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Abstract

For a Q-Fano 3-fold X on which K x is a canonical divisor, we
investigate the geometry induced from the linear system | —mK x|
and prove that the anti-m-canonical map ¢_,, is birational onto
its image for all m > 39. By a weak Q-Fano 3-fold X we mean a
projective one with at worst terminal singularities on which — K x
is Q-Cartier, nef and big. For weak Q-Fano 3-folds, we prove that
@_m is birational onto its image for all m > 97.

1. Introduction

Throughout we work over any algebraically closed field k of charac-
teristic 0 (for instance, & = C). We adopt the standard notation in
Kolldar—Mori [16] and will freely use them.

A normal projective variety X is called a weak Q-Fano variety if X
has at worst Q-factorial terminal singularities and the anti-canonical
divisor —Kx is nef and big. A weak Q-Fano variety is said to be Q-
Fano if —Kx is Q-ample and the Picard number p(X) = 1. According
to Minimal Model Program, Q-Fano varieties form a fundamental class
in birational geometry.

Given a Q-Fano n-fold X (resp. weak Q-Fano n-fold X), the anti-
m-canonical map @p_., is the rational map defined by the linear system
| — mKx|. By definition, ¢_,, is birational onto its image when m
is sufficiently large. Therefore it is interesting to find such a practical
number m,,, independent of X, which stably guarantees the birationality
of ¢_,,. Such a number ms exists due to the boundedness of Q-Fano
3-folds, which was proved by Kawamata [11], and the boundedness of
weak Q-Fano 3-folds proved by Kollar-Miyaoka-Mori-Takagi [15]. It is
natural to consider the following problem.

Problem 1.1. Find the optimal constant ¢ such that ¢_,, is bira-
tional onto its image for all m > ¢ and for all (weak) Q-Fano 3-folds.

The following example tells us that ¢ > 33.
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Example 1.2 (10, List 16.6, No.95]). The general weighted hyper-
surface Xg6 C P(1,5,6,22,33) is a Q-Fano 3-fold. It is clear that ¢_,,
is birational onto its image for m > 33, but ¢_30 fails to be birational.

It is worthwhile to compare the birational geometry induced from
|m K| on varieties of general type with the geometry induced from | —
mK| on (weak) Q-Fano varieties. An obvious feature on Fano varieties
is that the behavior of ¢_,, is not necessarily birationally invariant.
For example, consider degree 1 (rational) del Pezzo surface S; and P?,
| — Kp2| gives a birational map but | — Kg,| does not. This causes
difficulties in studying Problem 1.1. In fact, even if in dimension 3,
there is no known practical upper bound for ¢ in written records. The
motivation of this paper is to systematically study ¢_,, on (weak) Q-
Fano 3-folds.

When X is nonsingular, we may take ¢ = 4 according to Ando [3]
and Fukuda [9]. When X has terminal singularities, Problem 1.1 was
treated by the first author in [8], where an effective upper bound of ¢
in terms of the Gorenstein index of X is proved (cf. [8, Theorem 1.1}).
Since, however, the Gorenstein index of a weak Q-Fano 3-fold can be as
large as “840” (see Proposition 2.4), the number “3 x 840 + 10 = 2530”
obtained in [8, Theorem 1.1} is far from being optimal. It turns out that
Problem 1.1 is closely related to the following problem (cf. [8, Theorem
4.5)).

Problem 1.3. Given a (weak) Q-Fano 3-fold X, can one find the
minimal positive integer 61 = 61(X) such that dimp_s5,(X) > 17

Problem 1.3 is parallel to the following question on 3-folds of general
type:
LetY be a 3-fold of general type on which [nKy| is composed
with a pencil of surfaces for some fixed integer n > 0. Can
one find an integer m (bounded from above by a function in
terms of n) so that |[mKy | is not composed with a pencil any
more?

This question was solved by Kollar [13] who proved that one may take
m < 11ln + 5. The result is a direct application of the semi-positivity
of f*wg,/ p since, modulo birational equivalence, one may assume that
there is a fibration f : Y — B onto a curve B. As far as we know,
there is still no known analogy of Kollar’'s method in treating Q-Fano
varieties.

Firstly, we shall prove the following theorem.

Theorem 1.4. Let X be a Q-Fano 3-fold. Then there exists an
integer ny < 10 such that dim¢_,, (X) > 1.

Theorem 1.4 is close to be optimal due to the following example.
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Example 1.5 ([10, List 16.7, No.85]). Consider the general codimen-
sion 2 weighted complete intersection X := X430 C P(1,8,9,10,12,15)
which is a Q-Fano 3-fold. Then dim ¢_g(X) > 1 while dim p_g(X) = 1.

In fact, theoretically, there are only 4 possible weighted baskets for
which we need to take n; = 10 (see Remark 3.13 and Subsection 3.6
for more details and discussions). Theorem 1.4 allows us to prove the
following result.

Theorem 1.6. Let X be a Q-Fano 3-fold. Then @_,, is birational
onto its image for all m > 39.

A key point in proving Theorem 1.4 is that we have p(X) = 1, which
is not the case for arbitrary weak QQ-Fano 3-folds. Therefore we should
study weak Q-Fano 3-folds in an alternative way. Our result is as follows.

Theorem 1.7. Let X be a weak Q-Fano 3-fold. Then dim ¢_,,(X) >
1 for all no > 71.

Theorem 1.7 allows us to study the birationality.

Theorem 1.8. Let X be a weak Q-Fano 3-fold. Then ¢_,, is bira-
tional onto its image for all m > 97.

Remark 1.9. We remark that Theorems 1.7 and 1.8 are true even
if X has canonical singularities instead of Q-factorial terminal singular-
ities, which is not difficult to see.

This paper is organized as follows. In Section 2, we recall some basic
knowledge. In Section 3, we consider Problem 1.3 on Q-Fano 3-folds.
We generalize a result of Alexeev and reduce the problem to the numer-
ical behavior of anti-plurigenera, then we apply a method developed by
J. A. Chen and the first author to analyze the possible weighted baskets.
Section 4 is devoted to proving Theorem 1.7 for weak Q-Fano 3-folds.
We reduce the problem to the numerical behavior of Hilbert functions
and use Reid’s formula to estimate the lower bound of Hilbert functions.
Finally we study the birationality in Section 5. We give an effective cri-
terion for the birationality of ¢_,,. As applications, we prove Theorems
1.6 and 1.8 in the last part.
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2. Preliminaries

Let X be a weak Q-Fano 3-fold. Denote by rx the Gorenstein index of
X, i.e. the Cartier index of Kx. For any positive integer m, the number
P_,(X) = h(X,0x(-mKx)) is called the m-th anti-plurigenus of
X. Clearly, since —Kx is nef and big, Kawamata—Viehweg vanishing
theorem [12, Theorem 1-2-5] implies

R(—mKx)=h'(X,Kx — (m+1)Kx) =0

for all « > 0 and m > 0.
For two linear systems |A| and |B|, we write |A| < |B| if there exists
an effective divisor F' such that

|B| D |A|+ F.
In particular, if A < B as divisors, then |[A| < |B].

2.1. Rational map defined by a Weil divisor.
Consider an effective Q-Cartier Weil divisor D on X with h%(X, D) >
2. We study the rational map defined by |D|, say

x 28 pho(D)-1

which is not necessarily well-defined everywhere. By Hironaka’s big
theorem, we can take successive blow-ups 7 : Y — X such that:
(i) Y is nonsingular projective;
(ii) the movable part |M] of the linear system ||7*(D)]| is base point
free and, consequently, the rational map v := ® por is a morphism;
(iii) the support of the union of 7, *(D) and the exceptional divisors
of 7 is of simple normal crossings.

Let Y 25 T —% Z be the Stein factorization of v with Z :=~y(Y) C
PA" (D)=L We have the following commutative diagram.

/

Y T
Y

T S
®p

X -7

Case (fnp). If dim(I") > 2, a general member S of [M| is a nonsin-
gular projective surface by Bertini’s theorem. We say that |D| is not
composed with a pencil of surfaces.
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Case (fp). If dim(') = 1, i.e. dim®p(X) = 1, then I' = P! since
g(T) < q(Y) = q(X) := h'(Ox) = 0. Furthermore, a general fiber S of
f is an irreducible nonsingular projective surface by Bertini’s theorem.
We may write

M = Z SZ ~nS
i=1
where S; is a nonsingular fiber of f for all i and n = h°(D) — 1. We can
write

D] = [nS'| + E,

where |S’| = |m,.S| is an irreducible rational pencil, |n.S’| is the movable
part and E is the fixed part. In this case, | D| is said to be composed with
a rational pencil of surfaces. We collect a couple of basic facts about
rational pencils as follows.

Lemma 2.1. Keep the same notation as above. If |D| = |nS’'|+ E
is composed with a rational pencil of surfaces, then n = h°(D) — 1.

Lemma 2.2. If |Di| = |k1S1| + E1 and |Da| = |k2S2| + E2 are
composed with rational pencils of surfaces and D1 < Dy, then |Si| =

|52

Proof. Since Dy < Dy, we have Mov|D;| < Mov|Ds|. Hence |S1| <
|kaSa|. Thus |Si| < |S2| by the irreducibility of [S1|. Then by h%(S;) =
hY(S3) = 2 and |S4[,|S2| are movable, we have |S1| = |Sa|. q.e.d.

For another Weil Q-Cartier divisor D’ satisfying h%(X,D’) > 1, we
say that |D| and |D’| are composed with the same pencil if |D| and | D’
are composed with pencils and they define the same fibration structure
Y — P! on some model Y. In particular, |D| and | D’| are not composed
with the same pencil if one of them is not composed with a pencil.

Define
_ L L Case (fnp)§
v=uD) = {n, Case (fp).

Clearly, in both cases, M = 1S with + > 1.

Definition 2.3. For both Case (fn,) and Case (fy), we call S a
generic irreducible element of |M|.

We may also define “a generic irreducible element” of a moving linear
system on a surface in the similar way:.

Restricting our interest to special cases, we fix an effective Weil divisor
D ~ —moKx at the very beginning assuming that P_,,, > 2 for some
integer mg > 0. We would like to study the geometry of X induced by
Dp.
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2.2. Reid’s formula.

A basket B is a collection of pairs of integers (permitting weights),
say {(bs,7i) | i = 1,---,s;b; is coprime to 7;}. For simplicity, we will
alternatively write a basket as follows, say

B =1{(1,2),(1,2),(2,5)} = {2 x (1,2),(2,5)}.
Let X be a weak Q-Fano 3-fold. According to Reid [18], for a Weil
divisor D on X,

X(D) = 1+ £ D(D — Kx)(2D — Kx) + 25(D - e2) + 3 cq(D

where the last sum runs over Reid’s basket of orbifold points. If the
orbifold point @ is of type %(1, —1,b) and ¢ = ip is the local index of
divisor D at @ (i.e. D ~ iKx around Q, 0 <i<r), then

r -1) ]bT‘—]b
cQ(D) = — Z

Here the symbol - means the smallest residue mod r and Zj_:lo = 0.
Write

Xsing(D) = ZCQ(D) and

1 1
Xreg(D) =1+ ED(D — Kx)(2D — Kx) + E(D - e3).

We make some remarks here on how to compute the term cg(D):
(1) If D =nKx for n € Z, we take i =1 (modulo r) and then

. -1) jb(r — b
cQ(nKx) =cg(iKx) = — G Zj r=ib)

(2) If D =tKx for t € Z*, then it is easy to see
t—1

7‘ —1) br— b
cQ(tKx) = — Zj 7b)

(3) By Reid’s formula, KawamatafVlehweg vanishing theorem, and
Serre duality, we have, for any n > 0,

P_(X)= —x(Ox((n+1)Kx))

1—1271(71 +1)@n+ 1)(=K3) + 2n+1) — l(—n)

where I[(—n) = I(n +1) = >3, >7% W and the sum runs
over Reid’s basket of orbifold points

BX:{(bi,Ti)\i=1,'~ 5,0 < b; < 5 Lob 1scopr1metor,}.
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The above formula can be rewritten as:
1 3 b2\ 1
Py = 5(—KX+ZT—Z) ‘52“3’
KA 3
_ m2 3 bzz m A™
P—m_P—(m—l) - 2<_KX+§Z:”) —2§i:bi+2_

bim(ri—bim bim(r;—b;
where A™ =", ( m(gri m) _ m(gm m)) for any m > 2.

2.3. Upper bound of Gorenstein indices.
The following fact might be known to experts. We will apply it in
our argument.

Proposition 2.4. Let X be a weak Q-Fano 3-fold. Then either rx =
840 or rx < 660. (This means that the Gorenstein index of a weak
Q-Fano 3-fold is bounded from above by 840. Among known Q-Fano
3-folds, the mazimal Gorenstein index is 420. For example, so is the
general weighted hypersurface X19 C P(1,3,4,5,7) (c¢f. [10, List 16.6,
No.40]). We do not know if this bound is optimal.)

Proof. Write Reid’s basket
Bx = {(bi,ri) l[i=1,---,50<b < %;bi is coprime to 7‘@-}.

Then, by definition, rx = Lem.{r; |i=1,--- ,s}.
By [15], we know that (—Kx - c2(X)) > 0. Therefore Reid [18, 10.3]
gives the inequality

1
2.1 (r- - _) < 24.
e CEDE
Now for the sequence R = (r;);, we define a new set P = {s;};
as following: if we factor r; into its prime factors such that r; =
aiq, A2 AL

pIepy> - pptt, then we take P = {p?ji}lgjgk,i. It is easy to show
that if a,b > 1 and coprime, then

1 1 1
2.2 b——>a——+b—-+2.
(2:2) “ ab — “ a + b +
So
1 1
. e - =) <24
(2.3) Ej:(s] sj>—§i:<“ 74)_24
and we also have l.c.m.(s;); = Leam.(r;); = rx. So the problem is

reduced to treat the sequence (s;); instead. Clearly, for each j,
sj €{2,3,4,5,7,8,9,11,13,16,17,19}.
Now we may assume that ry > 660.

Denote by s; the largest value in P, by sy the second largest value,
by s3, s4 the third, the forth, and so on. For instance, if P = {2, 3,4, 5},
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then s = 5, sp = 4, s3 = 3, and s4 = 2. If the value s; does not exist by
definition, then we set s; = 1. In the previous example, we have s5 = 1.
Since l.c.m.(2,3,4,5,7) =420 and l.c.m.(2,3,4,5,7,8) = 840, if 51 <
8, then 3,5,7,8 € P. In this case P = {3,5,7,8} or {2,3,5,7,8} by
inequality (2.3) and R = (3,5,7,8) or (2,3,5,7,8) by inequality (2.2).
In a word, rx = 840.
If sy > 16, then
Z (s — l) 8+ i
= s 16
Then s < 8. Also sy > 5 since, otherwise, l.c.m.(2,3,4,s1) < 228 < rx
(a contradiction). Hence

(s D) <84

i — ~ 4z
e s; 165
So s3 < 3, but 2 and 3 can not be in P simultaneously. Then l.c.m.(s;);
<3 x8x 19 < rx, a contradiction.

