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DAR’S CONJECTURE AND THE
LOG-BRUNN-MINKOWSKI INEQUALITY

DONGMENG X1 & GANGSONG LENG

Abstract

In 1999, Dar conjectured that there is a stronger version of
the celebrated Brunn-Minkowski inequality. However, as pointed
out by Campi, Gardner, and Gronchi in 2011, this problem seems
to be open even for planar o-symmetric convex bodies. In this
paper, we give a positive answer to Dar’s conjecture for all planar
convex bodies. We also give the equality condition of this stronger
inequality.

For planar o-symmetric convex bodies, the log-Brunn-Minkows-
ki inequality was established by Boroczky, Lutwak, Yang, and
Zhang in 2012. It is stronger than the classical Brunn-Minkowski
inequality, for planar o-symmetric convex bodies. Gaoyong Zhang
asked if there is a general version of this inequality. Fortunately,
the solution of Dar’s conjecture, especially, the definition of “di-
lation position”, inspires us to obtain a general version of the
log-Brunn-Minkowski inequality. As expected, this inequality im-
plies the classical Brunn-Minkowski inequality for all planar con-
vex bodies.

1. Introduction

Let K™ be the class of convex bodies (compact, convex sets with non-
empty interiors) in Euclidean n-space R", and let K be the class of
members of K™ containing o (the origin) in their interiors. The classical
Brunn-Minkowski inequality (see, e.g., [18,19,26,35]) states that

1 1 1
(1.1) |K + L|» > |K|» + |L|»,

with equality if and only if K and L are homothetic. Here K, L € K",
| - | denotes the n-dimensional Lebesgue measure, K + L denotes the
Minkowski sum of K and L:

K+L={x+y:x€ K andye€ L}.
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In his survey article, Gardner [18] summarized the history of the
Brunn-Minkowski inequality and some applications in many other fields.
For recent related work about this inequality, see e.g., [6,14-16,20,32,39].

In 1999, Dar [10] conjectured that

1 1
K| w|L|

1 1
(1.2) |K +L|» > M(K,L)» + .
M(K,L)n

9

for convex bodies K and L. Here M (K, L) is defined by

M(K,L) = max |K N (z+ L)|.
TER™

Dar’s conjecture has a close relationship with the stability of the
Brunn-Minkowski inequality, and plays an important role in asymptotic
geometric analysis. The stability estimates are actually strong forms
of the Brunn-Minkowski inequality in special circumstances. Original
works about this issue are due to Diskant, Groemer, and Schneider
referred in [11,13,23-25,35]. Dar [10] pointed out that the “weak esti-
mates” about the “geometric Banach-Mazur distance” cannot be essen-
tially improved. In fact, this might be why Dar proposed his conjecture
(1.2).

Figalli, Maggi, and Pratelli [14,15] tackled the stability problem for
convex bodies with a more natural distance, i.e., “relative asymmetry”
(which has a close relationship with the functional M (K, L)), by using
a mass transportation approach. Using the same distance as in [14,15],
Segal [36] improved the constants that appeared in the stability versions
in these inequalities for convex bodies. He also showed in [36, Page 391]
that Dar’s conjecture (1.2) will lead to a stronger stability version of
the Brunn-Minkowski inequality for convex bodies.

Dar [10] showed that (1.2) implies (1.1) for convex bodies. He also
proved (1.2) in some special cases, such as:

(1) K is unconditional with respect a basis {e;}!"; and L = TK,
where T is linear and diagonal with respect to the same basis;

(2) K and L are ellipsoids;

(3) K C R? is a parallelogram and L is a planar symmetric convex
bodys;

(4) K is a simplex and L = — K.

In their article, Campi, Gardner, and Gronchi [9, Page 1208] de-
scribed this as “a fascinating conjecture”. However, they also pointed
out that Dar’s conjecture “seems to be open even for planar o-symmetric
bodies”. Besides, the equality condition of (1.2) is also unknown.

In this paper, we prove that the inequality (1.2) holds for all planar
convex bodies, and we also give the equality condition.
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Theorem 1. Let K, L be planar convex bodies. Then, we have
K2 |L]2
M(K,L)?

o=

(1.3) K+ L2 > M(K,L)2 +
Equality holds if and only if one of the following conditions holds:

(i) K and L are parallelograms with parallel sides, and |K| = |L|;
(ii) K and L are homothetic.

In our proof of Theorem 1, the definition of “dilation position” plays
a key role. It enables us to do a further study on the other stronger
version of (1.1), i.e., the log-Brunn-Minkowski inequality.

The log-Brunn-Minkowski inequality for planar o-symmetric (sym-
metry with respect to the origin) convex bodies was established by
Boroezky, Lutwak, Yang, and Zhang [6]. It states that:

If K and L are o-symmetric convex bodies in the plane, then for all
real A € [0,1],

(1.4) (1= X) - K 4o A L] > |K|'L

When A € (0,1), equality in (1.4) holds if and only if K and L are dilates
or K and L are parallelograms with parallel sides. Here hx and hj, are
support functions (see Section 2 for the definition); (1 —X) - K +, A - L
is the geometric Minkowski combination of K and L, which is defined
in [6] for K,L € K7 as the Aleksandrov body (see, e.g., [1]) associated
with the function h}gAhi.

For o-symmetric convex bodies K and L, Boroczky, Lutwak, Yang,
and Zhang [6] also established the following log-Minkowski inequality:

h (K|, |L]
(1.5) /S1 log thVK > 5 log Tdk
Equality holds if and only if K and L are dilates or K and L are parallel-
ograms with parallel sides. Here S' denotes the unit sphere of R?, and
Vi denotes the cone-volume measure (see Section 2 for its definition).

On one hand, we observe that the equality condition of (1.3) is similar
to (1.4) and (1.5), equivalently to say, the uniqueness of the logarithmic
Minkowski problem, see [6,7,37,38] for details. We study the relation-
ship between Dar’s conjecture and the log-Brunn-Minkowski inequality
in Section 4.

On the other hand, it is natural to ask if there is a general version
of (1.4) for planar convex bodies that are not o-symmetric. Although
there is a counterexample [6], showing that, if K is an o-centered cube
and L is a distinct translate of K, then (1.4) does not hold; however,
there exists a translate of K, say, K, such that K and L satisfy (1.4).
Here we only require that K and L are at a “dilation position” (see the
definition below).
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The following Problem was shared by Professor Gaoyong Zhang
(which was proposed by Professors Boroczky, Lutwak, Yang, and Zhang)
when he was visiting Shanghai University in 2013.

Problem 1. Let K,L € K2. Is there a “good” position of the origin
o0, such that K and an “appropriate” translate of L satisfy (1.4)%

The following Theorem 2 is an answer to Problem 1. Before this, we
give the definition of the so-called dilation position.

Let K, L € K". We say K and L are at a dilation position, if o € KNL,
and

(1.6) r(K,L)L ¢ K ¢ R(K,L)L.

Here r(K,L) and R(K, L) are relative inradius and relative outradius
(e.g., see [6,12,22,34]) of K with respect to L, i.e.,

r(K,L) =max{t >0:2z+¢L C K and x € R"},
R(K,L)=min{t >0: K C x +tL and x € R"}.
It is clear that
(1.7) r(K,L)=1/R(L,K).

By the definition, it is clear that two o-symmetric convex bodies are
always at a dilation position. Therefore, Theorem 2 and Theorem 3
below are extensions of (1.4) and (1.5).

When K and L are at a dilation position, by Lemma 2.1, 0o may be
in 9K N JL. Therefore, we should extend the definition of “geometric
Minkowski combination” slightly. Let K, L € K" with o € K N L. The
geometric Minkowski combination of K and L is defined as follows:

(1.8) 1—=A)-K+4,\-L:= ﬂ {z eR":z-u<hg(w)  hp(u)},
uesSn—1
for A € (0,1); (1—=N\)-K+,A-L:= K for A\=0;and (1-\)-K4+,\-L:=L
for A = 1.
Lemma 2.2 shows that (1—\)- K 4, A- L defined by (1.8) is always a
convex body, as long as K and L are at a dilation position. The following
is the general log- Brunn-Minkowski inequality for planar convex bodies.

Theorem 2. Let K,L € K? with o € KNL. If K and L are at a
dilation position, then for all real \ € [0, 1],

(1.9) [(1=X)- K 4o A+ L] > [K[' L,

When A € (0,1), equality in the inequality holds if and only if K and L
are dilates or K and L are parallelograms with parallel sides.

The following is the general log-Minkowski inequality for planar con-
vex bodies.
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Theorem 3. Let K,L € K? with o € KNL. If K and L are at a
dilation position, then

hL (K|, L]
1.10 log —dVy > — log —-.
(1.10) /SloghK K2 5 log
Equality holds if and only if K and L are dilates or K and L are par-
allelograms with parallel sides.

It can be seen from (1.6) that {hx = 0} = {hy = 0}. The integral in
(1.10) should be understood to be taken on S! except the set {hx = 0},
which is of measure 0, with respect to the measure Vi.

For o-symmetric convex bodies in the plane, it has been shown in
[6] that the log-Brunn-Minkowski inequality (1.4) is stronger than the
classical Brunn-Minkowski inequality (1.1). In this paper, by Lemma
2.1 and Theorem 2, together with the fact that (1 —\)- K +,A- L C
(1= X)K + AL, we see that (1.9) implies the classical Brunn-Minkowski
inequality (1.1) for all planar convex bodies.

In [6], the proofs of (1.4) and (1.5) use the o-symmetry in several
crucial ways. However, in the general case, our proofs require new ap-
proaches. First, we prove (1.10) for bodies in K2 under the assumption
that the cone-volume measure of a body satisfies the strict subspace
concentration inequality. See Section 2 for the definition and the de-
velopment history of the subspace concentration condition. Then, by
establishing two approximation lemmas, we show that (1.10) does not
require the subspace concentration condition, and it holds even for the
case that o is in the boundary. That is to say, the definition of “dilation
position” is natural.

This paper is organized as follows. Section 2 contains the basic no-
tation and definitions, and some basic properties of dilation position.
Section 3 proves Dar’s conjecture in dimension 2, and gives the equality
condition. In Section 4, we show a connection between Dar’s conjec-
ture and the log-Brunn-Minkowski inequality. In Section 5, we show
some properties of dilation position, and prove the equivalence of the
log-Brunn-Minkowski inequality (1.9) and the log-Minkowski inequality
(1.10). Section 6 proves a version of the log-Minkowski inequality (1.10)
under an assumption. In the final Section 7, we establish two approxi-
mation lemmas, and thereby prove Theorems 2 and 3.

Acknowledgements. The authors would like to thank Professor Gaoy-
ong Zhang for attracting our attention to the problem of the general
log-Brunn-Minkowski inequality for planar convex bodies when he was
visiting Shanghai University in 2013. The authors would also like to
thank Jin Li and Kejie Shi for their very helpful comments on various
drafts of this work. In addition, the authors are grateful to the referees
for their very valuable comments and suggestions for improvements.
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2. Preliminaries

In this section, we collect some basic notation and definitions about
convex bodies, and we show some basic properties of the dilation posi-
tion. Good general references for the theory of convex bodies are the
books of Gardner [19], Gruber [26], Leichtweiss [31], and Schneider [35].

Denote by B™ the unit ball of R”, and let S®~! be the unit sphere.
By intA, clA and 0A we denote, respectively, the interior, closure and
boundary of A C R".

Suppose Aj, Ag, ..., A, C R™ are compact. Denote by [A1, Ag, ..., Ag]
the convex hull of A; U Ay U...U Ag. When A; = {x;} is a single point
set, we will usually write [A1, Ao, ..., z;, ..., Ag| rather than [Ay, Ag, ...,
{z;}, ..., Ag]. Thus, for distinct points z1 and x3, [x1,x2] is a line seg-
ment. We also denote by [(z1x2) the line through the points z1, 5.

