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GROMOV-WITTEN THEORY OF ROOT GERBES I:
STRUCTURE OF GENUS 0 MODULI SPACES

ELENA ANDREINI, YUNFENG JIANG & HSIAN-HUA TSENG

Abstract

Let X be a smooth complex projective algebraic variety. Given
a line bundle £ over X and an integer r > 1, one defines the stack
/L /X of r-th roots of £. Motivated by Gromov—Witten theoretic
questions, in this paper we analyze the structure of moduli stacks
of genus 0 twisted stable maps to {/£/X. Our main results are
explicit constructions of moduli stacks of genus 0 twisted stable
maps to {/£/X starting from moduli stacks of genus 0 stable maps
to X. As a consequence, we prove an exact formula expressing
genus 0 Gromov—Witten invariants of {/£/X in terms of those
of X.

1. Introduction

Orbifold Gromov—Witten theory, constructed in symplectic category
by Chen-Ruan [18] and in algebraic category by Abramovich, Graber,
and Vistoli [3], [2], has been an area of active research in recent years.
Calculations of orbifold Gromov—Witten invariants in examples present
numerous new challenges; see [21], [19], [40], and [12] for examples.

Etale gerbes over a smooth base provide interesting examples of
smooth Deligne-Mumford stacks. Let X be a smooth Deligne-Mumford
stack and G a finite group scheme over X. Intuitively one can think of
a G-banded gerbe over X as a fiber bundle over X with its fiber the
classifying stack BG. A detailed definition of gerbes can be found in,
for example, [28], [15], [24]. We are interested in computing Gromov—
Witten theory of G-banded gerbes.

Physics considerations have suggested that the geometry of étale
gerbes possesses certain very intriguing structure. The so-called decom-
position conjecture [30] in physics may be interpreted mathematically
as a philosophy saying that the geometry of an étale gerbe is equivalent
to the geometry of certain disconnected space twisted by a U(1)-gerbe.
In-depth discussions on various mathematical aspects of this conjecture
can be found in [38].
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The Gromov—Witten theoretic version of the decomposition conjec-
ture, which can be formulated for arbitrary G-gerbes more general than
G-banded gerbes, states that Gromov—Witten theory of the G-gerbe is
equivalent to certain twists of the Gromov-Witten theory of some étale
cover of the base. A detailed discussion of the conjecture in full general-
ity can be found in [38]. For G-banded gerbes this conjecture states that
the Gromov—Witten theory of a G-banded gerbe over X is equivalent to
(certain twists of) the Gromov-Witten theory of the disjoint union of
|Conj(G)| copies of X after a change of variables. Here Conj(G) is the
set of conjugacy classes of GG. Computations of Gromov—Witten invari-
ants of étale gerbes are thus intimately connected to the decomposition
conjecture.

The simplest examples of G-gerbes are trivial gerbes. The trivial G-
gerbe over a Deligne-Mumford stack X is the product X x BG. In [7]
the computation of Gromov—Witten invariants of X x BG is handled as
a special case of a general product formula for orbifold Gromov—Witten
invariants of product Deligne-Mumford stacks X x ). As a consequence
the decomposition conjecture is proven for trivial G-gerbes.

An interesting class of non-trivial gerbes is provided by root gerbes
associated to line bundles. This is the first of two papers in which we
study Gromov—Witten theory of root gerbes of line bundles over smooth
projective varieties, with the decomposition conjecture in mind. The
present paper is devoted to studying the genus 0 Gromov—Witten theory
of root gerbes.

Let X be a smooth complex projective variety and £ — X a line
bundle. Given an integer r > 0, let

G:=L/X = X

be the stack of r-th roots of £ over X. It can be shown that § — X
is a pp-banded gerbe over X. Such a gerbe is called a root gerbe. Con-
structions and properties of root gerbes are briefly reviewed in Section
2.2. In order to study the Gromov-Witten theory we consider moduli
spaces Ko (9, 8) of genus 0 twisted stable maps to §. By composing a
twisted stable map to § with the structure map § — X, one can define
a morphism

(1) Kon(9,8) = Mon(X, B),

where Mom(X ,3) is a moduli space of genus 0 stable maps to X. The
main idea used in our approach to Gromov—Witten theory of root gerbes
is to compare Gromov—Witten invariants of § with Gromov—Witten
invariants of the base X using the morphism (1). In the present paper,
this idea is realized by our main results, Theorems 3.19 and 3.20, on
the structures of the moduli spaces Ko (9, 5). Roughly speaking, these
structure results state that components of Ko ,,(9, 3) are p,-gerbes over
certain base stacks constructed from My, (X, 3) using log geometry.
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More details can be found in Sections 3.4 and 3.5. Our results extends
a result of [12] for the gerbe Byu,. Our proofs are based on a detailed
analysis of the moduli spaces Ko (9, ), and use heavily the results of
[35] and [37].

As a consequence of our main structure results, Theorems 3.19 and
3.20, we prove a comparison result between virtual fundamental classes
of Ko.,(5,8) and Mg (X, B); see Theorem 4.3. This comparison result
yields an explicit computation of genus 0 Gromov—Witten invariants of G
in terms of genus 0 Gromov—Witten invariants of X, which is Theorem
4.4. A reformulation of Theorem 4.4 in terms of generating functions
confirms the decomposition conjecture for genus 0 Gromov—Witten the-
ory of G; see Theorem 4.6.

The paper is organized as follows. Section 2 contains discussions on
some preparatory materials. In Section 3 we carry out the needed anal-
ysis on the structure of the moduli spaces of twisted stable maps to root
gerbes. In Section 4 we prove results on virtual fundamental classes and
Gromov—Witten invariants, in particular the decomposition conjecture
in genus 0. In Appendix A we discuss extensions of our results to banded
abelian gerbes.

Conventions. Unless otherwise mentioned, we work over C throughout
this paper. By an algebraic stack we mean an algebraic stack over C in
the sense of [10]. By a Deligne-Mumford stack we mean an algebraic
stack over C in the sense of [23]. We assume moreover all stacks (and
schemes) are quasi-separated, locally noetherian, locally of finite type.
From time to time we use the notation x € X to indicate that z is a geo-
metric point of X. Following [33], logarithmic structures are considered
on the étale site of schemes. For the extension of logarithmic structures
to stacks, see [36]. Given a scheme (or a stack) X, a geometric point x
of X, and a sheaf of sets F on X, according to the standard notation
we denote by Fz the stalk of F at = in the étale topology. A gerbe is an
algebraic stack as in [34], Definition 3.15.
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2. Preliminaries

2.1. Twisted stable maps. We recall the definition of twisted curves
here; see [3], [2], [5] for more details.
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Definition 2.1 ([5], Definition 4.1.2). A twisted nodal n-pointed
curve over a scheme S is a morphism € — S together with n closed
substacks o; C € such that

e Cis a tame Deligne-Mumford stack, proper over S, and étale lo-
cally is a nodal curve over S;

e 0; C C are disjoint closed substacks in the smooth locus of € — S;

e 0, — S are étale gerbes;

e the map € — C to the coarse moduli space C is an isomorphism
away from marked points and nodes.

By definition the genus of a twisted curve € — S is the genus of its
coarse moduli space C' — S.

Throughout this paper we will always assume that twisted curves
are balanced, i.e. at any twisted node, the local group acts on the two
branches by opposite characters.

Let S be a noetherian scheme and let X/S be a proper Deligne-
Mumford stack over S with projective coarse moduli space X — S. We
fix an ample invertible sheaf O x (1) over X. Let K, ,(X, 8) be the fibered
category over S which to any S-scheme T associates the groupoid of the
following data:

e a twisted n-pointed curve (C/T,{o;}) over T}

e a representable morphism f : ¢ — X such that the induced mor-
phism f : C — X between coarse moduli spaces is an n-pointed
stable map of degree 8 € Hy (X, Z) (i.e. £.[C] = B).

According to [5], Theorem 1.4.1, the fibered category K, ,(X,3) is a
Deligne-Mumford stack proper over S.
As discussed in [2], there exist evaluation maps

evi : Kon(X,8) = I(X), 1<i<n

taking values in the rigidified inertia stack I(X) of X. These maps are
obtained as follows. The rigidified inertia stack I(X) may be defined as
the stack of cyclotomic gerbes in X, i.e. representable morphisms from
cyclotomic gerbes to X. The evaluation map ev; is defined to map a
twisted stable map f : (€/T,{0;}) — X to its restriction to the i-th
marked gerbe,
flo; 200 = X,

which is an object of I(X).

The rigidified inertia stack I(X) has an alternative description. Define
the inertia stack of X to be the fiber product over the diagonal:

IX =X XxxgX X.

By definition, objects of IX are pairs (z, g) where z is an object of X and
g is an element of the automorphism group of z. The rigidified inertia
stack I(X) is obtained from I'X by applying the rigidification procedure
([1], [4]). More details can be found e.g. in [3].
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2.2. Root gerbes. We recall the notion of root gerbes. Let X be a
smooth projective variety and let £ be a line bundle over X corre-
sponding to a morphism ¢, : X — BC*. For an integer r > 0 let
0, : BC* — BC* be the morphism induced by the r-th power homo-
morphism C* (—)> C*. The composite morphism 6, o ¢, : X — BC*
corresponds to L&,

Definition 2.2. The stack {/£/X of r-th roots of £ is defined as

\T/L/X =X X ¢, BC* 0, BC*.
Explicitly it can be described as the X-groupoid whose objects over
(Y,f :' Y — X) are pairs (M, ), with M a line bundle over Y and
¢: M®" — f*L an isomorphism. An arrow from (M, ) to (N,1) lying
over an X-morphism h : (Y, f) — (Z, ¢g) is an isomorphism p : M — h*N
such that ¢ fits in the following commutative diagram:

p®r

MO P prNer
<pl Lhw}
FL—— gL,

where the bottom arrow is the canonical isomorphism.

The following proposition follows easily from the definition.

Proposition 2.3. The stack {/L/X is the quotient stack [L£*/C*],
where £ is the principal C*-bundle obtained by deleting the zero section
of L, and C* acts on L™ via A-z = Nz, A € C*,z € L*. In particular
/L)X is a Deligne-Mumford stack.

Proof. 1t is enough to observe that the following diagram is 2-
cartesian:

LY ——= /L)X ——= X

| o]

ot BC* — . BC~.

q.e.d.
Remark 2.4. The morphism 6, : BC* — BC* is a u,-gerbe, because
of the Kummer exact sequence

1—>ur—><C*('—);<C*—>1.

Hence {/L/X — X is a u,-gerbe.

