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STRONGER VERSIONS OF THE ORLICZ-PETTY
PROJECTION INEQUALITY

KAroLY J. BOROCZKY

Abstract

We verify a conjecture of Lutwak, Yang, and Zhang about the
equality case in the Orlicz-Petty projection inequality, and provide
an essentially optimal stability version.

The Petty projection inequality (Theorem 1), its L, extension, and
its analytic counterparts, the Zhang-Sobolev inequality [43] and its L,
extension by A. Cianchi, E. Lutwak, D. Yang, and G. Zhang [8, 32],
are fundamental affine isoperimetric and affine analytic inequalities (see
in addition, e.g., D. Alonso-Gutierrez, J. Bastero, and J. Bernués [1];
R.J. Gardner and G. Zhang [14]; C. Haberl and F.E. Schuster [21, 22];
C. Haberl, F.E. Schuster and J. Xio [23]; E. Lutwak, D. Yang, and G.
Zhang [31, 33, 34]; M. Ludwig [27, 28]; M. Schmuckenschlager [40],
F.E. Schuster, T. Wannnerer [41] and J. Xiao [42]). The notion of the
projection body and its L, extension has found its natural context in
the work of E. Lutwak, D. Yang, and G. Zhang [34], where the authors
introduced the concept of the Orlicz projection body. The fundamental
result of [34] is the Orlicz-Petty projection inequality. The goal of this
paper is to strengthen this latter inequality, extending the method of E.
Lutwak, D. Yang, and G. Zhang [34] based on Steiner symmetrization.

When the equality case of a geometric inequality is characterized, it
is a natural question how close a convex body K is to the extremals
if almost inequality holds for K in the inequality. Precise answers to
these questions are called stability versions of the original inequalities.
Stability results for geometric estimates have important applications;
see for example B. Fleury, O. Guédon and G. Paouris [12] for the central
limit theorem on convex bodies, and D. Hug and R. Schneider [24] for
the shape of typical cells in a Poisson hyperplane process.

Stability versions of sharp geometric inequalities have been around
since the days of Minkowski; see the survey paper by H. Groemer [17]
about developments until the early 1990s. Recently essentially optimal
results were obtained by N. Fusco, F. Maggi and A. Pratelli [13] con-
cerning the isoperimetric inequality, and by A. Figalli, F. Maggi and
A. Pratelli ([10] and [11]) for the Brunn-Minkowski inequality; see F.
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Maggi [35] for a survey of their methods. In these papers, stability
is understood in terms of the volume difference of normalized convex
bodies. In this paper we follow J. Bourgain and J. Lindenstrauss [5],
who used the so-called Banach-Mazur distance for their result (5) about
projection bodies quoted below.

We write o to denote the origin in R", u - v to denote the scalar
product of the vectors u and v, H to denote the (n — 1)-dimensional
Hausdorff measure, and [X1,..., X)] to denote the convex hull of the
sets X1,..., X} in R™. For a non-zero v in R”, let u be the orthogonal
linear (n—1)-subspace, and let 7, denote the orthogonal projection onto
u'. In addition, let B™ be the Euclidean unit ball, and let &, be its
volume. For z € R™, ||z|| denotes the Euclidean norm. We write AAB
to denote the symmetric difference of the sets A and B.

Throughout this article, a convex body in R" is a compact convex
set with non-empty interior. In addition, we write K to denote the set
of convex bodies in R™ that contain the origin in their interiors. For
a convex body K in R", let hx(u) = maxyex = - u denote the support
function of K at u € R™, and let K* be the polar of K, defined by

K*={ueR": hg(u) <1}.