The scalar product “” in R™ will often be used to describe hyper-
planes and half-spaces. A hyperplane can be written in the form

Hyo={x€eR":2-u=a}.

The hyperplane H,, , bounds the two closed half-spaces
H,={r€eR" 2z -u<a},
Hf,={zeR":z-u>a}.

Especially, a hyperplane in R? is just a line. Similarly, I, o, denotes a
line. We also denote by [~ and [T two closed half-spaces bounded by
the line [. Then, [, , and ZI « are two closed half-spaces bounded by 1, ;
l(z122)” and I(z122)T are two closed half-spaces bounded by I(x1x2).

Let A C R? be a subset and [ a line. We say that [ supports A at x
if r € ANl and either A C 1T or A C I=. We call [ a support line of A
at z. In this paper, if [ is a support line of a planar convex body K, we
always assume K C [~.

The support function hg : R™ — R of a compact convex set K C R"
is defined, for x € R™, by

hi(x) =max{zr-y:y e K}.
We shall use dg to denote the Hausdorff metric on K™. If K, L € K",
the Hausdorff distance dy (K, L) is defined by
dy(K,L) =min{a: K C L+ «aB" and L C K + aB"},
or equivalently,

dy(K,L) = max |hg(u) — hr(u)|.

ueSn—1

Let K € K™. The surface area measure Sk (-) of K is a Borel measure
on S"~! defined for a Borel set w C S™~! by

Sk(w) =H"" v (W),
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where v : ' K — S" ! is the Gauss map of K, defined on 'K, the set
of points of QK that have a unique outer unit normal, and H"~! is the
(n — 1)-dimensional Hausdorff measure.

Let K € K™ with o € K. The cone-volume measure Vi of K is a
Borel measure on S"! defined by

1
dVg = EthSK.

We shall recall the notion of subspace concentration condition, which
is defined in [7]. It limits how concentrated a measure can be in a
subspace.

A finite Borel measure p on S"~! is said to satisfy the subspace con-
centration inequality if, for every subspace £ of R™, such that 0 < dim¢ <
n?

(2.1) pENS™) < (s ydime.

The measure is said to satisfy the subspace concentration condition if
in addition to satisfying the subspace concentration inequality (2.1),
whenever

p(EN S = (5™ )dime,

for some subspace £, then there exists a subspace &', which is comple-
mentary to £ in R™, so that also

p(€ NS = (s dimé

or equivalently so that p is concentrated on S~ 1N (¢ U¢).

The measure p on S ! is said to satisfy the strict subspace concen-
tration inequality if the inequality in (2.1) is strict for each subspace
& C R™, such that 0 < dimé < n.

The necessity of (2.1) for cone-volume measures of o-symmetric poly-
topes in R™ was shown by Henk, Schiirmann, and Wills [30], and inde-
pendently by He, Leng, and Li [28]. See Xiong [40] for an alternate proof.
Boroczky, Lutwak, Yang, and Zhang [7] proved that the subspace con-
centration condition is both necessary and sufficient for the existence
of a solution to the even logarithmic Minkowski problem. They also
showed in [8] that the subspace concentration condition is both neces-
sary and sufficient for a Borel measure on the Euclidean sphere to have
an affine isotropic image. Recently, Henk and Linke [29] proved that
cone-volume measures of polytopes in R™ with centroid at o satisfy the
subspace concentration condition.

Suppose K, L C R™ are convex bodies. The mized volume Vi(K, L)
of K, L is defined by

1 K+el|-|K 1
~ lim K +el - K| _ _/ hr(w)dSk (u).
Sn—1

n e—0t € n

(22) W(K,L) =
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When n = 2, it is clear that V4 (K,L) = Vi(L, K), and we will write
V(K, L) rather than Vi(K, L).

Let K be a convex body in R™. For x € K, the extended radial
function pg(x,z) of K is defined by

pr(z,z) =max{\ >0:2x+ Xz € K} forze R"\{0}.

Note that z could be in the boundary of K. Generally, see [21] for the
definition of extended radial function of a star-shaped set with respect
to the point x.

Now we show some basic properties of the dilation position. Let
K,L € K" with o € KN L. K and L are at a dilation position if they
satisfy (1.6). Note that:

(1) dilation position may not be unique, i.e., if K and L are at a
dilation position, then a translate of K and a translate of L may also be
at a dilation position (e.g., K, L are parallelograms with parallel sides
and centered at 0);

(2) if K and L are at a dilation position, then K and a dilation of L
are also at a dilation position;

(3) for arbitrary convex bodies K and L, they may not be at a dilation
position, however, the following is true.

Lemma 2.1. Let K,L € K". B
(i) There are a translate of L, say L, and a translate of K, say K, so

that K and L are at a dilation position.
(i1) If K and L are at a dilation position, then o € int(KNL)U(OKNOL).

Proof. Set R = R(K,L) and r = r(K, L).
(i) If K and L are homothetic, then R = r, and there exists a point
to € R™ such that
K=rL+ t().

Choose a pg € L. Let L = L — pg, and let K = rL. Then we are done.
Assume K and L are not homothetic, then R > r. There are points
t1,to € R” so that

L.,.=rL+ti CK CRL+1t,=:Lg.
Let ¢’ be given by

Let 1
L=~-(L,—t) and K=K —t.
r

By a direct computation, we see that K and L are at a dilation position.

(ii) By the definition, o € KNL and rL C K C RL. Then, there does not
exist this case: o € 9K but o € intL. Otherwise, there is a § > 0 such
that 0B™ C L C %K . It follows that o € int K, a contradiction. Similarly,
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there does not exist this case: o € L but o € intK. Therefore, either
o€ OKNOLoroc€intKNintL =int(KNL). q.e.d.

Let K € K and L € K™. If K and L are at a dilation position, then,
by Lemma 2.1, o € intL, and

I U < C) N { ()
(23) R(K, L) - weSn—1 hL(U) ue§n-1 pL(U)’
and
(2.4) r(K,L) = min hi(u) _ P (u)

min .
uesm 1 hr(u)  wesm—1 pr(u)

The following lemma shows that (1 — ) - K +, A - L is well defined
for K, L € K™ that are at a dilation position.

Lemma 2.2. Let K,L € K" with o € K N L. Suppose K and L
are at a dilation position. Then, for all real X\ € [0,1], the geometric
Minkowski combination of K and L defined by (1.8) is a convez body.

Moreover, (1—X)-K+,A-L — K as A\ = 0, and (1—-\)-K+,\-L — L
as A — 1, with respect to the Hausdorff measure.

Proof. Set r =r(K,L), and R = R(K,L). Since (1 =\)- K +,\-L
is defined by the intersection of closed and convex sets, it is also closed
and convex. It remains to show that (1—\)- K 4, - L is bounded, and
has interior points. Since rL C K C RL, we have rhy(u) < hr(u) <
Rh(u) for all u € S"~L. It follows that 7 hg (u) < hy(u)' = hp(u) <
R g (u) for all w € S™ ' and A € (0,1). This and the fact K =

N {zeR":2 -u<hg(u)} show that

ueSn—1
(2.5) MK C(1-)\)-K+4,\LCRK.

Since (1=X)- K +,A-L:=K for A\=0,and (1-\)-K+,\-L:= L for
A =1, hence (2.5) holds even for A\ € {0, 1}. Therefore (1—\)-K +,A-L
is bounded, and has interior points, for all A € [0, 1].

From (2.5), it is easy to see that (1 —\)- K +,A- L — K as A — 0.
In a similar way, it follows that (1—X)- K +,A-L — L as A — 1. q.e.d.

In this paper, we shall make use of the overgraph and undergraph
functions. Let K € K". For u € 8", denote by K, the image of
the orthogonal projection of K onto u'. Define the overgraph function
f(K;x) and undergraph function g(K;x) of K as follows:

(2.6) K={z+tu:—g(K;z) <t < f(K;z) for x € K,}.

Then, f(K;x) and g(K;z) are concave on K.
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3. Proof of Dar’s conjecture in dimension 2

In order to prove Theorem 1, we need 7 Lemmas. The relative Bon-
nesen inequality plays an important role, it states that:

Lemma 3.1. [6] If K, L € K2, then for r(K,L) <t < R(K, L),
(3.1) |K| -2tV (K, L)+ t*|L] < 0.

The inequality is strict whenever r(K,L) < t < R(K,L). When t =
r(K, L), equality will occur in (3.1) if and only if K is the Minkowski
sum of a dilation of L and a line segment. When t = R(K, L), equality
will occur in (3.1) if and only if L is the Minkowski sum of a dilation
of K and a line segment.

Bonnesen [5] proved this inequality for L = B?; the first proof for the
relative case included the equality cases was given by Bol [4], and may
also be found in Blaschke [2] and Flanders [17]. We refer to [6, Lemma
4.1] for a detailed proof. Further study of Bonnesen-type inequalities
can be seen in [3,13,22,34].

Lemma 3.2. Let K,L € K2. Suppose that K N L has nonempty
interior. Then, the set OK\OL is the union of at most countably many
disjoint connected open subsets (with respect to the relative topology in

0K ) of OK.
Proof. Let p, € int(K N L). Then, we have
(32) OK\OL = {z € 0K : pr(po,r — po) # 1}.

Suppose there exists a point 2y € 0K NOL. Without loss of generality,

we assume % = (1,0), where || - || denotes the Euclidean norm, and
o

(cos 8, sin f) denotes the coordinate of a unit vector. Note that the map
6 + (cosf,sin ) is a homeomorphism from [0,27) to S*. We define the
function gx () of a planar convex body K by

(3.3) 9k (0) := pr(po, (cosB,sinf)) for 0 € [0,2m).

It is clear that the map 6 — p,+ g (0)(cos 6, sin f) is a homeomorphism
from [0,27) to 0K, and 0 — p,+ gr,(0)(cos 0, sin @) is a homeomorphism
from [0, 27) to OL.

Notice that the set {# € [0,27) : gi(0) # gr(0)} is open on R
because gx (0) = g1(0). By the structure of open sets on a line, the set
{0 € [0,27) : g (0) # gr(0)} is the union of at most countably many
disjoint open intervals (o, 3;). It is also easy to see that gx (a;) = g1 ()
and gk (Bi) = gr.(B;).

Note that {x € 0K : pr(po,x — po) # 1} is just the image set

{po + g (0)(cos 0,sinb) : gx(0) # g1.(0) and 6 € [0,27)},

and the map 0 — g (0)(cos,sinf) is a homeomorphism from [0, 27)
to OK. Thus, we complete the proof of this lemma. q.e.d.
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Now we give the definition of an arc. Let K,L € k2. Suppose that
K N L has nonempty interior and 0K N 9L # (. From Lemma 3.2, we
have -

OK\OL = | J(aibi)x.
el
Here I contains at most countably many elements, (a;b;)x are disjoint
connected open subsets (with respect to the relative topology in 9K) of
0K, and a;,b; € 0K NOL are endpoints of (a;b;) k. Note a;, b; ¢ (a;b;) K.
We call (a;ib;))x an arc on OK with respect to L (or simply arc), for
i € I. The arc (a;b;) g is precisely the boundary part of K from a; to b;
counterclockwise. In addition, (a;b;)r, @ € I, are precisely all the arcs
on 0L with respect to K.

Note that 0K \JL is the union of (0K\L) and (0K NintL), two open

subsets (with respect to the relative topology in OK) of K. Thus, an

arc (a;b;) i is either contained in (0K \L) or contained in (0K NintL).

Lemma 3.3. Let K, L € K2. Suppose L, = r(K,L)L +t, C K and
L, # K, where t; € R2. Let (ab)x C dK\L, be an arc on OK with
respect to L. Suppose that (ab)f is contained in 1~ (ab). Then, the arc
(&))K satisfies the following property (P):

(P): there are two support lines: 1y supports K at a, and la supports K
at b, such that 1y N ly C intl~ (ab).