Remark 2.5. The stack {/£/X may also be constructed as a toric
stack bundle [32].
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It is also possible to take roots of “line bundles with sections.” Let
L be a line bundle over X and let o be a section of £. The data (£, 0)
correspond to a morphism ¢g, : X — [A!/C*]. Let 6, : [A}/C*] —
[A!/C*] be the morphism induced by the 7-th power morphisms on Al
and C*. The morphism 6, o ¢¢ , corresponds to the pair (£%",0"). The

stack {/(L,0)/X of r-th roots of £ with the section o is defined as
V(£,0)/X ==X xp1/c00, [A' /T

The stack constructed in this way is isomorphic to X outside the van-
ishing locus Z (o) C X of o, while the reduced substack of the closed
substack mapping to Z(o) is a u.-gerbe over Z(o). Note that given a
divisor D C X there is an associated line bundle with a canonical sec-
tion which vanishes on D. Therefore in the following we will also talk
about roots of divisors.

2.3. Line bundles over twisted curves. We recall some results
about line bundles over twisted curves. In [16] there is an explicit
description of the Picard group of a smooth twisted curve. Let C be
a smooth twisted curve over SpecC. Let C' be the coarse curve and
D; € C,1 < i < n the marked points. It is known that € can be con-
structed from its coarse curve C' by applying the r;-th root construction
to the divisor Dy, for all 1 < i < n. (Here r; € N.) Let 7;,1 <i < n
be the tautological line bundles associated by the root construction and
7,1 <14 < n their tautological sections.

Lemma 2.6 ([16], Corollary 2.12). Let £ be an invertible sheaf on C.
Then there exists an invertible sheaf L on C' and integers k; satisfying
0<k; <r;—1 such that

n
L~rLe [T
i=1
Moreover the integers k; are unique, and L is unique up to isomorphism.

There is an analogous description for the global sections of invertible
sheaves on C.

Lemma 2.7 ([16], Corollary 2.13). Given the decomposition in
Lemma 2.6, every global section of L is of the form s ® Tfl... ® Thn

for a unique global section s of L, where 7; is the tautological section of
T;.

Lemma 2.6 can be rephrased as saying that Pic € is an extension of
Pic C by a finite abelian group, namely

1 — PicC — PicC — @] Z,, — 1,

where r; are the orders of the stabilizers of stack points.
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Remark 2.8. The same description of Pic € holds when C is not
smooth but has only untwisted nodes.

The Picard groups of nodal twisted curves over Spec C admit a similar
description. This is shown e.g. in [17]. We sketch the argument for the
reader’s convenience.

Lemma 2.9 (see [17], Theorem 3.2.3). Let C be an unmarked twisted
curve with nodes e, ..., es. Let y; be the order of the stabilizer of the
node e;. Then the following exact sequence holds:

S
1 - PicC — PicC = [[Z/Z — 1.
j=1
Proof. Let w: € — C be the map to the coarse curve. Consider the
exact sequence of complexes over C' given by

1 = mGy, = Rm.G,, — RmGyyy /7, Gy, — 1.

Notice that m.u, = pr and 7,G,, = G,,,. Therefore they are complexes
concentrated in degree zero. The long hypercohomology exact sequence
gives

1— HYC,G,,) — H(€,G,,) = H'(R7m,G,,/7,G,,) — 1.

This sequence is exact on the left because F5? =
HP(C, HY(R7.G,,/G,,)) abuts to HPYY(C, R7.G,,/G,,). The sheaf
HY(Rm.G,,/Gy,) is equal to Rim,G,, and does not vanish for ¢ > 0. By
[1], Proposition A.0.1, the stalk of R%m,G,, is canonically isomorphic
to H9(Aut(p), Gy, p) where p is a geometric point of C. This sequence
is exact on the right because H?(C,G,,) = 0 for C a genus zero nodal
curve. The result follows by observing that H4(u,,Gy,) = Z/rZ for q
odd and is trivial for ¢ even. q.e.d.

Remark 2.10. The above proof generalizes to nodal marked twisted
curves.

Normalization of twisted curves. It is very useful to describe a
twisted stable map over a point f : ¢ — G in terms of the induced
morphism fo v:iC > G, where € is the normalization of €. This mor-
phism is still a twisted stable map (with possibly disconnected domain).
According to [41] the normalization of a reduced stack X is defined in
the following way. Let R == U be a presentation of X. Let R and U be the
normalizations of R and U. It is possible to lift the structure morphisms
of the groupoid R = U in such a way that R = U is also a groupoid.
Moreover, the diagonal R — U xU is separated and quasi-compact.
Therefore the groupoid defines an algebraic stack, which is the normal-
ization of X. In particular the normalization morphism v : X — X is
representable.
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Smooth twisted curves admit line bundles whose fibers carry faith-
ful representations of the stabilizer groups of the points in the special
locus. Those are the tautological line bundles obtained from root con-
structions. Singular twisted curves over a point also admit line bundles
with fibers carrying faithful representations of the stabilizer group of
the nodes. This is the content of Lemma 2.9. In this case it is easy to
describe those line bundles in terms of tautological line bundles on the
normalization of the curve. Assume without loss of generality that € is
a nodal twisted curve with only one node &€ of order v. Let e be the
image of the node in the coarse moduli space C. We have the following
commutative diagram:

1

1 —— PicC —= PicC ——= @2 (T;)) —= 1

v* v* T

where O, resp. Og, is the local ring at the node e, resp. at the twisted
node &, and O, resp. Og, is its integral closure. Note that & ~ Bpu,,.
Here (7;) is the group generated by T; under tensor products. The
line bundle carrying a representation of the stabilizers group of the
node corresponding to an element ¢* of i, where ¢ is the standard
generator, is mapped by the pullback along the normalization morphism
v : € — € to the pair of line bundles (‘J’ﬁ_,ﬂ':k), where T,, T_ are the
tautological line bundles associated to the preimages of the node in the
normalization.

2.4. Logarithmic geometry and twisted curves. We recall here
some basic facts about logarithmic geometry, which is the natural lan-
guage to describe twisted curves. We will use logarithmic geometry to
construct the auxiliary stack Q_]“O”m 3 in Section 3.3.

Logarithmic structures have been introduced by Fontaine and Illusie
and further studied by Kato [33]. A generalization to algebraic stacks
can be found in [36]. We will consider log structures on the étale site of
schemes and on the Lisse-Etale site ([34] 12.1.2 (i)) of algebraic stacks
(see [36], Definition 5.1).
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Given a scheme X, a pre-logarithmic structure, often called pre-log
structure, consists of a sheaf of monoids M endowed with a morphism
of monoids o : M — Ox, where the structure sheaf is considered as
a monoid with the multiplicative structure. Given a monoid or a sheaf
of monoids M, we denote by M™* the submonoid or the subsheaf of
invertible elements.

When the natural morphism a‘l(O}) — O% is an isomorphism, a
pre-log structure is called a log structure. The quotient M/a~1(0%) is
usually denoted by M, and called the characteristic or the ghost sheaf.
There is a canonical way to associate a log structure to a pre-log struc-
ture. Given a pre-log structure o : M — Oy, the associated log struc-
ture, denoted M“, is defined as the pushout in the category of sheaves
of monoids as in the following diagram:

a1 (0%) ——= M

|

0y — M.

The morphism to the structure sheaf o® : M* — Ox is induced by
the pair of morphisms (o, ¢), where ¢ : 0% < Ox is the canonical
inclusion. A scheme endowed with a log structure (X, My) is called a
log scheme. Log schemes form a category. A morphism between two log
schemes (f, %) : (X, Mx) — (Y, My) is a pair consisting of a morphism
of schemes f : X — Y and a morphism of sheaves of monoids f° :
f*My — Mx compatible with the morphisms to the structure sheaf.
The pullback of a log structure is defined as the log structure associated
to the pre-log structure obtained by taking the inverse image.

A log structure Mx over X is called locally free if for any geometric
point z € X we have MX@ ~ N" for some integer r, where m)gm denotes
the stalk in the étale topology. A morphism between free monoids ¢ :
P, — P, is called simple if P, and P, have the same rank, and for every
irreducible element of p; € P; there exists a unique element py € Py
and an integer b such that b-ps = ¢(p1). A morphism of locally free log
structures is called simple if it induces simple morphisms on the stalks.

Let D be a reduced normal crossing divisor on a scheme X . According

o [33], there is a locally free log structure canonically associated to D
in the following way. Let U := X\ D and let ¢ : U <— X be the inclusion.
Then

Mp = Z*(O*U) NOx — Ox

defines a locally free log structure over X. Let x be a geometric point
of X. The induced morphism

MD,.CB — OX,m
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is of the form N" — Ox, for some integer r. In other words, every
irreducible element of the monoid ﬁ[)’x corresponds to an irreducible
component of the pullback of D to Spec Ox .. Roughly speaking, étale
locally a normal crossing divisor becomes a simple normal crossing di-
visor; namely it is a union of smooth irreducible components. This con-
struction generalizes to stacks.

The construction of Matsuki-Olsson. Let X be a smooth variety
and let D = U;e;D; C X be an effective Cartier divisor with normal
crossing support. Let {r; };c; be a collection of positive integers. By [35],
there exists a smooth Deligne-Mumford stack X with a normal crossing
divisor D = U;erD; C X satisfying the following properties:

1) The smooth variety X is the coarse moduli space of X.

2) The canonical map 7 : X — X is quasi-finite and flat, and is an

isomorphism over X \ D.

3) ﬁ*oX(—Di) = OX(_TiDi)-

Such a stack is defined as a category fibered in groupoids as follows.
Objects over an X-scheme f : T — X are simple morphisms of log
structures ¢ : f*Mp — M such that for any geometric point ¢t € T with
image x = f(t) € X, the induced morphism on the stalks of the ghost
sheaves is of the following form:

(2) Mpz ——M;

Zl LZ
(%)

@DiN—>®DiN

According to [35], if locally X = Spec(k[z1,- - ,z,]) and locally the
divisor D; = Z(z;) for 1 < ¢ < m, then X is canonically isomorphic to
the quotient stack

[Spec(k‘[yl,--- yyn])//‘n X X /er],

where kly1, -+ ,yn] is a k[z1,- -, zy,]-algebra via
oi<m
T; — i T
Yis t>m,

and the action of p,, X -+ X u,, is given by

wiYi, < m,
(u17”'7um)'yi: .
Ui, 7> m.

We compare this construction with the root construction. For a
smooth scheme X, an effective Cartier divisor D C X, and a positive
integer r, there exists (see [3], [16]) a smooth Deligne-Mumford stack
X (p,r) satistying the following properties:
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1) The preimage of D is an infinitesimal neighborhood of the p,.-gerbe
D over D.

2) There is a canonical map 7 : X(p ) — X which is an isomorphism
over X \ D. Every point in X(p , lying over D has stabilizer p,.

This is the r-th root construction of X with respect to the divisor D
and 7.

Let D := (Dy,---,D,) be an n-tuple of Cartier divisors and 7 =
(ri,-++,ry) be an n-tuple of positive integers. Let X, be the stack
obtained by iterating the root constructions over X and the sequence
of divisors. One can see that if the divisor D = U;D; has simple nor-
mal crossing, then X ~ X p 7. However, if components of D have self-
intersections, then along such self-intersections X has more automor-
phisms than X(p 7.