If s = 13, then so > 5 since, otherwise, l.c.m.(2,3,4,s1) = 1251 < rx
(a contradiction). Then

1 1 1

Z@——) R T R
, S 13
7>2
If s = 11, then s; = 1 for any j > 2 and rx = 11 x 13, a contradiction.
If so =9, then s3 < 2 and lL.c.m.(s;); <2x9x13 < ry, a contradiction.
If s9 = &, then s3 < 3, but 2 and 3 can not be in P simultaneously. So
lL.em.(s;); < 3x8x13 < rx, a contradiction. If sp = 7, then s3 < 4, but
3 and 4 can not be in P simultaneously. Sol.c.m.(s;); < 6x7x13 < ryx,
a contradiction. If so = 5, then 3 and 4 can not be in P simultaneously.
So Lem.(sj); <6 x5 x 13 <rx, a contradiction.

If s; = 11, then 9 > s9 > 7 since, otherwise, l.c.m.(2,3,4,5,s1) =
60s; < rx (a contradiction). Then

(s D) <64t

JT 11 " =
= S; 1 7
Hence s3 < 5. If s3 = 5, then s; = 1 for any j > 3 and l.c.m.(s;
IX9Ix1l <ryx,a contradlctlon If s3 =4, then sy < 2 and L.c.m.(s;
4 x 9 x 11 < ry, a contradiction. If s3 <3, then Lc.m.(s;); <2
9 x 11 < rx, a contradiction.

If s =9, then 8 > s9 > 7 since, otherwise, l.c.m.(2,3,4,5,9) = 180 <
rx (a contradiction). Consider firstly the case so = 8. We have

If s3 =7, then s; =1 for any j > 3 and l.c.m.(s;

) STx8x9<rx,a
contradiction. If s3 < 5, then l.c.m.(s;); < lcm(2 3,4

,5,8,9) = 360 <
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rx, a contradiction. Next we consider the case so = 7. Then

Z(s- 1) <gt iyl

i) S8t T

P~ 5§ 9 7

If s3 = 5, then s4 < 3and l.cm.(s;); < 2x5x7x9 < ry, a contradiction.
If s3 < 4, then Leam.(s;); <4 x7x9 < rx, a contradiction. So we
conclude the statement.

From the proof we also know that rx = 840 only happens when
R =(3,5,7,8) or (2,3,5,7,8). q.e.d.

3. When is | - mKx| not composed with a pencil? (Part I)

The most important part of this paper is to find a minimal positive
integer m so that | — mK x| is not composed with a pencil of surfaces.
For the convenience of expression, we fix the notation first.

Definition 3.1. Let X be a weak Q-Fano 3-fold. For any 0 < i < 2,
define

§;(X) :=min{m € Z" | dimy_,,(X) > i}.

We will mainly treat Q-Fano 3-folds in this section.

3.1. Two key theorems.

We prove two theorems here which are crucial in proving Theorem
1.4.

Theorem 3.2. Let X be a Q-Fano 3-fold with the basket B of sin-
gularities. Fix a positive integer m such that P_,, > 0. Assume that,
for each pair (b,r) € B, one of the following conditions is satisfied:
0,£1 mod r;

—2 mod r and b= [5];

2 mod r and 3b > r;

3 mod r and 4b > r;

4 mod r, b(r — b) > 4b(r — 4b), and

b(r — b) + 2b(r — 2b) > 3b(r — 3b) + 4b(r — 4b).
Then one of the following holds:

(I) P_y, =1 and —mKx ~ E is an effective prime divisor;
(I1) P, =2, |—mKx| does not have fized part, and is composed with
an irreducible rational pencil of surfaces;
(III) P_,, > 3, | —mKx]| does not have fized part, and is not composed
with a pencil of surfaces.

—~
[

SN—
3

3333
1 [ 1 T

[\

A~ NS
=~ W
— — — —

ot

Proof. We generalize the argument of Alexeev [1, 2.18] where the case
m =1 is treated.
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Assume that none of the conclusions holds, then there exists a strictly
effective divisor E such that —mKx — F is strictly effective and

R (—mKx) — h°(—mKx — E) — h°(E) + h°(Ox) = 0.

In fact, if P_,, =1 and —mKx ~ D is not a prime divisor, then we
take E to be one irreducible component of D; if P_,, > 2 and | — mK x|
has fixed part, then we take E to be one component in the fixed part;
if P_,, >3, | —mKx| does not have fixed part, but is composed with a
(rational) pencil of surfaces, then | — mKx| = [nS| with n > 2 and we
can take £ = S.

By Kawamata—Viehweg vanishing theorem and p(X) = 1, all higher
cohomologies vanish for Ox(—mKx), Ox(—mKx — E), Ox(F), and
Ox. Hence

AA(-mKx,—-mKx — E,E,0) =0,
where the double difference of a function f is defined by
AAg(a,a—d,b,b—d) = f(a) — fla—d) = f(b) + f(b—d).
Then we have
AAXJeg(—me, —mKX — E, E, 0)

+AAx,sing(_mKX7 -mKx — B, E, 0) = 0.
It is clear to see that
m—+1
AAypeg(—mKx, —mKx —E, E,0) = T(—Kx)(—mKX—E)E > 0,
since £ and —mKx — E are ample by the construction and p(X) = 1.
To get a contradiction, it is sufficient to show that
AA, sing(—mKx, —mKx — E,E,0) >0

under the assumption of this theorem. Thus it suffices to show that, for
every single point @ = (b,r) € B,

(3.1) cQ(—mKx) —co(—mKx — E) — cq(F) > 0.

Set F(z) := x(r 2 for any integer z and ! := m. We may assume
that the local 1ndex of Eat Qisi (0 <i<r).

Then

cQ(—mKx) —cg(—mKx — E) — cg(E)
2r—I1—1

S (e S )

_(_(2r—l—i)(r -1)
12r




ON THE ANTI-CANONICAL GEOMETRY OF Q-FANO THREEFOLDS 69

_( r—1 ZZ_: )

2r—1—1 2r—l—i—1 i—1
= Y F(j F(jb) = > F(jb)
Jj=0 Jj= Jj=0
2r—I—1 i—1
= Y F(jb) - ) F(jb)
Jj=2r—l—i Jj=0
l+1 i—1
= Y F(jb) =Y F(jb)
j=l+1 7=0
l+1 l
= Y F(jb) =Y F(jb)
Jj=i 7=0
l !
(3.2) = Y F(ib+jb) = Y F(jb)
7=0 J=0

for arbitrary integer x.

Note that G(x) is a periodic piecewise quadratic function with nega-
tive leading coefficients. Hence the minimal value can only be reached
at end points of each piece. It is easy to see that the set of end points
is {nr—jb|neZj=0,1,...,1}. Hence G(x) > 0 is equivalent to
G(—jb) >0 for all j =0,1,...,1. Note that G(0) = G(—1b) = 0.

If m=0,1 mod r, there is nothing to prove.

If m =2 mod r, then G(—b) = F(b) — F(2b). It is easy to see that
F(b) — F(2b) > 0 is equivalent to 3b > r.

If m =3 mod r, then G(—b) = G(—2b) = F(b) — F(3b). It is easy
to see that F'(b) — F(3b) > 0 is equivalent to 4b > r.

Ifm =4 mod r, then G(—b) = G(—3b) = F(b)—F(4b) and G(—2b) =
F(b) + F(2b) — F(3b) — F(4b).

If m=—1 mod r, then G(z) = Y724 F(x + jb) — Y'—( F(jb) = 0.

If m = —2 mod r, then G(z) = Z;;g F(x + jb) — Z;;g F(jb) =
F(b)— F(x+ (r—1)b). It is easy to see that F(b) — F(x+ (r—1)b) >0
for all 2 if and only if b = |§].

So we have proved the theorem. q.e.d.

As a special case of Theorem 3.2, Alexeev proved the following theo-
rem.
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Theorem 3.3 ([1, 2.18]). Let X be a Q-Fano 3-fold. If P_y > 3,
then | — Kx| has no fized part and is not composed with a pencil of
surfaces.

Hence we only need to deal with the case when P_1 < 3. For this
purpose, we prove the following theorem.

Theorem 3.4. Let X be a Q-Fano 3-fold. Fix a positive integer m.
Assume that one of the following holds:
(i) P_yy =1 and E € | — mKx]| is an effective prime divisor;
(ii) P_y, =2 and | — mKx| does not have fized part.
Write ng := min{n € Z" | P_pym > 2}. For any integer | > ng, write
l=sng+twithseZ and 0 <t <ng—1. Take
lp = min{l S ZZTLO ‘ P >s+ 1}.

Then | — lgomKx/| does not have fized part and is not composed with
a pencil of surfaces.

Proof. First we assume that | — lpmK x| has a base component Ej,.
It follows that P_,, = 1 and Ej, = E. Thus, by definition, we have
lp > 1. Hence

P_(y—1ym = h'(=lomKx — (-mKx))
= 1 (~lomKx — Ey,) = h°(~lomKx) > s + 1,
which contradicts the minimality of /y. The similar argument implies
that | — ngmK x| does not have fixed part.

Now assume that | — l[om K x| is composed with a (rational) pencil of

surfaces, i.e.
| = lomKx| = |(P-iom — 1)S],
where |S] is an irreducible rational pencil. Write Iy = sng + t. Since
P_,om = 2, we have P_g,,, > s+ 1.

If £ > 0, by the minimality of Iy we get P_gp,m = s+ 1. So we can
write |—snomK x| = |sS| by Lemma 2.2 since | —nomK x| does not have
fixed part and | — sngmKx| < | — lomKx|. Now

—tmKx ~ —lomKx — (—snomKx) ~ (P_jym — 1)S — sS
= (P jym —1—5)S>5.
This implies that P_;, > 2, which contradicts the minimality of ng.
Hence t = 0 and [y = snyg.

If s > 2, by the minimality of ly we get P_(s_1)ngm = s > 2. We can
write |—(s — 1)ngmK x| = |(s — 1)S| by Lemma 2.2. Hence
—nOmKX ~ —lomKX — (—(S — 1)710me) ~ (P—lom — 1)5 — (S — 1)5

= (P—lom — S)S Z 25.
This implies that P_,,,, > 3, which contradicts the minimality of .
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Hence s = 1 and Iy = ng. By P_,,m > 3, we have ng > 1. This
implies, by assumption, P_,, = 1 and —mKx ~ FE is a fixed prime
divisor. Since E < (P_nm — 1)S ~ —ngmKx and E is reduced and
irreducible, E < Sy for certain surface Sy € |S|. Hence

—(Tlo — 1)mKX ~ —nomKX — (—me) ~ (P—nom - 1)5 —F
> (P_pym — 2)S + (So — E) > S.

This implies that P_,,_1), > 2, which contradicts the minimality of
ng. We are done. q.e.d.

Now let us explain the strategy to prove Theorem 1.4. Firstly, we
divide all Q-Fano 3-folds into several families, roughly speaking, by the
value of P_q1. Then in each family, we may take a suitable m satisfying
the condition of Theorem 3.2. Applying Theorem 3.4 to m, we are able
to find the number [y and so 61(X) < lpm. In order to find such Iy,
or an upper bound of [y, we may assume that [y is sufficiently large,
say, lo > 9, then by the assumption of Theorem 3.4, we know the value
of P_yy P9y P—3m, ..., P_gm. Then, by Chen—Chen’s method ([4])
on the analysis of baskets, we can recover all possibilities for baskets
of singularities, of which each possibility can be proved to be either
impossible or very easy to treat. For this purpose, we need to recall
relevant materials on baskets, packings, the canonical sequence, and so
on.

3.2. Weighted baskets.
All contents of this subsection are mainly from Chen-Chen [4, 5].
We list them as follows:
1) Let B = {(bj,r;) |i=1,---,50 < b; < %;b; is coprime to 7;} be
a basket. We set o(B) := >, b;, 0/(B) ==, l:%_, and A"(B) =

> (bm(r;?;bm) - bi"(gr:bi")) for any integer n > 1.

2) The new (generalized) basket

B = {(b1 + ba, 1 +12), (b3,73), -+, (bs,7s) }

is called a packing of B, denoted as B = B’. Note that {(2,4)} =
{(1,2),(1,2)}. We call B = B" a prime packing if byra — bor; = 1.
A composition of finite packings is also called a packing. So the
relation “>” is a partial ordering on the set of baskets.

3) Note that for a weak Q-Fano 3-fold X, all the anti-plurigenera P_,,
can be determined by Reid’s basket Bx and P_1(X). This leads
to the notion of “weighted basket”. We call a pair B = (B, P_;) a
weighted basket if B is a basket and P_; is a non-negative integer.
We write (B, P_y) = (B',P_,) if B> B'.
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4) Given a weighted basket B = (B, P_;), define P_(B) := P_; and
the volume

—~K3(B) :==2P_; + o(B) — o/(B) — 6.

For all m > 1, we define the “anti-plurigenus” in the following
inductive way:

P_y1) — Pom

1 1
= 5(m+ 1)?(—K*B) 4+ o'(B)) + 2 — % — A"TH(B).
Note that, if we set B = (Bx, P_1(X)) for a given weak Q-Fano
3-fold X, then we can verify directly that —K3(B) = —K% and
P_,,(B) = P_,(X) for all m > 1.

Property 3.5 ([5, Section 3]). Assume B := (B,P_;) = B :=
(B',P_1). Then

i) 0(B) = 0(B') and 0'(B) > o'(B');
(ii) For all integer n > 1, A™(B) > A™(B');
(i) — ( )+0(B) = —K*(B) + o'(B);
(iv) —K°(B) < —K°(B');
(v) P_p(B) < P_,,(B) for all m > 2.

Next we recall the “canonical” sequence of a basket B. Set S :=
{Ln>2} 86 =80y {2}, and inductively for all n > 5,

S = gn=1) {% |0<b< g, b is coprime to n} .

Each set S gives a division of the interval (0, 1] = U[ Z(i)l,wl(")] with

wi(") z(i)l e S, Let wl(+)1 = fj—*i and wlg ) — qz Wlth g.c.d(q,p) =1
for [ = 4,7+ 1. Then it is easy to see that ¢;p;11 — pigir1 = 1 for all n
and 7 (cf. [5, Claim A)).