Proof. At the beginning, we will give an equivalent statement of prop-
erty (P).

Set uw = (a — b)/|la — b||. Let v be the unit vector orthogonal to u
and such that I*(ab) = I}, for some a. Choose a Cartesian system,
such that v is the positive direction of the e; —axis, and u is the positive
direction of the es—axis. Without loss of generality, suppose v = (1,0)
and u = (0,1).

For this u, let the overgraph and undergraph functions f(K;x),
g(K;z) and f(Ly;x), g(Ly;x) be defined by (2.6). Let [sk,tx] denote
the projection of K on the e;—axis, and let [sy, ,¢7.] denote the pro-
jection of L, on the e;—axis. Then f(K;x) and g(K;x) are concave on
[sk,tx], and f(Ly;x), g(Ly;x) are concave on [sr, ,tr,]. Here x should
be understood as a coordinate as well as a point on the e; —axis.

Denote by f'(K;-) and ¢’ (K;-) the left derivatives of f(K;-) and
9(K ).

Note the following facts:

(1) if I3/ /l2 (i-e., with opposite outer normal vectors), then I} Ny =
) C intl~ (ab);

(2) a line [ is tangent to the graph of f(K;x) at (0, f(K;0)) if and
only if [ supports K at a, and a line I’ is tangent to the graph of —g(K; z)
at (0, —g(K;0)) if and only if I’ supports K at b;
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(3) let Ay be the slope of a support line of the graph of f(K;z)
at (0, f(K;0)), and A2 be the slope of a support line of the graph of

g( ; ) at (07 _g(K;O))y then

FL(K;0) <\ < fL(K50),  —gL(K50) < Xp < =g/ (K;0).

From the facts above it is easy to see that property (P) is equivalent
to
(3.4) fL(K;0) + ¢ (K;0) > 0.
To prove this lemma, we suppose the contrary, i.e.,

fL(K;0) + ¢ (K;0) <O0.
Since f/ (K;x) and ¢’ (K;x) are left-continuous, there exists a constant
0 > 0, such that
fL(K @) + gL (K x) <0,

for all z € [ 5,0]. Let ¢ = fL(K;—=0)+¢_(K;—06) <0, co = fL(K;—0),
and c¢3 = g__(K;—4). Then, by the concavity of f(K;-) and g(Kj;-), we
have
(3.5) f(K;x—¢) > f(K;2) —c2¢, and g(K;x—e€) > g(K;x) — cse,
for all z € [—%,tLT] and € < %.

Since (ab)xg C OK\L, and the functions f(K;-), g(K;-), f(Ly;-), and
g(L,;-) are continuous, there exist mj, mg > 0 such that
(3.6)
F =)= f(Lriz) > my >0, and (K a—e)—g(Le;a) > my >0,
foralla € [sg,, —5] and € < ma. Note: (ab)x C OK\L implies sy, > sk,
and hence we can choose my sufficiently small so that = — € € [sg, tx].

Note that co +c¢3 =¢; < 0. For 0 < e < min{%, |C;’f—_lcl,mg}, let 17 be
such that 0 < 7 < —cie. Then, by (3.5) and (3.6), we have
f(K;x—e€) > f(K;x)—cre+cse > f(K;x)+ese+n > f(Ly;x)+cese+m,

9(K;x —¢€) > g(K;x) — cse > g(Ly;x) — cze — 1,
for all z € [—36,t,]; and
f(K;x—¢€) > f(Lp;x) + cse +my — cze > f(Ly;x) + c3e + 1,
g(Ksx—€)>yg

for all = € [s,, —3].

Note that f(K;x —e€) = f(K + ev;x), g(K;x —€) = g(K + ev;x),
f(Lriz) + cze + 1 = f(Ly + (c3e + n)u;z), and g(Ly;x) — cze —n =
g(L, + (cse + n)u;z). Then, the body L1 = L, — ev + (cze + n)u is

contained in the interior of K. This leads to a contradiction, since a
larger homothetic copy of L; will also be contained in K.

(Ly;x) — cse +my + cze > g(Ly;x) — cge — 1,

Therefore, we get (3.4). This means that the arc (ab) g satisfies prop-
erty (P). q.e.d.
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Lemma 3.4. Let K,L € K? satisfy o € KN L and r(K,L) < 1.
Suppose K and L are at a dilation position. Let (ab)x C OK\L be an
arc on OK with respect to L. Suppose that (ab) i is contained in I~ (ab).
Then, (ab)x satisfies property (P).

Proof. Since K and L are at a dilation position, hence

L,:=r(K,L)L C K.
By the assumptions (ab)K C OK\L and r(K,L) < 1, we see that
(ab)g C OK\L,. Since (ab)f is a connected open subset (with respect
to the relative topology in 0K) of 0K, there exists an arc A on 0K with
respect to L,., such that (ab) x C A. By Lemma 3.3, A satisfies property
(P). It follows from the convexity of K that the arc (ab) x must satisfy
property (P), too. q.e.d.

Let K,L € K? with o € K N L. Suppose K and L are at a dilation
position and K NIL # (). Then K N L has nonempty interior. Denote
the arcs on 0K with respect to L by (a;b;) i, i € I, where I contains at
most countably many elements. For i € I, we define the branch BZ-K of

K with respect to the arc (a,bz) K by

B ={\z:x¢c cl(aZbZ)K and 0 < A < pg(x)}.
We also define C’(K, L) by
(3.7) C(K,L):={ z:2€ 0K NOL and 0 < X < pg(x)}.

Since I contains at most countably many elements, we have

(3.8) S IBFI+|C(K, L) = |K],
iel

and

(3.9) > B+ |C(K,L)| = |L].
el

The following lemma is crucial in the proof of Theorem 1.

Lemma 3.5. Let K,L € K? satisfy o € KN L and r(K,L) <1 <
R(K,L). Suppose K and L are at a dilation position. Let (aibi)k C
OK\L and (aZ bi) C OLNintK be arcs. Denote by BX the branch of
K with respect to (a,b,)K, and by BL the branch of L with respect to
(aib;)r,. Then, we have
(3.10) (2R(K, L) - 1)|BY| > |BK].

Suppose (ale)K C 1™ (a;b;). If equality holds in (3.10), then there are
parallel (i.e., with opposite outer normal vectors) support lines of K

at a; and b;, and there are no other support lines of K at a; and b;
satisfying property (P).
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(a) (b)
Figure 1. The branches BX and BF in Lemma 3.5.

Proof. Set R = R(K, L). Suppose that (a;b;) i is contained in I~ (a;b;).
Then, by Lemma 3.4, there are two support lines: [; supports K at a;,
and [y supports K at b;, such that [; Nly C intl™ (a;b;). The lines [; and
Iy are either parallel or meeting at a point s € I~ (a;b;). Let I3 be such
that o € I3 and I3//11//l2 in the first case, and let I3 = [(0s) in the
second case. See Figure 1 for details. Note: our proof is feasible even
for the case Za;ob; > . -

Suppose K C Iy Nly. Set chdy = (R - (a;b;)r) NIy Ny, where ¢ €
li,dy € ly. Let cid} = Lcbdy, then cidi C (a;b;)r. Define E(chdy) and
E(cid}) as follows:

E(CE\CZE) ={l\z:z¢ clcg\d/g and A € [0,1]},

E(cll/\d/ll) ={\z:z¢€ clc?d/ﬁ and A € [0, 1]}.
There are points ¢}, d}, ¢4, di € I3 such that ¢} € (a;,c}), di € (b;,d),
[ch,ci]//]ct, c4], and [dy,d}]//[d}, d5]. By the convexity of K and L, it
is clear that

(3.11) R-E(dd) = E(cydb);

(3.12) R-[o,¢i,c5] = [o,¢h,¢4),  R-lo,di, dj] = [o,dy, di;
(3.13) E(cidi) Ulo,a;,¢] Ulo,bi,di] € BF;

(3.14) BE € E(chdy) U o, ai, ] U [o,bi, db;

(3.15) E(dd}) C [o,¢l, ] U [o,d}, db);
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(3.16) E(chdh) C [o,ch,¢}] U o, b, di).

Set Vi = |0, a;, c¢t]|, Va = |[0, b;, di]|, V3 = |E(cid})|. By (3.11), (3.12),
(3.13), and (3.14), to prove (3.10), it suffices to prove

(2R — 1)(Vi + Vo + V3) > R*Vs + [[o, ai, &3] + |[o, b;, 3.

Since ||cb|| = R||ct| and ||ds|| = R||d}]|, it suffices to show
(3.17) (R—1)(Vi +V2) > (R — 1)*V3.

Let ¢t € [cy,c}] and d € | Q,di] be such that [c},ct]//] Zl,d%]//lg
(R—1)V; is just the area of [a;, ¢}, ¢b], (R—1)V3 is the area of [b;, dY, db].
By (3.15) and (3.16), (R — 1)?V3 is less than or equal to the sum of

|[ch, ¢t ct]| and |[db, di, di]|. Recall that ly,ly and I3 are either parallel
or meeting at a common point s € I~ (a;b;). Thus, we will deduce that

(3'18) ‘[657017655” < Hcli?alﬁcé”v
and
(3.19) |[d, di, d5]| < |[dy, bi, d5)|.

In fact, if 11/ /la//l3, then [a;, cb, c&, ct] and [b;, dY, dY, d}] are parallelo-
grams, and equalities hold in (3.18) and (3.19). If [;,ls and I3 meet at
an s € I~(aibi), then ¢ — cb| < fla; — | and |ldj — ]| < [}b; — il
and the inequalities (3.18) and (3.19) are strict.

Thus, (3.17) holds, and (3.10) is established. If equality holds in
(3.10), then (3.18) and (3.19) must be equalities, which implies I3//l
and l3//l2, and there are no other support lines of K at a; and b; satis-
fying property (P). Therefore, we complete the proof of this lemma.

q.e.d.

To establish the equality condition, we need the following 2 lemmas.

Lemma 3.6. Let K € K2. Suppose ai,as,a3,a4 € OK are dis-
tinct, and they locate counterclockwise on OK. If there is a pair of par-
allel support lines (i.e., with opposite outer normal vectors) of K at
a1, a9, and there is a pair of parallel support lines of K at as, a4, then
[a1,a4], [az,a3] C OK.

Proof. Denote the outer normal vectors of these support lines of K
at ap,as,as,ay by (cosbi,sinby), (cosbs,sinbs), (cosbs,sinbs), (cos by,
sin f4) respectively.

Since aq,a9,by,bs are distinct and locate counterclockwise on the
boundary of the planar convex body K, we can assume

(3.20) 0§91§92§93§94§27‘(.

Since (cosf1,sinf;) and (cosfy,sinfy) are opposite, we have 6y =
m + 6;. Similarly, 64 = m + 65. Therefore, the inequality (3.20) becomes

0§91§7T+91§93§7T+93§27T,
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which implies
91:0, 92:71':93, 94:271'.
Thus, by the convexity of K, we get the desired result. q.e.d.

Lemma 3.7. [33] Let K1 and Ky be two convexr bodies in R™ and
ue 8" Forye P,(K;),i=1,2, write

qﬁz'"(y) =max{t:tu+y € K;},

¢; (y) =min{t : tu+y € K;},
and
f(r) =[K1N (ru+ Ks)|,
where P,(K;) denotes the projection of K; onto u. Then, we have

F1(0) = H"HCH(1,2)) = H"H(Cy (2,1)),
FL(0) = H"H(Cy (1,2)) = H"H(CE(2,1)),

where
Ci(1,2) = Pu(K1 N K2) N {o] > é3 > &1 > ¢},

Cy (1,2) = Py(K1 N Ky) N{¢7 > ¢35 > d7 > o3},

and CF(2,1) are defined analogously.