The stack of twisted curves. In [37] the stack of twisted curves 9",
is constructed using logarithmic geometry. The stack 9)?;“’ isa smooth
Artin stack which has a natural map to the stack of prestable curves
M, introduced in [13]. Such a map is defined by sending a marked
twisted curve (@, {o;}) to its coarse moduli space with marked points
induced by the o;.

The notion of log twisted curve is introduced in [37].

Definition 2.11 ([37], Definition 1.7). An n-pointed log twisted curve
over a scheme S is a collection of data

(C/S,{oi,a;},l: Mg — M),

where C'/S is an n-pointed prestable curve, o; : S — C are sections
(marked points), a;, i = 1,...,n are integer-valued locally constant
functions on S such that for each s € S the integer a;(s) is positive and
invertible in the residue field k(s), and [ : Mg < M is a simple mor-
phism of log structures over S, where Mg is the canonical log structure
associated to C'/S.

Log twisted curves turn out to be equivalent to usual twisted curves.

Theorem 2.12 ([37], Theorem 1.9). For any scheme S, there is
a natural equivalence of groupoids between the groupoid of n-pointed
twisted curves over S and the groupoid of n-pointed log twisted curves
over S. Moreover, the equivalence is compatible with base change

S’ = 8.

Using this equivalence 9)?“” can be seen as the stack over Z which to
any S associates the group01d of n-marked genus g log twisted curves
(€/8,{0i,a;},1 : Mg — M)). For an n-tuple of integer numbers b =
(b1,...,bn), let M (b) be the substack of M, classifying log twisted
curves with a; = b; for all 7. There is a decomposmon in open and closed
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components

(3) ol ~ Tt (b).
5

All the components E)ﬁtgwn(g) are isomorphic with each other. The bound-
ary of zmgwn(z?) is a normal crossing divisor D. Then there is an associated
log structure that we denote by Mp. For any l;, mtgwn(l?) is the stack over
M., whose fiber over any f : T" — 9, is the groupoid of simple ex-
tensions of log structures f*Mp — My such that for any geometric
point t € T with f(t) = «, Coker(ng — M%) is invertible in k(t).
From the construction just described, we see that zmgwn(l?) and M, ,, are
locally isomorphic outside of the boundary locus, while over the locus
of singular curves 9", (b) acquires more automorphisms due to twisted
nodes.

Given a log twisted curve (C/S,{oj,a;},l : Mg — M), the corre-
sponding twisted curve €/S can be reconstructed as follows. It is the
category fibered in groupoids whose fiber over any h : T — S is the
groupoid of data consisting of a morphism s : T — C over h together
with a commutative diagram of locally free log structures on 7'

(4) h* Mg —= h* M),

Lk

Mo —> ML,
where

1) the morphism k is simple and for any geometric point ¢ of T,
the map m:q’t — ﬂ’at is either an isomorphism, or of the form
N" — N1 mapping e; to e; for i < r and e, to either e, or
er + ért1, and

2) for every 1 < i < n and geometric point ¢ of 7" with image s = s(t)
in 0;(S) C C, the group

C’oker(m/gﬁ @ ﬁgcﬁ — m’éﬁ)

is a cyclic group of order a;.

3. Moduli of twisted stable maps to root gerbes

Let X be a smooth projective variety over C, £ a line bundle over
X, and r > 1 an integer. The purpose of this section is to study the
structure of the moduli stack Ko ,,(9, ) of genus 0 twisted stable maps
to a root gerbe G := {/L/X. More precisely, we study components (i.e.,
unions of connected components) Ko (5, 3)7 of Xo.,(S,) indexed by
what we call S-admissible vectors (Definition 3.3). The main results of
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this section, Theorems 3.19 and 3.20, exhibit the structure of X (9, 8 )9
over the moduli stack Mo,n(X ,B) of stable maps to X. We always as-
sume that Mg, (X, 3) is non-empty.

3.1. Components of moduli stack. We begin with some useful lem-
mas.

Lemma 3.1. Let G be a finite group, and let G — X be a G-banded
gerbe. To give a lift C — G of a map to the coarse moduli space C' — X
s equivalent to giving a map € — G xx C.

Proof. Consider the following diagram:

f
/\
(5) e~ GxxC—2g

e

C X.

To give a lift f of f means to give the outer square in diagram (5),
namely the pair (f, 7). Due to the universal property of the fiber prod-
uct, this is equivalent to giving a map f : @ = G xx C. Moreover, f is
representable if and only if fis. q.e.d.

Lemma 3.2 (c.f. [16]). Let (C,{0;}) be an n-pointed smooth twisted
curve with stack points o;,1 < i < n. Let u,, be the isotropy group
of the stack point o;. Denote by 7 : (C,{0o;}) — (C,{pi}) the coarse
curve. Let f : C — {/L/X be a morphism and f: C — X its induced
map between coarse moduli spaces. Suppose f is given by a line bundle
M=rm"L®@:; ;T" over C (with 0 < m; < r;) and an isomorphism
W MO ~ g* f*L. Then f is representable if and only if for 1 <i <mn,
we have r;|r and m; and r; are co-prime.

Proof. By [5], Lemma 4.4.3, it suffices to study the homomorphism

(6) Aut(o;) — Aut(f(oy)),

induced by f on stack points. Here by o; we mean a morphism 71@ :
Spec K — € from an algebraically closed field K to € with image in the
special locus. By the root construction description of C (see e.g. [16],
Example 2.7, and [3], Section 4.2), the stack point o; is equivalent to the
data (h;, M;,t;, ¢;), where h; : Spec K — C with image p;, M; is a line
bundle over Spec K, ¢; : Mz@i = hiO(pi), t; is a section of M; such that
¢i(t;") = h!s; (s;is the section of O(p;) defined by p;). Hence t; = 0. The
image f(ai) is given by ﬁjM and iNL;kl/J : ﬁjM@”‘ ~ E;-kﬂ'*f*ﬁ. Note that
iNL;-“J'i is naturally isomorphic to M;. An automorphism € € Aut(o;) =~ iy,
is mapped to €™ € Aut(f(ai))) ~ pip since M = 7* L@ Q) , T, . This
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homomorphism is injective if and only if r;|r and m; and r; are coprime.
q.e.d.

Admissible vectors. The inertia stack IG admits a decomposition
IS = Ugep, 9g

indexed by elements of j,.. An object of G4 over h : T — X is a col-
lection ((M,¢),g) where (M, ¢) is an object of G over T' (i.e. M is a
line bundle over T and ¢ : M®" — h*L is an isomorphism) and g is
an automorphism of (M, ¢) defined by multiplying fibers of M by g.
The identification of w, with the group of r-th roots of 1 € C* allows
us to identify g € p, with complex numbers. We use this to make sense
of the multiplication. In what follows we use this identification without
explicit reference.

Definition 3.3. Let I(9),
natural map 1§ — I(9). Let
elements of pu,.. Set

(7) Ko (9, 8)7 := Nityev; ' (1(S),g,)-
The vector § is called 3-admissible if Kq (G, 3)7 is nonempty.

I(S) be the image of Gy under the

C
g = (91,---,9n) € u ™ be a vector of

Remark 3.4. Note that the definition of -admissible vectors de-
pends on a choice of the class 3.

Let [f: (C,{o;}) = G] € Ko.n(G, 8)7(C). By definition the morphism
flo; : Bur, >~ 0; — G is equivalent to an injective homomorphism
Wpy <> fp,  €xp(2mV—1/1) — g;.
The argument in the proof of Lemma 3.2, applied to the irreducible

component of € containing o;, shows that we may write

8) g = eXp(Qﬂ'\/—l?), with 0 <m; <1y, and (m;,r;) = 1.
i

Furthermore, if £/" is the universal r7-th root of £ over G, then
f\z.iﬁl/ " is the p,,-representation on which the standard generator

exp(2mv/—1/r;) € wy, acts by multiplication by exp(2mwy/—1m;/r;). In
other words,

(9) age,, (f£1/7) = =2,
T
Lemma 3.5. Suppose § = (g1,...,9n) € ;™" is a B-admissible vec-
tor. Then

(10) i]f[lgi = exp (27“:__1/6@(@)) .
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Proof. Let [f : (€,01,...,00) = /L/X] € Kon(G,B)I(C) be a
twisted stable map. Let £Y" be the universal r-th root of £ over
§ = {/£/X. By Riemann-Roch for twisted curves (see e.g. [3], The-
orem 7.2.1),

(1) X(FLY7) =1+ deg L7 = Y age,, (L),
i=1

which is an integer. Clearly

-~ 1
d%ﬁﬁﬁ:—/qu
B

r
By (8) and (9) we have

gi = exp(2mV/—1 age,,, (f*£Y/")).
The result follows. q.e.d.

Proposition 3.6. Let § = {/L/X — X be a root gerbe. Let
[f : (C.,p1,...,pn) — X] be an object of Mon(X,B)(C). Then for a
vector § = (g1,...,9n) € " satisfying (10) there exists, up to iso-
morphisms, a unique twisted stable map f (G0, y0n) = G in

Kon(S, B)7 lifting f.

Proof. We first assume that C' is smooth. Associate to ¢ the numbers
r; and m;,1 <i <mnasin (8). Let (C,01,...,0,) be the smooth twisted
curve obtained by applying the 7;-th root construction to the divisor
p; C C for 1 < i < n. Denote by 7;,1 <1¢ < n the tautological sheaves
and by 7 : € — C the natural map. By (10) we have

1 m;
—d L — — € Z.
Hegm o Y e

1<i<n °

Pick L € Pic(C) such that deg L = 1degm* f*£L — Di<icn 1 Set
M:=7r"L® ® T

1<i<n

Then deg M®" = degr* J*L, so there exists an isomorphism M @r ~
7" f*L, which defines a map f : C — §. By construction f is a lifting of f.
By Lemma 3.2 f is representable. Also, f is unique up to isomorphisms
since the line bundle L on C' ~ P! is determined up to isomorphisms by
its degree. This proves the proposition in case C' is smooth.

We treat the general case by induction on the number of irreducible
components of C. The case of one irreducible component is proven
above. We now establish the induction step. Let C7 C C be an irre-
ducible component containing only one node z, and Cy := C'\ Cy. In
other words, (' is an irreducible component meeting the rest of the
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curve Cy at the node z. Let T' C [n] := {1,2,...,n} be the marked
points that are contained in C. Restrictions of f yield two stable maps

fi: (Cl, {pZ’Z € T} U {a:}) =X, fo: (Cg, {pZ’Z € TC} U {x}) — X.
Here T¢ := [n] \ T. Set B1 := f1.[C1] and define m,,r, € Z by

My m; 1

SR L ~ 1.
e Y2 ), (mar)
€T 1
Here (—) denotes the fractional part. Note that r,|r since r;|r for i € T
Therefore we may define g, := exp(2my/—17%) € p,.
By the smooth case there exists a lifting

fi:(C,{oslie T}U{o,}) = G
of fi associated to the collection {g;|i € T} U{g,}. By induction there
exists a lifting N
f2:(Ca,{oili € Ty U{o3}) = G
of fo associated to the collection {g;]i € T} U {g;'}. By our choices of
the actions of isotropy groups at o, and o/, we see that €; and Cq glue
along o,,0! to form a balanced twisted curve €, and the morphisms
f1, f2 define a morphism f : (C,01,...,0,) — G which is representable
and is a lifting of f.
By restricting to irreducible components, we see that uniqueness of
lifting follows from uniqueness of lifting in the smooth case. This com-
pletes the proof. g.e.d.

