 2g(C) − 2 + �ε(m)�.
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(ii). Take m′ = min{m | ε(m) > 1}, then (i) implies ζ ≥ 2g(C)
m′ . We

may assume that m′ > μ0 +m1 otherwise ζ ≥ 2g(C)
μ0+m1

. Hence

ε(m′ − 1) = (m′ − 1 + 1− μ0 −m1)ζ

≥ (m′ − μ0 −m1)
2g(C)

m′
.

By the minimality of m′, it follows that ε(m′ − 1) ≤ 1. Hence m′ ≤
2g(C)

2g(C)−1 (μ0 +m1). Then

ζ ≥ 2g(C)

m′
≥ 2g(C)− 1

μ0 +m1
.

(iii). If g(C) = 1, then

ζ = (π∗(−KX) · C)Y = ((−KY + Eπ) · C)Y

= (−(KY + S) · C + S · C + Eπ · C)Y

= (−KS · C)S + (S · C + Eπ · C)Y

= (C2)S + (S · C + Eπ · C)Y .

Since C is free on surface S, (C2)S , (S · C)Y , and (Eπ · C)Y are non-
negative. Since (C2)S and (S ·C)Y are integers, we may assume (C2)S =
(S · C)Y = 0 otherwise ζ ≥ 1. Hence ζ = Eπ · C.

On the other hand, take q : W → X is the resolution of isolated
singularities and we may assume that Y dominates W by p : Y → W .
Then we write

KW = q∗KX +Δ.

Here
Δ =

∑ ai
ri
Ei

where Ei is the exceptional divisor over an isolated singular point of
index ri for some ri ∈ BX and ai is a positive integer. Then

Eπ = KY − p∗KW + p∗Δ.

Take rmax = max{ri}. Then all the coefficients of Eπ are at least 1
rmax

since KY − p∗KW is integral effective and

Supp(Eπ) = Supp(KY − p∗KW + p−1∗ Δ).

By Eπ · C = ζ > 0, we know that there is at least one component E of
Eπ such that E · C > 0. Then Eπ · C ≥ 1

rmax
E · C ≥ 1

rmax
.

(iv). If g(C) = 0, then

ζ = (π∗(−KX)|S · C)S = ((−KY + Eπ)|S · C)S

≥ (−KY |S · C)S ≥ (−KS · C)S ≥ − deg(KC) = 2.

(v). If h0(−νKX) > 0 for some integer ν, then −νKX ∼ D for some
effective Weil divosor D. Similarly as (iii), π∗D is an effective Q-divisor
with all the coefficients at least 1

rmax
. By π∗D · C = νζ > 0, we know



98 M. CHEN & C. JIANG

that there is at least one component D1 of π∗D such that D1 · C > 0.
Then ζ = 1

νπ
∗D · C ≥ 1

νrmax
D1 · C ≥ 1

νrmax
. q.e.d.

To verify Assumption 5.4(1), we have the following proposition.

Proposition 5.8 (cf. [8, Proposition 3.6]). Let X be a weak Q-Fano
3-fold. Keep the same notation as Subsection 5.2. Then Assumption
5.4(1) is satisfied for all

m ≥
{
m0 + 6, if m0 ≥ 2;

2, if m0 = 1.

Proof. We have

KY + �(m+ 1)π∗(−KX)�
≥ KY + �(m−m0 + 1)π∗(−KX) +M−m0�
= (KY + �(m−m0 + 1)π∗(−KX)�) +M−m0

≥M−m0 .

The last inequality is due to

h0(KY + �(m−m0 + 1)π∗(−KX)�) = h0(−(m−m0)KX) > 0

by Lemma 5.2 and [8, Appendix], since m−m0 ≥ 6 whenever m0 ≥ 2
(resp. ≥ 1 whenever m0 = 1).

When f : Y → Γ is of type (fnp), [20, Lemma 2] implies that Λm can
distinguish different generic irreducible elements of |M−m0 |. When f is
of type (fp), since the rational (i.e. Γ ∼= P1) pencil |M−m0 | can already
separate different fibers of f , Λm can naturally distinguish different
generic irreducible elements of |M−m0 |. q.e.d.

It is slightly more complicated to verify Assumption 5.4(2).