Proof of Theorem 1. Set Ry = R(K,L), and Ry = R(L,K). If R; <1
or Ry <1, then M (K, L) = min{|K]|,|L|}, and (1.3) is just the classical
Brunn-Minkowski inequality (1.1). In this case, equality holds in (1.3)
if and only if the condition (ii) holds.

In the following, we may assume Rp, Re > 1. We claim that either
RiM(K,L) > |K| or RoM(K,L) > |L|.

By Lemma 2.1, we can assume without loss of generality that K and
L are at a dilation position. Denote the arcs on 9K with respect to L

by (a;ibi)k, i € I, where I contains at most countably many elements.

Denote the branches of K with respect to the arc (a;b;)x by BZ-K , and
the branches of L with respect to the arc (a;b;)1, by BF. Let C(K, L) be
defined by (3.7). Note that (a;b;)x C OK\L is equivalent to BF C BX.
We define index sets I; and I as follows:
I, ={i: BF c BF};
I, ={j:Bj* C Bf'}.
By Lemma 3.5, we have

(2R, —1) Y |BH > 3 |BE,

el i€l

(2R —1) > Bff| = > |BfI.

JEI> Jjel2

and



DAR’S CONJECTURE AND THE LOG-BRUNN-MINKOWSKI INEQUALITY161

L K
If > [Bi| = > |Bj'], then

i€l VISP
(3.21) Ry |BE|+ (R —1)Y |BF =D |B].
j€ela i€l jels
Since

(K NLl =) |Bf+ ) IBf|+|C(K, L),
S JEl2
by (3.9), (3.21), and Ry > 1, we get

RaM(K, L) > Rl KN L| = Rp( S [BF|+ > |BF|+[C(K, L)]) > |L].

i€l Jjelz
In a similar way, if > |B]K| > > |BE|, then we get
JjEl2 i€l

RIM(K, L) > |K].

Therefore, we have proved either R1 M (K, L) > |K| or RoM(K,L) >
|L|. Note that r(K,L) = R%? and we have assumed Rj, Ry > 1. Then,
cither 1775 € [r(K, L), R(K, L)] or *52) € [r(K, L), R(K, L)]. Sub-

M(K,L)

stituting ¢t = 5l or ¢ = 7 in (3.1), we obtain

M(K,L)
K| L]
.22 2V(K,L) > M(K, L)+ —————.
By the arithmetic-geometric mean inequality, we have
(3.23) K| +|L| > 2|K|2|L]z.

This together with (3.22) and the fact that |[K 4+ L| = |K|+2V (K, L)+
|L|, gives (1.3).

Now we turn to the equality condition. Note that we have assumed
Ri, Re > 1, which implies K and L are not homethetic. When K and
L satisfy condition (i) in Theorem 1, it is easy to verify that equality
holds in (1.3).

Conversely, suppose equality holds in (1.3). Since (1.3) is established
by using (3.23) and (3.1), then |K| = |L|, and either |K|/M(K,L) = Ry
or |[L|/M(K,L) = Ry. From the proof above, this implies that equality
holds in (3.10) for all branches B and B]-L, i€ Iland j € I5. By Lemma
3.5, there are parallel support lines of K at a;, b; for i € I, and parallel
support lines of L at a;, b; for j € Ir. Moreover, M (K, L) = |[KNL| and
|C(K,L)| =0.

Let ny be the number (the finiteness can be seen in the following) of
the arcs contained in dK\L, and ny be the number of arcs contained
in 0L\K. Then, ny,ny > 1. Otherwise, we will get L C K or K C L,
a contﬁqiction. If ni > 3, then it follows from ny > 1 that there are
arcs (a1b1)x and (agbs)x contained in OK\L, so that aq,b1,as,bs are
distinct. Suppose aq, b1, as, by locate counterclockwise on 0K. Then, it
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K
d ol
b, a,
\ I\ |
I I
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L
a, 0 b
m=n=1 1, m=2

Figure 2. The cases n1 =no =1 and nqy = 1,ny = 2.

follows from Lemma 3.6 that [by, as], [a1,b2] C OK. Then, there will not
be any other arcs contained in OK\L except (albl) x and (agbg) K, a
contradiction. So ni < 2. In a similar way, we deduce 1 < ngy < 2, too.
Therefore, there are only 4 cases: ny =no =2;ny =ng =1;n; =1
and no = 2; ny =2 and ny = 1.

When n; = ng = 2, suppose

(a1b1)x, (azbe) i € OK\L, and (asbs)r, (asbs)r C OL\K.

If a1, b1, as, by are not distinct, assume by = = ag,a; # by. By the neces-
sary condition of Lemma 3.5 for (albl) K, (agbg) Kk respectively, it must
be the case that: there is a unique support line of K at by = a9, say
l1, and there is a support line of K through a; and by parallel to ;.
Then, [a1,be] C OK, and there is no more than one arc contained in
OL\K, a contradiction. Thus, a1,b1, ag, be are distinct, and as, bz, a4, by
are distinct too. From Lemma 3.6, it fgl\lgws that K' N L is a parallel-
ogram, and the arcs (a1b1)r, (agba)r, (asbs)k, (asby) i are all line seg-
ments. Furthermore, equality in (3.17) implies that (3.14) and (3.16) are
also equalities for ¢ = 1,2,3,4. Then, K and L must be parallelograms
with parallel sides in this case. -

When n; = ny = 1, suppose (a1b1)x C OK\L and (agbs)r, C OL\K.
Then, we have

OK\((a1b1)k U (ashs) i) € OK NOL.

These two arcs must have a common endpoint, and we suppose b; = as.
Otherwise, we will get |C(K,L)| > 0, a contradiction. |C(K,L)| =
0 also implies that [o,a1], [0,b2] C OK N OL. Consider the branch
B, and use the same notation c},d} as in Lemma 3.5 (let i = 1).
Equality in (3.17) implies that (3.13), (3.14), (3.15) and (3.16) are
all equalities. Then, (a1b;)r, is either a line segment or the union of
two line segments, and so is (aghs)r. Let v1 = (a1 — c3)/|lar — |,
and substitute K1 = L, Ky = K into Lemma 3.7. The existence
of parallel support lines at aj,b; implies P, (K N L) = P, [a1,b1].
Since [0,b2] C OK N JL, we have P, [a1,b1] N {¢5 > ¢7} = 0. Thus,
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HY(C,,(2,1)) = 0. Since M(K,L) = |K N L|, by Lemma 3.7, it must
hold that #'(C; (1,2)) = 0. Note that {¢3 > ¢7 > ¢5} = Py, [a1,b1].
Then, Cf (1,2) = P,,[a1,b1] N {¢] > ¢5 }, and hence H'(C}f (1,2)) =0
if and only if (agbs)k is the line segment [ag,bo|. Similarly, we de-
duce that (a1b1)r is the line segment [a1,b1]. If [0,a1] is not parallel
to [ag,b2], let v = —ay/|la1]|. By a direct computation as above, we
will get HY(C,(2,1)) = 0, and H*(C;(1,2)) > 0, which contradicts
to M(K,L) = |K N L|. Thus, [o,a1]//[a2,bs]. Similarly, [o,bs]//[a1,b1].
Therefore, K N L is a parallelogram. Equality in (3.17) implies that
(3.14) and (3.16) are also equalities for ¢ = 1, 2. Therefore, K and L are
parallelograms with parallel sides in this case.

When n1 = 1,ny = 2, suppose the 3 arcs are (albl)K C OK\L, and
(blag)L, (bgal)L C OL\K. If ay,by, as, by are not distinct, assume with-
out loss of generality that as = by, a1 # by. By the necessary condition
of Lemma 3.5 (consider the two branches of L), it must be the case that:
there is a unique support line of K at as = by, say I, there is a support
line of K through a; and by parallel to I’. Then, [a1,b1], [ag,bs] C OL,
here [b1, as] should be seen as a degenerate line segment. If aq,bq, ag, by
are distinct, by Lemma 3.6, [aq, bl] [ag,be] C OL, and (a1by)r is a line
segment. C0n51der the branch B, and use the same notation ¢}, d}
as in Lemma 3.5 (for i = 1). Let v3 = (a1 — c3)/||lar — c||. By com-
puting H*(C}f.(1,2)), HY(C,,(2,1)), and using Lemma 3.7, in a similar
way as in the case nqy = ng9 = 1, we deduce that K and L must be
parallelograms with parallel sides.

The case n1 = 2,no = 1 is similar to the case n1 = 1,ny = 2.
Therefore, we complete the proof of Theorem 1. q.e.d.

4. Connection of Dar’s conjecture and the
log-Brunn-Minkowski inequality

From Theorem 1, we find that the equality condition of Dar’s conjec-
ture coincides with that of the log-Brunn-Minkowski inequality. Actu-
ally, we have the following proposition.

Proposition 4.1. Let K,L € K? witho € KNL and |K| = |L|. If
K and L are at a dilation position, then Vi = Vi if and only if

K|2|L|2

1 1
(4.1) |K 4+ L|z = M(K,L)2 + -
M(K,L)2

We will show this by establishing Lemma 4.2, which is an extension
of [6, Lemma 5.1]. However, the equality case needs different steps.
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Lemma 4.2. Let K,L € K? with o € KN L. Suppose K and L are
at a dilation position. Then,

1 |K|
4.2 dV; — hrdS
(4.2 [ v < 555 [ s
with equality if and only if K and L are dilates, or K and L are paral-
lelograms with parallel sides.

Note that the set {hx = 0} = {hr = 0} is of measure 0, with respect
to the measure V. Thus, the integral in (4.2) is well-defined.

Proof. By Lemma 2.1, either o € int(K N L) or o € 0K NOL. We will
consider these cases simultaneously.

Since r(K,L)L C K C R(K,L)L, we see that hx(u) = 0 if and only
if hr(u) = 0. Define the set w by

wi={ue S hxgu)=0}={uec S :h(u)=0}.
Then, we have
hi (u
hi(u)
for all u € S"\w. Thus, by Lemma 3.1, for u € S1\w, we get
hic (u) hi (u)

K|—-2 V(K,L)+ L| <

=2y vV D+ () 1<
Integrating both sides of this, with respect to the measure h;dSk, notic-

ing that the set w is of measure 0 (whenever the respective measure is
hrdSk or dVk), we obtain

o= [ (w12 v s+ () ) hutdsi
()

:_mKﬂino+mm/;Zﬂmd%dw,

\_/

r(K,L) < < R(K,L),

which implies (4.2).

If K and L are dilates or parallelograms with parallel sides, then it
is easy to see that equality holds in (4.2).

Now suppose equality holds in (4.2). Then,

(4.3)
hK(u) hK(u) 2 .
|K|—2 T (0) V(K,L)+ (hL(u)) |L| =0, forall u€ suppSk\w.
By Lemma 3.1, we have
(4.4) Z[L{(( )) e {r(K,L),R(K,L)} forall u€ suppSk\w.

Since K is a convex body, w must be contained in an open subset of a
half-sphere, and suppSk cannot be concentrated on a half-sphere. Then
suppSg\w # 0. Without loss of generality, we may assume that there
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exists a ug € suppSk \w, such that hx (ug) = r(K, L)hr(ug). From (4.3)
and the equality conditions of Lemma 3.1 we conclude that K must
be a dilation of the Minkowski sum of L and a line segment. Thus,
K = sL + I; with s > 0, where I; is a line segment. In fact, it can be
seen from the proof of Lemma 3.1 or from the following discussion that
s=r(K,L).

If s > r(K, L), then a larger homothetic copy of L will be contained
in K, a contradiction. Thus, s < r(K, L). Since r(K, L)L C K, we have

shr(u) + hy, (u) = hi(u) > (K, L)hp(u) for all u € St.