Let Sk be the surface area measure of K on S"~!'. That is, if o is an
open subset of "1, then Sk (o) is the (n — 1)-dimensional Hausdorff-
measure of all x € 0K, where there exists an exterior unit normal lying
in 0. Minkowski’s projection body IIK is the o-symmetric convex body
whose support function is
1
bt () = (2] - H(ma ) = 5/ 2 w|dSk (w) for z € R™\o,
Sn—1
We write IT* K to denote the polar of IIK, and note that V (IT* K )V (K )"~
is invariant under affine transformations of R™ (see E. Lutwak [29]).
Petty’s projection inequality can now be stated as follows.

Theorem 1 (Petty). If K is a convex body in R™, then
V(IT*K)V(K)"™ < (kp/fin-1)",
with equality if and only if K is an ellipsoid.

To define the Orlicz projection body introduced by E. Lutwak, D.
Yang, and G. Zhang [34], we write C to denote the set of convex func-
tions ¢ : R — [0,00) such that ¢(0) = 0, and p(—t) + ¢(t) > 0 for
t # 0. In particular,
(1)

. either strictly monotone decreasing on (—o0, 0],
every ¢ € C is {

or strictly monotone increasing on [0, co).
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Let p € C, and let K € K. The corresponding Orlicz projection body
II, K is defined in [34] via its support function such that if x € R", then

(2)
th(x) — min {)\ >0 /S o <%> hic () dSg (w) < nV(K)} .

Since the surface area measure of every open hemisphere is positive, (1)
yields that the minimum in (2) is attained at a unique A > 0.

An important special case is when ¢(t) = [¢|P for some p > 1. Then
II, K is the L, projection body IL, K introduced by E. Lutwak, D. Yang,
and G. Zhang [31] (using a different normalization):

1

(3) b,k (2)? = WV (EK) /Sn1 |z - w[Phg (w)' P dSg (w).

In particular, if p = 1, then

2
I (K) = TV (E) TIK.
In addition, if p tends to infinity, then we may define the L., polar
projection body II%_ to be K N (—K).
Unlike IIK, the Orlicz projection body II K is not translation in-
variant for a general ¢ € C, and may not be o-symmetric. However, E.
Lutwak, D. Yang, and G. Zhang [34] show that

(4) IILAK = ALK holds for any A € GL(n), K € Ky, and ¢ € C.

The following Orlicz-Petty projection inequality is the main result of
[34].

Theorem 2 (Lutwak, Yang, Zhang). Let ¢ € C. If K € K7, then
the volume ratio
V(LK)
V(K)
is maximized when K is an o-symmetric ellipsoid. If o is strictly conver,
then the o-symmetric ellipsoids are the only maximizers.

If ©(t) = |t|, which is the case of the normalized classical projection
body, then every ellipsoid is a maximizer in the Orlicz-Petty projection
inequality (see Theorem 1). Thus, to summarize what to expect for an
arbitrary ¢ € C, E. Lutwak, D. Yang, and G. Zhang [34] conjecture
that every maximizer is an ellipsoid. Here we confirm this conjecture.

Theorem 3. Let ¢ € C. If K € K maximizes the volume ratio
VIILK)/V(K), then K is an ellipsoid.

A natural tool for stability results of affine invariant inequalities is
the Banach-Mazur distance dgn (K, M) of the convex bodies K and M
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defined by

Opm(K, M) =minfA>0: K -z C &M —y) C MK —z)
for ® € GL(n), z,y € R"}.
In particular, if K and M are o-symmetric, then x = y = o can be
assumed. In addition, for a line [ passing through the origin o, we write
K; to denote the set of o-symmetric convex bodies with axial rotational
symmetry around the line [. If K € K}, then
opm(K, B") =min{A > 0: E C K C e E, where E € K is an ellipsoid}.

It follows, for example, from a theorem of F. John [25] that dpn (K, B™) <
Inn for any convex body K in R™.

We strengthen Theorem 3 as follows, where we set () = p(—t)+¢(t)
for ¢ € C.

Theorem 4. If p € C and K € K with 6 = épp (K, B™), then
V(LK) V(I B™)
YA a5 3(60)) . e
where ¢ = 840 and v > 0 depends on n and .