Lemma 5.9 (cf. [8, Lemma 3.7]). Let T be a nonsingular projective
surface with a base point free linear system |G|. Let Q be an arbitrary Q-
divisor on T . Denote by C a generic irreducible element of |G|. Then the
linear system |KT +�Q�+G| can distinguish different generic irreducible
elements of |G| under one of the following conditions:

(i) |G| is not composed with an irrational pencil of curves and KT +
�Q� is effective;

(ii) |G| is composed with an irrational pencil of curves, g(C) > 0, and
Q is nef and big;

(iii) |G| is composed with an irrational pencil of curves, g(C) = 0, Q
is nef and big, and Q ·G > 1.

Proof. The statement corresponding to (i) follows from [20, Lemma
2] and the fact that a rational pencil can automatically separate its
different generic irreducible elements.
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For situations (ii) and (iii), we pick a generic irreducible element C
of |G|. Then, since h0(S,G) ≥ 2, G ≡ sC for some integer s ≥ 2 and
C2 = 0. Denote by C1 and C2 two irreducible elements of |G| such that
C1 + C2 ≤ |G|. Then Kawamata–Viehweg vanishing theorem gives the
surjective map

H0(T,KT + �Q�+G) −→ H0(C,KC1 +D1)⊕H0(C2,KC2 +D2)

where Di := (�Q�+G− Ci)|Ci with deg(Di) ≥ Q · Ci > 0 for i = 1, 2.
If g(C) > 0, Riemann–Roch formula gives h0(Ci,KCi +Di) > 0 for

i = 1, 2. Thus |KT + �Q�+G| can distinguish C1 and C2.
If g(C) = 0 and Q ·C > 1, then h0(Ci,KCi +Di) > 0 for i = 1, 2. So

|KT + �Q�+G| can also distinguish C1 and C2. q.e.d.

Proposition 5.10 (cf. [8, Propositions 3.8, 3.9]). Let X be a weak
Q-Fano 3-fold. Keep the same notation as in Subsection 5.2. Then
Assumption 5.4(2) is satisfied for all

m ≥
{
m0 +m1 + 6, if m0 ≥ 2;

m1 + 2, if m0 = 1.

Proof. Assuming m ≥ m0 +m1, we have ε(m, 0) > 0, and Corollary
5.6 implies that

Λm|S � |KS + Lm|.
It suffices to prove that |KS + Lm| can distinguish different generic
irreducible elements of |G|.

For a suitable integer m > 0, we have the following relations:

KS + Lm = (KY )|S + �(m+ 1)π∗(−KX)− 1

ι(m0)
Fm0�|S

≥ (KY + �(m+ 1−m0 −m1)π
∗(−KX)�)|S +M−m1 |S .

Thus, if |G| is not composed with an irrational pencil of curves, |KS +
Lm| can distinguish different irreducible elements provided that

KY + �(m+ 1−m0 −m1)π
∗(−KX)�

is effective, which holds for m−m0 −m1 ≥ 6 whenever m0 ≥ 2 (resp.
≥ 1 whenever m0 = 1) by [8, Appendix].

Assume |G| is composed with an irrational pencil of curves. we have

KS + Lm ≥ KS + �((m+ 1)π∗(−KX)− 1

ι(m0)
Fm0 − S)|S�

≥ KS + �((m−m1 + 1)π∗(−KX)− 1

ι(m0)
Fm0 − S)|S�+M−m1 |S .

We can take Q = ((m−m1 + 1)π∗(−KX)− 1
ι(m0)

Fm0 − S)|S in Lemma

5.9 since ε(m, 0) > 0.
If g(C) > 0, Lemma 5.9(ii) implies that Assumption 5.4(2) is satisfied

for m ≥ m0 +m1.
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If g(C) = 0, by Lemma 5.9(iii), we need the condition ε(m, 0) =
(m + 1 − m0

ι − m1)ζ = Q · C > 1. But this holds automatically for
m ≥ m0 +m1 by Proposition 5.7(iv).

We complete the proof. q.e.d.

Now we can treat the birationality of ϕ−m using Theorem 5.5.

Theorem 5.11 (cf. [8, Theorems 4.1, 4.2, 4.5]). Let X be a weak
Q-Fano 3-fold. Let ν0 be an integer such that h0(−ν0KX) > 0. Keep
the same notation as in Subsection 5.2. Then ϕ−m is birational onto its
image if one of the following holds:

(i) m ≥ max{m0 +m1 + a(m0), �3μ0	+ 3m1};
(ii) m ≥ max{m0 +m1 + a(m0), �53μ0 +

5
3m1	, �μ0	+m1 + 2rmax};

(iii) m ≥ max{m0 +m1 + a(m0), �μ0	+m1 + 2ν0rmax},

where a(m0) =

{
6, if m0 ≥ 2;

1, if m0 = 1.