Then,
hr,(u) > (r(K,L) — s)hr(u) >0 for all u € S*.

Thus, o € I. If s < r(K, L), then hy, > 0, which is impossible because
I; is a line segment. Therefore,

(4.5) hi(u) = r(K, L)hg(u) + hy, (u) for all uw € S,

with o € I.

Note that K and L are dilates if and only if Iy = {o}. Suppose
K and L are not dilates, then I; is nondegenerate. From (4.5) and
o € I, it follows that the set Q := {u € S : h(u) = r(K, L)hr(u)} is
contained in a half-sphere. Since K has interior points, suppSk cannot
be concentrated on a half-sphere. This, together with the fact that €2 is
contained in a half-sphere, proves that suppSg\{2 must contain at least
one unit vector u;. Then, from (4.4) and the fact w C Q, we conclude
that hg(u1)/hr(u1) = R(K, L). By the same argument above (4.5) we
deduce that

1
L=———"—"K+1I
R L)
with o € Is. This together with (4.5) implies that
r(K, L)
K=—"->+K K, L)I, + 1.
R(K, L) + 7‘( Y ) 2 + 1

Note that K and L are not dilates if and only if (K, L)/R(K,L) < 1.
Thus, we have

B 1
 1-7r(K,L)/R(K,L)
which implies that K is a parallelogram with sides parallel to I; and Is.
Similarly, we have

K

(T(K, L)l + 11>,

- 1 1
 1-7r(K,L)/R(K,L) <R(K, L)

which implies that L is also a parallelogram with sides parallel to Iy
and Is. q.e.d.

L

11+12)7



166 D. XI & G. LENG

Proof of Proposition 4.1. Suppose K and L are at a dilation position,
and |K| = |L|. Note that the set {hx = 0} = {h = 0} is of measure
0, whenever the respective measure is Vi or V. If Vi = Vi, then, by
Lemma 4.2, we have

1 hr,
— hrd = —d
2 /51 LdSK /51 hi Vi

hr,
- o1 EdVL

1

< —/ hxdSy
2 Jg1

1

= - hrdSgk.
2/SlLSK

Then, there is equality in (4.2), and hence K = L or K and L are
parallelograms with parallel sides and |K| = |L|. This implies (4.1).
By Theorem 1 and the fact that |K| = |L|, if (4.1) holds, then either
K and L are parallelograms with parallel sides or K = L, which implies
VK = VL. q.e.d.

There might be a direct proof of this equivalence that works without
the help of Lemma 4.2, and then it might be a new approach to consider
the uniqueness of the logarithmic Minkowski problem.

5. Properties of dilation position and equivalence of (1.9)
and (1.10)

In this section, we prove several properties of dilation position, and
show the equivalence of (1.9) and (1.10).

The following lemma is a useful tool when dealing with the dilation
position.

Lemma 5.1. Let K, L € K™.
(i) Suppose r(K, L)L is the biggest homothetic copy of L contained in
K. Then, there are ui,usz,...,uny1 € SV with o € [ug,ug, ..., Uny1],
such that
hK(ul) = T(K7 L)hL(u2)7

fori=1,2,...,n+ 1. Here uy,us, ..., un11 may be distinct or not. Fur-
thermore, there are x; € 0K N O(T(K, L)L), so that

hi (ui) = r(K, L)hr(wi) = @; - u;,
fori=1,2,...n+1.

(ii) Suppose there is an s > 0 so that sL C K, and there are uy,ug, ...,
Upi1 € S" 1 with o € [uy,uz, ..., upt1], such that

hi(u;) = shr(u;),
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fori = 1,2,....n + 1. Then, sL is the biggest homothetic copy of L
contained in K, i.e., s =r(K,L).

Proof. (i) See [35, Page 414], it is easy to conclude that o € conv{u €
S hg(u) = r(K,L)hy(u)}. Then, by Carathéodory’s theorem (see
[35, Theorem 1.1.4]), o is the convex combination of n+1 or fewer points
of the set {u € S"': hx(u) = r(K, L)hr(u)}, which implies the first
result.

Then, there are x1,29,...,2p41 € 8(7’(K, L)L), so that

x; - u; = (K, L)hr(u;),
fori=1,2,...,n+ 1. Since (K, L)L C K, we see that x; € K. This and
x; - u; = hg(u;) imply z; € 0K.

(ii) Suppose sL C K, and there are ui,us,...,upy1 € S™ ! with
0 € [u1,u2, ..., unt1], such that

hi(u;) = shr(u;),

for i = 1,2,...,n + 1. If there is an s’ > s, and a t € R", so that
s'L +t C K, then

(5.1) s'hr(ug) +t-u; < hie(u;) = sh(uq),

for i =1,2,...,n + 1. Since o € [u1,ug, ..., unt1], there are \; € [0, 1], so
n+1
that >> \; =1 and
i=1
n+1

E )\Zul = 0.
i=1

This and (5.1) together with the sub-additivity of support function give

n+1 n+1
0= (s = 9)hL(0) < (s —5) > Nihp(w) < —t-> Au; =0.
1=1 i=1

Then, hr(u;) =0 for i =1,2,...,n+ 1. Since 0 € [ug,ug, ..., Upy1], L will
not contain an interior point, a contradiction.
Thus, sL is the biggest homothetic copy of L contained in K. q.e.d.

The next lemma is important.

Lemma 5.2. Let K, L € K" with o € KN L. Suppose K and L are at
a dilation position. If s > 0, then K and L + sK are also at a dilation
position.

Proof. Set r = r(K,L) and R = R(K,L). Since K and L are at a
dilation position. we have

rL C K C RL.
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Then it is trivial that
r
14 sr 1+sR
We remain to show that 7(K,L+sK) =r/(1+sr) and R(K,L+sK) =
R/(1 + sR). If there is a bigger homothetic copy of L 4+ sK contained
in K, i.e.,

(L+sK)CK C (L + sK).

(L +sK)+ty C K,
with ' > r/(1+ sr) and to € R™, then
r'hp(u) +to-u < (1 —sr')hg(u) for all we S"L.
The case 1 — s’ < 0 is impossible, because hx > 0, L has an interior
point and ¢y is a fixed point. So 1 — s’ > 0. Then a bigger homothetic
copy of L will be contained in K, because r’'/(1 — sr’) > r. This is a

contradiction. Thus (K, L + sK) = r/(1 + sr).
If there is a smaller homothetic copy of L + sK containing K, i.e.,

R(L +sK)+t; DK,
with 0 < R < R/(1 + sR) and t; € R", then
R'hp(u) +t1-u> (1 —sR)hg(u) for all we S"L.

Since 0 < R’ < R/(1+sR), we have (1—sR')R > R’ > 0, and hence (1—

sR') > 0. Then R'/(1—sR') < R, and (R'/(1-sR'))L+(1/(1—sR'))ty

contains K, a contradiction. Therefore, R(K,L + sK) = R/(1 + sR),

and we complete the proof of this lemma. g.e.d.
The following lemma is needed, and is natural.

Lemma 5.3. Let K, L € K™ witho € KN L. If K and L are at a
dilation position, then (1 —X) - K 4+, A - L and K are also at a dilation
position, for each A € [0, 1].

Proof. Set r =r(K,L), R= R(K,L),and Q) = (1—\)-K+,A-L. By
Lemma 5.1, there are uy, ug, ..., upr1 € S" 1 with o € [ug, ug, ..., uny1],
and there are x1, 29, ...,Tp11 € 0K N 8(7"([(, L)L), so that

x; - u; = rhr(u),

fori=1,2,...,n+ 1.
Since rL. C K C RL, we have

R hge < hje hy < v hi.
By the definition (1.8),

ueSn—1

we have

(5.2) RK C Q) Cr K.
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Now z; € K N (r(K,L)L) implies r*z; - u < hg(u)'"*hr(u)*, which
means r*x; € Q) for i = 1,2,....,n + 1. This and the fact z; - u; =
rhr(u;) = hi(u;) give

hqy (wi) > 1wy = hic(ui)' " hp (wi) > b, (ui),

fori =1,2,..,n + 1. Since o € [uy,u, ..., un+1], by Lemma 5.1, we see
that 72 Q) is the biggest homothetic copy of @y contained in K.
Similarly, noticing that R~'K is the biggest homothetic copy of K
contained in L, we deduce that R~ K is the biggest homothetic copy
of K contained in Q). Therefore, (1 —\)- K +, A- L and K are also at
a dilation position. q.e.d.

Lemma 5.4. Let K, L € K" with o € KN L. If K and L are at a
dilation position, then

A=A K+4+,X-L| - |K]| / hr,
1 = log - d
AL%IJF A " gn—1 ©8 hi Vi

Note: the set {hx = 0} = {hr, = 0} is of measure 0, with respect to
the measure V. The proof of this lemma is just an examination of the
proof of [27, Lemma 1], as long as (1 = \) - K +,A- L — K as A — 0,
which is guaranteed by Lemma 2.2. So we omit it here.

The following lemma shows the equivalence of the log-Brunn-Min-
kowski inequality (1.9) and the log-Minkowski inequality (1.10).

Lemma 5.5. The log-Brunn-Minkowski inequality (1.9) and the log-
Minkowski inequality (1.10) are equivalent.

With the aid of Lemmas 5.3 and 5.4, we are able to use the idea in [6]
to prove this lemma. For the sake of completeness we present the proof
here.

Proof. Let K,L € K? with o € K N L, and suppose K and L are at
a dilation position. Set Q) = (1 — ) - K +, A - L, for A € [0,1].

First suppose that we have the log-Minkowski inequality (1.10) for
each pair of convex bodies at a dilation position. Now Lemma 5.3 tells
us @y and K are at a dilation position, and )y and L are also at a
dilation position. Then the set {hx =0} = {h;, =0} = {hg, = 0} is of
measure 0, with respect to Vo, . By this, and the fact that hg, = hi-*h}
a.e. with respect to Sg,, we know that hg, = h}(_)‘hi a.e. with respect
to Vg, - Then, we have

1 1 AL

log &—Lqv,
@ Js %% Thg, Ve

— (1= N

0=

hr,
log —dV,
|QA| st Chg,

1 hi
log dVo, + A~
|QA| 5 hQA o

gl K] L
B3 =20 /\)l |Q>\|+/\l [93Y
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K"
N

This gives the log-Brunn-Minkowski inequality (1.9).
Suppose now that we have the log-Brunn-Minkowski inequality (1.9)
for K,L and X € [0, 1]. Lemma 5.4 shows

1

A—0t

K h
(5.4) T 02V b LS / log —= dVi.
)\ Snfl hK

The log-Brunn-Minkowski inequality (1.9) says that A — log|Q,| is a
concave function, and hence

log [@Q] — log |K|

lim > log |@Q1] — log |Qo| = log |L| — log | K]|.
A—=0F A
This and (5.4) yield the log-Minkowski inequality (1.10). q.e.d.

6. The general log-Minkowski inequality under an
assumption

From now on, we shall make use of the notations of Ry, rx, and Fr.
Let K € K? with o € K. We always set

Ri = maxhg(u) and rr = min hg(u).
uest uesS?t

In addition, suppose | K| = 1. Define F as a set of planar convex bodies
by

={Q e K?: Q and K are at a dilation position, and |Q| = 1}.

Consider the minimization problem,

(6.1) inf/1 log hodVi, Q€ Fk.
S

By the argument after Theorem 2, even for the case o € 0K N JL, the
integral in (6.1) is well defined.

Our main purpose in this section is to establish the following version
of the general log-Minkowski inequality.

Theorem 6.1. Let K € K2. Suppose the cone-volume measure Vi
satisfies the strict subspace concentration inequality. If K and L are at
a dilation position, then

hy \Kr |
6.2 lo —dV
(6.2) / £yt log 12

Equality holds if and only if K and L are dilates.

The following lemma shows that the set Fx is closed.