Now given a basket B = {(b;,7;) | i = 1,--- , s}, we define new baskets

B™(B), where BM™(-) can be regarded as an operator on the set of

baskets. For each (b;,7;) € B, if bl € S™ then we set B = {(bs, n)}
If %- ¢ S then wl(+)1 < % < wl( " for some . We write w (n) = pz
and wl(:f)l = ql“ respectively. In this situation, we can unpack (bl, ;) to

B = {(WJJ _bzpl) (141, Pi41)s (=7iqur +bipis) % (@, p1) }- Adding
up those Bg"), we get a new basket B(")(B), which is uniquely defined
according to the construction and BM™(B) = B for all n. Note that, by
the definition, B = B (B) for sufficiently large n.

Moreover, we have

BN (B) = B0 (B (B)) = B (B)
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for all n > 1 (cf. [5, Claim B]
3(0)(3) - 5(5)(3

The step B~Y(B) = B (B) can be achieved by a number of succes-
sive prime packings. Let €,(B) be the number of such prime packings.
For any n > 0, set B™ := B(")(B).

The following properties are essential to represent B,

. Therefore we have a chain of baskets

_  —

= =B™(B) = ... = B.

Lemma 3.6 ([5, Lemma 2.16]). For the above sequence {B™}, the
following statements hold:

(i) AI(BO) = A(B) for j =3,4;
(i) AJ(BM=D) = AI(B™) for all j < n;
(iii) A?(BC™=D) = A"(BM™) + ¢,(B).
It follows that AJ(B(™) = AJ(B) for all j < n and
en(B) = AM(BMY) — AM(B™) = AM(BMY) — A™(B).

Moreover, given a weighted basket B = (B,P_1), we can similarly
consider B (B) := (B™, P_}). It follows that

P_;(B™(B)) = P_;(B)

for all j < n. Therefore we can realize the canonical sequence of
weighted baskets as an approximation of weighted baskets via anti-
plurigenera.

We now recall the relation between weighted baskets and anti-pluri-
genera more closely. For a given weighted basket B = (B, ]5_1), we start
by computing the non-negative number ¢, and B, B®) in terms of
P_,,. From the definition of P_,,, we get

o(B) =10 — 5P_y + P_o,

A™ = (2 —5(m+ 1) +2(m + 1)) + %(m +1)(2-3m)P_,

+ %m(m + 1) Py + Py — Py
In particular, we have
A>=5—6P_1+4P o — P_g;
A'=14—14P_ + 6P 5+ P_3— P_y.
Assume B(©) = {n?, x (1,r) | r > 2}. By Lemma 3.6, we have
o(B)=o(BY) =3 n},;
A¥(B) = AYBO) = nf
AY(B) = AYBO) = 2n(1],2 + n(l]’?).



74 M. CHEN & C. JIANG

Thus we get B as follows:
nly=5-6P1+4P 3 — P
nig=4—-2P 1 —2P_5+3P_3— Py
nd, =1+43P 1 —Py—2P 3+ P4 —o05;

0 _ .0
Ny, =m0 7 > 9,

where o5 := zrzs n(iT. A computation gives
€5 =2+ p_Q — 2p_4 + P_5 — 05.
Therefore we get B®) = {n3, x (1,r),n35 x (2,5) | r > 2} as follows:
n‘rl”2 =3 - 6~p_1 + 3~p_2 —~p_3 + 2p_4 — p_5 + 05;
77,375 =2+ Pt2 — 2Pt4 + P_‘i — 0'5;~ i
njy=2-— 21?—1 - 3~P—2 + 3~P—3 +~P—4 — P_5+ 05;
n?’4 =14+3P1—P o—2P 3+ P_4— 05;

5 _ .0
Ny, =N ,,7 > 5.

Because B®) = B) we see ¢ = 0 and on the other hand
¢6=3P 1 +Pog—P3—P4—Ps+Pg—e=0
where € := 205 — "(1),5 > 0.
Going on a similar calculation, we get
er =1+ 15_1 + 15_2 — ﬁ_5 — p_ﬁ + ﬁ_7 — 205 + 2n(1)75 + n(l)ﬁ;
eg=2P | +Poy+P 3—P 4~ P 5—P;+Pg
— 305 + 3n(1],5 + 2n(1],6 + n(fj.
A weighted basket B = (B, P_;) is said to be geometric if B =
(Bx, P_1(X)) for a Q-Fano 3-fold X. Geometric baskets are subject to

some geometric properties. By [11], we have that (—Kx - c2(X)) > 0.
Therefore [18, 10.3] gives the inequality

(3.3) YB) =) Ti ~) ri+24>0.

For packings, it is easy to see the following lemma.

Lemma 3.7. Given a packing of baskets By »= Bs, we have y(By) >
~v(B2). In particular, if inequality (3.3) does not hold for By, then it
does not hold for Bs.

Lemma 3.7 implies that, for two weighted baskets B; = Bs, if By is
non-geometric, then neither is Bo.
Furthermore, —K3(B) = —K% > 0 gives the inequality

(3.4) o'(B) < 2P_, + o(B) — 6.
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Finally, by [14, Lemma 15.6.2], if P_,, > 0 and P_, > 0, then
(3.5) Popn> P+ Py — 1.

Notation. For the connivence of readers who are not familiar with
Chen—Chen’s method, we collect in the following the notation that will
be frequently used in the rest of this paper.

B = {(b;,r;)}: a basket.

o(B)=3_;bi.
2
o' (B) = ZI;—LZ
B = (B, P_1): a weighted basket.

—K3(B): the volume of B.

P_,,(B): the m-th anti-plurigenus of B. We just write P_,, instead
if B is geometric.

{B(™)}: the canonical sequence of B.

B(m) — {ny. x (b,r)}: expression of B,

ém(B): the number of prime packings between B(™~1) to B(™),

05 = Zr25 n(l],r'

€ =205 — ”(1),5-

Y(B) =2 ?12 — 2+ 24

Note that usually we will omit B in the symbols if B is clear enough.

3.3. Q-Fano 3-folds with h’(—K) = 2.
In this subsection we prove the following theorem.

Theorem 3.8. Let X be a Q-Fano 3-fold with P_1 = 2. Then for
any integer m > 6, dim¢_,,,(X) > 1. In particular, 6;(X) < 6.

Theorem 3.8 is optimal due to the following example.

Example 3.9 ([10, List 16.6, No.88]). Consider the general weighted
hypersurface X4o C P(12,6,14,21), which is a Q-Fano 3-fold with P_; =

2. Then dim ¢_g(X42) > 1 while dim ¢_5(X42) = 1. So d1(X42) = 6.

Proof of Theorem 3.8. Since P_; > 0, it is sufficient to prove that there
exists an integer m < 6 such that dim¢_,,(X) > 1.

Assume, to the contrary, that 6;(X) > 6. Then, by applying Theo-
rems 3.2 and 3.4 to the case m = 1, we have

P,=2Py=3P3=4P 4=5P;=6P=T.
Now by those formulae in Subsection 3.2, we have "(1),2 =1, "(1),3 =1,
n(f74 =¢e =1—05,and 0 = ¢ = 1 — €. Hence € = 1, and this implies
o5 = "(1),5 = 1. Hence the basket B®) = BO) = {(1,2),(1,3),(1,5)} by

es = 0. Since B®) admits no prime packings, B = B®) and —Kg"( =
~K3(B(X)) = —1/30 < 0, a contradiction. q.e.d.
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3.4. Q-Fano 3-folds with h%(—K) = 1.
We are going to prove the following theorem.

Theorem 3.10. Let X be a Q-Fano 3-fold with P_1 = 1. Then, for
any integer m > 9, dim¢_,,(X) > 1. In particular, 6;(X) < 9.

This result is optimal as well due to the following example.

Example 3.11 ([10, List 16.7, No.85]). Consider the general codi-
mension 2 weighted complete intersection X = X439 C P(1,8,9, 10,12,
15) which is a Q-Fano 3-fold with P_; = 1. Then dimy_g(X) > 1 and
dim¢_g(X) =1 since P_g = 2. So §;(X) = 9.

Proof of Theorem 3.10. Since P_; > 0, it is sufficient to prove that there
exists an integer m < 9 such that dim¢_,,(X) > 1. Assume, to the
contrary, that 6;(X) > [ for some integer [ < 9. We will deduce a
contradiction.

Applying Theorems 3.2 and 3.4 to the case m = 1, we discuss on the
number ng (defined in Theorem 3.4). By Chen—Chen [4, Theorem 1.1],
we have ng < 8.

If ngp = 2 and set | = 6, then Theorem 3.4(i)(m = 1) implies that

Pi=1 Py=P3=2 P,=P5=3 Pg=4

Then "(1),2 = 9, "(1),3 =1, "(1),4 =¢e =1—-05 0=¢ = 1—c¢. Hence
e = 1, and this implies o5 = "(1),5 = 1. Hence the basket B®) = B0 —
{5 % (1,2),(1,3),(1,5)} by e5 = 0. Since B®) admits no further prime
packings, B = B® and —K*(B) = —% < 0, a contradiction. Thus
51 (X) <6.

If ngp = 3 and set | = 6, then Theorem 3.4(i)(m = 1) implies that

P,=Py=1 P3=P,=P5=2 P.g=3.

Then n%z =1, n(ig = 4, n(l)74 =€ =1—05 0=¢e =1—¢ Hence
e = 1, and this implies o5 = n(l)75 = 1. Hence the basket B®) = B0 =
{(1,2),4 x (1,3),(1,5)} by €5 = 0. Since B®) admits no further prime
packings, B = B® and —K*(B) = —% < 0, a contradiction. Thus
90 (X) <6.

If nyp = 4 and set | = 6, then Theorem 3.4(i)(m = 1) implies that

Pi=Poy=P3=1P =P 5=Pg=2

Thenn%2 = 2, n%g =1, n(1)74 =3—05,66=1—-050=¢ =1—¢
Hence ¢ = 1, and this implies o5 = n(1]75 = 1. Hence B®) = {2 x
(1,2),(1,3),2 x (1,4),(1,5)} by e = 0. Hence ¢7 < 1 and eg = 0
by considering possible prime packings of B®). On the other hand,
ez =P 7—1and eg = P.g— P 7. So P.g=¢7+1<2 But this
contradicts P_4 = 2 and inequality (3.5). So d;(X) < 6.
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If nyp = 5 and set [ = 7, then Theorem 3.4(i)(m = 1) implies that
P =P y—=P4=P,=1 Ps=Pg—=P,—2.

Then nf, = 2, n9,3 = 2, n,=2—0s56=3-050=¢c=2—¢,
€7 = 1 — 205 + 2n 5t nY ¢ Hence € = 2, and this implies (05,71(1]75) =
(1,0) or (2, 2) If (05,n1 5) = (1,0), then n?ﬁ =1 by e; > 0. Hence
es = 2 and B®) = {2x(2,5),(1,4),(1,6)}. Since B®) admits no further
prime packmgs B = B® and —K3(B) = —i < 0 a contradiction. If
(05,n)5) = (2,2), then e5 = 1, 67—1andB ={(3,7),(1,3),2 x
(1,5)}. Since B( ) admits no further prime packings, B = B and
—K3(B) = —13= < 0, a contradiction. So §;(X) < 7.
If ng = 6 and set | = 8, then Theorem 3.4(i)(m = 1) implies that

P, =Py=Pg3=P,=Ps=1 Pg=P,=Pg=

Then n?g =2, n(ig =2, n(l)74 =2—05,65 =2—05,0 =€ = 3—e¢. Hence
e =3 and o5 < 2, and this implies (05,n(1)75) = (2,1). Then e5 = 0 and
BO®) = {2 x (1,2),2 x (1,3),(1,5), (1,5")} for some s’ > 6. This implies
€7 = eg = 0 since there are no further packings. On the other hand,
€7 =2—205+ 2n(1)75 + n?ﬁ and eg = 2 — 305 + 3n?,5 + 2n?,6 + n?j. Hence
nds=0,n0; =1 and B7 ={2x (1,2),2 x (1 3),(1,5),(1,7)}. Since
B is minimal, B = B and —K3(B) = — 5= < 0, a contradiction.
Thus 6;(X) < 8.
If nyp > 7 and set [ = 9, then Theorem 3.4(i)(m = 1) implies that

Pi=Py=P3=P,=Ps=Pg=1 Pg=Pg=2.

Thenn?2 = 2, n?3:2 n(l)4:2 05, €5 =2—05 0=¢€ =2 —c¢c
Hence € = 2 and o5 < 2, and thls implies (o5, nY 5) = (1,0) or (2,2).

If (05,7115) = (2,2), then B®) = {2 x (1,2),2 x (1,3),2 x (1,5)} by

5)

¢s = 0. Since B® admits no further prime packings, B = B®) and

—~K3(B) < 0, a contradiction.

Thus we are left to consider the case: (05,71?75) = (1,0). Then we
have B®) = {(1 2),(2,5),(1,3),(1,4),(1,¢)} with s > 6 by e5 = 1.
Assume that s’ = 6, 7. Clearly any basket B, with such a given B®),
dominates one of the following minimal ones:

By = {(3’ 7)’ (2’7)’ (1’8/)};
B2 = {(172)7 (378)7 (174)7 (173,)}'

Since ¢/(B) > o/(B;) > 2 where s’ = 6,7 and i = 1,2, inequality (3.4)
fails for all B, which says that this case does not happen. Hence s’ > 8,
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then the expression of eg gives

Pg—P 7=e+1.

Hence P.7 = Pg = 1 and e; = eg = 0 since P_g = 2. We have
B® = BO) = {(1,2),(2,5),(1,3),(1,4), (1,s')} with s’ > 8. Since B®)
admits no further prime packings, B = B ®), By inequalities (3.3) and
(3.4), s’ can only be 9,10,11. But then direct calculations show that

P_g = 3 in all these three cases, a contradiction. We have proved
n(X) <o.
So we conclude the theorem. q.e.d.