Proof. By Propositions 5.8 and 5.10, Assumption 5.4 is satisfied if
m ≥ m0 +m1 + a(m0).

By Proposition 5.7(v), ζ ≥ 1
ν0rmax

. If m ≥ �μ0	+m1 +2ν0rmax, then

ε(m) = (m+ 1− μ0 −m1)ζ > 2, which implies (iii).
For (i) and (ii), we will discuss on the value of g(C).

Case 1. g(C) = 0.
By Proposition 5.7(iv), ζ ≥ 2. If m ≥ �μ0	 + m1 + 1, then ε(m) =

(m+ 1− μ0 −m1)ζ > 2.

Case 2. g(C) ≥ 2.
By Proposition 5.7(ii), ζ ≥ 3

μ0+m1
. If m ≥ �53μ0 +

5
3m1	 then ε(m) ≥

(m+ 1− μ0 −m1)ζ > 2.

Case 3. g(C) = 1.
By Proposition 5.7(ii), ζ ≥ 1

μ0+m1
. If m ≥ �3μ0	+3m1, then ε(m) =

(m + 1 − μ0 − m1)ζ > 2. So we have proved (i). On the other hand,
by Proposition 5.7(iii), ζ ≥ 1

rmax
. If m ≥ �μ0	 + m1 + 2rmax, then

ε(m) = (m+ 1− μ0 −m1)ζ > 2. Thus (ii) is proved. q.e.d.

In practice, usually we just use the fact μ0 ≤ m0
ι(m0)

≤ m0. For very

few cases, we will utilize a precise upper bound of μ0 rather than m0 by
Remark 5.3.

Theorem 5.11 is optimal in some cases due to the following examples.

Example 5.12 ([10, List 16.6]). Consider general weighted hyper-
surface X6d ⊂ P(1, a, b, 2d, 3d) where 1 ≤ a ≤ b and d = a + b such
that X6d is a Q-Fano 3-fold with rmax = d. By [10, List 16.6], there
are exactly 12 such examples. Then ϕ−3d is birational onto its image
but ϕ−(3d−1) is not by the structure. On the other hand, We can take



ON THE ANTI-CANONICAL GEOMETRY OF Q-FANO THREEFOLDS 101

ν0 = 1, m0 = μ0 = a, and m1 = b, then

3d = �3μ0	+ 3m1

= �μ0	+m1 + 2rmax

= �μ0	+m1 + 2ν0rmax.

Hence Theorem 5.11 tells that ϕ−m is birational onto its image for all
m ≥ 3d.

Theorem 5.11 directly implies the following result which generalizes
a result of Fukuda [9, Main theorem].

Corollary 5.13. Let X be a weak Q-Fano 3-fold with Gorenstein
singularities. Then ϕ−m is birational onto its image for all m ≥ 4.

Proof. By Reid’s formula, P−1 = 1
2(−K3

X) + 3 > 3. Hence we can
take m0 = ν0 = 1.

If | −KX | is not composed with a pencil, then we can take m1 = 1
and μ0 ≤ m0 = 1. The result follows directly from Theorem 5.11(iii).

If | −KX | is composed with a pencil, then μ0 ≤ m0
ι(m0)

< 1
2 . By Reid’s

formula again, P−2 = 5
2(−K3

X) + 5 > rX(−K3
X)2 + 1. We can take

m1 = 2 by Corollary 4.2. The result follows directly from Theorem
5.11(iii). q.e.d.

5.4. Proof of Theorems 1.6 and 1.8.
Now we prove the main results on the birationality of ϕ−m.

Proof of Theorem 1.6. To apply Theorem 5.11, we always use the fact
μ0 ≤ m0. By [4, Theorem 1.1] and Theorem 1.4, we can take m0 ≤ 8
and m1 ≤ 10 to apply Theorem 5.11(i) and (ii). Hence m0+m1+6 ≤ 24
and 5

3(m0 +m1) ≤ 30. By Theorem 5.11, it is sufficient to prove that
either 3m0 + 3m1 ≤ 39 or m0 + m1 + 2rmax ≤ 39 holds if we choose
suitable m0 and m1. (Note that ν0 is not used in this proof.)