Lemma 6.2. Let K € K? with o € K. Suppose Li, € Fi, and Lj —
Ly with respect to the Hausdorff distance as k — oco. Then Ly € Fi.
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Proof. Since |Lg| = 1, and the volume is continuous with respect to
the Hausdorff distance, we have |Lg| = 1. It remains to prove that K
and Ly are at a dilation position.

By Lemma 5.1, there are 3 sequences of vectors {u;} C S, i =
1,2, 3, such that o € [uy g, ug k, u3 i), and

(63) R(Lk,K)hK(’U,Z’k) = th(ui,k),

for i = 1,2,3 and k € N. Since S' is compact, and a subsequence of
{L} is always convergent, we may assume that

(6.4) lim w;p =: u; € ST,
k—oco

for : = 1,2,3. Then o € [uy,uz,us]. This and the fact that K contains
an interior point show that there is a wu; satisfying hx (u;) # 0. We may
assume

(6.5) hi(u1) # 0.

This and (6.4) imply hg(u ) # 0 for sufficiently large .
Now, from (6.3), (6.5) and Ly — Lo, it follows that {R(Lg, K)}
converges to an Ry > 0, and

hig(uig) _ hio(u)

Ry := lim R(Ly, K) = lim

k—o0 k—o0 hK(Ul,k) hK(ul) ‘
Then, Ly C R(Ly, K)K and (6.3) show that
L() C RQK,

and
Rohx (ui) = hry(ui),
for i = 1,2,3. Since o € [uy,us,us], it follows from Lemma 5.1 that
(1/Ry)Ly is the biggest homothetic copy of Ly contained in K.
Similarly, we have that {r(L, K)} converges to a number r¢y > 0, and
roK is the biggest homothetic copy of K contained in Lg. Therefore, K
and Ly are at a dilation position. q.e.d.

Lemma 6.3. Let K € K? with |K| =1 and o € K. If Ly € Fk is a
minimizer of the problem (6.1), then either Ly = K or Lo and K are
parallelograms with parallel sides.

Proof. By Lemma 5.2, (Lg + sK)/|Lo + SK‘% € Fk, and by the
assumption that Ly is a minimizer of the problem (6.1), we have

/ log Lo FSRE 4 —/ log hr,dVi > 0,
st |Lg+ sK|2 51

for all s > 0. Then, recalling |K| =1, we have

1
(6.6) / [log(hr, + shx) —loghr,|dVk > 3 log | Lo + sK|
Sl
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It is clear that (log(hr, + shx) —loghyr,)/s — hx/hr, a.e. as s — 0T,
and |(log(hr, + shx) —loghr,)/s| is dominated by hg/hr,, which is
integrable on S with respect to the measure Vi. By the dominated
convergence theorem, we know that the right derivative of the left side

of (6.6) equals
hx
—dVy.
/Sl hoy N

One the other hand, by (2.2), we have
lim Lo + sK| —[Lo| _ 9
s—0t S
Thus, by taking right derivatives of both sides of (6.6) at s = 0, we have
h 1
K qvie > / h1,dSk.
S1 hLo 2 Jq1
But Lemma 4.2 tells us

h 1
/ K avi < —/ hi,dSk.
g1 hLo 2 Js1

Then, equality holds in (4.2). This and |K| = |Lo| = 1 show that either
Ly = K or Ly and K are parallelograms with parallel sides. q.e.d.

V(LO,K):2V(K,L0):/ hi,dSK.
Sl

Lemma 6.4. Let K € K2. Suppose K and L are at a dilation posi-
tion. Then, there exists a u; € S' such that

hL(ul) < hL(—ul)
hK(ul) - hK(—ul)

Here cx = Ri/rK is a constant depending only on K.

(6.7) r(L,K) = < 2ck -r(L,K).

Proof. By Lemma 5.1, there are unit vectors vy, ve,vs (they may be
distinct or not) such that o € [vy, va, v3] and

hL(Ul) _ hL(UQ) _ hL(Ug)
hK(Ul) hK(Ug) hK(Ug)
Then, there are A, A2, A3 € [0,1], so that Ay + Ay + A3 = 1 and

=r(L,K).

3
> Aiv; = o. Then, there exists a A\; > %, say, A1. It follows that
i=1

Ao A3 1—X\
— + = = < 2.
A1 * A1 AT

(6.8)

We may write
Ao N )\3@
—vp = —vy + —u3.
1 Y 2 " 3
Then, by the sub-additivity of support functions and (6.8), we have
hi(—v1) _ %hL(’l&) + %hL(vg)

hK(—Ul) TK
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22 e (vg) + B h (v
:T(L7K))\1 K( 2) bV K( 3)

K
< 2ck - r(L, K).

Let u; = v1 and we are done. q.e.d.

Lemma 6.5. Let K € K2. Suppose its cone-volume measure Vi satis-
fies the strict subspace concentration inequality. Let {Lj} be a sequence
of planar convex bodies in Fr. If { Ly} is not bounded, then the sequence

/ log thdVK
Sl
18 not bounded from above.

Proof. Since K € K2 is fixed, from (2.3) and (2.4), and the facts that
{L;} is unbounded and |Ly| = 1, it is easy to see that

liminf r(Ly, K) =0, and  limsup R(L, K) = +o0.
— 00

k—o0

Therefore, there is a subsequence (also denoted by {Ly}) satisfying
(6.9) lim (L, K) =0, and lim R(Ly, K) = +oo.
k—00 k—00

By Lemma 6.4, there is a sequence {uy .} C S! satisfying

- th(uLk) < th(—ul,k)

(6.10) r(Ly, K) = hi(uig) = hi(—uik)

S 2CK . T(Lk, K),
where cx = Rk /ri depends only on the convex body K. For each
Uk € S1, denote by g € S1 the unit vector that rotates uy j; clockwise
by 90°.

Since S is compact, {u1 1} has a convergent subsequence. Thus, we
may assume {u; i} itself is convergent, and

(6.11) lim wyp = u; € St
k—oo '

Since a subsequence of {L;} will also satisfy (6.9), we have found a
subsequence satisfying all of (6.9), (6.10), and (6.11). It follows that

klim Ugp = U €5 1 where us is the unit vector that rotates u; clockwise
—00

by 90°.

Set hirp = th(:I:uLk), and higj = th(Zl:'LLQ’k;). Clearly, (6.10)
implies that
(6.12) min{th, h—l,k} > CO(th + h—l,k)a

where ¢g is a constant depending only on the convex body K.
Then, by (6.10) and (6.9), we have

(6.13) lim hyj = lim h_yp = 0.
k—o0 k—o00
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From Lemma 5.1 we know that there are unit vectors vy j, and vy j, such

that
hr,(vig)  hp,(vog)

hi(vigk)  hi(vag)
with vy g - ugp > 0 and vy i, - ug ; < 0. This implies

= R(Ly, K),

lim th('Ul,k) = lim R(Lk,K)hK(’L)Lk) > rg lim R(Ly, K) = 400.
k—o0 k—o0 k—o0

From (6.9) and (6.10) we conclude that vy j-uz > 0 and v j-ug p < 0
for all sufficiently large k. If vy i, - w3, > 0, then we write vy = (v -
Ul g Utk + (V1 - u2k)uz k. By the subadditivity of support functions,
we have
hp, (vig) — (Vi - urk)hr, (U1k
ot (g > ML) = () (1)

U1,k - U2k

1
> ihL’“ (V1,k),

for all sufficiently large k. The last inequality holds because
klim hr,(u1 %) =0 and klim hr,(v1 k) = +o0c. Then, we have
—00 — 00

1 1 1
(6.14)  hoy > §th (i) = §R(Lk,K)hK(Ul,k) > irKR(Lk,K),

for all sufficiently large k. Similarly, when v;j - (—u1 ) > 0, we also
have (6.14).
In a similar way, we have

1 1 1

(6.15) h_g’k Z §th(U27k) = §R(Lk,K)hK(U27k) Z §TKR(Lk,K),
for all sufficiently large k, and then

lim h27k = lim h_27k = +00.

k—o0 k—o0

From (2.3), (6.14) and (6.15), it is obvious that for all sufficiently

large k,
(6.16) min{hzk, h_g’k} > Cl(hgk + h_27k),

where ¢ is a constant depending only on the convex body K.
For 6 € (0, 2), let Us be the neighborhood of {£u;} on S' defined by

Us:={ueS" :|ju-u|>1-46}.
Let
Vi={uesS' :ju-u|<1-6 and w-uy >0},
and
Vi={ueS :|u-u|<1-6 and w-uy <0}
Then, Vj := V;;l U ‘/;;2 is the complement of Us.
Since Vi satisfies the strict subspace concentration inequality,

Vi ({£u1}) < 2. When 6 is decreasing, the Us are also decreasing (with
respect to set inclusion) and have a limit of {£u; },

51_1)161+ VK(U(;) = VK({:I:ul}).
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Then, there is a & € (0, 2) such that

VK(U(SO) <

)

DO | =

and then,
1
Vic(Viy) = Vi (S1) = Vie(Us, ) > 3
By (6.11), we have |u;, — u;| < o for all sufficiently large k, where
i =1,2. Note that u-u|* + |u - ug|* = 1. Thus, for u € V., we have
w-ug > (1= (1—60)2)2 > 20,

where the last inequality follows from the fact that g < % This shows
that

w-ugp =u-ur —u- (ug — ugk)
> - up — |ug f — us|
> 209 — do
(6.17) = do,
for all sufficiently large k. For u € V(;%, we have
u- (—ug) > (1= (1=60)%)2 > 26,
which shows that

(6.18) = 5o,

for all sufficiently large k.
By (6.10), for u € Us, and sufficiently large k, we have

hic(u) 1 .
> hig,h—1k}
() = & e o)

Let zp € Ly and y; € Ly be such that

1
(6.19)  hr,(u) > —hg, (ui k)
CK

hi(uo) = g - ugk, and hr, (—uo k) = Yk - (—u2k).
By (6.17) and (6.13), for u € V(ﬁ) and sufficiently large k, we have

hr,(u) > oy, - <(u “ug g )ug g + (- u1,k)u1,k)
> dohr, (ugr) — max{hyp, h_1 1}

> —h
= 52k

(620) Z 550 min{hlk, h_27k}.
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By (6.18) and (6.13), for u € V(% and sufficiently large k, we have

hr, (u) > yp - ((u (—ug)) (—ug k) + (u- u1,k)u1,k>

> 60th(—u2,k) — max{th, h—l,k}

> —h_
o =2k

8
(6.21) > 50 min{hy , h_o1}.

Therefore, by (6.19), (6.20), (6.21), and then (6.12), (6.16), we have

1
/ log hr, (w)dVk (u) > Vi (Us, ) log <c min{h; ., h 1k}>
Sl

K

do
+ Vi (Vs, ) log ( 5 min{hg i, h_o k}>

> Vi (Us,) log < (hik + b 1k>>

K

0,
Vie(Vy,) log (°<h2,k i h_g,k))

> (Vi (Vs,) — Vi (Us, ) log(hax + h_21)
+ Vi (Usy) log[(h1 i + h—1,1)(ho gk + h—2)]

0
(6.22) + Vi (Us,) log T) + Vi (Vs,) log < 20>
Ck

Since Ly, is contained in the parallelogram

ﬂ {Zrz-up <hgg, and z-u_;p, < h_ji},
i=1,2

we deduce

(h1g + ho1 k) (hog + hoog) > |Li| = 1.
This and (6.22) together with the fact kli_)ngo(hlk + h_9)) = +oo imply
the desired result. q.e.d.

Proof of Theorem 6.1. Firstly, assume |K| = |L| = 1. Let {Ly} be a
minimizing sequence of the minimization problem (6.1), i.e., a sequence
of bodies in Fx so that fsl log hy,dVk tends to the infimum (which
may be —00).