Next we discuss what Theorem 4 yields for Petty’s projection inequal-
ity.

Corollary 5. If K is a convex body in R™ with 6 = dppy (K, B"),
then

VT KV (K)™™ < (1= - 07) (0 /Rin-1)"

where ¢ = 1680 and v > 0 depends only on n.

The example below shows that the exponent cn for an absolute con-
stant ¢ > 0 is of optimal order. G. Ambrus and the author [2] recently

proved Corollary 5 with an exponent of the form cn? instead of the op-
timal cn.

Example Let K = [B",£(1 + ¢)v)] for some v € S"~!. In this case,
the Banach-Mazur distance of K from any ellipsoid is at least /2, and

VI E)V(K)" > (1 — 20" ) (6 /fin_1)",

where vy > 0 depends only on n.

As a related result, J. Bourgain and J. Lindenstrauss [5] proved that
if K and M are o-symmetric convex bodies in R", then

(5) (5BM(HK,HM) 27'5BM(K,M)7L("+5)/2

where v > 0 depends only on n, and they conjectured that the opti-
mal order of the exponent is cn for an absolute constant ¢ > 0. The
exponent in (5) has been slightly improved by S. Campi [7] if n = 3,
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and by M. Kiderlen [26] for any n, but the conjecture is still wide open.
Corollary 5 is in accordance with this conjecture of J. Bourgain and J.
Lindenstrauss in the case when M is an ellipsoid. Actually, if K and M
are not o-symmetric, then their projection bodies may coincide even if
dpm (K, M) # 0 (see R. Schneider [38]).

If ¢ is strictly convex, then E. Lutwak, D. Yang, and G. Zhang [34)]
proved that the o-symmetric ellipsoids are the only maximizers in the
Orlicz-Petty projection inequality (see Theorem 2). We prove a stability
version of this statement for even ¢. For K € K7, let

65 (K) =min{A > 0: E C K C e E for some o-symmetric ellipsoid E}.

Since 0fy; (K) becomes arbitrarily large if K is translated in a way such
that the origin gets close to K, it is more natural to consider

6EL(K) = min{l, 5}**3L(K)}

Theorem 6. Let p € C be even such that ©"(t) is continuous and
positive for t > 0. If K € K with 6 = 0L (K), then

V(IILK) V(T B™)
YA s o(80)) . e )
where ¢ = 2520 and v > 0 depends only on n and ¢.

Under the conditions of Theorem 6, let K € KI' be such that
VITLK)/V(K) is very close to V(II;,B")/V(B"). Then Theorem 4
yields that there exists a translate K’ of K such that ogp,(K') is small,
while Theorem 6 implies that already ogp,(K) is small.

For the L, projection body for p > 1, and for ¢ = 2520, we have

V(LK) cmapy V(B
WS <1_’7'5EL(K)(+))'W

Here the order of the error term gets smaller and smaller as p grows. It
is not surprising, because II (K) = K N (—K) for K € K7, and hence
V(II;}, K)/V(K) is maximized by any o-symmetric convex body K.

Our arguments to prove Theorems 3, 4, and 6 are based on Steiner
symmetrization, and are variations of the method developed in E. Lut-
wak, D. Yang, and G. Zhang [34]. The novel ideas to prove Theorems 3
and 4 are to compare shadow boundaries in two suitable independent
directions, and to reduce the problem to convex bodies with axial ro-
tational symmetry around Ru for a u € S"~!. In the latter case, the
shadow boundaries parallel to u and orthogonal to u are well under-
stood, which makes it possible to perform explicit calculations.

For Theorem 4, the proof of the reduction to convex bodies with
axial rotational symmetry is rather technical, so the argument for the
corresponding statement, Theorem 14, is deferred to Section 5.

We note that W. Blaschke [3] characterized ellipsoids as the only
convex bodies such that every shadow boundary is contained in some
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hyperplane. A stability version of this statement was proved by P.M.
Gruber [19].