Case 1. P−1 ≥ 2.
In this case, we can take m0 = 1 and m1 ≤ 6 by Theorem 3.8. Hence

3m0 + 3m1 ≤ 21.

Case 2. P−1 = 1.
Recall the proof of Theorem 3.10. We take m0 = n0. If m0 ≤ 5, then

we can take m1 ≤ 7 and hence 3m0 + 3m1 ≤ 36. Similarly, if m0 = 6
and if we can take m1 ≤ 7, then 3m0 + 3m1 ≤ 39.

If m0 = n0 = 6 and δ1(X) = 8, we can take m1 = 8. Theorem 3.4
implies that

P−1 = P−2 = P−3 = P−4 = P−5 = 1, P−6 = P−7 = 2.

Then n0
1,2 = 2, n0

1,3 = 2, n0
1,4 = 2 − σ5, ε5 = 2 − σ5, 0 = ε6 = 3 − ε.

Hence ε = 3 and σ5 ≤ 2, and this implies (σ5, n
0
1,5) = (2, 1). Then ε5 = 0
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and B(5)(B) = {2 × (1, 2), 2 × (1, 3), (1, 5), (1, s)} for some s ≥ 6. This
implies ε7 = 0 since there are no further packings. On the other hand,
ε7 = 2 − 2σ5 + 2n0

1,5 + n0
1,6. Hence n0

1,6 = 0 and B(7) = {2 × (1, 2), 2 ×
(1, 3), (1, 5), (1, s)} with s ≥ 7. Since B(7) admits no prime packings,

B = B(7). By inequalities (3.3) and (3.4), s can only be 8, 9, 10. Hence
m0 +m1 + 2rmax ≤ 6 + 8 + 2× 10 = 34.

If m0 = n0 ≥ 7, then

P−1 = P−2 = P−3 = P−4 = P−5 = P−6 = 1.

The proof of Theorem 3.10 implies B(5) = {(1, 2), (2, 5), (1, 3), (1, 4),
(1, s)} with s ≥ 6. Since γ(B(5)) > 0, we have s ≤ 11. Noting that B

is dominated by B(5), we see rmax ≤ 11. By Theorem 3.10, we can take
m0 ≤ 8 and m1 ≤ 9. Hence m0 +m1 + 2rmax ≤ 8 + 9 + 2× 11 = 39.

Case 3. P−1 = P−2 = 0.
By the proof of Theorems 3.12 and 3.15, if B is of type No.1, No.2

or No.4, then we have rmax ≤ 10 and may take m0 = 8, m1 = 10.
Hence m0 +m1 + 2rmax ≤ 8 + 10 + 2 × 10 = 38. If B is of type No.5–
No.6, then we have rmax ≤ 7 and may take m0 = 7, m1 = 8. Hence
m0 +m1+2rmax ≤ 7+ 8+2× 7 = 29. If B is of type No.7–No.23, then
we can take m0 = m1 = 6. Hence 3m0 +3m1 ≤ 36. Now the remaining
case is type No.3:

{5× (1, 2), 2 × (1, 3), (3, 11)}.
Recall that P−8 = P−9 = 2 and −4KX ∼ E is a prime divisor by the
proof of Theorem 3.15(i). By the proof of Theorem 3.4, |−8KX | has no
fixed part. If | − 8KX | and | − 9KX | are composed with a same pencil,
we can write

| − 8KX | = |S′|,
| − 9KX | = |S′|+ F,

where F is the fixed part. This implies that

−KX ∼ −9KX − (−8KX) = F,

which contradicts P−1 = 0. Hence | − 8KX | and | − 9KX | are composed
with different pencils, and we can take m0 = 8, m1 = 9, and m0+m1+
2rmax = 39.

Case 4. P−1 = 0, P−2 > 0.
By [4, Proposition 3.10, Case 1], we can take m0 = 6. We can take

m1 the same as in the proof of Theorems 3.12 and 3.15. If m1 ≤ 6, then
3m0 + 3m1 ≤ 36. If m1 ≥ 7, observing Subsubcases II-3-ii and II-3-iii
in the proof of Theorem 3.12, we can see that rmax ≤ 11 holds for any
such basket except

Bd = {4× (1, 2), (6, 13), (1, 5)}.
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Except for Bd, we have m0 +m1 + 2rmax ≤ 6 + 8 + 2 × 11 = 36. Now
we deal with Bd. We claim that we can take m1 = 7. Recall that

P−1 = P−3 = 0, P−2 = P−4 = P−5 = 1, P−6 = P−7 = 2.