3.5. Q-Fano 3-folds with h°(—K) = 0.
In this subsection we prove the following theorem.

Theorem 3.12. Let X be a Q-Fano 3-fold with P_y = 0. Then
there exists an integer my < 11 such that dim p_,, (X) > 1. Moreover,
we can take such a number my < 8 except for the following baskets of
singularities:

No.l. {2x(1,2),3x (2,5),(1,3),(1,4)};
No.2. {5x(1,2),2x (1,3),(2,7),(1,4)};
No.3. {5x(1,2),2x (1,3),(3,11)};
Nod. {5x(1,2),(1,3),(3,10), (1,4)};
No.A. {7x(1,2),(3,7),(1,5)};

No.B. {6x (1,2),(4,9),(1,5)};

No.C. {5x (1,2),(5,11),(1,5)};

No.D. {4x (1,2),(6,13),(1,5)};

No.E. {7x(1,2),(3,8),(1,5)};

No.F. {5x(1,2),(4,9),(1,3),(1,5)}

Remark 3.13. We do not know if this result is optimal since very
few examples with P_; = 0 are known. There are 4 known examples
due to Iano-Fletcher [10, List 16.7, No.60] and Altmok-Reid [2], [19,
Example 9.14]. For these examples we can see that dim¢_g(X) > 1 by
our theorem. Moreover, in next subsection we will treat the exceptional
cases. If one can confirm either the existence or non-existence of type
No.1-No.4, the result becomes optimal and so does Theorem 1.4.

Before proving Theorem 3.12, we recall a result by J. A. Chen and
the first author.



ON THE ANTI-CANONICAL GEOMETRY OF Q-FANO THREEFOLDS 79

Proposition 3.14 ([4, Theorem 3.5]). Any geometric basket of weak
Q-Fano 3-folds with P_1 = P_o = 0 is among the following list:

B —K3 P, P, P.5 P_.g P_., P_g
No.l. {2 x (1,2),3 x (2,5),(1,3),(1,4)} 1/60 0 0 1 1 1 2
No.2.  {5x(1,2),2x (1,3),(2,7), (1,4)} 1/84 0 1 0 1 1 2
No.3. {5 x(1,2),2 x (1,3),(3,11)} 1/66 0 1 0 1 1 2
No.4. {5 x (1,2), (1, 3), (3,10), (1,4)} 1/60 0 1 0 1 1 2
No.5. {5 x (1,2),(1,3),2 x (2,7)} 1/42 0 1 0 1 2 3
No.6. {4 x(1,2),(2,5),2x (1,3),2x (1,4)}  1/30 0 1 1 2 2 4
No.7. {3 x (1,2),(2,5),5 x (1,3)} 1/30 1 1 1 3 3 4
No.8. {2 x (1,2),(3,7),5 x (1,3)} 1/21 1 1 1 3 4 5
No.9.  {(1,2),(4,9),5 x (1,3)} 1/18 1 1 1 3 4 5
No.10. {3 x (1,2),(3,8),4 x (1,3)} 1/24 1 1 1 3 3 5
No.11. {3 x (1,2),(4,11),3 x (1,3)} 1/22 1 1 1 3 3 5
No.12. {3 x (1,2),(5,14),2 x (1,3)} 1/21 1 1 1 3 3 5
No.13. {2 x (1,2),2 x (2,5),4 x (1,3)} 1/15 1 1 2 4 5 7
No.14.  {(1,2),(3,7),(2,5),4 x (1,3)} 17/210 1 1 2 4 6 8
No.15. {2 x (1,2),(2,5),(3,8),3 x (1,3)} 3/40 1 1 2 4 5 8
No.16. {2 x (1,2), (5,13),3 x (1,3)} 1/13 1 1 2 4 5 8
No.17.  {(1,2),3 x (2,5),3 x (1,3)} 1/10 1 1 3 5 7 10
No.18. {4 x (1,2),5 x (1,3), (1,4)} 1/12 1 2 2 5 6 9
No.19. {4 x (1,2),4 x (1,3), (2,7)} 2/21 1 2 2 5 7 10
No.20. {4 x (1,2),3 x (1,3), (3,10)} 1/10 1 2 2 5 7 10
No.21. {3 x (1,2),(2,5),4 x (1,3), (1,4)} 7/60 1 2 3 6 8 12
No.22. {3 x (1,2),7 x (1,3)} 1/6 2 3 4 9 12 17
No.23. {2 x (1,2),(2,5),6 x (1,3)} 1/5 2 3 5 10 14 20

Proof of Theorem 3.12. In the proof, we will always take a suitable in-
teger m satisfying one of the conditions in Theorem 3.2. If necessary,
we apply Theorem 3.4 on m and take mi = lgm.

Case 1. P_5 = 0.

The basket B = Bx of the singularities of X is among the list of
Proposition 3.14. We just discuss it case by case.

If B is of type No.l, take m = 5. Since P_.5 = 1 and P_1y = 4, we
can take mi = 10.

If B is of type No.2, take m = 11. Since P_1; = 4, we can take
mi = 11.

If B is of type No.3, take m = 10. Since P_19 = 3, we can take
mi = 10.

If B is of type No.4, take m = 11. Since P_1; = 4, we can take
mi = 11.

If B is of type No.5, take m = 8. Since P_g = 3, we can take m; = 8.

If B is of type No.6, take m = 8. Since P_g = 4, we can take m; = 8.

If B is of type No.7-No.21, take m = 3. Since P_3 =1 and P_g > 3,
we can take mq; = 6.

If B is of type No.22-No.23, take m = 3. Since P_3 =2 and P_g > 9,
we can take m; = 6.

Case II. P, > 0.
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Since P_; = 0, the basket B has datum
n,=5+4P_y — P_g;
nlg=4-2P_y+3P_35— P_y;
n{,=1-P_y—2P 3+ P_4—o0s.

By Lemma 3.7, B() satisfies inequality (3.3) and thus

0<y(BY) = Z (% — r)n?,r +24

r>2
1 24
< Z (; - r>n(1)7T — 30’5 + 24
r=2,3,4
25 37 13 21
_ 2 p 4P, 2P, g
o 2T TR T %
Hence, by n(ig > 0 and "(1),4 > 0, we have
25 37 13 21
(36) E+EP_2+P_3—EP_4—2—OU5>O,
(3.7) 4—2P 9+ 3P_3— P_4 > 0;
(38) 1-Po—2P 3+ P 4—o052>0.
Considering the inequality “(3.6)+(3.7)+2x(3.8)”:
97 11 1 61
: M p, —p,
(39) 12 it gl

we obtain o5 < 2.

Subcase II-1. 05 = 0.

At first, we consider the case P_3 = 0. By inequality (3.7), we have
2P_9+P_4 < 4. Since 1l < P_y < P_y, it follows that (P_o, P_4) = (1,1)
or (1,2). If (P_g, P_4) = (1,1), then BO) = {9x(1,2),(1,3), (1,4)} with
-K 3(B(O)) = —% < 0. By considering a minimal basket By,;, domi-
nated by B(), then either By, = {(10,21),(1,4)} with —K3(Bpm) =
—g1 < 0o0r Buin = {9%(1,2),(2,7)} with —K3(Byin) = —75 < 0. Thus
—K3(B) £ —K3(Bmin) < 0, a contradiction. If (P_p, P_4) = (1,2),
then B = {9x (1,2),2 x (1,4)}. Since B(?) admits no prime packings
anymore, B = B(Y) and —K?3(B) = 0, a contradiction.

Let us consider the case P_s5 > 1. Since o5 = 0, B is composed
of (1,2),(1,3),(1,4). In particular, 4b > r holds for every pair (b,r) €
B As an easy conclusion, after packings, 4b > r holds for every pair
(b,r) € B. Som = 3 satisfies the condition of Theorem 3.2. By Theorem
3.4, we can take m; = 3 or 6 unless (P_3, P_g) = (1,1),(1,2),(2,3). By
inequality (3.8),

(3.10) P 4>2P 34+ P 5—12>2P 3.
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By Po > 0, P.¢ > P_4. Thus we only need to consider the case
(P_3,P_g) = (1,2). By inequality (3.10), P9 = 1 and P_4 = 2. On
the other hand,

0=€e=3P1+Pos—P3—P4—Ps5+Pg—e=—P_s.

This implies P_5 = 0 which contradicts P_o = P_3 = 1.

Subcase II-2. 05 = 2.
By inequality (3.9) and P_4 > 2P_5 — 1, we have P_ < 1. Hence
P_5 =1 and, by inequalities (3.6)—(3.8), we have inequalities:

46 13
11 2 4ip.-p -
(3.11) 5 P el
(3.12) 24+3P_3—P_4>0;
(3.13) 2 -92P 3+ P_4>0.

Considering the inequality “2x(3.11)4(3.13)”, we have P_4 < 3. Hence
P_3 = 0 by inequality (3.13), and P_4 = 2 by inequalities (3.12) and
(3.13). Then BO®) = {9 x (1,2),(1,51),(1,52)} with 5 < 51 < s9. If
sp > 5, then y(BO) <9x (3 -2)+ (3% -5+ (1 -6 +24<0,a
contradiction. Thus B(®) = {9 x (1,2),2 x (1,5)}. Since B() admits
no further prime packings, B = B(®). Take m = 5. Since P_5 = 3 by
e5 = 0, we can take mq = 5 by Theorem 3.4.

Subcase II-3. 05 = 1.

By inequalities (3.6)—(3.8), we have

(3.14) 12+ 37P_y + 12P_5 — 13P_4 > 0;
(3.15) 4—92P 5 +3P 35— P4 >0;

(3.16) —P.y—2P 3+ P 4 >0.

Considering the inequality “(3.14) + 13 x (3.16)”, we have
(3.17) TP.5 < 12P_5 + 6.

Considering the inequality “(3.15) + (3.16)”, we have
(3.18) 3P, < Py +4.

Inequalities (3.17) and (3.18) imply P_o < 3.

Subsubcase II-3-i. (05, P_2) = (1, 3).

By inequalities (3.17) and (3.18), 5 < P_3 < 6.

If P_3 = 6, by inequalities (3.14) and (3.16), P_4 = 15. Then B(®) =
{11 x (1,2),(1,3),(1,s)} for some integer s > 5. By v(B®) > 0, we
have s = 5. Since the one-step packing By = {10 x (1,2),(2,5),(1,5)}
has negative v(By), B = B©) = {11 x (1,2),(1,3), (1,5)}. Take m = 4.
Since P_4 = 15, we can take my = 4 by Theorem 3.4.

If P_3 = 5, by inequalities (3.15) and (3.16), P_4 = 13. Then B =
{12 x (1,2),(1,s)} for some integer s > 5. By 4(B®) > 0, we have
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s =5,6. Clearly B = B(®). Take m = 5. Since P_5 = 22, we can take
mq = 5 by Theorem 3.4.

Subsubcase II-3-ii. (05, P_3) = (1,2).

By inequalities (3.17) and (3.18), 2 < P_3 < 4.

If P_3 = 4, by inequalities (3.14) and (3.16), P_4 = 10. Then B =
{9 % (1,2),2 x (1,3),(1,5)} for some integer s > 5. By 7(B®) > 0, we
have s = 5. Since the one-step packing B; = {8 x (1,2),(2,5), (1, 3),
(1,5)} has negative v(B1), B = B® = {9 x (1,2),2 x (1,3),(1,5)}.
Take m = 4. Since P_4 = 10, we can take m; = 4 by Theorem 3.4.

If P_3 = 3, by inequalities (3.15) and (3.16), 8 < P_4 < 9. Firstly let
us consider the case P_y = 9. Clearly B = {10 x (1,2),(1,4),(1,5)}
for some integer s > 5. By 7(B®) > 0, we have s = 5. If B = B,
we may take m = 4. Since P_4 > 9, we can take m; = 4 by Theorem
34. If B # BY, we have B = {10 x (1,2),(2,9)}. Take m = 8.
Since P_g > 3, we can take m; = 8 by Theorem 3.4. Now we consider
the case P_; = 8. We have B = {10 x (1,2),(1,3),(1,s)} for some
integer s > 5. Since ’y(B(O)) > 0, we have 5 < s < 6. For the case
(P_4,8) = (8,6), we get B ={10x(1,2),(1,3),(1,6)} since any possible
packing of B(® has negative v. Take m = 5. Since P_5 = 13, we can
take my; = 5 by Theorem 3.4. For the case (P_4,s) = (8,5), we get
either B = {10 x (1,2),(1,3),(1,5)} or B ={9 x (1,2),(2,5),(1,5)} or
B ={8x(1,2),(3,7),(1,5)} by v > 0. For all these cases, take m = 6.
Since P_g > 3, we can take mi = 6 by Theorem 3.4.

If P_3 =2, we have P_4 = 6 by inequalities (3.15) and (3.16). Then
B = {11x (1,2), (1, s)} for some integer s > 5. Similarly, v(B(®) > 0
implies 5 < s < 7. Since B(Y) admits no further prime packings, B =
BWO). Take m = 6. Since P_g > 3, we can take mq = 6 by Theorem 3.4.

Subsubcase II-3-iii. (05, P_2) = (1,1).

By inequality (3.17), P_3 < 2.

If P_3 =2, we have P_4 = 5 by inequalities (3.14) and (3.16). Then
BO) = {7 % (1,2),3 x (1,3),(1,s)} for some integer s > 5. Similarly,
¥(B©®) > 0 implies s = 5. Furthermore, we have either B = {7 x
(1,2),3 x (1,3),(1,5)} or B = {6 x (1,2),(2,5),2 x (1,3),(1,5)} by
v > 0. Take m = 4. Since P_4 = 5, we can take m; = 4 by Theorem
3.4.

If P_.3 =1, we have 3 < P_4 < 4 by inequalities (3.14) and (3.16).
Consider the case (P_3, P_4) = (1,4). We have

BY = {8 x (1,2),(1,3), (1,4), (1,5)}
for some integer s > 5. Again we have s = 5 since v(B(®)) > 0. With

the property v > 0 and considering all possible baskets with B, we
see that B must be one of the following baskets:
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By ={8x(1,2),(1,3),(1,4),(1,5)},
By ={8x(1,2),(2,7),(1,5)},
Bs ={8x(1,2),(1,3),(2,9)},
By ={7x(1,2),(2,5),(1,4),(1,5)}.

For Bs, take m = 6. Since P_g(B2) > 3, we can take m; = 6 by
Theorem 3.4. For Bs, take m = 8. Since P_g(B3) > 3, we can take
m1 = 8 by Theorem 3.4. For By and By, take m = 4. Similarly we can
take m; = 4 by Theorem 3.4. Consider the case (P_3,P_4) = (1,3).
We have B = {8 x (1,2),2 x (1,3),(1,s)} for some integer s > 5.
Similarly, v(B(®) > 0 implies 5 < s < 6. If s = 6, we see either
B = {8 % (1,2),2 x (1,3), (1,6)} or B = {7 x (1,2),(2,5),(1,3), (1,6)}
since y(B) > 0. Take m = 5. Since P_5 > 3, we can take m; = 5 by
Theorem 3.4. If s = 5, by considering all possible packings dominated
by B and using the property v > 0, we see that B must be one of the
following baskets:

B; ={8x(1,2),2 x (1,3),(1,5)},

B ={7x(1,2),(2,5),(1,3),(1,5)},

B = {6 x (1,2),2 x (2,5),(1,5)},

B;, ={6 x (1,2),(3,7),(1,3),(1,5)},

B, ={5x(1,2),(4,9),(1,3),(1,5)},

B, ={7x(1,2),(3,8),(1,5)},
Byi ={5x(1,2),(3,7),(2,5),(1,5)}.