Remark 3.7. Lemma 3.5 and Proposition 3.6 combined show that
B-admissible vectors (for a fixed class 3) are completely characterized by
the condition (10). This condition can be viewed as a generalization of
the monodromy condition which is required to hold for genus 0 twisted
stable maps to Bu,.

In what follows we prove that each open-and-closed component
Ko.n (G, B)7 of Kon(G,B) is a gerbe over a base stack that can be con-
structed over Mo,n(X , B) by using logarithmic geometry. This base stack
is isomorphic to My (X, 3) over the (possibly empty) locus correspond-
ing to twisted stable maps with smooth domain curve. Along the bound-
ary it has more automorphisms, corresponding to the fact that singular
twisted curves carry additional automorphisms associated to the stacky
nodes. In order to describe the gerbe structure of K (G, 3)9 and its base
stack we will need an auxiliary stack parametrizing weighted prestable
curves.

3.2. The stacks 9, ,, 3 and E)ﬁtgwn 3 We describe a stack introduced in
[22], Section 2. It parametrizes weighted prestable curves with a stability
condition. Denote by 9, ,, the stack of genus g prestable curves with n
marked points.
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Let g,n € Z>o and B € Hy (X,Z). A triple (g,n, B) is called stable if
either 8 # 0 or =0 and 2g —2+n > 0. For a triple (g, n, ) the stack
My .5 over My, is defined inductively in the following way:

1) If (g,n, B) is unstable, then My, ,, 53 is empty.

2) If (g,n, B) is stable, an object of M, ,, g over T' is

a) an object (C,{s;}) of My, (T), namely a genus g prestable
curve over 1" with n sections in the smooth locus;

b) a constructible function f : Cge, — H2+ (X, Z), where Cgep, —
T is the complement of the nodes and the sections in C'. The
function f must be locally constant on the geometric fibers of
Cyen — T

3) If T C T is the open subscheme parametrizing nonsingular curves
C° = T° , then f : Cf,,, — Hy (X, Z) must be constant with value
B.
4) f has to satisfy two kinds of gluing conditions along the boundary

of My pn:

a) Suppose that there is a decomposition g = ¢’ + ¢’ and [n] =
{1,...,n} = T[] T¢, with |[T| = n' and |T¢| = n” and a map
S — T such that the composite map S — M, ,, factors into

§ = My iy X Mgrreqigsy = Mo,

where the second map is obtained by gluing the marked sections
s' and s". Let Cj, € My v (S) and CF, € M v ,(S) be the
associated families of curves. We require that the pulled back
constructible functions f’ : C{, — H, (X,Z) and f" : C{: —
H (X, Z) define a morphism

S — H mg’,T,ﬁ’ X mg”,TC,B”'
§'+6"=p
b) Suppose that there is a map S — T such that the composite
map S — M, , factors into

S — mg_lmu{s/ﬁu} — E)ﬁgm.
Then the associated genus g — 1 family of curves Cg — S with

the pulled back constructible function f : Csgen, — Hy (X, 7Z)
has to define a morphism

S — mg_lm 11{s",s"},8"

The constructible function f : Cye,, — Hy (X,Z) will be called the
weight. An object (C,f) of M, , 5 is called an Hy (X,Z)-weighted
prestable curve, and its total weight is by definition .

Note that in this definition it is important that H (X, Z) is a semi-
group with indecomposable zero and any of its elements has a finite
number of decompositions.

We quote some properties of the stack M, ,, 3.
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Proposition 3.8 ([22], Proposition 2.0.2). The map My, 3 = My n
defined by forgetting the weights is étale, and relatively a scheme of finite
type. Therefore the stack M, , g is a smooth algebraic stack.

Proposition 3.9 ([22], Proposition 2.1.1). The natural morphism
My nt1.8 = My g defined by forgetting the (n + 1)-st marked point is
the universal family over My ,, 5.

Boundary of 9 ,, 3. Boundary divisors of g ,, are indexed by subsets
T of [n] :=={1,2,...,n}. Each T corresponds to the boundary divisor
DT which parametrizes curves C = C; U Cy meeting at a node such
that marked points indexed by T are contained in C and other marked
points are contained in Cs.

Boundary divisors in My, g can be similarly described.

Definition 3.10. Given (T, "), where T is a not necessarily proper
subset of [n] and B’ € H (X, Z) such that 8’ < 3, define Dg, C Mo
to be the divisor which parametrizes curves C' = C; U Cs meeting at a
node such that

1) marked points indexed by T are contained in Cj, and marked
points indexed by T¢ := [n] \ T are contained in Cy;

2) fley=p"and fle, =B —f'.

Note that D%, = DI, Let hy, : Mo i1, — Moy, be the map that
forgets the (n + 1)-th marked point. Then

11T _ T TU{n+1}
(12) h,, 1)5,__1)B,LJZDB, .

Lemma 3.11. The boundary divisors Dg, are normal crossing divi-
sors.

Proof. Consider the natural map [, : My , g — My ,, that forgets the
weights. The following relation holds:

U0<ﬁ/SﬁDg’ if ’T‘ < 2;
I,'DT = S Uocpr<pDl if2< T <n—2;
Uo<pr<pD% if [T >n —2.

Since DT are normal crossing divisors in Mo, and the morphism 1, is
étale, the result follows. q.e.d.

Log structure on M, 3. Let Ip be the set of pairs (T, 8") with T' C
[n],n ¢ T, such that one of the following holds:

1) 0<p < p;

2) /' =0and |T| > 2;

3) f/=pFand |T| <n-—2.
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The union of boundary divisors

(13) lJ DEcmong
(T,8)€Ip

is a reduced normal crossing divisor. We want each divisor Dg, to appear
only once in this union i.e., the pairs (T, #'), (T, 8 — 8) shouldn’t both
occur. The requirement n ¢ T is a way to select only one of them. The
divisor (13) defines a locally free log structure over 9, g which we
denote by M?%. This follows from a general construction we described
in Section 2.4 (see page 9), following [33].

Let E)ﬁtgwn be the stack of genus g twisted curves with n marked points
introduced in Section 2.4. Define

tw e tw
Dﬁg,n,ﬁ = i))tg,nﬁ Xgmgm Dﬁg,n‘

The stack E)ﬁtgwn 3 barametrizes H2+ (X,7Z)-weighted genus ¢ twisted
curves with n marked points and total weight .

3.3. The stack @g,n,ﬁ' We will define a stack over My, g using the
log structure M7, and some additional data coming from a S-admissible
vector g, following [35].

Fix a f-admissible vector § = (g1,...,9n) € p". We define a col-
lection of triples of integers {(pi,ri,mi)|1 < i < n} as follows. Each
gi, 1 <i <n may be identified with a root of unity

gi = exp(2mrv/—16;), where 6; € QN [0, 1),

which defines the rational numbers 6;,1 < ¢ < n. The characterizing
relation of S-admissible vectors (10) reads

ili[lexp (2rV/—=16;) = exp <27T\:__1 /BCI (L)> .

For 1 < i < n, define

r Pi
14 i =10;, T,i=— mj=———".
14) P ged(r, pi) ged(r, pi)

Let (7, ") be an index of the boundary divisors of 9 ,, g as in Def-
inition 3.10. Define

1 T
= = L) — E i ), = —
Ors <r /5/ c(£) 0 > T8 ged(r,rfr )

€T

rOr g
15 r=—
(15) MT.p ged(r,rOr 5r)

Here (—) again denotes the fractional part. This definition makes sense
since fﬁ, c1(L) — > ;crrb; is an integer.
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Definition 3.12. Let Q_)O be the stack obtained by applying the
construction of [35], Theorem 4 1, recalled in Section 2.4, to the stack

Mo.n 3, the normal-crossing d1v1sor (13), and the collection of positive
integers {rqp g|(T, ") € Ip}.

Let Q_)gljl{ﬁ 5 be the stack obtained in the same way from the stack
Mo 41,8 and the S-admissible vector GU{1} := (g1,...,9n,1) € € pxntt,

As in the proof of [35], Theorem 4.1, the stack @g np 18 defined as
a category fibered in groupoids whose objects over a 9y, g-scheme
f:8 — My, p are simple morphisms of log structures

f*M% — MS

such that for every geometric point 3 — S of S with z = f(3) there is
a commutative diagram

GB(XTTi,B,L‘)
(16) D7 5N Dz 5) N
zl lz
f_lm%7f mS,E,

where the sum is taken over pairs (73, 3;) € Ip labelling the irreducible
components of the pullback of D to SpecOgs. Note that the (T, 5;)
may have repetitions.

Remark 3.13. Note that property (2) listed in the construction
of Matsuki-Olsson in Section 2.4 implies that the structure morphism

Q_)g ng Mo,n,3 is quasi-finite and flat.

Proposition 3.14. The stack Q_]‘gnﬁ parametrizes H2+(X, Z)-
weighted genus O twisted curves such that

o the i-th marked gerbe is banded by pi,,;
e the nodes are stack points of orders {rr g }.

In particular @ 3 s an open substack of 5mo R

Proof. By definition a morphism f: S — Q_]g n,3 CODSists of the fol-
lowing data:

1) a morphism f : S — My, g, corresponding to a weighted curve
(C/S,{s;}) with marked sections s;;

2) a simple morphism of log structures [ : f*M%, — Mg inducing di-
agram (16), with coefficients associated to irreducible components
of D as in (15);

3) an n-tuple of integer numbers {r;}!' ;, determined by ¢ and S
according to (14).