Clearly | − 6KX | and | − 7KX | are both composed with pencils. We
only need to show that they are composed with different pencils. To
the contrary, we assume that | − 6KX | and | − 7KX | are composed with
the same pencil. If −2KX ∼ D is a prime divisor, then by the proof of
Theorem 3.4, | − 6KX | has no fixed part. By assumption, we can write

| − 6KX | = |S′|,
| − 7KX | = |S′|+ F,

where F is the fixed part. This implies that

−KX ∼ −7KX − (−6KX) = F,

a contradiction. Hence −2KX ∼ D is not a prime divisor. By the
proof of Theorem 3.15(ii), D = E1+E2 with E1 and E2 different prime
divisors. Also we can write

| − 6KX | = |S′|+ a6E1,

| − 7KX | = |S′|+ F,

where a6E1 and F are the fixed parts with a6 ≤ 3. If a6 ≤ 1, then

S′ ∼ 3(E1 + E2)− a6E1 ≥ 2E1 + 2E2 ∼ −4KX .

This implies |−7KX | � |−4KX |, which contradicts P−3 = 0. If a6 = 3,
as in the proof of Theorem 3.2, take m = 6 and E = E1 or 2E1 or 3E1,
inequality (3.1) must fail for some singularity P in Bd. Clearly, such an
offending singularity P must be “(6, 13)”. By equality (3.2), the local
index iP (E) of E can only be 9 or 11 since inequality (3.1) holds for
other 0 ≤ i ≤ 12 and (b, r) = (6, 13). But clearly the local index iP (E1),
iP (2E1), and iP (3E1) can not be in the set {9, 11} simultaneously, a
contradiction. Finally we consider the case a6 = 2. Write −5KX ∼ B a
fixed divisor. Then

B + S′ + 2E1 ∼ −5KX − 6KX ∼ −4KX − 7KX ∼ 2E1 + 2E2 + S′ + F,

that is, B ∼ 2E2 + F . Obviously, F �= 0. As in the proof of Theorem
3.2, take m = 5 and E = E1 or 2E1, inequality (3.1) must fails for some
singularity P in Bd. Clearly, such an offending singularity P must be
“(6, 13)”. By equality (3.2), the local index iP (E) of E can only be 10 or
11 since inequality (3.1) holds for other 0 ≤ i ≤ 12 and (b, r) = (6, 13).
But clearly the local index iP (E1), iP (2E1) can not be in the set {10, 11}
simultaneously, a contradiction.

We complete the proof. q.e.d.
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Proof of Theorem 1.8. We shall apply Theorem 5.11 to treat arbitrary
weak Q-Fano 3-folds. We will choose suitable m0 and m1. Unless oth-
erwise specified, we will use the fact μ0 ≤ m0.

Case I. P−2 = 0.
In this case, the possible baskets are classified in Proposition 3.14.

From the list we can take m0 = 8. We have rX ≤ 210, −K3
X ≥ 1

84 , and
rmax ≤ 14. By Proposition 4.3 with t = 8, we can take m1 = 38. Hence
by Theorem 5.11(ii), ϕ−m is birational onto its image for all m ≥ 76.

Case II. rmax ≥ 14.
Write Reid’s basket BX as{

(bi, ri) | i = 1, · · · , s; 0 < bi ≤ ri
2
; bi is coprime to ri

}
.

Recall that rX = l.c.m.{ri | i = 1, · · · , s} and that∑
i

(
ri − 1

ri

)
≤ 24

by inequality (2.1). We recall the sequence R = (ri)i from the proof of
Proposition 2.4. Denote by r̃1 = rmax the largest value in R, by r̃2 the
second largest value, and by r̃3, r̃4 the third, the forth, and so on. For
instance, if R = (2, 3, 4, 4, 5, 5), then r̃1 = 5, r̃2 = 4, r̃3 = 3, and r̃4 = 2.
If the value r̃j does not exist by definition, then we set r̃j = 1. In the
previous example, we have r̃5 = 1.

Clearly rmax ≤ 24. We will compute an explicit bound for rX .
If rmax ≥ 23, then by inequality (2.1), there are no more values in R.

Hence rX ≤ 24.
If 20 ≤ rmax ≤ 22, then by inequality (2.1), r̃2 ≤ 4. Hence

rX ≤ l.c.m(rmax, 4, 3, 2) = 132.

