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EXAMPLES OF NON-ISOLATED BLOW-UP
FOR PERTURBATIONS OF THE SCALAR
CURVATURE EQUATION ON NON-LOCALLY
CONFORMALLY FLAT MANIFOLDS
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Abstract

Solutions to scalar curvature equations have the property that
all possible blow-up points are isolated, at least in low dimensions.
This property is commonly used as the first step in the proofs of
compactness. We show that this result becomes false for some
arbitrarily small, smooth perturbations of the potential.

1. Introduction and statement of the results

Let (M, g) be a smooth compact Riemannian manifold of dimension
n > 3. Given a sequence (h:)e~o € C°°(M), we are interested in the
existence of multi-peaks positive solutions (u:)e~o € C(M) to the
family of critical equations

(1) Ague + heue = ug*_l in M for all ¢ > 0,

where Ay := —divy(V) is the Laplace-Beltrami operator and 2* := -2

is the critical Sobolev exponent. We say that the family (u.). blows up
as € — 0 if lim. 0 ||uc||oo = +00. Blowing-up families to equations like
(1) are described precisely by Struwe [19] in the energy space HZ(M):
namely, if the Dirichlet energy of wu. is uniformly bounded with respect
to e, then there exists ug € C*°(M), there exists k € N, and there exists
k families (&) € M and (pic)e € (0,400) such that

) o _UO+Z <u25+d g ;) ) +oll)

where lim._,g0(1) = 0 in HZ(M) and lim._,g pie =0foralli=1,... k.
In this situation, we say that u. develops k peaks when € — 0.

We say that £y € M is a blow-up point for (u.). if lim._ maxpg, (gy) Ue =
400 for all + > 0. It follows from elliptic theory that the blow-up
points of a family of solutions (uc)s to (1) satisfying (2) is exactly
{lime_m gi,s/i = 1, ey k‘}
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Following the terminology introduced by Schoen [17], {& € M is an
isolated point of blow-up for (uc) if there exists (&). € M such that
e £ is a local maximum point of u, for all € > 0,
o lim. o & = &o, )
there exist C,7 > 0 s.t. dg(:n,ge)n%ug(x) < C for all z € Br(&),
lim._,o maxp, (¢,) ue = +o0 for all r > 0.

The notion has proved to be very useful in the analysis of critical equa-
tions. Let ¢, := 4(’;—__21) and R, be the scalar curvature of (M, g). Com-
pactness for the Yamabe equation

(3) Agu+ cpRgu = u

when n < 24 (the full result is due to Kuhri, Marques, and Schoen [11])
is established by proving first that the sole possible blow-up points for
(3) are isolated; see Schoen [17,18], Li and Zhu [14], Druet [6], Mar-
ques [15], Li and Zhang [13, Theorem 1.1], and Kuhri, Marques, and
Schoen [11]). When n > 25, there are examples of non-compactness of
equation (3) (Brendle [2] and Brendle and Marques [3]).

2*—1

In this note, we address the questions to know whether or not blow-
up solutions for (1) do exist, and whether or not they necessarily have
isolated blow-up points. When h. < ¢, Ry, blow-up does not occur for
n < 5, as shown by Druet [6] (except for the conformal class of the
round sphere). When the potential is allowed to be above the scalar
curvature, blow-up is possible: we refer to Druet and Hebey [7] for ex-
amples of non-isolated blow-up on the sphere with C'—perturbations of
the scalar curvature term in (3), and to Esposito, Pistoia, and Vétois
[10] for examples of isolated blow-up on general compact manifolds with
arbitrary smooth perturbations of the scalar curvature. We present in
this note examples of non-isolated blow-up points for smooth pertur-
bations of the scalar curvature term in (3). This is the subject of the
following theorem.

Theorem 1.1. Let (M,g) be a non-locally conformally flat compact
Riemannian manifold of dimension n > 6 with positive Yamabe in-
variant. We fix &g € M such that the Weyl tensor at &y is such that
Weylg(go) #0. Weletk > 1 and r > 0 be two integers. Then there
exists (he)eso € C*°(M) such that lim._oh. = c,Ry in C"(M), and
there exists (ue)eso € C°(M) a family of solutions to

Ague + heue = ug*_l i M for all e > 0,

such that (ug)e develops k peaks at the blow-up point &. Moreover, &
s an isolated blow-up point if and only if k = 1.

In particular, Theorem 1.1 applies for M := SP x S? (p,q > 3) endowed
with the product metric. In this case, any point can be a blow-up point
since the Weyl tensor never vanishes on SP x S¢.
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As a consequence, when dealing with general perturbed equations like
(1), one has to deal with the delicate situation of the accumulation of
peaks at a single point. The C°-theory by Druet, Hebey, and Robert [9]
addresses this question in the a priori setting and L°°-norm. We refer
also to Druet [5] and Druet and Hebey [8] where the analysis of the radii
of interaction of multi-peaks solutions is performed.