ROOT GERBES I: STRUCTURE OF GENUS 0 MODULI SPACES 21

The above data are equivalent by definition to a log twisted curve; see
Definition 2.11. The corresponding twisted curve € is determined as
in [37], Section 4 (see page 12 of this article). Consider a morphism
U — C. Let w — U be a geometric point mapping to the marked point
s; of C'. Let t be an element in Ocy locally defining s;. According to
[37], Section 4.2, étale locally C is isomorphic to

(17) [Spec (Ocalz]/ (2" — 1))/ pri]
where 11, acts by multiplication on z. Let w — C' map to a node. Such a
node corresponds to an irreducible component ng of the boundary divi-

sor D on My p, 5. Let us consider the pullback of ng to Spec Oy . If the
curve C has k nodes of type (T3, 8;), the pulled back divisor will have k ir-
reducible components corresponding to irreducible elements e;,, ..., e;,
of the monoid f _lﬂ%ﬂ ~ N", where r is some integer number. The in-

duced morphism I : f _1ﬂ%7ﬂ — ﬁgﬂ acts on the submonoid generated
by €;,, ..., e, as the multiplication by rr, g,. According to [37], Section
4.3, after choosing an étale morphism C' — Spec Og y[z,y]/(zy —t), the
étale local description of C is

(18) [Spec (OC,H['Z7 ZU]/(Z?,U - t/7 2'Tobi = €z, w'Tifi = y))/lu’TTi’Bi:I?

where the action of Horg, 5. is the usual balanced action. q.e.d.

Lemma 3.15. The natural morphism @g npg mgwfﬁ is étale.

Proof. This is immediate from the proof of Proposition 3.14 and [37],
Lemma 5.3. q.e.d.

By Proposition 3.14 the stack Q_)g np 18 the moduli stack of certain
weighted twisted curves. Its universal family can be described as follows.

Proposition 3.16. There exists a natural morphism
gu{1} g
(19) Vint1,6 = Do p
which is the universal family of genus 0 twisted curves with n marked

gerbes over @g ng In particular for 1 < i <mn, the i-th marked gerbe is
banded by the group fi,.

Proof. By the construction of ng n.B it has a normal crossing divisor
T
D — U Dﬁ”
(Tvﬁl)ejD

such that W:Omoynﬂ(—D%ﬂ/) = Ogjg’nﬁ(_TT,B’Dg/)v where 7, : Q-)g,n,ﬁ -
Mo,n,p is the natural map. Let Mf be the locally free log structure
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associated to D. By construction of Q_]g B there is a universal simple
morphism

(20) b = M — M
of log structures over ngm’ 4 where M7, is the log structure defined by
the divisor (13).

Let hy : €y 3 — Mon g be the universal family of weighted curves
over My ,, 3. By Proposition 3.9, €y, g can be identified with My 41 5.

Let hl, : ¢ — ngnﬁ be the pullback of h, via the natural map m, :

g . . . .
2)07%5 — Mo n g, i.e. there is a 2-cartesian diagram

!
Tn41
¢ ———— &

G
0 .0 —= Mon,g-
The data
(21)  (h),: ¢ = 2)3”’6, {ri = order(g;) }r<i<n, bn : TME — M)

is a log twisted curve. The universal twisted weighted curve Qfg ng

@g,m 5 over @gm, g8 obtained from (21) by applying the construction of
[37], Section 4 (see page 12 of this article for a summary).
Note that over €’ there is the following diagram of log structures:

(22) h/* N ﬂ)_h/*mn
nTn¥tD n "D
ﬂJ;+1h2l

* n+1
Tt Mp

where the vertical arrow is the pullback of the morphism A? : hy, M —
M} induced by (12). Consider the morphism

(23) Mp
which is induced by h% for any geometric point ¢ € Mo.n+1,83 With
p = hy(q). Let C, = h,'(p). The morphism (23) has the following
properties:

1) if ¢ € Cp is a nodal point, i.e. ¢ € DT N DT’U{"H} for some 1,
then, up to isomorphism, it is of the form N” —> N1 mapping e;
to e;, i < r and e, to e, + €p41;

2) if ¢ is a marked point, i.e. ¢ € Déj’n—i_l} for some 1 < j < n, it is
of the form N” — N"+! mapping e; to e; for i < r;
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3) if g is a smooth point, it is of the form N” — N" mapping e; to e;
fori=1,...,7.
An object of Q:g,m 5 over S is given by a morphism f : S — €' and by a
simple morphism f*7) +1M711)+1 — My completing (22) to a commutative
diagram

(24) A

R |

n+ . Mn—i— 1 M/

satisfying conditions (1), (2) listed on page 12. Let § be a geometric point
of S mapping to ¢ € My, 41,8 and assume that p = h,(g) belongs to
Dgll N---N Dg: Consider the diagram obtained from (24) by taking the
stalk at s of the associated ghost sheaves. There is a bijection between
the divisors Dgz containing the point p and irreducible elements of the
monoid Wg s- If 5 maps to the j-st marked point of C), i.e. if ¢ €
DT1 N---N DT’ N DTT+1 with 7,11 = {j,n + 1} and B,4+1 = 0, we get
the followmg dlagram

GB(XTTZ‘,Bi)
(25) Di=1N DizN
’r‘—‘rlN 7‘+1N
B(xay)
where the vertical arrows map e; to e;, i = 1,...,r. By condition (1) on
page 12, we must have oy =77, g, for i =1,...,7, and by condition (2)

on page 12, a1 = 7, we must have the order of the j-th marked point
of twisted curves parametrized by Q_)g’n

Suppose that 5 maps to a nodal point of C,. In this case ¢ belongs
to DF M-+ NDE N D+, where Tppy = T, U {n+ 1} and B41 = 5,
for some T, 5. Note that we abuse the notation by using the same
symbol for divisors in My , 3 and My ,4+1.8. In this case we again get
a diagram as in (25), with vertical arrows mapping e; to e;, i < r and
mapping e, to e, + e,1+1. Commutativity of the diagram implies that
Op = Opy1 =TT, B, .

From the above discussion we see that an object of Qﬁ& i1, OVer S en-
codes a morphism f : S — My ;41 3 and a simple morphism of log struc-
tures f*J\/E"Jrl — MY as in [35], with coefficients ap g, T C {1,...,n},
B’ < f3, associated to the irreducible components of the boundary divisor
Dg, as follows:

° arg = oty =rrg, (T8°) € Ip;
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® Qfint1},0 = T t=1,...,m;
where the r7 g are the integer numbers determined as in (15) for the
(B-admissible vector ¢ and the class 8. Observe that the collection of
the coefficients ar g coincides with the collection of coefficients rr g

associated to the ([-admissible vector g U {1} and to the class . In

other words, there is a natural morphism @gm, g Q_)gfjl{ii 5

On the other hand, it is not hard to see that there is a morphism
Q‘]g*u{l} 7
O,TL+1,B
gu{1}
Q-j(],n—l—l
the universal simple morphism of log structures l,4q1 : 7 +1M7£)+1 —
M%H over @‘?ﬁl{ﬁ 35 where 11 : @‘?‘;{ﬁ g = Mopny1,8 18 the natural
map, and M%H is the log structure associated to the divisor D on
@ggjﬂ 5 by construction of @gj‘;{ﬁ 5 There is a natural sub-log structure

Mopm of M%H which is associated to the divisor

DM = U Dg,.

(T,8")eIp
TCln)

— Qfg’m 5 We start by showing that there is a morphism A, :

N i Q_]g’nﬁ inducing a morphism f, 41 : Qj*gfi{ﬂﬁ — ¢/. Consider

The composite morphism

M1 B M — i M — M
factors through Mpm and 7y, hy M) — Mpm is a simple morphism of
log structures. This defines the morphism hj,. By construction Mpm is

the pullback of M7, along h,. We conclude by observing that the pair

(frn+1, lht1) satisfies diagram (24) with f,41 in place of f, giving the
morphism Q‘j‘gt;ll{ﬁ g (. 5

It is not hard to check that the two maps between @‘gﬁl{ﬁ’ 5 and Qfg’m 5
are inverse to each other.

We use [37], Lemma 5.3, to conclude that Q_)ggﬁi 5 is an open substack
of Qﬁf)?fnﬂ’ﬁ. q.e.d.

Remark 3.17. An argument similar to the proof of Proposition 3.16
can be used to characterize the universal weighted twisted curve over
Sﬁzwn 5 as an open substack of Sﬁzwn 41,8

Let [f : € — §] € Ko.n(S, B)7. By forgetting f and keeping degrees of the
restrictions of f on irreducible components of €, we obtain a morphism

KO,TL(Sv 5)57 - mg,ﬂn,ﬁ'
Lemma 3.18. There exists a natural morphism

S KO,n(gy ﬁ)g - Q‘j‘g:n,ﬁ‘
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Proof. Let [f : (€,{c;}) — §] be an object of Xo,(5,3)7(C). The
pushforward f. defines the weight function €9" — HJ(X,Z). The
domain (C,{o;}) is a genus 0 twisted curve whose i-th marked gerbe
(1 <i < n)is banded by p,,. Let x € € be a node which separates C
into two connected components € = €; U Cy. Put f.[C1] = 8’ and let
T C [n] be the set of marked points contained in €. Since f is repre-
sentable, Lemma 3.2 and equation (15) imply that z is a stack point of
order r7 g. This defines an object of @gm, 5 Because indices of nodes
are locally constant, extension to objects over general base schemes is

straightforward. q.e.d.
3.4. Gerbe structures on components. We continue to fix a -
admissible vector § = (g1,...,9n) € u, ™. Consider the following dia-
gram:
P
(26)  Kon(§, 87 T—= Pl ———= P ——= Mo,0(X, §)
X l O q O q
ng,n, mtgz,un,ﬁ moﬂl,ﬁ
s’ | s
mtgwn Mo,

Here the morphism p : JCOW(S,B)g — Mon(X, ) is defined by send-
ing a twisted stable map to its associated map between coarse mod-
uli spaces. The morphism ngm’ﬁ — 9)?617””’6 is defined by Proposition
3.14. The stacks P and P;‘;j are defined as fiber products. The morphism
t:Kon(S,B)7 — P is evidently defined.

The goal of this subsection is to prove the following

Theorem 3.19. Let § = {/L/X — X be an r-th root gerbe. Let g
be a B-admissible vector for G and a choice of B € Hy (X,Z). Then the
morphism t : Ko, (G, B)9 — Pf exhibits Ko, (G, 5)9 as a p.-gerbe over
Py

Proof. We will prove that t : Ko (G, B9 — Plisa gerbe by showing
that the structure morphism and the relative diagonal are epimorphisms
in the sense of [34], Definition 3.6. We know by Proposition 3.6 that the
morphism is bijective on geometric points; hgnce to prove the first claim
it is enough to show that Ko, (G, 3)9 — Py is étale. For the notion of
étale non-representable morphisms between algebraic stacks we refer to
[34], Definition 4.14. Since the stacks involved are of finite type we can
use Proposition 4.15 (ii) of [34]. Moreover, since we assume the stacks
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are noetherian, it is enough to prove that the lifting criterion of [34],
Proposition 4.15, holds for morphisms from artinian local rings (cfr.
[26], 17.5.4 and [25], 0, Prop. 22.1.4.) Consider a square zero extension
of artinian local rings:

(27) l1-I—-B—-A—1

We need to show that given the outer commutative diagram

Spec A —— Ko,n(9, 8)7

7
-
-
-
-
-

Spec B Pg,

the morphism Spec A — Ko, (G, 3)? factors through Spec B. Given a
twisted stable map fA : C4 — G over Spec A together with a lifting
€4 < Cp of the domain curve to Spec B and a lift fp : Cp — X of the
coarse map fa : C4 — X to Spec B, we claim that f4 lifts to Spec B
uniquely. To show this, first note that the exact sequence

HYI) = H' (0¢,) = H' (05 ,) — H*(I)

arising from the extension (27) gives an isomorphism Pic C4 ~ PicCp.
Indeed, H'(I) vanishes because the curves have arithmetic genus zero,
and H?(I) vanishes by dimensional reasons. The morphism f4 is defined
by a line bundle N4 satisfying Nj?r ~ w4 faL, where mgq : C4 — Cy is
the map to the coarse curve. The isomorphism PicC4 ~ PicCp yields
a line bundle Np on Cp which satisfies N; ~ nj;f5L. (Again 7p :
Cp — Cp denotes the map to the coarse curve.) This defines the desired
extension fp:Cp — G.
It remains to show that the relative diagonal morphism

Ko.n(G:8)7 = Kon(S, 8)7 X pg Kon(S, B)7

is locally surjective, namely that any two local sections are locally iso-
morphic. Let T — PJ be a morphism which gives rise to the twisted
curve Cp over T with coarse curve mp : Cp — Cp and stable map
fr : Cr — X. Consider the base-change

(28) Kon (5, B8)7 X pg T = T.