By Lemma 6.5, {L;} is bounded, since otherwise fsl log hp, dVi will
be unbounded from above, which is contradictory to the fact that {Lx}
is a minimizing sequence. Then there is a subsequence of {Lj} converg-
ing to Lo, and Lemma 6.2 implies Lo € Fx. Thus, L is a minimizer of
the problem (6.1). The fact that Vx satisfies the strict subspace con-
centration inequality implies that K is not a parallelogram. Thus, by
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Lemma 6.3, we deduce Ly = K. Then, we have

h hx
/ log = dVy > / log "X dVi = 0.
o 8 g hi
Secondly, for arbitrary K and L, notice that Ve K|} = Vi /|K| and
L/ ]L\ 1. By the argument above, we have

/IK\

h

L/\L\2 >
/ logh % /IK\% >0,

K/IK|2

which implies the inequality (6.2).

If K and L are dilates, then it is easy to see that the equality in (6.2)
holds. )

If there is equality in (6.2), then the convex body L/|L|2 must be a

minimizer of the problem (6.1) for K/|K|% From Lemma 6.3 and the
fact K is not a parallelogram, it follows immediately that K and L are
dilates. q.e.d.

For the case that K is a parallelogram (not necessarily o-symmetric)
with o in its interior, we can also use a similar method and consider
several cases to prove that the inequality (6.2) holds. However, such a
proof will be complicated, and it can be replaced by the approximation
lemmas in the next section. So we omit it.

7. Approximation process

We say a convex body K is strictly conver, if its boundary does not
contain a line segment. If K € K2 is strictly convex, then it is easy to
see that its cone-volume measure Vi always satisfies the strict subspace
concentration inequality.

Given a pair of convex bodies that are at a dilation position. The
main goal of this section is to construct a new pair of convex bodies,
so that one of them is strictly convex, and that they satisfy some other
desired properties. Before this, we give a lemma concerning concave
functions. A concave function f is called strictly concave on an interval
la,b], if

(A =tz +ty) > (1 =t)f(x) +1f(y),
for t € (0,1), z,y € [a,b], and = # y.

Lemma 7.1. Let f1, fo be nonnegative concave functions defined on
[b1, ba].
(i) Suppose fa > f1 on [b1,bs]. Then, there is a strictly concave function
g defined on [by,bs] so that g(b1) = f1(b1), g(ba) = fa(b2), and f1 < g <
fa
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(ii) Let by < by < ba. Suppose fo > f1 on [by,bs], and
by — —bo
1 —_—
(7.1) faz) > by — by 227 fo(bo) + b2_b0f2(52),
for by < x < by. Then, there is a strictly concave function g defined

on [by,ba] so that g(b1) = fi(b1), g(bo) = f2(bo), g(b2) = fa(b2), and
fi<g< fo

Proof. (i) Since f; is concave and fa(ba) > f1(b2), there exists a
xo € [b1,b2) such that the line through the point (ba, f2(b2)) supports
the graph of fi(z) at (xq, fi(x0)). Let

. i), v € (b o),
fi(z) = {fl( )_'_M(;U—xo)’ x € [z, ba).

ba—xo

Then, it is clear that fi(z) is concave on [by,bs], f1(b1) = fi(b1),
f1(b2) = fa(b2), and f1 < f2 on [b1, bs).

Since fy is concave, its left derivative fé is decreasing, and it satisfies

Fi(by) < L2202 Z L2@0) _ falbo) = filao)

by — xg by — g
From the fact that f} is left-continuous, it follows that there exists an
n with 0 < 1 < min{%5% by — 20}, such that

fa(b2) — fi(xo)

!

falz) < by — 70
for all « € [ba — 1, ba]. Thus, when

1 fa(b2) — fi(wo)

0<c<b2—b1< —— —fg(bz—??)>,
and A
< T B iy () 1)),
we have
(7.2) W—C'(%—@—bl) > f5(x)
for all = € [be — 1, bo], and
_ 2 _

(7.3) e 22 ) - i)

for all = € [by, by — 7).

Let g(z) = f1(z)+ [M —(z— b2+b1 )2]. Then (7.2) and the fact
g(x) = g1(b2) — f gk (t)dt imply that g < f2 on [bg —n,be); (7.3) shows
that g1 < fa on [b1, by —n]. Therefore, g(z) is a strictly concave function
?bn [51], bo] satistying g(b1) = f1(b1), 9(52) = fa(b2), and f1 < g < f> on

1, b2].



DAR’S CONJECTURE AND THE LOG-BRUNN-MINKOWSKI INEQUALITY179

(ii) By the argument in (i), there is a strictly concave function g;
on [b1, bo], with g1(b1) = f1(b1), g1(bo) = fa(bo), and f1 < g1 < fo on
[b17 bO] .

Set ag := (bo + ba2)/2. Define a function f, on [by, ba] by

Fole) = 4 Tl o) + =i f(a0). @ € oo, ao),
bimag (0) + 5,20 f(b2), @ € [ag, ba].

Then, fy < f on [by, ba].

For = € [by, ba), let
b2 - T — bo (b2 - b0)2 2
P00 + ) o [P ).

From (7.1), it follows that If;__ggf(bo) + bxz 2 fb2) < fo(z) for o €
(bo, b2). Tt is easy to choose a sufficiently small and positive constant ¢,
so that G(x) < fy < fo on [bg, ba]. Let

_ (z), @ € [b1,bo],
9(w) = { Gle). mc oo bl

Then, g(x) is the desired function.

To prove that g is strictly concave, suppose = € [by, bgl, y € [bo, ba],
and ¢t € [0,1]. We may assume (1 — t)z + ty € [b1,bg], since the case
(1—t)x+ty € [bg, ba] is similar. Then, there exists a t < tg < 1, so that
bo = (1—t0):17—|—t0y. It follows that (1—t)x+ty = ((to—t)/to):l?-i—(t/to)bo.
Then, we have

g(L =tz +ty) =g <t°t 2 —bo>
(-

= (14

> <1 - % g1 — —t)g(x) + tg(y)

=(1—t)g(x) +tgly

Glz) =

g1(z + fzbo)

)
)m L1 — 10) ) + 1o o)
Jnto)

q.e.d.

Let u € S'. We shall make use of the notion of exposed face (also
called support set) F(K,u) of a convex body K. That is,

F(K,u):=Kn{zcR*:2-u=hgu)}

Lemma 7.2. Let K, L € K2. Suppose K and L are not dilates, and
they are at a dilation position. Then, for each ¢ > 0, there are convex
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bodies K., L. € K2 so that K, is strictly convez,
dy(Ke, K), du(Le, L) < cre,

and K¢ and L¢ are at a dilation position. Here ¢y is a constant depending
only on K and L.

Proof. Set r = r(L,K),R = R(L,K), and B = B?. Since K and L
are not dilates, we have < R. By Lemma 5.1, there are u;, v; € S*, x; €
OK NO(:L) and y; € OK N (L), so that o € [uy, uz,us] N [v1,v2,v3],

(7.4) hp(u;) = rhg(u;) =rz;-u;, and hp(v;) = Rhi(v;) = Ry;-v;,

for i = 1,2, 3. Here uy, us, ug may be distinct or not, and so is the triple
v1, V9, v3. We will give three reasonable assumptions.

(A1) Assume y; ¢ F(K,v;) for y; # y;.
Otherwise, suppose y2 € F(K,v1) with y; # yo. This and the fact
0 € [v1,vg,v3] imply that —vs must be a normal vector at ys. Letting

Y = y2 and v| = vh = —vs3, we will consider the points {y],y2,y3} and
vectors {v],v),v3}. Note: there does not exist the case that y; = y3 €
F(K,v1) and v; = vg = —wvs, since otherwise K will not contain an

interior point. Therefore, the assumption (A1) is not a restriction of
generality.

(A2) Similarly, assume z; ¢ F(K,u;) for x; # x;.

(A3) Suppose {3, 7, k} = {1,2,3}. If y; = y;, assume v; = v; = —vy; if

T; = xj, asSUme U; = Uj = —Uj.
Otherwise, suppose y1 = y2, and vy # vg. Since o € [v1, v2, v3], then
—v3 must be a normal vector at y;. Letting v} = v} = —v3, we will

consider the points {y1,y2,y3} and vectors {v], v}, v3}. Clearly, the as-
sumption (A1) will be preserved. The discussion for z; is similar.

Next, we use two procedures to construct the desired bodies. In fact,
Procedure 1 is to make the new body K satisfy that F(K},v;) contains
only one point, for i = 1,2, 3.

Procedure 1. Let K! and L! be defined by

(75) Kel = [K7(1 +6)y17(1 +E)y27(1 +E)y3]7
and
R
7.6 L'=Ln-—K.
( ) € 1+6 €
Thus, for € < § — 1, we have
rK! c Ll c R

14+e ¢
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It can be seen that (14 €)y; € 9K NO(LEELL), and z; € 9K NO(LLY).
Since K! C (1 + €)K, we see that
hic(vi) < (L4 €)hr (vi) = (L + €)yi - vi.
This, together with (1 + €)y; € K2, gives
hii(vi) = (1 +€)y; - v;.
Then, by 5Lt € K! and (1 + €)y; € 11LL, we deduce that

1+e
R
Since o € [v1,v2,v3], by 4L € K! and Lemma 5.1, we know that

l—FLi is the biggest homothetic copy of L} contained in K.
Recall that for € < % — 1, we have z; € K! C %Li - %L. Thus

hri(vi) = (1 +€)yi - vi = hpa(vs).

1 1
T up < hKél(Ui) < ;th (u;) < ;hL(ui) =T; - U;.
It follows that
rhi: (wi) = hr(w).

Thus, by o € [u1, ug, us), rK} C L} and Lemma 5.1, we know that r K
is the biggest homothetic copy of K! contained in L!. Therefore K! and
L} are at a dilation position, for € < }—f — 1.

From (7.5), it follows that

(7.7) KCK!c(1+¢K CK +¢eRgB.
(7.5) and (7.6) give
(7.8) L C (1+¢) <L N %K) =(1+eLlCcLl+eL C LI +¢R.B.
€
Now (7.7) implies dy (K}, K) < Rie, and (7.8) implies dy (L}, L) <
Rpe. Therefore, we have
(7.9) dg (K}, K) < coe, and dy(Ll, L) < cae,

where co = max{Rg, Rp}.
By (7.5), a point p in K! can be written as

k
p=>_ Nz,
i=1

k
with \; € [0,1], >N =1, and z; € K U (1 4 €){y1,y2,y3}. Since we
i=1
have assumed y; - v; < hg(v;) for y; # yj, it follows that F(K}, v;) =
{(1+e€)y} fori=1,2,3.
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Procedure 2. Set R, = R/(1+¢). From Procedure 1, we see that R, =

R(L{, K}), and r = r(L{, K}). Let K2 = K! + § B, K} = K! + ¢B,
and L. = L! + €B. For i = 1,2, 3, define H;” by

H = {:EGR2 e < (1—|—e)yi'vi—|—R€}.

Then (1 + €)y; + % Vi is the unique point in F(K2,v;), fori =1,2,3.

Since F(K/,v;) = {(1+ €)y;}, we know that x; - v; < by (v;). Let

hK(’UZ') — l’j *U;
min
ije{1,23  1/r—1/R

When € < 7, we have
1

z; + —eu; € OK2 Nint(Hy N Hy NHy ),
r

for i = 1,2,3. Now we are able to construct the desired convex body.
Notice the assumption (A3). When e is sufficiently small, the half-
spaces H, , Hy , H; divide OK?3 into 3 parts (they may be distinct or
not), and we denote them by 012, 023 and 031. Here 0;; = 8K§ﬂHi_ﬂHj_.
Clearly, when e is sufficiently small, 9;; has nonempty relative interior.
In fact, we only need to construct the boundary parts of the new
convex body. Our aim is to get new boundary parts 824]- satisfying:

(B1) the support line that supports K32 at x; + “u; also supports 0y, U
D3 U 031 at x; + Suy;

(B2) the support line that supports K2 at (1+€)y; + 7-vi also supports
01U 053U 05y at (1+ €)y; + 7033

(B3) 014 U 93 U 0%, is the boundary of the new convex body K. =
[0, D4s, 0%], and K, is strictly convex.