The choice of this note is to perturb the potential ¢, R4 of the equation.
Alternatively, one can fix the potential ¢,R, and multiply the non-
linearity u? ~! by smooth functions then leading to consider Kazdan—
Warner type equations: in this slightly different context, Chen and Lin
[4] and Brendle (private communication) have constructed non-isolated
local blow-up in the flat case and in the Riemannian case, respectively.
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for stimulating discussions and constant support for this project. The
first author thanks C.-S. Lin for stimulating discussions and S. Brendle
for communicating his unpublished result.

The authors are partially supported by the ANR grant ANR-08-
BLAN-0335-01.

2. Proofs

The proof of Theorem 1.1 relies on a Lyapunov—Schmidt reduction.
We fix §o € M such that Weyl (§o) # 0. It follows from the classical
conformal normal coordinates theorem of Lee and Parker [12] that there
exists A € C*°(M x M) such that for any & € M,

2

1
Ry (§) =0, VRy, (§) =0, and Ay Ry (§) = 6 ‘Weylg(f) g

where A¢ := A(§,-) and g¢ := Aé/ (n=2) g. Without loss of generality, up
to a conformal change of metric, we assume that g¢, = g. We let 79 > 0
be such that ro < ig (M) for all § € M compact, where ig (M) is the
injectivity radius of M with respect to the metric ge. We let x € C*°(R)
be such that x(¢) =1 for t < rg/2 and x(t) = 0 for t > ry. We define a
bubble centered at £ with parameter § as

JWa)—

Wse = x(dg(+,&))A
e = g e (G
We fix an integer k£ > 1. Given o > 1 and K > 0, we define the set
k
DK(6) = { (0 (6) < 0.6 x

16 dy(&,) oy
/a<5j<a, 525, > Kfori#j ;.
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For any h € C%(M), we define the functional
1 1 x
Jp(u) :== —/ (|Vu|§ + hu?) dvy — —/ u? dv,
2 Ju 2* Jur

for all w € HZ(M). For ((6;):, (&):) € Dg{k}(, we define the error

k
R = [(Ag +0) (D Wie) — Z Ws,e)” _le'

i=1
The classical Lyapunov—Schmidt ﬁnite—dlmensmnal reduction yields the
following:
Proposition 2.1. We fita > 1,17 > 0, Cy > 0 such that |h||s < Co
and A1 (Ay+h) > Cyt. Then there exists Ko = Ko((M, g),, Co,n) > 0,
8o = 0((M, g),a,Co,m) > 0, and ¢ € CH(DL), (J0), HE(M)) such that

. R(a )&y < for all (6:)i, (&) € ngxo(%)
u((8)i, (&)) = Sk W6, + 0((0)i, () is a critical point of Jy,

15 6i)i» (&) is a critical point of ((0:)i, (&)) = Jn(u((:)i, (&))) in
D, k. O( 0);
o [lo((0)i; (€Nl 2 = O(Rs:),e))

o Jn(u((6i)i, (&)i) = Jh(Zz 1 Wsie) + O(R(5 )Z,(gl))
Here, |O(1)| < C((M, g),a,Cy) uniformly in D((l}{o(do).

This result is essentially contained in the existing litterature. It is a
particular case of the general reduction theorem in Robert and Vétois
[16]. We also refer to Esposito, Pistoia, and Vétois [10] and to the
general framework by Ambrosetti and Badiale [1] for non-degenerate
critical manifolds.

From now on, we fix ((6;):, (&)i) € Dgf}(o(éo). Standard computations
yield

k k
Jh(ZW&i,§i> =3 (W) + (Z / (VWs, e VW, 6,)g
=1 =1

i#]
1 CA.
+hWs.6Ws, 5 d”g) T / <<Z ng,&) -2 Wé&) dvg
M i=1 i=1
and

k o* k
[ ((Sme) -Swse) oo
=1 i

=1

2*—1
:0<Z / Ws.e Wi ¢ dvg>.
i#j ? Woiei W,
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Choosing K larger if necessary, there exists ¢; = ¢1(a, Ky) > 0 such
that for any i # j and # € M such that Ws, ¢, (z) < Wi, ¢, (), we
have that dg (7,&) > c1(dg(&i, &) + dg(,§;)). Therefore, we get that

W& () < C25§n_2)/2dg(£i, £;)*™™ for all such x, for some constant ¢y =
ca(ay, Ko) > 0. Consequently, a rough upper bound yields

L n-2
Jh(Zchu&) Z Jh W5l’51) T O(Z (%) 2 >
=1 Y

and

04)i,(&)

||M?r

(Ag+h)Ws, ¢, — W52,5_21”n2f2+0<§< (i{;]) )nT2>

uniformly in D(() %0(50). Moreover (see Proposition 2.3 in Esposito, Pis-
toia, and Vétois [10]), we have that

n(Wog) = 225 (14 20D ) €05

+ O(|lh — CnRg”Cl)53
L5t In  +0(5%) when n =6
B 2) ® s
[Weyly (€l { S0 + 0(0%)  whenn >7 >

and

_ 2r—1
1y + W) Wag = W) 2

< 082 1+ ||h — enRyl|co (ln%)z/3 when n = 6
- V6 +||h — enRyl| o when n > 7.