If rmax = 19, then by inequality (2.1), r̃2 ≤ 5, and at most one of
3, 4, 5 can be in R. Hence rX ≤ 19 × 5× 2 = 190.

If rmax = 18, then by inequality (2.1), r̃2 ≤ 6, and at most one of
3, 4, 5, 6 can be in R. Hence rX ≤ 18× 5 = 90.

If rmax = 17, then by inequality (2.1), r̃2 ≤ 7. If r̃2 ≥ 5, then by
inequality (2.1), r̃3 ≤ 2 and hence r̃X ≤ 17 × 7 × 2 = 238. If r̃2 ≤ 4,
then rX ≤ l.c.m(17, 4, 3, 2) = 204.

If rmax = 16, then by inequality (2.1), r̃2 ≤ 8. If r̃2 ≥ 6, then by
inequality (2.1), r̃3 ≤ 2 and hence rX ≤ 16 × 7 = 112. If r̃2 ≤ 5, then
rX ≤ l.c.m(16, 5, 4, 3, 2) = 240.

If rmax = 15, then by inequality (2.1), r̃2 ≤ 9. If r̃2 ≥ 6, then by
inequality (2.1), r̃3 ≤ 3 and hence rX ≤ l.c.m(rmax, r̃2, 3, 2) ≤ 15 × 7×
2 = 210. If r̃2 ≤ 5, then rX ≤ l.c.m(15, 5, 4, 3, 2) = 60.

If rmax = 14, then by inequality (2.1), r̃2 ≤ 10. If r̃2 ≥ 8, then by
inequality (2.1), r̃3 ≤ 2 and hence r̃X ≤ 14×9 = 126. If r̃2 ≤ 7, then rX
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divides l.c.m(14, 6, 5, 4, 3, 2) = 420. But by inequality (2.1), 5, 4, 3 can
not be in R simultaneously, hence rX < 420. In particular, rX ≤ 210.

In summary, when rmax ≥ 14, we have rX ≤ 240.
We can take m0 = 8 by [4, Theorem 1.1]. We have rX ≤ 240, −K3

X ≥
1

240 (note that rXK3
X is an integer), and rmax ≤ 24. If rmax ≤ 22, by

Proposition 4.3 with t = 6, we can take m1 = 44. Hence by Theorem
5.11(ii), ϕ−m is birational onto its image for all m ≥ 96. If rmax = 23
or 24, by Proposition 4.3 with t = 2, rX ≤ 24, −K3

X ≥ 1
24 , we can take

m1 = 37. Hence by Theorem 5.11(ii), ϕ−m is birational onto its image
for all m ≥ 93.

Case III. rmax < 14 and P−1 > 0.
In this case, ν0 = 1 and by [4, Theorem 1.1], we can take m0 = 8.
If rX ≤ 660 and rmax ≤ 12, then by Proposition 4.3 with t = 15,

rmax ≤ 12, and −K3
X ≥ 1

330 , we can take m1 = 65. Hence by Theorem
5.11(iii), ϕ−m is birational onto its image for all m ≥ 97.

If rX ≤ 660 and rmax = 13, Then r̃2 ≤ 11. If r̃2 ≥ 9, then r̃3 ≤ 2
and rX ≤ 286. If r̃2 = 8, then r̃3 ≤ 3 and rX ≤ 312. If r̃2 = 7, then
r̃3 ≤ 4 and 3, 4 can not be in R simultaneously, hence rX ≤ 546. If
r̃2 ≤ 6, then rX divides 780 and hence rX ≤ 390 by Proposition 2.4. In
summary, rX ≤ 546. By Proposition 4.3 with t = 10, rmax = 13, and
−K3

X ≥ 1
330 , we can take m1 = 61. Hence by Theorem 5.11(iii), ϕ−m is

birational onto its image for all m ≥ 95.
If rX > 660, then rX = 840 and rmax = 8. By Theorem 1.7, we can

take m1 = 71. Hence by Theorem 5.11(iii), ϕ−m is birational onto its
image for all m ≥ 95.