Acknowledgments. I am grateful for fruitful discussions with Gergd
Ambrus, Erwin Lutwak, Rolf Schneider, and Gaoyong Zhang during
a stay at NYU-Poly. Very special thanks are due to the anonymous
referees, whose remarks gave a whole new direction to the paper, and
helped it to be much more clear and readable.

1. Some facts about convex bodies

Unless we provide specific references, the results reviewed in this sec-
tion are discussed in the monographs by T. Bonnesen, and W. Fenchel
[4], P.M. Gruber [20], and R. Schneider [39]. We note that the L.-
metric on the restriction of the support functions to S ! endows the
space of convex bodies with the so-called Hausdorff metric. It is well-
known that volume is continuous with respect to this metric, and Lemma
2.3 in E. Lutwak, D. Yang, and G. Zhang [34] says that the polar Orlicz
projection body is also continuous for fixed ¢ € C.

We say that a convex body M in R", n > 3, is smooth if the tangent
hyperplane is unique at every boundary point, and we say that M is
strictly convex if every tangent hyperplane intersects M only in one
point.

Let K be a convex body in R™. For v € S"7!, let S,K denote the
Steiner symmetral of K with respect to v*. In particular, if f, g are the
concave real functions on 7, K such that

K={y+tv:yemK,—gly) <t< f(y)},
then

(6) SK = {y+tv:yemnkK, |t <Lty

Fubini’s theorem yields that V(S,K) = V(K). It is known that for any
convex body K, there is a sequence of Steiner symmetrizations whose
limit is a ball (of volume V(K)).

Next there exists a sequence of Steiner symmetrizations with respect
to (n — 1)-subspaces containing the line Rv such that their limit is
a convex body R,K whose axis of rotational symmetry is Rv. This
R, K is the Schwarz rounding of K with respect to v. In particular, a
hyperplane H intersects int K if and only if it intersects int R, K, and
H(HNK)=H(HNR,K) in this case.

For our arguments, it is crucial to have a basic understanding of the
boundaries of convex bodies. For z € 9K, let w, be a unit exterior
normal to 0K at x. The following two well-known properties are con-
sequences of the fact that Lipschitz functions are almost everywhere
differentiable.

(i) wy is uniquely determined at H almost all x € K.
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(ii) The supporting hyperplane with exterior normal vector u inter-
sects OK in a unique point for almost all v € S™~1.

The shadow boundary Z, x of K with respect to a u € R™\o is
the family of all x € 0K such that the line x + Ru is tangent to K.
In addition, we call the shadow boundary =, x thin if it contains no
segment parallel to u. According to G. Ewald, D.G. Larman, and C.A.
Rogers [9], we have

Theorem 7 (Ewald-Larman-Rogers). If K is a convex body in R™,
then the shadow boundary =, k is thin for H-almost all u € S™ .

If a connected Borel U C 0K is disjoint from the shadow boundary
with respect to a v € S"~!, then for any measurable 1 : 7,(U) — R, we
have

(7) /ﬁMU)d“y)dy::LA;¢“”“x)“"“@'d$'

If K € K2, then let gk be the radial function of K on S"~!, defined
such that g (v)v € M for v € S"~1. Tt follows that

(8) V(K) = /S . k(W) ().

n
In addition, for the polar K* of K, and v € S"~!, we have
(9) or+(v) = hie(v) 7.