For B, (corresponding to No.F) and B,; (corresponding to No.E), take

m =9. Since P_g > 3, we can take m; = 9 by Theorem 3.4. For other
cases, take m = 6. Since P_g > 3, we can take mq = 6 by Theorem 3.4.

If P_3 = 0, by inequality (3.15), P_4 < 2. Firstly, consider the case
(P_3,P_4) = (0,2). We have B = {9 x (1,2),(1,4),(1,s)} for some
integer s > 5. In fact, 5 < s < 6 by v(B(®) > 0. When s = 6, B = B()
since B(Y) admits no further packings. Take m = 7. Since P_; = 6,
we can take mj; = 7 by Theorem 3.4. When s = 5, the property v > 0
implies that B(®) admits at most one further packings. Thus either
B = {9 x (1,2),(1,4), (1,5)} (take m = 4) or B = {9 x (1,2),(2,9)}
(take m = 8). For the first basket, P_4 = 2 and P_g = 7, we can take
mq = 8 by Theorem 3.4. For the second basket, P_g = 7 and we can
take mq = 8 by Theorem 3.4.

Finally we consider the case (P_3,P_4) = (0,1). We have B =
{9 % (1,2),(1,3),(1,s)} for some integer s > 5. Similarly, v(B() > 0
implies 5 < s < 7. When s = 7, the property v > 0 implies that either
B ={9x(1,2),(1,3),(1,7)} or B = {8 x(1,2),(2,5),(1,7)}. Take
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m = 8. Since P_g > 3, we can take m; = 8 by Theorem 3.4. When
s = 6, the inequalities v > 0 and —K? > 0 imply that B must be one
of the following baskets:

{8 x(1,2),(2,5),(1,6)},
{7x(1,2),(3,7),(1,6)},
{6 x (1,2),(4,9),(1,6)}.

Take m = 7. Since P_7y > 3, we can take m; = 7 by Theorem 3.4.

When s = 5, inequalities v > 0 and —K? > 0 imply that B is among
one of the following baskets:

Ba = {7 X (172)7 (37 7)7( ’ )}
= {6 X (172)7 (479)7( )}
Bc = {5 X (172)7 (57 11) ( )}7

By ={4x (1,2),(6,13), (1,5)}.

For B, (corresponding to No.D), take m = 11. Since P_1; > 3, we
can take m; = 11 by Theorem 3.4. For other baskets (corresponding
to No.A-No.C), take m = 9. Since P_g > 3, we can take m; = 9 by
Theorem 3.4. So the theorem is proved. q.e.d.

3.6. Exceptional cases.
In this subsection, we treat the exceptional cases in Theorem 3.12.

Theorem 3.15. Let X be a Q-Fano 3-fold with basket of singularities

B.
(i) If B is of type No.1-No.4 as in Theorem 3.12, then dim ¢_19(X) >
1.
(ii) If B is of type No.A-No.D as in Theorem 3.12, then dim p_g(X) >
1.
(iii) If B is of type No.E-No.F as in Theorem 3.12, then dim p_g(X) >
1.

Proof. (i). Recall the proof in Case I of Theorem 3.12. We may only
consider the two cases with No.2 and No.4. Since P_g = 2, §;(X) > 10.
We want to show that 0;(X) = 10 in both cases. In fact, we have
P4y=Pg=1 P.g =2, P19 > 3. Note that the conditions of
Theorem 3.2 are all satisfied with m = 4. It follows that —4Kx ~ E
is a prime divisor. Assume that dim¢_19(X) = 1, then we can write
| —10K x| = |nS|+ E’ with n > 2, |S| is an irreducible rational pencil of
surfaces and F’ is the fixed part. By P_g > 0, we have E < [nS|+ E'.
Since E is reduced and irreducible, either £ < |S| or E < E’ holds.
Then

P_¢=h’(—10Kx — E) = h°(nS + E' — E) > h%(S) = 2,

a contradiction.
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(ii). Recall the last part of Subsubcase II-3-iii in the proof of Theorem
3.12. If B is of type No.A—No.D, we have P o =P 4, =1, P_¢ = 2, and
P_g = 3. Assume, to the contrary, that dim¢_g(X) = 1.

Write —2Kx ~ D for some effective Weil divisor. By Theorem 3.4(i)
(with m = 2), D must be either reducible or non-reduced. As in the
proof of Theorem 3.2, take E to be any strictly effective divisor such
that £ < D. Then inequality (3.1) must fail for some singularity @ in
B,—Bg. Clearly, such an offending singularity @) must be “(1,5)”. By
equality (3.2), the local index ig(E) of E should be 4 since inequality
(3.1) holds for i € {0,1,2,3} and (b,r) = (1,5), that is, E ~ —Kx at
(. Since E is arbitrary such that 0 < E < D and ig(—2Kx) = 3,
we conclude that D = Ey + Fy where F; is fixed prime divisor with
iQ(E;) =4fori=1,2.

If Fy = E», then 2(—Kx — E1) ~ 0. By [17, Proposition 2.9] and the
fact that — K x — Eq is Cartier at ), we conclude that —Kx — F7 is not
2-torsion. Hence —Kx — Fq ~ 0, which contradicts P_; = 0. Thus E;
and Fs are different prime divisors.

Since | — 6K x| = | — 8Kx|, by Lemma 2.2 we can write

| = 6K x| =|S]|+ agF1 + beFo,
| — 8K x| = |25] + agEy + bgEa,

where |S| is an irreducible rational pencil of surfaces, a;E7 + b; Eso is the
fixed part, a;,b; € N for ¢ = 6, 8.

Claim 1. agbg = agbg = 0.
Proof. Assume that ag,bg > 1, then
Py =h"(—6Kx — Fy — Ey) > h°(S) =2,
a contradiction. Similarly, we have agbg = 0. q.e.d.
We may assume that bg = 0. Then
(3.19) 3E1 +3F3 € |S +agE1| = |S| + agEs.

It follows that ag < 3.

Case ii.1. bg = 0.
In this case

25 +agFy ~ —8Kx ~ —6Kx + Ey + Ey ~ S+ (ag + 1)E1 + Eo.
Since agFE is the fixed part of |25 + agE1|, ag < ag + 1. Then
(3.20) S~ (ag +1—ag)Ey + Es.

By relations (3.19) and (3.20),
(3.21) (2a6 + 1 — ag)Ey + Ey ~ 3E, + 3Es.
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Clearly, 2ag + 1 — ag < 3 is absurd. Thus 2a4 + 1 —ag > 4. On
the other hand 2ag + 1 — ag < 7 since ag < 3. Locally at @, since
iQ(Ey) =ig(E2) =4, we have

2a6+1—ag =0 mod 5.

So 2ag + 1 — ag = 5. Then relation (3.21) implies 2F; ~ 2E5. By [17,
Proposition 2.9], we conclude that Ey ~ Es, a contradiction.

Case ii.2. ag = 0 and bg > 0.

In this case

25 +bgky ~ —8Kx ~ —6Kx +F1 + FEy ~ S+ (aﬁ + 1)E1 + Es.

This implies that by < 1. Hence bg = 1 and

(3.22) S~ (ag+1)E;.
By relations (3.19) and (3.22),
(323) (2(16 + 1)E1 ~ 3FE1 + 3E,.

Clearly 2ag +1 > 4 and 2ag + 1 < 7 since ag < 3. Locally at @, since
iQ(Ey) =ig(E2) =4, we have

2a6+1=1 mod 5.

Since 4 < 2ag + 1 < 7, this is impossible.

(iii). Recall the cases with B, (No.F) and B,; (No. E) (see Subsub-
case 11-3-iii in the proof of Theorem 3.12). We have P_y =1, P_4 = 3,
P_g = 9. Assume, to the contrary, that dimp_g(X) = 1.

We can write —2Kx ~ D for some effective divisor D. By the same
argument as (ii), D = E; + Ey with E; reduced and irreducible and
iQ(E;) = 4 for ¢ = 1,2 where @ is the singularity “(1,5)”. Note that,
however, we do not know if £y and FEs are different.

Since | — 4K x| < | — 6Kx|, by Lemma 2.2 we can write

| — 4K x| =|2S| + as E1 + by Fs,
| = 6K x| = [8S] + agF1 + bsEa,

where |S] is an irreducible rational pencil of surfaces and a;E; + b; s is
the fixed part, a;,b; € N for ¢ = 4,6. Hence

25 + a4 B + by ~ —4Kx ~ 2(—2Kx) ~ 2F1 + 2F,.

Since ay B+ by Fs is the fixed part of |25 +ayq Fy +byEs|, we may assume
ag < by < 2.

If by = 2, then 25 ~ (2 — a4)E;. Hence E; < S by the irreducibility
of F1. Then

1=1r%Ey) > K28 — Ey) > h%(S) = 2,

a contradiction.
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Ifby,=1> aq, then 25 ~ (2 — a4)E1 + E9 > E1 + Es. Hence E1 < S
by the irreducibility of Fi. Then

1=hEy + Ey) > h°(2S — E1) > h%(S) = 2,

a contradiction.
Hence a4 = by = 0 and 25 ~ 2F; + 2F5. Then

0~ —6Kx —3E; —3E,
~ 4(2E1 + 2Ey) + agE1 + bgEy — 3E, — 3E5
> 5FE1 + 5E3,
a contradiction. So we have proved the theorem. q.e.d.

To make the summary, Theorems 3.12 and 3.15 directly imply the
following:

Corollary 3.16. Let X be a Q-Fano 3-fold with P_1 = 0. Then
01(X) < 8 except for the following cases:

No.l. {2x(1,2),3x (2,5),(1,3),(1,4)} 8.(X) = 10;
No.2. {5x(1,2),2x (1,3),(2,7),(1,4)} 8.(X) = 10;
No.3. {5x(1,2),2x (1,3),(3,11)} 51(X) = 10;
Nod. {5x(1,2),(1,3),(3,10),(1,4)}  6,(X) = 10;
No.A. {7x(1,2),(3,7),(1,5)} 51 (X) = 8;
No.B. {6 x (1,2),(4,9),(1,5)} 51 (X) = 8;
No.C. {5x (1,2),(5,11),(1,5)} 51 (X) = 8;
No.D. {4x (1,2),(6,13),(1,5)} 51 (X) = 8;
No.E. {7x(1,2),(3,8),(1,5)} 01(X) < 6;
No.F. {5x(1,2),(4,9),(1,3),(1,5)} 51 (X) <6.
Theorem 1.4 follows directly from Theorems 3.3, 3.8, and 3.10, and

Corollary 3.16.

4. When is | — mKx| not composed with a pencil? (Part II)

As we have seen in the last section, the condition p(X) =1 is crucial
to proving Theorem 3.2. For arbitrary weak Q-Fano 3-folds, we have
to study in an alternative way. Naturally what we can prove is weaker
than Theorem 1.4.

Let X be a weak Q-Fano 3-fold. We are going to estimate ¢;(X) from
above. The main idea is to relate this problem to the value distribution
of the Hilbert function x_,, = P_p,.

Lemma 4.1. Keep the same notation as in Subsection 2.1. The
number rx (7*(—Kx)? - S)y is a positive integer.
Proof. Note that the number (7*(—Kx)? - S)y is positive since
(7" (=Kx)* - S)y = (7" (—=Kx)ls)%

and 7*(—Kx)|s is nef and big on S. It is independent of the choice
of m according to the projection formula of the intersection theory. So
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we may choose such a modification 7 that dominates a resolution of
singularities 7 : W — X. Then we see (7*(—Kx)?-S)y = (*(—Kx)?-
S1)yiy where Sy = 6,(S) is a divisor on W and 6 : Y — W is a birational
morphism. Note that, however, Sy is a generic element in an algebraic
family though it is not necessarily nonsingular.

We may write K;, = 7"(Kx) + A where A, is an exceptional effec-
tive Q-divisor over those isolated terminal singularities on X. Now, by
intersection theory, we have

(rx7 (=Kx) -7 (=Kx) - S1)yy = (rx7 (= Kx) - (=Ky3) - Sy
is an integer. q.e.d.
Corollary 4.2. Let X be a weak Q-Fano 3-fold. If
P, > Tx(—Kx)gm +1
for some integer m, then | — mKx| is not composed with a pencil.

Proof. Assume that | — mK x| is composed with a pencil. Set D :=
—mK x and keep the same notation as in Subsection 2.1. Then we have
mr*(—Kx) > M_,, = (P_,,, — 1)S. Thus

1
rx
by Lemma 4.1, a contradiction. q.e.d.

m(~Kx)® 2 (Pop = 1)(7"(-Kx)? - §) > (P — 1)

Next we estimate the number m which satisfies Corollary 4.2. We
will do this in two steps as follows.

Proposition 4.3. Let X be a weak Q-Fano 3-fold. Take an arbitrary
real number 0 < t < 37. Denote ryax := max{r; € Bx} the mazimum
of local indices of singularities. If

Tmaxt 12
mzmax{?)?, 3 ,\/67’X+W},

then P_p, > rx(—K3%)m + 2. In particular, | — mKx| is not composed
with a pencil.

Proof. By Reid’s formula, there exists a basket of singularities
Bx = {(bi,m) li=1,...,80<b < %;bi is coprime to 7“,-}
such that we have the formula
P, = %n(n +1)@2n +1)(-K%) +2n+1—1(—n)
for any n > 0, where

— jbi(r; — jbi
l(_n)zzzzlj (2”] )

i J=
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To estimate the lower bound of P_,,, we need to bound /(—n) from
above.

For any pair (b,r) € By, we have r < 24 by inequality (2.1). In fact,
we have the following estimation.

1) If r = 2, then

gb(r — jb) B i when j odd;
2r N

0 when j even.

2) If r is odd, then @ < T28—;1'
3) If r is even and r > 2, then

< 2

Jb(r—Jb) _ [ 2t b7/
jb(r — jb) 5 o Wwhen jb#1r/2;
2r & when jb = /2.