Case IV. rmax < 14, P−1 = 0, and P−2 > 0.
In this case, ν0 = 2 and by [4, Proposition 3.10, Case 1], we can take

m0 = 6.
If P−4 = 1, then P−2 = 1. By the proof of Theorem 3.12 (note that

the arguments on baskets are valid without assuming ρ = 1), we are
exactly in the situation (P−3, P−4) = (0, 1), corresponding to the last
paragraph of Subsubcase II-3-iii of Theorem 3.12. In fact, the possible
baskets are classified in the following list:

{9 × (1, 2), (1, 3), (1, 7)},
{8 × (1, 2), (2, 5), (1, 7)},
{8 × (1, 2), (2, 5), (1, 6)},
{7 × (1, 2), (3, 7), (1, 6)},
{6 × (1, 2), (4, 9), (1, 6)},
{7 × (1, 2), (3, 7), (1, 5)},
{6 × (1, 2), (4, 9), (1, 5)},
{5 × (1, 2), (5, 11), (1, 5)},
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{4 × (1, 2), (6, 13), (1, 5)}.
Hence in this case rX ≤ 130, −K3

X ≥ 1
130 , and rmax ≤ 13. By Proposi-

tion 4.3 with t = 7, we can take m1 = 37. Hence by Theorem 5.11(iii),
ϕ−m is birational onto its image for all m ≥ 95.

Hence, from now on, we assume that P−4 > 1. So we may take
m0 = 4.

If rmax ≤ 8, then rX divides l.c.m(8, 7, 6, 5, 4, 3, 2) = 840. Suppose
rX < 840, then rX ≤ 420. By Proposition 4.3 with t = 20 and −K3

X ≥
1

330 , we can take m1 = 54. Hence by Theorem 5.11(iii), ϕ−m is birational
onto its image for all m ≥ 90. Suppose rX = 840, then R = (3, 5, 7, 8)
or (2, 3, 5, 7, 8) as we have seen in the proof of Proposition 2.4. However,

P−1 =
1

2
(−K3

X)−
∑ bi(ri − bi)

2ri
+ 3

> 3− 1

4
− 2

6
− 6

10
− 12

14
− 15

16
> 0,(5.10)

a contradiction.
The above argument reminds us to find a condition corresponding to

P−1 = 0. Assume that 2 is not in R, then

P−1 =
1

2
(−K3

X)−
∑ bi(ri − bi)

2ri
+ 3

> 3− 1

8

∑(
ri − 1

ri

)
≥ 0,

a contradiction. Hence, 2 ∈ R.
Consider the case rmax = 9. If r̃2 ≤ 6, then rX ≤ l.c.m(9, 6, 5, 4, 3, 2)=

180. If r̃2 = 8, then by inequality (2.1) and 2 ∈ R, r̃2 ≤ 5 and
rX ≤ l.c.m(9, 8, 5, 4, 3, 2) = 360. If r̃2 = 7 and 5 �∈ R, then

rX ≤ l.c.m.(9, 7, 6, 4, 3, 2) = 252.

If r̃2 = 7 and 5 ∈ R, then 6 �∈ R and rX divides l.c.m(9, 7, 5, 4, 3, 2) =
630. In summary, rX ≤ 360 or rX = 630. Whenever rX ≤ 360, by
Proposition 4.3 with t = 12 and −K3

X ≥ 1
330 , we can take m1 = 50.

Hence by Theorem 5.11(iii), ϕ−m is birational onto its image for all
m ≥ 90. Whenever rX = 630, then 2, 5, 7, 9 must be in R. Hence R =
(2, 5, 7, 9) or (2, 2, 5, 7, 9) by inequality (2.1). In this case, by arguing as
inequality (5.10), BX can only be {2×(1, 2), (2, 5), (3, 7), (4, 9)}. We will
choose suitable m1 and modify the upper bound of μ0. Since P−4 = 2,
| − 4KX | is composed with a pencil. Note that P−7 = 10 and P−3 = 1.
If | − 7KX | is not composed with a pencil, then we can take m1 = 7.
By Theorem 5.11(ii), ϕ−m is birational onto its image for all m ≥ 29.
If | − 7KX | is also composed with a pencil, then we know μ0 ≤ 7

9 by

Remark 5.3. Also we can see P−61 = 5294 > rX(−K3
X)61 + 1 by direct

computation using Reid’s formula where −K3
X = 43

315 . Hence we can
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take m1 = 61 by Corollary 4.2. Hence by Theorem 5.11(iii), ϕm is
birational for all m ≥ 97.

Consider the case rmax = 10. If r̃2 ≤ 6, then

rX ≤ l.c.m(10, 6, 5, 4, 3, 2) = 60.