Sections of (28) are twisted stable maps Cr — § which induce fr. Such
maps are defined by line bundles N on Crp satisfying N®" ~ 7. f7.L.
Two sections are isomorphic if and only if their defining line bundles
are isomorphic.

Let f and f’ be two sections of (28) with line bundles N and N’.
Note that the line bundle N @ NV is a pullback from the coarse moduli
space C since it carries trivial representations of the special points of
any geometric fiber of 7. This is due to the fact that N and N’ induce



ROOT GERBES I: STRUCTURE OF GENUS 0 MODULI SPACES 27

twisted stable maps with the same (-admissible vector. Note moreover
that (N ® N'V)®" is trivial:

(N©NV)E" ~ mh f1L @ wh fpL = Oy

As a consequence, N ® N’V restricts to a trivial line bundle over any
irreducible component of any geometric fiber of C7. By the Theorem on
Cohomology and Base Change, N® N’V is isomorphic to the pullback of
a line bundle from the base T'. Every line bundle over a scheme is locally
trivial; therefore up to base change by an étale morphism 7" — T the
two line bundles N and N’ are isomorphic. .

For any object & of Xo.,(G,3)9 over some x € PJ(T) the sheaf of
relative automorphisms Aut,(§) is a sheaf of abelian groups. Therefore
Kon(S,B)7 — Pdis a gerbe banded by a sheaf of abelian groups ([28],
Proposition IV 1.2.3 (i)). For any ¢ in Ko, (G, 3)7, there is a natural
identification Aut,(§) ~ (ur)7. Indeed automorphisms of ¢ leaving =
fixed are automorphisms of a line bundle over a twisted curve p: € — T
whose r-th power is the identity. The claim follows since for a family of
twisted curves p,Oe ~ Op. Such a collection of natural identifications is
compatible with restrictions and isomorphisms. This means by definition
that the Xo,,(5,3)7 is banded by (“T’)Pg ([28], IV, Definition 2.2.2).
q.e.d.

3.5. Root gerbe structures on components. Consider the follow-
ing diagram:

‘U - -
(29) PIY ST 1 (X, B) — Mo.n(X, B)
e ] e ]
gu{1l
@g,n{—l—iﬁ —— Mo pnt1,8 —— Mon s

The stack Pﬁil} is defined by the cartesian square on the left. The
square on the right is cartesian by Proposition 3.9. The existence of the
morphism @gljl {Jﬂ 5 ng e implies that the outer square in (29) is

equivalent to the outer square of the following diagram:

gu ¢ i —
(30) pan PJ Mon(X, 8)
e
gu{1} g
gjg,n—l—l,ﬁ g,n,ﬁ mo,n,ﬁ'

Since (29) and the right side of (30) are cartesian, the left part of (30)
is also cartesian. B
By construction the stack P parametrizes the data

((Co1y..yon), (f: (Cyp1y...ypn) = X))
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where (C,01,...,0,) is an n-pointed twisted curve with isotropy group
at o; being p,,, (C,p1,...,py) is the coarse curve, and [f] € M (X, 5)

is a stable map. The universal twisted curve over P is given by the
morphism Pﬁil} — P{, and the universal stable map is obtained from

the composition
gu{1 Ewd EUn
w: PP W00 (X, B) 5 X

The purpose of this subsection is to prove the following refinement of
Theorem 3.19:

Theorem 3.20. JCOW(S,B)g is a root gerbe over the stack Pg.

Proof. We construct a line bundle over Pg and show that the stack
of its r-th roots admits a representable morphism to Ko (G, 6)5 which
covers the identity map on Pg .

Recall that for a S-admissible vector § = (g1, ..., gn) we have defined
triples (p;, i, m;), 1 <i < n of integers in (14). For 1 < i < n we choose
d; € 7Z such that

2my/—1 “~d; 1
1 ;= i —_— = - L).
(31) g exp< p d> and ;:1 el /BCI( )

This is possible because of (10). Note that d; depends on .

Associated to a pair (T,4’) which indexes a boundary divisor of
Mo .3, we have defined a triple (67,775, mr g ) of integers in (15).
We define another integer dr g such that

(32) Z%—szl/lcl([’)'

ier v AT
. . dp g1
Note that (32) implies dr g = —dyc g_z and (é:g» = Or 4.
For 1 <i < n,let S; C @gu{l} denote the pullback of the i-th

0,n+1,6
. .. . 1
marked section divisor from 9y ,, 41 3. Define a line bundle over Q_)gljii 5

as follows:
(33) Ly = Oyguiy Z %Sl — Z MDglu{nH}
ot \iSisn T ey TP
Here Jp is the set of pairs (T, ') defined on page 18.
Lemma 3.21. There exists a line bundle Lo over P;‘;j such that
(34) ('U*LQJ)®T & (u*L)_l ~ ¢*Lo.

Proof. Asin [12], it suffices to check that the degree of the line bundle
(v*Lg)®" @ (u*L)~! restricted to any component of any fiber of ¢ is
zero. The argument works because (v*£g)®" ® (u*£)™! is in fact a
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pullback from 9y ,+1,3. Indeed £ is a line bundle over a scheme and
(U*Lg_))@” carries trivial representations of the automorphism groups of

stacky points of @‘?ﬁl{ﬁ 5 relative to My ,41,3. Let C be a fiber of ¢, with
coarse curve C. Denote by f: C — X the corresponding stable map to
X. Let €° C @ be an irreducible component with coarse curve C°. Let
Z1,...,ZTm be nodes of C that are contained in €°. Let T; Cn],1 <5<
m be the marked points contained in the subcurves ¢/ C € which are
connected to CV at x;, and Ty the marked points contained in €. Then
n] =Ty UTi U...UT,,. Put By := f.[C°] and B; := f.[C7] (here CV is
the coarse curve of G7).
We need some properties about restrictions of these line bundles.

Claim. Consider the line bundle £(T#) .= O@gu{u (= Dg,u{nﬂ})

0,n41,8 T8
Let C be a geometric fiber of 2)‘?2{3 5 2)0 g

e If there is no node e in € such that the two connected components
of the normalization of € at e have degrees /', resp. 3” (such that
B+ 8" = ), and contain marked points with indices in T', resp.
T, then L(T75,)|@ is trivial.

e If there is such a node, let C; and Gy be the two connected compo-
nents of the partial normalization at the node. Suppose that the
preimages of the marked gerbes with indices in T" are contained in
C;. Let C; C €1 and Gy C €y be the two irreducible components
in C; and Gy containing the node e. Then

1) L0 = 05 (—);

rpgr’?
T,8')|_ 1
2) £0lg, = 05, ).
3) the restriction of £(T#) to any other component €' of C is

trivial.

Proof of Claim. The first property follows since € misses Dgu{"ﬂ} For

the second property, first note that €, = €N DTU{nH} and Cy = CnN

DB// . Therefore C2 N DTU{nH} is one point and (2) above follows (3)

for any component € C Co also follows. Moreover, since O( (DT

DZ—:,U{"H})) over Q_)gli{ﬁﬁ is the pullback of (9( DT) over @Onﬁ,
its restriction to geometric fibers has to be tr1v1al This implies that
O 7o) (ﬁ B’)|€2 ~ Og, (— T,Tﬁ,). Statements (1) and (3) for ¢’ C C;

follow by symmetry. g.e.d.




30 E. ANDREINI, Y. JIANG & H.-H. TSENG

Notice that the following diagram

gu{1 gu{1
(35) PR -7
Py 0n,8
gu{1} g ; :
is cartesian; hence the fibers of P, /i"" — P; are isomorphic to the
fibers of @(g}i{ﬂ 5 Q_)O g Applying the above claim and the fact that

dT7B/ = _ch,ﬁ—ﬁ’7 we ﬁnd

dr, 8.
(36) U*L@|eo = O¢o Z S — Z T;.B; x;

iety | 1<j<m " TisB
By (32) we have
;. dr. . 1
Zd—‘l-ﬂ:—/ Cl(ﬁ).
e I
By (31) we have
Yhe Y Y= [aw
1€Ty T 1<j<m €Ty T

Since B = By + > _1<j<m Bj, we find that the degree of v*Lg|eo is

SEEDI

i€Th 1<5<m ' TiBi
1 d; 1/ d;
- . ey - Y
S CICED VDI B VN FY IRIOED D
1<j<m €T} 1<j<m J S

= %/ﬁo c1(L).

Thus the degree of (v*Lg)®" @ (u*L) ™ eo is zero, as desired.  q.e.d.

Let 'Pg; =1/ Lg/Pg be the stack of r-th roots of £3. Denote by 7p, :
PI _ PI. Consider the pullback of pitY P to PI via P,

n+1
(37) pg Aty Lmir pifl) vy
R
TP,

I PJ.
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Lemma 3.22. There exists a family of twisted stable maps
FuU .
(38) P10 L X
P

Proof. Let L;/ " be the universal r-th root line bundle of mp, Lo over
PJ. In (37) we calculate

7T}gn+1u*,5 ’:W}kpn+1((?]*£@)®r ® (¢*L2)71) by (34)
(., 0" L) @ (¢, £2) !
Z(W;HJAU*'CEZ) ® ¢/*(£é/?“)—1)®r'

The line bundle Ly :=7p, 0" Ly @ (b’*(L;/ ")~1 defines a morphism
(39) pIA /X,

Since ¢’ : ﬂ’gi{ll} — 'Pg,; is a family of twisted curves, to show that the
morphism (39) is a family of twisted stable maps we need to check that
it is representable. For this purpose it suffices to work on geometric
fibers of ¢'.