Clearly, b # r/2 under the same situation. Since jb = r/2 and
(j —1)b =r/2 can not hold simultaneously, we have

G=Dbr ~G=18) | Jor—b) _ =4 1> _2:(>-1)

2r 2r - 8r 8r — 8r
Hence, when r is even and r > 2, we have
n TE TE
jb(r — jb) r?—1
4.1 e T T ———
(4.1) jz_:l 2r =" 8r

By the way, inequality (4.1) also holds when r is odd.
Recall that we have

iﬁ(r—ﬁ) _ri-1
= 2r 12
Hence, whenever r > 2 and n > ’"'“Taxt, we have

=30 nqrt—1 s jb(r — jb)
JZ::I 2r _LJ 12 +j§::1 2r

r

- {nJrz—l_i_ , {_ r2—1 r2—1}
— minq 7 -
—Llrl 12 & T 12
2
re—1 r
4.2 < ( _>
(42) = M3
- r? —1 ‘ (t—i—l)n‘
- 12r t
We prove the second inequality here. Assume, to the contrary, that
2 2 2
n|ire—1 re—1 r“—1 T
¢ BTt (n+3):
(43) e T e T 1 M3
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and
2 2 2
n|irc—1 r<—1 re—1 r
WL )
(4.4) T T e 7 e Pt g

Inequality (4.3) implies n > %’" But from inequality (4.4), we have

n < %”, a contradiction.
Since X is weak Q-Fano, recall that we have inequality

Z(Ti_:i>§24

7

by inequality (2.1). Denote by Ny the number of r; = 2 in Bx. Then,
if p > Tmaxt
- 3 9

l(_n)zzzjb —]b

i j=1
Non—+1 gbi(r —]b
=R ey Sl
r;>2 j=1
Nyjn+1 (t+1)n r?2—1
<_ 7
- 4L 2 _+ t Z 127;
ri>2
3
<& n+1 +(154—1)71.24—§N2
-~ 4L 2 1 t 12
< (t+1)n _N2<(t+1)n_lln+lJ>
t 8t 4L 2
<2(t—|—1)n
- t
where (H;)n — %L"THJ > 0 whenever n > t. Hence
1
Py = on(n+1)(2n + D(-K3$)+2n+1—1(-n)
1 n? 2n
By [4], -K% > ﬁ. Hence 4( K%) > 1ifn > 37. Ifm >
6rx + 5 _1[2(;5{), then
1 2
P> om*(-K%) +2- Tm
1 12 2m
> (6 Jm(—K}) +2-=F
_6< TX+t(—K§() m(—Kx) + t

We complete the proof. q.e.d.
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In practice, we will take a suitable ¢ to apply Proposition 4.3. Note
that rpa. < 24.

Proposition 4.4. Let X be a weak Q-Fano 3-fold.

(i) If rx < 660, then ,/6rx + 2(_7?}@) < 67. In particular, P_,, >
X

rx(—K%)m+2 for m > 67.
(ii) If rx > 660, then rx = 840, and P_,, > rx(—K%)m + 2 for
m > T1.

Proof. Statement (i) is clear since —K% > =i by [4] and take ¢ = 8
in Proposition 4.3. We mainly prove (ii) here.

First of all, by Proposition 2.4, rx = 840 and R = (3,5,7,8) or
(2,3,5,7,8).

For r > 2, we use the inequality (4.2) (in the proof of Proposition

4.3) that
"~ jb(r —jb) _r?-1 r
< — .
; o = 12r <”+3)

Then

l(—n) = Z Z jbi(T;; Jbi)

i j=1
Nyn+1 r? —1 7
<2 i o
= 4L 2 J+Z 12r; <n+3)
r;>2
n+1 32-1 52 -1 5
< 1 < o
Sttt ”+3>
+E(n+z>+82_—1(n+§>
127 3 12-8 3
_ 199070 295
~ 10080 72
<2n+z
= 3

as long as n > 71.
Hence

P, = %n(n +1)@2n +1)(-K%) +2n+1—1(—n)

By [4], —K% > ;. Hence “-(—K%) > % whenever n > 71. If
m > 71 > /6rx, then

1
P> émi”(—K}) +2
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> —(6ryx)m(—K%) +2
x(—K3%)m +2.

We finish the proof. q.e.d.

[N

I
S

Theorem 1.7 directly follows from Corollary 4.2 and Proposition 4.4.

5. Birationality

In this section, we consider the birationality of anti-pluricanonical
maps ©_m,.

5.1. Main reduction.
In this subsection, we reduce the birationality problem on X to that
onY.

Lemma 5.1 (cf. [8, Lemma 2.5]). Let W be a normal projective
variety on which there is an integral Weil Q-Cartier divisor D. Let
h:V — W be any resolution of singularities. Assume that E is an
effective exceptional Q-divisor on V. with h*(D) 4+ E a Cartier divisor
on V. Then

h*Ov(h*(D) + E) = Ow(D)
where Oy (D) is the reflexive sheaf corresponding to the Weil divisor D.

Lemma 5.2 (cf. [8, 2.6]). Let X be a weak Q-Fano 3-fold and = :
Y — X the same resolution as in Subsection 2.1. Then, for any m > 0,
o—m 18 birational if and only if s0 is gy 4 [(m41)m (—Kx)]|-

Proof. Recall that
Ky = F*(Kx) + E,
where F is an effective Q-Cartier Q-divisor since X has at worst ter-
minal singularities. We have

Ky + [(m+ 1)n"(—Kx)]
=" (Kx) + Er + 7 (=(m + 1)Kx) + Ent
= F*(—me) + B+ Bt

where E; + E,,11 is an effective Q-divisor on Y exceptional over X.
Lemma 5.1 implies

Oy (Ky + [(m+ )" (—=Kx)|) = Ox(—mKx).
Hence ¢, is birational if and only if s0 is @ gy | [(m41)7 (—Kx)]|- Q-€-d-
Noting that
H°(Ox(~mKx)) = H°(Oy (| —mn*(Kx)]))
= H°(Oy(Ky + [(m + 7" (= Kx)1)),
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we denote by |M_,,| the movable part of ||—m7*(Kx)||. We have the
equality:

(5.1) —mn*(Kx)=M_p, + F,

where F,, is an effective Q-divisor. Another direct consequence is that
we may write:

Ky + [(m+ )" (=Kx)] ~ M_m + N_p,
where N_,, is the fixed part of |[Ky + [(m + 1)7*(—Kx)]|.

5.2. Key theorem.

Let X be a weak Q-Fano 3-fold on which P_,,, > 2 for some integer
mg > 0. Suppose that m; > my is another integer with P_,,, > 2 and
that | —my K x| and | — moK x| are not composed with the same pencil.
Recall that, for any m > 0 with P_,, > 1,

(m) 1, if | — mK x| is not composed with a pencil;
t(m) =
P_,,—1, if|—mKx]|is composed with a pencil.

Set D := —myKx and keep the same notation as in Subsection 2.1.
We may modify the resolution 7 in Subsection 2.1 such that the movable
part |M_,,| of ||[7*(—mKx)]| is base point free for all mg < m < my.
Pick a generic irreducible element S of |M_,,,|. By equality (5.1), we
have

mom (—Kx) = t(mo)S + Fin,
for some effective Q-divisor F},,. In particular, we see that
mo
t(mg)

Define the real number

po = po(|S]) == inf{t € QT | tr*(—Kx) — S ~g effective Q-divisor}.

T (—Kx) — S ~q effective Q-divisor.

Remark 5.3. Clearly, we have 0 < pg < 22~ If | — moKx]| is

= u(mo)’
composed with a pencil, for all k£ such that | — kKx| = | — moK x| and
| — kK x| is also composed with a pencil, we have
kﬂ'*(—Kx) = L(k)S + Fk

for some effective Q-divisor Fj by Lemma 2.2, and hence pg < %

By the assumption on | — m; Kx|, we know that |G| = |[M_,,, |s| is
a base point free linear system on S and h°(S,G) > 2. Denote by C a
generic irreducible element of |G|. Since mym*(—Kx) > M_,,,, we have

mlﬂ'*(—Kx)‘S =C+H

where H is an effective Q-divisor on S.
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We define two numbers which will be the key invariants accounting
for the birationality of ¢_,,. They are

(= (m"(-Kx) - C)y = (7" (—Kx)|s - C)s and
e(m) :== (m+1—po—m)C.

Note that ¢ and £(m) are invariants under taking higher model of the
resolution Y by projection formula. Hence we can modify 7 if necessary.

While studying the birationality of ¢_,,, we always need to check
that the linear system A,, := |[Ky + [(m + 1)7*(—Kx)]| satisfies the
following assumption for some integer m > 0.

Assumption 5.4. Keep the notation as above.

(1) The linear system A,, distinguishes different generic irreducible
elements of |M_,,,| (namely, ®5, (S") # ®a,,(S”) for two different
generic irreducible elements S’, S” of |M_,,|).

(2) The linear system A,,|s distinguishes different generic irreducible
elements of the linear system |G| = |M_,,,|s| on S.

The following is the key theorem in this section.

Theorem 5.5 (cf. [8, Theorem 3.5]). Let X be a weak Q-Fano 3-fold.
Keep the notation as above. Let m > 0 be an integer. If Assumption
5.4 is satisfied and £(m) > 2, then @_,, is birational onto its image.

Proof. By Lemma 5.2, we only need to prove the birationality of ®,,, .
Since Assumption 5.4(1) is satisfied, the usual birationality principle
(see, for instance, [6, 2.7]) reduces the birationality of ®,, to that of
®y, |s for a generic irreducible element S of |M_,,,|. Similarly, due to
Assumption 5.4(2), we only need to prove the birationality of ® 4, |c for
a generic irreducible element C' of |G|. Now we show how to restrict the
linear system A, to C.

Now assume e(m) > 0. We can find a sufficiently large integer n
so that there exists a number u(()") € QF with 0 < ,ugn) — pg < 4

(n) "

[e(m,n)] = [e(m)] where e(m,n) == (m +1— py —mq)¢ and

u$Im* (—Kx) ~q § + E™
for an effective Q-divisor E. In particular, e(m,n) > 0, and e(m, n) >
2if e(m) > 2. Re-modify the resolution 7 in Subsection 2.1 so that E(™)

has simple normal crossing support.
For the given integer m > 0, we have

(5.2)
Ky + [(m+ 17" (=Kx) — E™| < |Ky + [(m + D)r*(—Kx)]|.
Since e(m,n) > 0, the Q-divisor

(m+ D" (—Kx) — E™ — § = (m+1 - p")r* (=Kx)
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is nef and big and thus
HYY,Ky + [(m+1)7*(—Kx) — E™] = 8) =0

by Kawamata—Viehweg vanishing theorem. Hence we have surjective
map

(5.3) H(Y,Ky + [(m+ )" (—Kx) — E™]) — H°(S, Kg + Lynn)
where
(5.4) Ly = ([(m + D)7 (=Kx) = E™] = S)|s > [Lynn]
and L, := ((m + 1)7*(=Kx) — E®™ — S)|s. Moreover, we have
mim (—-Kx)|ls =C+ H
for an effective Q-divisor H on S by the setting. Thus the Q-divisor
Lyn—H—-C=(m+1- ,u((]") —my)m" (—Kx)|s

is nef and big by e(m,n) > 0. By Kawamata—Viehweg vanishing theo-
rem again,

HYS,Kg+ [Lipn — H| —C)=0.

Therefore, we have surjective map

(5.5) H°(S,Ks + [Lopn — H]) — HY(C,Kc + Dyyn)
where

and Dy, p, := (L — H — C)|c with deg[Dy, ] > [e(m,n)].

Now by relations (5.2)—(5.6), to prove the birationality of ®4_|c, it
is sufficient to prove that |Kc + [Dy, || gives a birational map. Clearly
this is the case whenever e(m) > 2, which in fact implies deg(| Dy, |) >
[e(m,n)] >3 and K¢ + [Dyy, ] is very ample.

We complete the proof. q.e.d.

Corollary 5.6. Keep the same notation as above. For any integer
m > 0, set

e(m,0) := <m+ 1- L(ZZOO) —ml)C.

If e(m,0) > 0, then
Am|S = |KS +Lm|
where Ly, := ([(m 4+ )7*(=Kx) — 2~ Fpn, 1 — 9)|s-

t(mo)
Proof. First of all, relation (5.2) reads
(5.7)

Ky + [(m+ 1) (—Kx) — ﬁ%” < Ky + [(m + Da*(—Kx)].
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In fact, as long as (m, 0) > 0, the front part of the proof of Theorem 5.5
is valid. In explicit, surjective map (5.3) reads the following surjective
map

(5.8)

1
H(Y, Ky + [(m + )7 (-Kx) — WFMD — H'(S, K5 + L)
0
where
1

5.9 L,, = N (—Kx)— —Fp, | —9)|s.
(59) (Tm + D" (~Kx) = s Fa] = )l
Hence we have proved the statement. q.e.d.

5.3. Applications.

In order to apply Theorem 5.5, we need to verify Assumption 5.4 and
g(m) > 2 in advance, for which one of the crucial steps is to estimate
the lower bound of (.

Proposition 5.7 (cf. [8, Theorem 3.2]). Let m > 0 be an integer.
Keep the same notation as in Subsection 5.2.

(i) If g(C) > 0 and e(m) > 1, then ¢ > w;
(ii) Moreover, if g(C') > 0, then
(>0 -1

Mo +m1

(iii) If g(C) = 1, then ¢ > ﬁ, where Tmax = max{r; € Bx} is the
maximum of local indices of singularities;

(iv) I g(C) = 0, then ¢ > 2;
(v) If 'O(—vKx) > 0 for some integer v, then ¢ > —L

Vrmax

Proof. (i). In the proof of Theorem 5.5, if g(C') > 0 and e(m) > 1
then |K¢ + [Dp, || is base point free with

deg(Kc + [Pmnl) = 29(C) = 2+ [e(m,n)] = 29(C) = 2 + [e(m)].

Denote by N, the movable part of |[Kg + [L,, — H]|. Noting the
relations (5.2)—(5.6) while applying [7, Lemma 2.7], we get

mﬂ'*(_KX)’S > M—m‘S > Nm

and Ny, |c > K¢ + [Dy, | since the latter one is base point free. So we
have

m¢ = mﬂ'*(—KX)‘S C>Np-C> deg(Kc + rDmmD’

Hence
m¢ > 2g(C) — 2+ [e(m)].
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(ii). Take m’ = min{m | e(m) > 1}, then (i) implies ¢ > 237(1(,)). We
29(C)
po+ma

may assume that m’ > pg + mq otherwise ¢ > . Hence

e(m' —=1) = (m' =141 —po —m1)¢
29(C)

m/

> (m' — po —ma)

By the minimality of m/, it follows that e(m’ — 1) < 1. Hence m' <

25516(‘?21 (0 +m1). Then
¢ 20)  20(0) 1
m Mo +my
(iii). If g(C) =1, then

Since C is free on surface S, (C?)g, (S - C)y, and (E; - C)y are non-
negative. Since (C?)g and (S-C)y are integers, we may assume (C?)g =
(S - C)y =0 otherwise ¢ > 1. Hence ( = E; - C.