If r̃2 = 7, then rX divides l.c.m(10, 7, 5, 4, 3, 2) = 420, but 3, 4 can not
be in R simultaneously, hence rX ≤ 210. If r̃2 = 8, then r3 ≤ 4 and
rX ≤ l.c.m(10, 8, 4, 3, 2) = 120. If r̃2 = 9, then r̃3 ≤ 3 and rX ≤
l.c.m(10, 9, 3, 2) = 90. Hence in summary, rX ≤ 210. By Proposition
4.3 with t = 10 and −K3

X ≥ 1
210 , we can take m1 = 39. Hence by

Theorem 5.11(ii), ϕ−m is birational onto its image for all m ≥ 71.
Consider the case rmax = 11. If r̃2 = 10, then r̃3 ≤ 2 and rX ≤

110. If r̃2 = 9 or 8, then r̃3 ≤ 3 and rX ≤ 264. If r̃2 = 7, then
r̃3 ≤ 4 and 3, 4 can not be in R simultaneously, hence rX ≤ 308 or
rX = l.c.m(11, 7, 3, 2) = 462. If r̃2 = 6, then 5, 4 can not be in R
simultaneously, hence rX ≤ l.c.m(11, 6, 5, 3, 2) = 330. If r̃2 ≤ 5, then rX
divides l.c.m(11, 5, 4, 3, 2) = 660. In summary, rX ≤ 330 or rX = 462
or rX = 660. Whenever rX = 660, then 2, 3, 4, 5, 11 must be in R.
Hence R = (2, 3, 4, 5, 11) by inequality (2.1). By arguing as inequality
(5.10), this implies P−1 > 0, a contradiction. Whenever rX ≤ 330, by
Proposition 4.3 with t = 13 and −K3

X ≥ 1
330 , we can take m1 = 48.

Hence by Theorem 5.11(ii), ϕ−m is birational onto its image for all m ≥
86. If rX = 462, then 2, 3, 7, 11 must be in R. Hence R = (2, 3, 7, 11) or
(2, 2, 3, 7, 11) by inequality (2.1). By arguing as inequality (5.10), BX

can only be {2 × (1, 2), (1, 3), (3, 7), (5, 11)}. In this case we can prove
P−52 = 2612 > rX(−K3

X)52 + 1 by direct computation using Reid’s

formula where −K3
X = 50

462 . Hence we can take m1 = 52. By Theorem
5.11(ii), ϕ−m is birational onto its image for all m ≥ 93.

Consider the case rmax = 12. Then r̃2 ≤ 10 and at most one of
5, 6, 7, 8, 9, 10 will be in R. Hence rX ≤ 84. By Proposition 4.3 with
t = 5 and −K3

X ≥ 1
84 , we can take m1 = 37. Hence by Theorem 5.11(ii),

ϕ−m is birational onto its image for all m ≥ 68.
Finally, consider the case rmax = 13. Then r̃2 ≤ 9. If r̃2 = 9 or 8, then

r̃3 ≤ 2 and rX ≤ 234. If r̃2 = 7, then r̃3 ≤ 3 and rX = 546 or 182. If
r̃2 ≤ 6, then rX divides 780 and hence rX ≤ 390 by Proposition 2.4. In
summary, rX ≤ 390 or rX = 546. Whenever rX ≤ 390, by Proposition
4.3 with t = 12 and −K3

X ≥ 1
330 , we can take m1 = 52. Hence by

Theorem 5.11(ii), ϕ−m is birational onto its image for all m ≥ 93.
Whenever rX = 546, then R = (2, 3, 7, 13). Argue as inequality (5.10),
BX can only be {(1, 2), (1, 3), (3, 7), (6, 13)}. We will choose suitable m1

and modify the upper bound of μ0. Since P−4 = 2, |−4KX | is composed
with a pencil. Note that P−10 = 21 and P−6 = 5. If | − 10KX | is not
composed with a pencil, then we can take m1 = 10. By Theorem
5.11(ii), ϕ−m is birational onto its image for all m ≥ 40. If | − 10KX | is
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also composed with a pencil, then we know μ0 ≤ 1
2 by Remark 5.3. Also

we can prove P−57 = 3540 > rX(−K3
X)57 + 1 by direct computation

using Reid’s formula where −K3
X = 61

546 . Hence we can take m1 = 57.
By Theorem 5.11(ii), ϕ−m is birational onto its image for all m ≥ 95.

We complete the proof. q.e.d.
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