Let (C,{0;}) be a geometric fiber of ¢', with coarse curve (C,{p;})
and a given stable map f : (C,{p;}) — X of degree 3. The restriction
of (39) to € is given by the line bundle Lgp|e, and fits into the following
diagram:

et VL)X

]

f

By the choices of d;,1 < i < n as in (31), the action of the stabilizer
group of o; on Lg|s, is given by the element g; € p,. This is due to the
fact that by construction Aut(o;) only acts non-trivially on the fibers of
Lg). By the choice of r1 g/, dr g as in (15) and (32), on the restriction of
Lole to a node x € C, the action of the stabilizer group of x is given by

exp(2my/—1- Tﬁ ) = exp(2my/— 1L 5/) (when Lgle is viewed as a line

bundle on one of the branches meetlng at ). Since by construction my g
and r7 g are co-prime, it follows from Lemma 3.2 that the restriction

of f to any irreducible component of € is representable. Therefore f is
representable. Hence (39) gives the family (38) of twisted stable maps
we want. q.e.d.
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As observed in the proof of Lemma 3.22, the family (38) induces a

morphism iP*Z — Kon(G,5). The choice of d; ensures that actions of
isotropy groups at marked points are given by the S-admissible vector
g. In other words, (38) gives a morphism

—

(40) :Pg — Ko,n(975)g7

which fits into the following diagram:

(41) Pl —— Kon(S, B)7
pi — - pj.

It is straightforward to check that the diagram is commutative. Indeed,
an object g : T — P} is given by

(42) mg:C =T, f:C—=X, N,

where 7, : € — T'is a family of twisted curves, f : C' — X is a stable
map from the coarse moduli space of C to X, and N is a line bundle
over T together with an isomorphism N®" ~ g*mp, La. Note that € — T'

is obtained as the pullback of ¢’ : ‘ng:l{ﬂﬁ — ‘Pg’nﬂ viag: T — ‘Pg’nﬂ;

gU{l}
Ovn"’_lvﬁ.

In (41), the morphism Pd — pd just forgets the line bundle N. The
morphism P — Ko,(G,8)7 takes an object (42) to a twisted stable
map € — § defined by the line bundle ggv*Lg) ® W;N_l. The morphism

Kon(S,8)7 — PJ retains g : € = T and f: C — X. Hence (41) is
commutative.

An easy analysis on automorphism groups of (42) and twisted sta-
ble maps shows that the morphism (40) is representable. By [28], IV,
Proposition 2.2.6, a representable morphism between two gerbes banded
by the same group is an isomorphism. Since both P7, and Ko, (9, B)9
are gerbes banded by the group pu, (c.f. Theorem 3.19), (40) is an iso-
morphism. This completes the proof of Theorem 3.20. q.e.d.

hence there is a morphism ge : € — P

4. Gromov—Witten invariants

4.1. Virtual fundamental class. The moduli space Mo,n(X , ) has
a perfect obstruction theory relative to 91y, which is given by

E* := Rm.(f*Qx ® wr) = Lag, (x50
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where

_
Mo (X, B)

is the universal stable map. Notice that since the morphism s” in di-
agram (26) is étale, E'® is also a perfect obstruction theory relative to
m07n7ﬁ'

Consider the universal twisted stable map to the gerbe G:

XO,n(gg /8)

According to [2] the moduli stack K¢ (G, 5) has a perfect obstruction
theory E*® relative to zmgwn given by

E* := R7.(f*Qg @ wr) = L, ,(9,6)/m -

Since the morphism Q‘jg:n,ﬁ — imff’”nﬁ is étale (Lemma 3.15), we can view
E* as a perfect obstruction theory relative to Q_)g n.

The complex E* turns out to be the pullback of E*® as an object in
Deon(Kon(S, B))-

Lemma 4.1. There s a mnatural isomorphism of objects in
Deon(Kon(9, B)),
p*E* 5 E°.
Proof. We will prove the statement for EV® = R7, f*Tg and EV® =
R, f*Tx. Consider the complex Lp*Rm, f*Tx in Deop(Kon(9,H)). It
suffices to show that Lp* R, f*Tx =~ RTT*f*Tg. For this we consider the

diagram
\ \
T p*C b1 f
Kyn(S, 8) — > Mou(X, ).

Observe that €Ty ~ Tg. Also we have Rp,Lp* ~ Id because the map p
is the relative coarse moduli space for the map 7. The arrow p is flat, as
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follows from Remark 3.13 and from the gerbe structure of X, (5, 8)7

over PJ for any (-admissible vector g. The arrow w is flat because it
is the structure morphism of the universal curve. Moreover, the square
in the above diagram is cartesian; hence we calculate (based on [34],
Proposition 13.1.9)

Lp*Rm, f*T'x ~ Rmy.Lp; f*Tx
~ R Rp.Lp* Lp] f*T'x

~ Rmi Rp.f e Tx
~ Ry Rp. [Ty
~ R%*f*Tg.
Since p* is exact, we write p* for Lp*. g.e.d.

Remark 4.2. The composite morphism

~

PE® = DL, x,8)/m0, — Loko.n (9,87

in Doon(Ko.n (G, B)9) is the same as EV® — L, ,.(5,8)9 st - This follows
from functorial properties of the cotangent complex ([31], Ch. 2, Sect.
1 and 2). The relative obstruction theories E* and EV* are built from
functorial morphisms between the cotangent complexes of the target
scheme or stack and of the universal objects (cfr. [14], Sect. 6).

Theorem 4.3. Let § — X be the stack of r-th roots of a line bundle
on X. Let g be a B-admissible vector. Then the following relation between
the virtual fundamental classes holds:

(43) PulKon(9, 81" = ~ (Mo (X, )"

Proof. Consider the diagram (26) again. Observe that the following
hold:

e My, 3 and Q-)g,n, 5 are smooth Artin stacks of the same pure di-
mension. .

e The morphism ng’m 5 = Mopp is of Deligne-Mumford type and
of pure degree.

e The morphism r’ o r is proper (because being proper is preserved
by base change).

° Ho,n(X ,B) = Mo, p has a perfect relative obstruction theory E*®

inducing a perfect relative obstruction theory on Pg — Q_]g n.
Therefore we can apply Theorem 5.0.1 of [22] and conclude that (r o
1)« [P3] = [Mon(X, 8)]"", where the multiplicative factor is 1 because

by construction ([35], Theorem 4.1) Q_)g g — Mopn,p is an isomorphism
outside a locus of codimension 1, and hence its base change has virtual
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degree equal to 1. Since ¢ is étale, [Kon(S,8)7]" = deg(t) - [PI]vr.
Since, by Theorem 3.19 or 3.20, ¢ is of degree %, (43) follows. q.e.d.

4.2. Genus 0 invariants. Let

e:§g=vL/X > X

be a p,-root gerbe. Then the inertia stack admits the following decom-

position,
15= [T S
gEr

where G, is a root gerbe isomorphic to §. Let ¢, : G4 — X be the induced
morphism. On each component there is an isomorphism between the
rational cohomology groups

e« H*(X,Q) — H*(S,,Q).

Let § = (g1,...,9n) be a S-admissible vector. There are evaluation
maps

€v; : :KO,TL( \T/ L/Xvﬁ)g - j(g)gm

where I(G),, is a component of the rigidified inertia stack I(§) =

Ugeu,1(G)g. Although the evaluation maps ev; do not take values in
IG, as explained in [2], Section 6.1.3, one can still define a pullback map
at cohomology level,

evy - H*(Sy,,Q) = H* (Ko (/L/X,5)7,Q).

Given 0; € H*(Gy,,Q) for 1 <i < n and integers k; > 0,1 < i < n, one
can define descendant orbifold Gromov—Witten invariants

ERT SRR Sz A / ev? (53",
0P [xo,nu/z/x,ammg

where 1), are the pullback of the first Chern classes of the tautological
line bundles over Mg (X, 3) (which by abuse of notation we also denote
by ;). B

For classes §; € H*(S,,,Q), set 6; = (e}.)~*(0;). Descendant Gromov—
Witten invariants (59", - - ,Enq/;ﬁ”h)fnﬁ of X are similarly defined.
Theorem 4.3 implies the following comparison result.

Theorem 4.4.
_ _ 1 - _ _
k kn _ k kn
<611/}117 T 75nwn >8,n,ﬂ - ;<511/111= T 75711/}71 >0X,n,ﬁ'

Moreover, if § is not S-admissible, then the Gromov—Witten invariants
of G vanish.
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Proof. Denote by ev; : Mo,(X,8) — X the i-th evaluation map.
Using the definition of ev} one can check that ev;(d;) = p*ev; (9;). Note
also that p*1; = ;. Thus using Theorem 4.3 we have

i 6T = / H v}

[Ko,n(9,8)7]i ;-

_ / Hp*@:@wfi
[fKO 7L(9 B) } g

_ / Hp*@:(&)zﬁff)
[Ko0,n(5,8)9]"*

- [Tew: Gy
[Mon(X,B)]""" 524

= ;<31¢117 e 7gnzzzn>(]x,n7ﬁ
q.e.d.

In the following we use complex numbers C as coefficients for the
cohomology. For @ € H*(X,C) and an irreducible representation p of

1, we define
1 N
== X% @),
gEpr

where X, is the character of p. The map (@, p) — @, clearly defines an
additive isomorphism

(44) @ H*(X), ~ H*(IS,C),

E/J«r

where 71, is the set of isomorphism classes of irreducible representations
of i, and for [p] € 1, we define H*(X), := H*(X,C).

Theorem 4.4 together with orthogonality relations of characters of .,
implies the following

Theorem 4.5. Given @i,...,@, € H*(X,Q) and integers
ki,...,k, >0, we have

— Tk — 7 kn
(alpﬂzﬁly cee 7O‘Tbﬁn7pn >g n,
@, @)K
—27/ f c (L .
= xxp(exp(— ) i gy = py == pa =1,

0 otherwise .
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Proof. By our definition we have
— Tk — Tkn
AP anpm’“ >8’n5

1
—n ) prz Hegz @)

915, gn€EUr 1= 1

The term associated to § := (gl,...,gn) in the above sum
vanishes unless § is a [-admissible vector. This implies that

2my/—1 L
M9 = exp(m). We rewrite this equation as g;' =
2 L)
exp(M)H _1 gi- Substitute this into the above equation
and use Theorem 4.4 to get
— Tk — Tkn
(almwll’ ces Qinp, >8,n75

oy (exp (—2w€f6c1<z>>>

915 9n—1€EHr

(et

Applying the orthogonahty condition

- Z Xp Xp g9) = 5p,p’a

QEMT
we find
(alm lelfl, e yanpni)zn%,n’g
1 —2mv/=1 [5e1(£)
=—Xpn | €XP
r r
n—1 1 n X
— Tk
(H 5p¢,pn> - <Hai7/’z' > :
i=1 i=1 0,n,8
The result follows. q.e.d.