We say that a convex body M is in isotropic position if V(M) = 1,
the centroid of M is the origin, and there exists Lj; > 0 such that

/ (w-x)?dx = Ly for any w € S"!
M

(see A. Giannopoulos [15], A. Giannopoulos, and V.D. Milman [16];
and V.D. Milman, and A. Pajor [36] for main properties). Any convex
body K has an affine image M that is in isotropic position, and we set
Ly = Lj;. We also note that if E is an o-symmetric ellipsoid in R"”,
then for any w € S"~!, we have

(10) /E (- 2)2 dz = hg(w)2V (E)

Let ¢ € C, and let K € K. We collect some additional properties
of the Orlicz projection body. The cone volume measure Vi associated

to K on S"! defined by dVi(w) = Zﬁ((;?) dSk(w) is a probability
measure whose study was initiated by M. Gromov, and V. Milman [18]
(see, say, A. Naor [37] for recent applications). The definition (2) of
II K yields (see Lemma 2.1 in E. Lutwak, D. Yang, and G. Zhang [34])

that

n

+2
n LBn .

o (o) avictw) < 1.

(11) z € I K if and only if / ore (o)

Sn—1
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2. Characterizing the equality case in the Orlicz-Petty
projection inequality

Our method is an extension of the argument by E. Lutwak, D. Yang,
and G. Zhang [34] to prove the Orlicz-Petty projection inequality, The-
orem 2, using Steiner symmetrization. The core of the argument of [34]
is Corollary 3.1, and here we also include a consequence of Corollary 3.1
from [34] for Schwarz rounding.

Lemma 8 (Lutwak, Yang, Zhang). Ifp € C, K € K
then

" oandv e S™L,

0’

SUIILK C IS, K.
In particular, V(II;,S,K) > V(II,K) and V(I R, K) > V(IIZK).

We recall various facts from [34] that lead to the proof of Lemma 8,
because we need them in the sequel. We note that a concave function
is almost everywhere differentiable on convex sets.

Let ¢ € C, let K € K7, and let v be a unit vector in R". We write
w, to denote an exterior unit normal at some x € K. In addition, we
frequently write an z € R™ in the form x = (y,t) if x = y+tv for y € v+
and t € R. If h is a concave function on 7, (intK’), then we define

(h}(z) = h(z) — z- Vh(z) for z € m,(int K) where Vh(z) exists.
If 1, p2 > 0, and hq, ho are concave functions on m,(int K'), then

(1h1 + p2h2) = p1(h1) + p2(ha).
Let f, g denote the concave real functions on 7, K such that
K={(y,t) 1y e mK, —g(y) <t < f(y)}.

If v =(2,f(2)) € 0K and T = (2, —¢g(z)) € OK for a z € m,(intK'), and
both f and g are differentiable at z, then

—Vf(z) 1
12 Wy =
- <\/1+HVf 2 VI+ VA )IP)

—Vyg(2) -1
13 Wz = .
" <\/1+HV9 2 V1+1Vy(z )H2>

From this, we deduce that for any (y,t) € R™, we have

(Y1) - we = (—y- Vf()+t)-(v-wx)
hi(wg) = (Z, ( ) - we = (f)(2) - (v-wy)
hi(wz) = (2,—9(2)) - we = —(g)(2) - (v wgz)

Since for any u € R", the definitions of the cone volume measure and
the surface area measure yield that

W) [ o (s ) Vi) = [ o (s ) bt anio)
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we deduce from (7) and (14) the following formula, which is Lemma 3.1
in [34]. We note that Lemma 3.1 in [34] assumes that =, g is thin, but
only uses this property to ensure that the corresponding integral over
Hy K 18 zero.

Lemma 9 (Lutwak, Yang, Zhang). Using the notation as above, if
H(Zv,x) =0 and (y,t) € R", then

(y7 t) " w _
w0 [ o () vt =

Lo (02 wess [ o (F007 ) weas

We continue to use the notation of Lemma 9 and the condition
H(Zpk) = 0. If (y,1),(y,—s) € OIILK for t > —s, then it follows
from (11) that

% </51 v <(z;2w;u> dVi (w) +/Sn1 @ (%) dVK(w)> =1.