On the other hand, take ¢ : W — X is the resolution of isolated
singularities and we may assume that Y dominates W by p: Y — W.

Then we write
KW = q*KX + A.

a;
A= —F;
>
where FE; is the exceptional divisor over an isolated singular point of
index r; for some r; € Bx and a; is a positive integer. Then
E, =Ky —p*Kwy + p*A.

Take rax = max{r;}. Then all the coefficients of E, are at least
since Ky — p* Ky is integral effective and

Supp(Ex) = Supp(Ky — p*Kw +p, ' A).
By E,-C = ( > 0, we know that there is at least one component F of
E; such that &-C > 0. Then E,-C > ﬁE -C > rmlax’
(iv). If g(C) = 0, then
(= ("(-Kx)|s-C)s = (—Ky + Ex)|s - O)s
> (—Ky’s . C)S > (—KS . C)S > — deg(KC) = 2.

Here

1

Tmax

(v). If h°(—vKx) > 0 for some integer v, then —vKy ~ D for some
effective Weil divosor D. Similarly as (iii), 7*D is an effective Q-divisor
with all the coefficients at least ﬁ By 7*D - C = v{ > 0, we know
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that there is at least one component D; of 7*D such that D; - C' > 0.
Then(z%w*D-C’Z laxDl'C> L q.e.d.

UTm — VTmax

To verify Assumption 5.4(1), we have the following proposition.

Proposition 5.8 (cf. [8, Proposition 3.6]). Let X be a weak Q-Fano
3-fold. Keep the same notation as Subsection 5.2. Then Assumption
5.4(1) is satisfied for all

mo + 6, if mg > 2;
m >
12, if mg=1.

Proof. We have

Ky + [(m+ 1)7* (- Kx)]
> Ky + [(m—mo+ 1)7"(—Kx) + M_p,, ]|
= (Ky + [(m — mg + D)7 (—Kx)]) + M_p,
> M_py-

The last inequality is due to
RO (Ky + [(m —mo + 1)7* (= Kx)]) = h°(—(m — mg)Kx) >0

by Lemma 5.2 and [8, Appendix], since m — mg > 6 whenever mgy > 2
(resp. > 1 whenever my = 1).

When f:Y — I'is of type (fup), [20, Lemma 2] implies that A,,, can
distinguish different generic irreducible elements of |M_,,,|. When f is
of type (fp), since the rational (i.e. I' 2 P!) pencil |M_,,,| can already
separate different fibers of f, A,, can naturally distinguish different
generic irreducible elements of [M_,,|. q.e.d.

It is slightly more complicated to verify Assumption 5.4(2).

Lemma 5.9 (cf. [8, Lemma 3.7]). Let T' be a nonsingular projective
surface with a base point free linear system |G|. Let Q be an arbitrary Q-
divisor onT. Denote by C a generic irreducible element of |G|. Then the
linear system |Kp+[Q1+G| can distinguish different generic irreducible
elements of |G| under one of the following conditions:

(i) |G| is not composed with an irrational pencil of curves and Kp +
[Q] is effective;
(ii) |G| is composed with an irrational pencil of curves, g(C') > 0, and
Q is nef and big;
(iii) |G| is composed with an irrational pencil of curves, g(C) =0, Q
is nef and big, and Q - G > 1.

Proof. The statement corresponding to (i) follows from [20, Lemma
2] and the fact that a rational pencil can automatically separate its
different generic irreducible elements.
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For situations (ii) and (iii), we pick a generic irreducible element C'
of |G|. Then, since h°(S,G) > 2, G = sC for some integer s > 2 and
C? = 0. Denote by C; and Cy two irreducible elements of |G| such that
C1 4+ Cy < |G|. Then Kawamata—Viehweg vanishing theorem gives the
surjective map

H(T, Kr +[Q] + G) — H*(C, Ko, + D1) & H'(Cy, Kc, + D)
where D; := ([|Q]| + G — Cj)|c, with deg(D;) > Q- C; > 0 for i = 1,2.

If g(C) > 0, Riemann—Roch formula gives h°(C;, K¢, + D;) > 0 for
i =1,2. Thus |[K7 + [Q] + G| can distinguish C and Cs.

If g(C) =0and Q-C > 1, then h°(C;, K¢, + D;) > 0 for i = 1,2. So
|K7 + [Q] 4+ G| can also distinguish C; and Cs. q.e.d.

Proposition 5.10 (cf. [8, Propositions 3.8, 3.9]). Let X be a weak
Q-Fano 3-fold. Keep the same notation as in Subsection 5.2. Then
Assumption 5.4(2) is satisfied for all

mo +mq + 6, if mg > 2;
m > .
my + 2, if mg = 1.

Proof. Assuming m > mg + m1, we have £(m,0) > 0, and Corollary
5.6 implies that
It suffices to prove that |Kg + L;,| can distinguish different generic
irreducible elements of |G].

For a suitable integer m > 0, we have the following relations:

Ks + L = (Ky)|s + [(m + Dr*(—Kx) - L(;O)Fmous

> (Ky + [(m+1—mo—m)m" (=Kx)I)[s + M_pm,|s-

Thus, if |G| is not composed with an irrational pencil of curves, |Kg +
L,,| can distinguish different irreducible elements provided that

Ky +[(m+1—mo—mi)r*(—Kx)]

is effective, which holds for m — my — my > 6 whenever mgy > 2 (resp.
> 1 whenever mg = 1) by [8, Appendix].
Assume |G| is composed with an irrational pencil of curves. we have

1
mFmo = 9)s]

Fmo - S)|S—| + M—m1|S-

Ks+ Lm 2 Kg + [((m + 1)7"(=Kx) —

1
t(mo)
We can take Q = ((m —my + 1)7*(—Kx) — mFmo —S)|g in Lemma
5.9 since £(m,0) > 0.

If g(C) > 0, Lemma 5.9(ii) implies that Assumption 5.4(2) is satisfied
for m > mg + mg.

> Ks+ [((m —my + )7*(=Kx) —
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If g(C) = 0, by Lemma 5.9(iii), we need the condition £(m,0) =
(m+1—-"2—=my)( = Q- -C > 1. But this holds automatically for
m > mgo + my by Proposition 5.7(iv).

We complete the proof. q.e.d.

Now we can treat the birationality of ¢_,, using Theorem 5.5.

Theorem 5.11 (cf. [8, Theorems 4.1, 4.2, 4.5]). Let X be a weak
Q-Fano 3-fold. Let vy be an integer such that h®(—vgKx) > 0. Keep
the same notation as in Subsection 5.2. Then p_,, is birational onto its
image if one of the following holds:

(i) m > max{mg + mq + a(mo), [3uo| + 3m1};
(ii) m > max{mgo + m1 + a(my), Lg,uo + gmlj, Lo | +m1 + 2rmax }s
(iii) m > max{mgy + m1 + a(mg), | o] + m1 + 200" max |,

6, if mo > 2;
where a(mg) = L e — 1
) 0 — L

Proof. By Propositions 5.8 and 5.10, Assumption 5.4 is satisfied if
m > mo + mq + a(mg).

By Proposition 5.7(v), ¢ > VOT,L&X. If m > [po| +m1 + 2097 max, then
g(m) = (m+1— po —mq1)¢ > 2, which implies (iii).

For (i) and (ii), we will discuss on the value of ¢(C).

Case 1. g(C) = 0.

By Proposition 5.7(iv), ¢ > 2. If m > |ug| + m1 + 1, then e(m) =
(m—+1—po—mi)¢ > 2.

Case 2. g(C) > 2.

By Proposition 5.7(ii), ¢ > uofml' If m > [3po 4+ 3my | then e(m) >
(m+1—pp—my){ > 2.

Case 3. g(C) = 1.

By Proposition 5.7(ii), ¢ > ,U«Oiml' If m > [3uo] +3mq, then e(m) =
(m+1—po—mi1)¢ > 2. So we have proved (i). On the other hand,
by Proposition 5.7(iii), ¢ > ﬁ If m > [po] + m1 + 2rmax, then

g(m) = (m+1— g —my)¢ > 2. Thus (ii) is proved. q.e.d.

In practice, usually we just use the fact ug < L(Z’Z%) < my. For very
few cases, we will utilize a precise upper bound of g rather than mg by
Remark 5.3.

Theorem 5.11 is optimal in some cases due to the following examples.

Example 5.12 ([10, List 16.6]). Consider general weighted hyper-
surface Xgq C P(1,a,b,2d,3d) where 1 < a < b and d = a + b such
that Xgq is a Q-Fano 3-fold with ry,x = d. By [10, List 16.6], there
are exactly 12 such examples. Then ¢_34 is birational onto its image
but ¢_(34-1) is not by the structure. On the other hand, We can take



ON THE ANTI-CANONICAL GEOMETRY OF Q-FANO THREEFOLDS 101

vg =1, myg = o = a, and m; = b, then
3d = [3po| +3my
= po] +m1 + 2rmax
= |po] +m1 + 209 max-

Hence Theorem 5.11 tells that ¢_,, is birational onto its image for all
m > 3d.

Theorem 5.11 directly implies the following result which generalizes
a result of Fukuda [9, Main theorem)].

Corollary 5.13. Let X be a weak Q-Fano 3-fold with Gorenstein
singularities. Then p_,, is birational onto its image for all m > 4.

Proof. By Reid’s formula, P_; = %(—Kg’() + 3 > 3. Hence we can
take mg =19 = 1.

If | — Kx| is not composed with a pencil, then we can take m; = 1
and po < mp = 1. The result follows directly from Theorem 5.11(iii).

If | — Kx| is composed with a pencil, then puy < -2~ < % By Reid’s

— «(mo)
formula again, Py = 2(—K%)+5 > ry(—K%)2+ 1. We can take
m1 = 2 by Corollary 4.2. The result follows directly from Theorem
5.11(iii). q.e.d.

5.4. Proof of Theorems 1.6 and 1.8.
Now we prove the main results on the birationality of ¢_,,.

Proof of Theorem 1.6. To apply Theorem 5.11, we always use the fact
o < mg. By [4, Theorem 1.1] and Theorem 1.4, we can take mg < 8
and m; < 10 to apply Theorem 5.11(i) and (ii). Hence mg+m;+6 < 24
and 3(mo +my) < 30. By Theorem 5.11, it is sufficient to prove that
either 3mg + 3m1 < 39 or mg + m1 + 2rmax < 39 holds if we choose
suitable mgy and m;. (Note that 14 is not used in this proof.)

Case 1. P_1 > 2.
In this case, we can take my = 1 and mq < 6 by Theorem 3.8. Hence
3mg + 3mq < 21.

Case 2. P_; = 1.

Recall the proof of Theorem 3.10. We take mg = ng. If mg < 5, then
we can take mq < 7 and hence 3mg 4+ 3mq < 36. Similarly, if mg = 6
and if we can take my < 7, then 3mg + 3my < 39.

If mg = np = 6 and §;(X) = 8, we can take m; = 8. Theorem 3.4
implies that

Pi=Py=P3=P, =P s=1P¢=P =2

Then nf, =2, nl3 =2, 1), =2—05, 65 =2—050=1e =3 — €.
Hence e = 3 and 05 < 2, and this implies (o3, ”(1),5) = (2,1). Thenes =0
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and B®)(B) = {2 x (1,2),2 x (1,3),(1,5),(1,s)} for some s > 6. This
implies €7 = 0 since there are no further packings. On the other hand,
e7 =2 — 205+ 2n{ 5 + nY 5. Hence nf g = 0 and B = {2 x (1,2),2 x
(1,3),(1,5),(1,s)} with s > 7. Since B(") admits no prime packings,
B = B(). By inequalities (3.3) and (3.4), s can only be 8,9, 10. Hence
mo +mq + 2rpax <6+ 8+ 2 x 10 = 34.

If mg =ng > 7, then

Pi=Py=P3=P, =P 5=Pg=1.

The proof of Theorem 3.10 implies B®) = {(1,2),(2,5),(1,3), (1,4),
(1,5)} with s > 6. Since y(B®)) > 0, we have s < 11. Noting that B
is dominated by B (5), we see max < 11. By Theorem 3.10, we can take
mo < 8 and m; <9. Hence mg + m1 + 2rmax < 8+ 9+ 2 x 11 = 39.

Case 3. P.1=P_5=0.
By the proof of Theorems 3.12 and 3.15, if B is of type No.1, No.2
or No.4, then we have ry. < 10 and may take mg = 8, mp = 10.

Hence mg + mq1 + 2rpax < 8+ 10+ 2 x 10 = 38. If B is of type No.5—
No.6, then we have r,,x < 7 and may take mg = 7, m; = 8. Hence
mo+my 4 2rmax < 7+8+2x7=29. If B is of type No.7-No.23, then
we can take my = mj; = 6. Hence 3mg + 3m; < 36. Now the remaining

case is type No.3:
{5 x(1,2),2 x (1,3),(3,11)}.

Recall that P_.g = P_g = 2 and —4Kx ~ FE is a prime divisor by the
proof of Theorem 3.15(i). By the proof of Theorem 3.4, | — 8K x| has no
fixed part. If | — 8K x| and | — 9K x| are composed with a same pencil,
we can write

| —8Kx| =5,
| = 9Kx| = || + F,
where F' is the fixed part. This implies that
—Kx ~—-9Kx — (—8Kx) = F,

which contradicts P_; = 0. Hence | — 8K x| and | — 9K x| are composed
with different pencils, and we can take my = 8, m1 =9, and mg+mq +
27 max = 39.

Case 4. P.1=0,P 5> 0.