We now reformulate this in terms of generating functions. Let
{¢;]1 <i <rankH*(X,C)} C H*(X,C)
be an additive basis. According to the discussion above, the set
{dip |1 <i < rankH*(X,C), [p] € fir}

is an additive basis of H*(I1G,C). Recall that the genus 0 descendant
potential of G is defined to be

fTr(g)({tip,j}1<i<ramkH*(X C),pE€Mr,j>03 Q)=
(45) >0 wsosemixy < Hk 1 igongin (Tkmt @i V1 >OnB

ULy ¥n3 P15 Pn3 01550
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The descendant potential Errg is a formal power series in variables
tipjs1 < i < rankH*(X,C),p € [iy,j > 0 with coefficients in the
Novikov ring C[[NE(X)]], where NE(X) is the effective Mori cone of
the coarse moduli space of G. Here QP are formal variables labeled by
classes 3 € NE(X). See e.g. [40] for more discussion on descendant
potentials for orbifold Gromov-Witten theory.

Similarly the genus 0 descendant potential of X is defined to be

Fx({ti h<icrankm(x,0),j>0: Q) = Z

nZO,BEHQ(X,Z)
Uyeesini 1, sdin

X

QP n no
(46) -7 Lt I[1é.4%

T k=1 k=1 0,n,8
The descendant potential 9& is a formal power series in variables
tij, 1 <i < rankH*(X,C),j > 0 with coefficients in C[[NE(X)]] and

Q" is (again) a formal variable. Theorem 4.5 may be restated as follows.
Theorem 4.6.

FE({tip.j 1<i<rankir=(X.C) peim,j>0; @)

1
=32 Z 39(({tip,j}1§i§mnkH*(X,<C),jzo;Qp%

[Pl €mr

where Q, is defined by the following rule:

=2mv—1 |1 (L
Qf:Qﬁxp(eXp( \/_Tfﬁ ! )>>

and x, 1s the character associated to the representation p.

Theorem 4.6 confirms the decomposition conjecture for genus 0
Gromov—Witten theory of G.

We have another reformulation of Theorem 4.6. Consider a new set
of variables

{4ips|1 <1 < rankH*(X,C), [p] € 1ir,j = 0}
defined by dilaton shifts
Gipi = tip,j if (27]) 7£ (17 1)
R 7flp,l -1 if (Zaj) = (17 1)
We view ff"g as functions in the variables g, ;:
Fo = Fe({aip,}; Q)-

Fach term in the right-hand side of Theorem 4.6 can also be viewed
as a function of the new variables ¢;, ; for a fixed p € p,:
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F& {dip.j }; Qp)-

By dilaton equation, we have

% (i) Q) = T (i} Q)

where ¢;,; = 7¢p;. Let M, denote the Frobenius structure
on H*(X), = H*(X) obtained using the potential function
F% ({d@ipj}; Q,) and the Poincaré pairing on X. The following is a re-
statement of Theorem 4.6.

Theorem 4.7. Under the isomorphism (44 ), the Frobenius structure
defined by the genus 0 Gromov—Witten theory of G is isomorphic to
®p,M,.

Remark 4.8. It is natural to ask for a generalization of Theorem
4.6 to higher genus Gromov—Witten theory. Suppose that the Frobe-
nius structure associated to the genus 0 Gromov-Witten theory of X
is generically semi-simple; then one can prove certain generalizations of
Theorem 4.6 to higher genus ancestor invariants by using Givental’s for-
mula [29], [39] to reduce the question to genus 0. In [8] we will study the
higher genus generalization of Theorem 4.6 in general (namely without
assuming semi-simplicity).

Appendix A. Banded abelian gerbes

Let X be a smooth projective variety over C. Let GG be a finite abelian
group. The purpose of this appendix is to explain (see Section A.1) how
the results in the main part of the paper can be extended to banded
G-gerbes G over X which are essentially trivial.

We begin with some preliminary materials. Recall the following well-
known structure result for finite abelian groups:

Lemma A.1. Let G be a finite abelian group of order N. Then there
exists a decomposition

k k
(47) G~ H/LT(J'), where H r(j) = N.
Jj=1 j=1

Throughout this appendix we fix such a decomposition (47) of G.
Observe that the inertia stack I'G admits a decomposition

(48) I5 = UgeaSy,

indexed by elements in G. Let I(G), C I(9) be the image of Gy under
the natural map IG — I(G) to the rigidified inertia stack. A vector of
elements

G:=1(g1,-..,9n) € G*"
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is called B-admissible if the locus
ﬂCQn(9,5)§:=:fﬂ;levgl(j(g)m)

is non-empty. Note that for 1 < i < n we may write
k
1 k
gi=(g",.... ¢ e 1w =6
j=1

A.1. Essentially trivial abelian gerbes. By definition a G-gerbe
over X is essentially trivial if it becomes trivial after a contracted prod-
uct with the trivial O%-gerbe. In this section, let § — X be an essentially
trivial G-banded gerbe over X. The following result is known (see e.g.
[27], Proposition 6.9).

Lemma A.2. Let § — X be an essentially trivial G-banded gerbe
over X, with G finite and abelian. Then there exist line bundles
LU L®) over X and positive integers rO ) such that

(49) G~ "V /X xx *(2,)/5(2)/)( Xy -xx "V L® /X

Proof. Let [G] € H2(X,G) be the class of the gerbe §. Fix a de-
composition of G as in (47). Denote by p; : G — p,) the pro-
jection to the j-th factor. For 1 < j < k, the induced morphism
pj« + H3(X,G) — H2(X, u,)) maps the class of a G-banded gerbe
G to the class of the p,.(-gerbe obtained from G by taking the con-
tracted product with the trivial p,.)-gerbe. This is the same as taking
the rigidification of G by the subgroup of the inertia G := G/pu,.(;). The
composition of p; with the standard embedding ;) — C* yields a
homomorphism ¢; : G — C*. Clearly the composition

()
RN RN O
is trivial.

Associated to the Kummer sequence

()
1 — p,. — C* ()—> C"—1

there is a long exact sequence
= HL(X,CY) — HE (X, po) = HZ(X,C*) = HZ(X,C*) — ...

The map ¢; induces a homomorphism ¢;, : Hgt(X, G) — Hgt(X, C*)
mapping the class p;,[G] of the p,.;)-gerbe obtained from § by the
homomorphism p; : G — p,;) to the class of its contracted prod-
uct with the trivial O%-gerbe. Since § is essentially trivial, the class
¢j«([]) € H%(X,C*) is zero by definition. By the exact sequence above
this means that there exists a line bundle £U) over X such that the
) -gerbe of class pj,[G] is isomorphic to the root gerbe T(]\)/L(j)/X.
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We can prove the claim by induction on the number k of cyclic groups
appearing in the decomposition of G. For k = 1 the claim is true by
definition. Assume it is true for kK = n — 1. Let G be a G-banded gerbe,
where G ~ H?:l i, - Consider the group homomorphisms induced by
the rigidification

Hegt(Xa G) — Hegt(Xa E) S3) Hegt(X7 :u'r("))a

where G ~ G/p,.n). We denote the corresponding gerbes by G and Gy.
We have a commutative diagram

(50)

where the dotted arrow is induced by the universal property of the fiber
prodtict. The morphism § — Gx Gy is representable and factors through
G — G, which is therefore representable. We conclude by observing that
a representable morphism between two gerbes banded by the same group
is an isomorphism. q.e.d.

In view of Lemma A.2 we assume that the gerbe § is of the form (49).
We call this gerbe a multi-root gerbe. Recall that to give a morphism
Y — G is the same as giving a morphism f : Y — X and line bundles
M, ..., M over Y together with isomorphisms ¢; : Mf@’"(]) ~ f*L(J')y
1<j<k.

The constructions in Section 3 can be easily modified to treat the
multi-root gerbe §. Arguments proving Lemma 3.5 and Proposition 3.6
easily yield the following

Proposition A.3.

1) A vector § is B-admissible (with respect to a class 3 € Hy (X,Z))
if and only if

S 2my/—1 : ,
1=1

2) Given a vector § satisfying (51) and a stable map [f
(Cip1,...,pn) = X] € Mon(X,B)(C), there exists, up to iso-
morphisms, a unique twisted stable map f: (C,01,...,0,) = G in

Kon(G, B)Y lifting f.

Remark A.4. The n-tuple (ggj ), e ,gng )) is a [-admissible vector
for the root gerbe T(]\)/L(j)/ X as in Definition 3.3.
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Next we define some numbers.

Definition A.5. 1) For 1 <i < n, let r; be the order of g; in G.
Fach 92‘(] ), 1 <4 <n may be identified with a root of unity

gi(j) — exp(Zﬂ'\/—lei(j)), where 92@ €Qnlo,1),

which defines the rational numbers HZQ ), 1<i<n.Forl<i<n
and 1 < j < k, define
r) 5 plﬁj)

(52) pgj) —7’(])9(), r) = _, ;=
ged(ri), p7) ged(r), pi?)

(2

Note that r§j) divides r;, and 7‘2( 7 is the order of g(]) in g, -
2) For a pair (T, ') indexing the boundary divisors of My, g as in
Definition 3.10, define

9(]), =( —= / c L(J 0 r), =
T, <r(]) 1 Z T.B ged(r), )W) )

ieT T.5
Qre
(53) m%, = r067 .
’ ged(r), 7’(])9%)6/)

3) Define

j 1 k
g&f)ﬁ, = exp(2m/—19§f’)ﬁ,) € UGy, 9T = (géﬂ’)ﬁ,, . ,géﬂ’)ﬁ,) €eG.
And let 77 g be the order of g7 g in G.

With the numbers defined above, the constructions and results in
Sections 3.3 and 3.4 are valid for the multi-root gerbe G. The proofs are
straightforward modifications. In particular we still have the diagram
(26).

Moreover Theorem 3.20 admits a generalization to multi-root gerbes:

Theorem A.6. K07n(9,5)5 is a multi-root gerbe over Py

To prove Theorem A.6 it suffices to repeat the arguments in the
proof of Theorem 3.20 multiple times. The key point is to construct a
collection of line bundles, generalizing the one in (33):

(54)

) d¥ dg)ﬁ' TU{n+1}
5 =g | 2 St 2 gDy )L Lsish
1<i<n '4 (1,8")€Ip ' T,B'

Here the set Jp is defined on page 18, and we use the following definition:
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Definition A.7. 1) For 1 < i < nand 1 < j < k we define

(55)

2)

(56)

(1]
2]

8]

[4]

[5]
[6]
[7]
8]

[9]

[10]

[11]

[12]

[13]

dgj lez by requiring

() _ 27T\/ ) ()
g; = exp(—=— N d andz (] =0 /ﬁCl(L )

1

To a pair (T, ) which indexes a boundary divisor of My ,, g, we
/)

associate integers dgf 5 such that

()
;1 . .
>4 RO T W/CI(M% L<j<k.
ier T TT r '
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