Without loss of generality, we study ;2. Define the body K2 by
K} =K)nH NnH; NHy.
There may be the following three cases.
Case 1. 0y contains precisely one point in {z1+Suy, Ta+Sug, 3+ Suz}.

Case 2. 0i3 contains precisely two points in {z1 + Suy, 2 + Sug, x5 +
$U3}.

Case 3. 013 does not contain a point in {x1 + “uy, r2 + Suz,r3 + fuz}.

In Case 1, assume 1 + fu; € O12. Denote by v} the unit vector
perpendicular to v such that

€
(551 + ;U1> v > (L+ €y - vy



DAR’S CONJECTURE AND THE LOG-BRUNN-MINKOWSKI INEQUALITY183

For the direction v}, consider the overgraph functions f(K?2;-) and
f(KZ%;.). Denote by p; the projection of (14 ¢€)y; + 7-v1 on l(ovr) (the
line through o and vy). Denote by po the projection of z; 4+ Su; on
I(ovy). Since o € [v1, v, v3], by the definition of K2 and K2, we see that
f(K2;) < f(K3;-) on [p1,p2]. Then, it follows immediately from (i) of
Lemma 7.1 that there is a boundary part 9%, through (1 4 ¢)y; + 71
and 1 + fuy. Similarly, we get a boundary part d7, through z1 + Suy
and (1+4€)ya + 5-v2. Then, 0}, = 914Ul is the desired boundary part.

In Case 2, assume x1 + ;uy, T2 + ;uz € O12. Consider the overgraph
functions of K2 and K2 with respect to the direction v{, where v is the
same as in Case 1. The assumption (A2) implies that [z1 + Suy, 22 +
€ug) ¢ OK?. Then the functions f(K?;-) and f(K2;-) satisfy all the
conditions in (i) of Lemma 7.1. Then there is a boundary part 9!,
through (1+6)y1+}%vl, w1+ 7uy and wo+ Sus, (1+6)y2+Ri€v2. Similar to
Case 1, we get a boundary part 97, through zo+fus and (14-€)ya+%-ve.
Then, {1, = 8{2 U 0, is the desired boundary part.

In Case 3, choose a point zo € 9;;\{(1+ €)y; + 5 vi, (L +€)y; + 5 v;}-
By using the same method as in Case 1, we get a desired boundary part
through (1 + €)y; + V15 20, (I1+e)ys + 7 V2-

Then, we get the boundary parts 914, 93, 9%, . From our construction,
it is obvious that they satisfy (B1), (B2) and (B3). Recall that K, =
[0}, Ob,05] and L. = L! + eB. Now (B1), (B2), and Lemma 5.1
guarantee that K. and L, are at a dilation position. By (7.9), we have

dp(Le, L) < dpy(Le, L) +dp (L L) < (14 co)e.
It is also easy to see that
K*Cc K. C K?.
From this, K? = K} + 7 B, K? = K!+ ¢B, and (7.9), we deduce

1
dy(K.,K) < dpy(K., K} +dy (Kl K) < <r + C2> €.

Then we finished the proof of this lemma, provided ¢; = max{1, %} +co.
q.e.d.

Lemma 7.3. Let K,L be planar convex bodies with o € 0K N JL.
Suppose K and L are not dilates, and they are at a dilation position.
Then, for each € > 0, there are convex bodies K., L. € K2 so that K.
and L. are at a dilation position, and

dp(Ke, K), dg(Le, L) < e.

Proof. Set r = r(L,K),R = R(L,K), and B = B%. By Lemma 5.1,
there are u;,v; € S, 2; € 9K NO(LL) and y; € OK NJ({L), so that
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0 € [uy,uz,uz] N [v1,ve,v3),
(7.10)
hr(u;) = rhg(u;) = re; -u;, and  hp(v;)) = Rhi(v;) = Ry; - v;,

for i = 1,2, 3. Here uy, us, ug may be distinct or not, and so is the triple
V1, V9, V3.

We shall use the same assumptions (A1), (A2) and (A3) as in the
proof of Lemma 7.2, with the same reason. In addition, we should give
the following assumption.

(A4) If 0 # x;, assume o ¢ F(K,u;); if o # y;, assume o ¢ F(K,v;).

Otherwise, suppose o # x1 and o € F(K,up) (the discussion of the
case 0 # y; is similar). Since L C RK, and o € O(RK) N 0L, we see
that uq is also a normal vector of L at o. Then, we can replace x1 by
o. That is, consider {o,x2,x3} with normal vectors {u,ug,us}. Thus,
this assumption is not a restriction of generality.

We will consider two cases.

Case 1. o ¢ {1, 72,23} N {y1,Y2,¥3}

If o ¢ {y1,vy2,y3}, then, by (A4), we deduce hg(v;) > 0, for i =
1,2, 3. This enables us to use Procedure 1 and Procedure 2 in the proof
of Lemma 7.2 directly to construct the desired bodies K, and L. It is
just an examination of the method there, so we omit it. After Procedure
2, it is clear that the resulting bodies K. and L. satisfy }—l%eB C K. and
eB C L, thus they contain o in their interiors.

If o ¢ {x1,22,23}, then, by (A4), we deduce hr(u;) > 0, for i =
1,2, 3. By changing the position of K and L, we can also use Procedure
1 and Procedure 2 in the proof of Lemma 7.2 to construct the desired
bodies.

Case 2. o € {z1,x2,23}N{y1, Y2, y3}. Assume without loss of generality
that

(7.11) T =1y =o.
Write u? = (cos @, sin ), for § € [—, 7]. Define the half-space H, by
Hy = {z:z-u’ <0},

and denote its boundary by Hy. Without loss of generality, assume
v1 = u’. There are 61,65 with ; < 0 < 65, so that #; is the minimum
in [—m,7] so that K C H, , and 6 is the maximum in [—m, 7] so that
K C Hy,.
In addition to (A3), it will be convenient to assume that
0 # 9 and 0 # 3.

Let § > 0. Define K5 and Lgs as follows.
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If{x2,x3,y2,y3}ﬂH91 7£ ®7 let K(% = K and L% = L7 if {$2,$3,927y3}ﬁ
Hyp, =10,let K} = Kn Hy _5 and L:=1Ln Hy s

If {2, x3, Y2, y3 }NHp, # 0,let K5 = K} and Ls = L}; if {z2, 23,92, y3}
N Hy, =0, let Ks :KgmHe‘zM and L :L(SOH(;JNS

Then, for sufficiently small 6 > 0, the points o,x9,x3 are also in
Ks N (1L5) and the points o, yo2,ys are also in K5 N (1—1%L5). Clearly,
lim Ks = K and lim Ls= L.

6—0t 6—0t

Furthermore, by the definition of K5 and Lgs, and (A4), there are
two distinct facets (1-dimensional faces) containing o. Thus, there are
points z}, 22 ¢ {0, ya,y3}, so that

1
24 €0K; N0 <§L5> N (Hg, _s U Hyp,),

and
1
Zg c 0KsNo <RL5> N (H92+5 U ng).

Let Uf; be a unit normal vector at zf;, for i = 1,2. Then, vy is a positive
combination of v% and Ug.

Now o € [fug,vg,vg,vg], by Carathéodory’s theorem, there are 3 or
fewer members of them containing o in their convex hull. Denote them
by v{, vh, v5, and denote the corresponding boundary points by v, v5, y5.
Then, o ¢ {y},v5,y4}. We can assume that {y], v}, y4} and {v], v}, v4}
satisfy (A1), and o ¢ {y},v5,y5} will be preserved. Then, by using
Procedure 1 and Procedure 2 in the proof of Lemma 7.2 for K5 and L,
we get the desired convex bodies. After Procedure 2, it is clear that the
resulting bodies K, and L. satisfy %EB C K. and €B C L, thus they
contain o in their interiors. q.e.d.

Lemma 7.4. Let K,L € K2. If K and L are at a dilation position,
then

L]

hr, |K|
7.12 log L dve > 1
(7.12) /S1 og Vi 8 K]

Equality holds if and only if K and L are dilates or K and L are par-
allelograms with parallel sides.

Proof. First, suppose K and L are not dilates. By Lemma 7.2, there
are K; € K2, and L; € K2, such that K; are strictly convex, K; — K
and L; — L, and K; and L; are at a dilation position. Since K; are
strictly convex, the cone-volume measures Vi, satisfy the strict subspace
concentration inequality. Thus, by Theorem 6.1, we have

hr, \K,-] | L]
log —dVk; I .
/31 . 2 P
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hi, converge
hK, g

to log Z—}L{ uniformly on S!, and the cone-volume measures Vi, converge
weakly to Vi, then (7.12) follows.

Next, if K and L are dilates or parallelograms with parallel sides,
then it is easy to see that the equality in (7.12) holds.

Finally, suppose equality holds in (7.12). Then the convex body

L/]L\% must be a minimizer of the problem (6.1) for K/|K| 2. Tt follows
immediately from Lemma 6.3 that K and L are dilates or parallelograms
with parallel sides. q.e.d.

Proof of Theorem 3. If K, L € K2, then Theorem 3 follows immedi-
ately from Lemma 7.4. Suppose o € 0K NJL, and K and L are not
dilates. By Lemma 7.3, there are convex bodies K;, L; € K2, such that
K; - K and L; — L, and K; and L; are at a dilation position. By
Lemma 7.4, and dVi, = $hi,dSk,, we have

1 hr, | K| |L;|

— 1 t : o> 1 .

o (o s = lhoe
Since r(K, L)L C K C R(K, L)L, we see that hx(u) = 0 if and only if
hr(u) = 0. Define the set w by

wi={uec S :hg(u)=0}={uecS":hy(u) =0}

hr(u)
e (u)
r(L,K) < ;L‘—}L{ < R(L, K) that the function (log Z_;)hK is well-defined
and continuous on S*.

Since K; — K and L; — L, by using the same method as in the proof

of Lemma 6.2, we deduce that r(L;, K;) — (L, K) and R(L;, K;) —
R(L, K). Then, log Z;L(Z are uniformly bounded. This, together with the

hi,
hx,
uniformly on S'. The fact K; — K also implies that the surface area
measures Sk, converge to Sk weakly. From these facts, and the conti-
nuity of Lebesgue measure, (1.10) follows.

If K and L are dilates or parallelograms with parallel sides, then it
is easy to see that the equality in (1.10) holds.

Since K; — K and L; — L, it follows that the functions log

and define (log Yhic(u) =0 for u € w. Then, it is easy to see from

fact that hyx, — hx uniformly, shows that (log +—=)hk, — (log h—IL()hK

Suppose equality holds in (1.10). Then the convex body L/ |L|% must

be a minimizer of the problem (6.1) for K/|K |% It follows immediately
from Lemma 6.3 that K and L are dilates or parallelograms with parallel
sides. q.e.d.

Proof of Theorem 2. By Lemma 5.5 and Theorem 3, the inequality
(1.9) holds. Suppose A € (0,1). If K and L are dilates, or they are
parallelograms with parallel sides, then it is clear that the equality in
(1.9) holds.
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If equality holds in (1.9), then, by the proof of Lemma 5.5, equality
n (5.3) holds. From the equality condition for the log-Minkowski in-
equality (1.10), it follows that either (1 — \)- K +, A+ L, K and L are
dilates, or they are parallelograms with parallel sides. q.e.d.
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