By [4, Proposition 3.10, Case 1], we can take my = 6. We can take
m the same as in the proof of Theorems 3.12 and 3.15. If m; < 6, then
3mg + 3my < 36. If my > 7, observing Subsubcases 11-3-ii and II-3-iii
in the proof of Theorem 3.12, we can see that ry.x < 11 holds for any
such basket except

By ={4x(1,2),(6,13),(1,5)}.
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Except for By, we have mg + m1 + 2rpax < 64+ 8+ 2 x 11 = 36. Now
we deal with B;. We claim that we can take mq; = 7. Recall that

Pi=P3=0Py=P,4,=Ps5=1P =P =2

Clearly | — 6Kx| and | — 7K x| are both composed with pencils. We
only need to show that they are composed with different pencils. To
the contrary, we assume that | — 6K x| and | — 7K x| are composed with
the same pencil. If —2Kx ~ D is a prime divisor, then by the proof of
Theorem 3.4, | — 6K x| has no fixed part. By assumption, we can write

| - 6K x| =[5,
| —TKx| =8|+ F,
where F' is the fixed part. This implies that
—Kx ~—-TKx — (—-6Kx) =F,

a contradiction. Hence —2Kx ~ D is not a prime divisor. By the
proof of Theorem 3.15(ii), D = Ey + Ey with E; and F, different prime
divisors. Also we can write

| — 6Kx| = |5'| + agE1,
| = TKx|=[5| + F,
where agFEq and F' are the fixed parts with ag < 3. If ag < 1, then
S" ~3(Ey + E3) —agEy > 2B + 2Fy ~ —4Kx.

This implies | - 7K x| = | —4K x|, which contradicts P_3 = 0. If ag = 3,
as in the proof of Theorem 3.2, take m = 6 and F = F; or 2F; or 3F1,
inequality (3.1) must fail for some singularity P in By. Clearly, such an
offending singularity P must be “(6,13)”. By equality (3.2), the local
index ip(E) of E can only be 9 or 11 since inequality (3.1) holds for
other 0 <7 <12 and (b,7) = (6,13). But clearly the local index ip(E}),
ip(2E1), and ip(3E;) can not be in the set {9,11} simultaneously, a
contradiction. Finally we consider the case ag = 2. Write —5Kx ~ B a
fixed divisor. Then

B+S 4+2F ~-5Kx —6Kx ~—-4Kx —TKx ~2F; +2E>, + S + F,

that is, B ~ 2E5 + F. Obviously, ' # 0. As in the proof of Theorem
3.2, take m = 5 and E = Ej or 2E1, inequality (3.1) must fails for some
singularity P in Bg. Clearly, such an offending singularity P must be
“(6,13)”. By equality (3.2), the local index ip(FE) of E can only be 10 or
11 since inequality (3.1) holds for other 0 < ¢ < 12 and (b,7) = (6, 13).
But clearly the local index ip(E1), ip(2E7) can not be in the set {10, 11}
simultaneously, a contradiction.

We complete the proof. q.e.d.



104 M. CHEN & C. JIANG

Proof of Theorem 1.8. We shall apply Theorem 5.11 to treat arbitrary
weak Q-Fano 3-folds. We will choose suitable mg and my. Unless oth-
erwise specified, we will use the fact pg < my.

Case I. P, =0.

In this case, the possible baskets are classified in Proposition 3.14.
From the list we can take my = 8. We have rx < 210, —K§’< > 8—14, and
rmax < 14. By Proposition 4.3 with ¢t = 8, we can take m; = 38. Hence
by Theorem 5.11(ii), ¢, is birational onto its image for all m > 76.

Case 1II. . > 14.
Write Reid’s basket Bx as

{(b,-,r,-) li=1,---,50<b < %;bi is coprime to ri}.

Recall that rx = lLem.{r; |i=1,---,s} and that

Z(Ti_:i>§24

(2

by inequality (2.1). We recall the sequence R = (r;); from the proof of
Proposition 2.4. Denote by 71 = ryax the largest value in R, by 79 the
second largest value, and by 73, 74 the third, the forth, and so on. For
instance, if R = (2,3,4,4,5,5), then 7y =5, 7o = 4, 73 = 3, and 74 = 2.
If the value 7; does not exist by definition, then we set 7; = 1. In the
previous example, we have 75 = 1.

Clearly mmax < 24. We will compute an explicit bound for rx.

If rpax > 23, then by inequality (2.1), there are no more values in R.
Hence rx < 24.

If 20 < rpax < 22, then by inequality (2.1), 7o < 4. Hence

rx <lcm(rmax,4,3,2) = 132.

If rmax = 19, then by inequality (2.1), 7o < 5, and at most one of
3,4,5 can be in R. Hence rx <19 x5 x 2 = 190.

If rmax = 18, then by inequality (2.1), 72 < 6, and at most one of
3,4,5,6 can be in R. Hence rx < 18 x 5 = 90.

If rpax = 17, then by inequality (2.1), 7o < 7. If 7o > 5, then by
inequality (2.1), 73 < 2 and hence 7x < 17 x 7 x 2 = 238. If 7y < 4,
then rx <l.c.m(17,4,3,2) = 204.

If rpax = 16, then by inequality (2.1), 7o < 8. If 75 > 6, then by
inequality (2.1), 73 < 2 and hence ry < 16 x 7 = 112. If 75 < 5, then
rx < lcm(16,5,4,3,2) = 240.

If rymax = 15, then by inequality (2.1), 7o < 9. If 75 > 6, then by
inequality (2.1), 73 < 3 and hence rx < lLc.m(ryax,72,3,2) < 15 X 7 X
2 =210. If 79 < 5, then rx <l.c.m(15,5,4,3,2) = 60.

If rax = 14, then by inequality (2.1), 7o < 10. If 79 > 8, then by
inequality (2.1), 73 < 2 and hence 7x < 14x9 = 126. If 75 < 7, then rx
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divides l.c.m(14,6,5,4,3,2) = 420. But by inequality (2.1), 5,4,3 can
not be in R simultaneously, hence rx < 420. In particular, rx < 210.

In summary, when ry,. > 14, we have rx < 240.

We can take my = 8 by [4, Theorem 1.1]. We have rx < 240, —Kg’( >
ﬁ (note that rx K% is an integer), and ryay < 24. If 7.y < 22, by
Proposition 4.3 with ¢ = 6, we can take m; = 44. Hence by Theorem
5.11(ii), @y, is birational onto its image for all m > 96. If rpa = 23
or 24, by Proposition 4.3 with ¢t = 2, rx < 24, —Kg"( > ﬁ, we can take
my = 37. Hence by Theorem 5.11(ii), ¢_,, is birational onto its image
for all m > 93.

Case III. r,x < 14 and P_; > 0.

In this case, 1y = 1 and by [4, Theorem 1.1], we can take mg = 8.

If rxy < 660 and ryp.c < 12, then by Proposition 4.3 with ¢ = 15,
Tmax < 12, and —Kg’( > glo, we can take m; = 65. Hence by Theorem
5.11(iii), ¢, is birational onto its image for all m > 97.

If rx < 660 and rp. = 13, Then 79 < 11. If 7o > 9, then 73 < 2
and rx < 286. If 79 = 8, then 73 < 3 and rx < 312. If 7o = 7, then
73 < 4 and 3,4 can not be in R simultaneously, hence rx < 546. If
79 < 6, then rx divides 780 and hence rx < 390 by Proposition 2.4. In
summary, 7y < 546. By Proposition 4.3 with t = 10, rp. = 13, and
~-K% > ﬁ, we can take m; = 61. Hence by Theorem 5.11(iii), ¢_p, is
birational onto its image for all m > 95.

If rx > 660, then rx = 840 and . = 8. By Theorem 1.7, we can
take m; = 71. Hence by Theorem 5.11(iii), ¢_,, is birational onto its
image for all m > 95.

Case IV. rpa < 14, P41 =0, and P_5 > 0.

In this case, vy = 2 and by [4, Proposition 3.10, Case 1], we can take
moy = 6.

If Py =1, then P_5 = 1. By the proof of Theorem 3.12 (note that
the arguments on baskets are valid without assuming p = 1), we are
exactly in the situation (P_s3, P_4) = (0,1), corresponding to the last
paragraph of Subsubcase I1-3-iii of Theorem 3.12. In fact, the possible
baskets are classified in the following list:

{9>(1,2),(1,3), (1, 7)},
{8>(1,2),(2,5),(1,7)},
{8>(1,2),(2,5),(1,6)},
{7>(1,2),(3,7),(1,6)},
{6>(1,2),(4,9),(1,6)},
{7>(1,2),(3,7),(1,5)},
{6>(1,2),(4,9), (1,5)},
{5 x (1,2), (5,11), (1,5)},
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{4 x (1,2),(6,13),(1,5)}.

Hence in this case rx < 130, —Kg’( > ﬁ, and Tyax < 13. By Proposi-
tion 4.3 with ¢t = 7, we can take m; = 37. Hence by Theorem 5.11(iii),
@_m is birational onto its image for all m > 95.

Hence, from now on, we assume that P_4 > 1. So we may take
moy = 4.

If rpax < 8, then rx divides l.c.m(8,7,6,5,4,3,2) = 840. Suppose
rx < 840, then rx < 420. By Proposition 4.3 with ¢ = 20 and —K§’< >
%, we can take m; = 54. Hence by Theorem 5.11(iii), ¢_, is birational
onto its image for all m > 90. Suppose rx = 840, then R = (3,5,7,8)
or (2,3,5,7,8) as we have seen in the proof of Proposition 2.4. However,

bi(r: — b
Poy=5(-KX) - > W +3
1 2 6 12 15

10) 0 >3—- -2 _—_=_ =
(5.10) 37176 0 1 160

a contradiction.
The above argument reminds us to find a condition corresponding to
P_1 = 0. Assume that 2 is not in R, then

a contradiction. Hence, 2 € R.

Consider the case rpax = 9. If 7o < 6, then rx <l.c.m(9,6,5,4,3,2)=
180. If 7o = 8, then by inequality (2.1) and 2 € R, 7o < 5 and
rx <l.cm(9,8,5,4,3,2) =360. If 7 =7 and 5 ¢ R, then

rx <lcm.(9,7,6,4,3,2) = 252.

If /9 =7 and 5 € R, then 6 ¢ R and ry divides l.c.m(9,7,5,4,3,2) =
630. In summary, rx < 360 or rx = 630. Whenever rx < 360, by
Proposition 4.3 with ¢t = 12 and —Kg’( > ﬁ, we can take mq = 50.
Hence by Theorem 5.11(iii), ¢_,, is birational onto its image for all
m > 90. Whenever ry = 630, then 2,5,7,9 must be in R. Hence R =
(2,5,7,9) or (2,2,5,7,9) by inequality (2.1). In this case, by arguing as
inequality (5.10), Bx can only be {2x(1,2),(2,5),(3,7),(4,9)}. We will
choose suitable my and modify the upper bound of pg. Since P_4 = 2,
| — 4K x| is composed with a pencil. Note that P_7 = 10 and P_5 = 1.
If | — 7K x| is not composed with a pencil, then we can take m; = 7.
By Theorem 5.11(ii), ¢_,, is birational onto its image for all m > 29.
If | — 7TKx| is also composed with a pencil, then we know py < % by
Remark 5.3. Also we can see P_g = 5294 > rx(—K%)61 + 1 by direct
i3

computation using Reid’s formula where —K g} = 575. Hence we can
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take m; = 61 by Corollary 4.2. Hence by Theorem 5.11(iii), ¢, is
birational for all m > 97.
Consider the case 1. = 10. If 79 < 6, then

ry < l.C.m(lo, 6,5,4,3, 2) = 60.

If 7o = 7, then rx divides l.c.m(10,7,5,4,3,2) = 420, but 3,4 can not
be in R simultaneously, hence rx < 210. If 7 = &8, then r3 < 4 and
rx < lLem(10,8,4,3,2) = 120. If 7 = 9, then 73 < 3 and rx <
l.e.m(10,9,3,2) = 90. Hence in summary, ry < 210. By Proposition
4.3 with ¢t = 10 and —Kg"( > 2—}0, we can take m; = 39. Hence by
Theorem 5.11(ii), ¢_,, is birational onto its image for all m > 71.

Consider the case rmaxy = 11. If 79 = 10, then 73 < 2 and ry <
110. If 79 = 9 or 8, then 73 < 3 and rx < 264. If 79 = 7, then
73 < 4 and 3,4 can not be in R simultaneously, hence rx < 308 or
rxy = lem(11,7,3,2) = 462. If 79 = 6, then 5,4 can not be in R
simultaneously, hence rx < l.c.m(11,6,5,3,2) = 330. If 75 < 5, then rx
divides l.c.m(11,5,4,3,2) = 660. In summary, ry < 330 or rx = 462
or ry = 660. Whenever ry = 660, then 2,3,4,5,11 must be in R.
Hence R = (2,3,4,5,11) by inequality (2.1). By arguing as inequality
(5.10), this implies P > 0, a contradiction. Whenever ry < 330, by
Proposition 4.3 with ¢t = 13 and —Kg’( > ﬁ, we can take mq = 48.
Hence by Theorem 5.11(ii), ¢_,, is birational onto its image for all m >
86. If rxy = 462, then 2,3,7,11 must be in R. Hence R = (2,3,7,11) or
(2,2,3,7,11) by inequality (2.1). By arguing as inequality (5.10), Bx
can only be {2 x (1,2),(1,3),(3,7),(5,11)}. In this case we can prove
P_5y = 2612 > rx(—K%)52 + 1 by direct computation using Reid’s
formula where —K §’< = %. Hence we can take m; = 52. By Theorem
5.11(ii), ¢—_p, is birational onto its image for all m > 93.

Consider the case rpax = 12. Then 79 < 10 and at most one of
5,6,7,8,9,10 will be in R. Hence rxy < 84. By Proposition 4.3 with
t=5and —K% > &;, we can take m; = 37. Hence by Theorem 5.11(ii),
@_m is birational onto its image for all m > 68.

Finally, consider the case ry. = 13. Then 7 < 9. If 75 = 9 or 8, then
73 < 2and rxy < 234. If 7 = 7, then 73 < 3 and rxy = 546 or 182. If
79 < 6, then rx divides 780 and hence rx < 390 by Proposition 2.4. In
summary, rx < 390 or rx = 546. Whenever rx < 390, by Proposition
4.3 with t = 12 and —K§< > ﬁlo, we can take m; = 52. Hence by
Theorem 5.11(ii), ¢_,, is birational onto its image for all m > 93.
Whenever rx = 546, then R = (2,3,7,13). Argue as inequality (5.10),
Bx can only be {(1,2),(1,3),(3,7),(6,13)}. We will choose suitable m;
and modify the upper bound of py. Since P_4 = 2, | —4K x| is composed
with a pencil. Note that P_19 = 21 and P_g = 5. If | — 10K x| is not
composed with a pencil, then we can take m; = 10. By Theorem
5.11(ii), ¢_u, is birational onto its image for all m > 40. If | — 10K x| is
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also composed with a pencil, then we know pg < % by Remark 5.3. Also

we can prove P_57 = 3540 > Tx(—K)3<)57 + 1 by direct computation

using Reid’s formula where —K% = %. Hence we can take m; = 57.

By Theorem 5.11(ii), ¢_,, is birational onto its image for all m > 95.
We complete the proof. q.e.d.
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