Here again, |O(1)| < C((M, g), a, Cp) uniformly in D(k) ,(00)-

We now choose the (8;), (§;)’s and the function h. For any € > 0, we let
d: > 0 be such that

1
(521116—:&?whenn:6and(5§:awhenn27.
£

We let H € C*°(R"™) be such that

o H(z) = —1 for all |z| > 2,

e H admits k distinct strict local maxima at p;o € B1(0) for i =

1,...,k,

e H(pjg) >0foralli=1,... k.
We let 7 > 0 be such that for any i € {1,...,k}, the maximum of H on
Boi(pio) is achieved exactly at p; o and such that |p; o — pjo| > 37 for
all i # j. We let (ue)e € (0,400) be such that lime_,o pe = 0 and

n—=6
(|Ine|)™Y* = o(ue) when n = 6 and eX=3 = o(u.) when n > 7,
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where both limits are taken when ¢ — 0. As one can check, 6. = o(u.)
when € — 0. We define

he(x) = cpRy(x) + e¢H (,ue_lexpgol(x)> for all x € M.

Here, the exponential map is taken with respect to the metric g and
after assimilation to R™ of the tangent space at &y: this definition makes
sense for ¢ > 0 small enough. For (t;); € (0,+00)* and (p;); € (R™)*,
we define

e ((t)is (pi)i) == w ((£:02)i, (expg, (1epi))i) with h = he.

The above estimates and the choice of the parameters yield

T (e ((8)i, (i)e)) — kB2 E
(4) glg(l] =52 = ;Fn(ti,pi)

in C ((0,+00)* x 1%, Br(pio)), where

. 2(n-1) 2 2,4
Fo(t,p) == mH(p)t — dn|Weyly(£o)lyt
for (t,p) € (0,400) x R", with ds = ¢&; and d,, := m for

n > 7. As easily checked, up to choosing the ¢;’s in suitable compact
intervals Iy,..., Iy, the right-hand-side of (4) has a unique maximum
point in the interior of Hle I; x Hle Bi(pip). As a consequence,
for € > 0 small enough, Jy_(u:((¢;):, (pi)i)) admits a critical point,
((tig)is (Pig)i) € (o, B)F x Hle Bi(pip) for some 0 < a < 3 indepen-
dent of e. Defining §; - := expg, (fepie) for all i = 1,..., k, there exists
co > 0 such that d(& ., &) > cope for all ¢ # j € {1,...,k} and all
e > 0 small enough. Defining u. := . ((tic)i, (pic)i), it follows from
Proposition 2.1 and the strong maximum principle that

*_ .
Ague + heue = ug Yin M

for € > 0 small enough. In addition to the hypotheses above, we require
that ¢ = o(p.) when € — 0, which yields lim._, he = ¢, Rg in C"(M).

We prove that (uc). develops no isolated blow-up point when k > 2. We
argue by contradiction. Moser’s iterative scheme yields the convergence
of u. to 0 in C2 (M \ {&}). We then get that the isolated blow-up
point is &, and thus that there exists 7, > 0 and (§.). € M such that
limg_,0 & = & and there exists C' > 0 such that

(5) dg(x,fa)%ua(x) < Cforall e >0 and x € B, (&).

For any i = 1,..., k, we recall that §; . := expg, (iepic) and we define

n—2
Uie(x) == (0ctic) 2 ue (expéi’s (0cticx))
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for all |z| < ro/(20:t; ). It follows from standard elliptic theory that
n—2

n(n — 2 2
(6) ilg%) Uje = (ﬁ) m Clzoc(Rn)‘

Moreover, if §. = o(dy(&;¢,&)) when ¢ — 0, inequality (5) yields the
convergence of ;. to 0 in CP_(R™): a contradiction to (6). There-
fore, dy(&:,&ic) = O(:) when ¢ — 0 for all ¢+ = 1,...,k, and then
dg(&ie,&je) = O(0:) = o(pe) when € — 0 for all @ # j. This contra-
dicts the fact that dgy(& ¢, &) > cope when k& > 2. This proves the
non-simpleness when k > 2.
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