Therefore (6) and Lemma 9 yield that for (y,1(t + s)) € IS, ITL K, we

have
(y,3(t+s) - w
1‘/Sn1 ( L )dvsv (w )]

(15) nV(K)

s (e ) e
2l () e
16) /mf(%% ”f (ggz)yvf )<<f>2(2)+<g>2(2)> 0
(a7) /m“"< ik Zyvf(j>2(zyv§()>((f>2(z)+<9>2(z)>dz
AL o

e ()

Ifoel, aB>0,and a,b € R, then the convexity of ¢ yields that

(18) ap(2)+ 8o (5) = (a+ B (£5).
If in addition a - b < 0, then we deduce from ¢(0) = 0 and (1) that

(19) ap (&) + By (%) > (a4 Py (ECI%)-
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Applying (18) in (16) and (17) shows that
Loy .
(20) / <,0<(y’2( ) w) AV, x(w) < 1
Sn—1

hs,k(w)

in (15). We conclude (y, 3(t + s)) € 17,8, K from (11), and in turn
Lemma 8 in the case when H(Z, k) = 0.

So far we have just copied the argument of E. Lutwak, D. Yang, and
G. Zhang [34]. We take a different route only for analyzing the equality
case in Lemma 10, using (19) instead of (18) at an appropriate place.

For a convex body K in R™ and u € R™\o, let E:’K and =, be
the set of x € K where all exterior unit normals have positive and
negative, respectively, scalar product with u. In particular, if =, i is
thin, then

(21) any x € =, i lies in the closures of both E:’K and = ;.

Lemma 10. Let ¢ € C, let K € K, and let u,u € OlLK and
v € S such that w and @ are independent, both Eu,k and Zg i are
thin, v is parallel to u—a, and H(Zy k) = 0. If V(LS K) = V(IILK),

then ™2y Kk = TuZa,K -

Proof. Using the notation of (15) with v = (y,t) and a = (y,—s),
we write w(z) and w(z) to denote an exterior unit normal vector to
0K at (z, f(2)) and (z,g(z)), respectively, for any z € m,(intK). Since
we have equality in (20), it follows from (14), (15), and (19) that (u -
w(z)) - (- w(z)) > 0 and (u-w(z)) - (@-w(z)) > 0 for H-almost all
z € my(intK). We conclude by continuity that if both (z, f(z)) and
(z,—g(z)) are smooth points of K for a z € m,(intK), then

(22) (u-w(z)) (@-w(z)) >0and (u-w(2))-(a-w(z))>0.

If (z,f(2)) and (z,—g(z)) are both smooth points of K for a z €
7y (int K), then we say that they are the double smooth twins of each
other. In particular, H-almost all points of K have a double smooth
twin by H(Z, k) = 0.

It follows from (21) and H(Z; k) = O that, for any z € =, g, we
may choose sequences {z,} C E: x and {yn} C E ; tending to x such
that m,xy,, Tyyn € T4 Kk, and x,, and y, have double smooth twins z,,
and ¢,, respectively. Thus the sequences {Z,} and {g,} tend to the
same y € 0K, which readily satisfies m,y = m,z. We have {Z,} C Eg K
and {g,} C ik by (22), my@y = Ty € TyZa K, and Tyl = TyYn &
myZqa, k- Therefore y € 25 . We deduce 7,2, k C myZq i, and in turn
TeZa, Kk C Ty2y Kk Dy an analogous argument. Q.E.D.

In our argument, we reduce the problem to convex bodies with axial
rotational symmetry. Concerning their boundary structure, we use the
following simple observation.
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Lemma 11. If K is a convex body in R™ such that the line | is an
axis of rotational symmetry, and the line ly intersects 0K in a segment,
then either ly is parallel to [, or ly intersects I.

Proof. For any x € K, we write o(z) to denote the radius of the
section of K by the hyperplane passing through z and orthogonal to [,
where p(z) = 0 if the section is just the point z.

Let [y intersect OK in the segment [p, ¢|, and let m be the midpoint of
[p,q]. We write p’, ¢',m’ to denote the orthogonal projections of p,q, m
respectively, onto [. It follows that

o(m) > 5(e(p) +e(a)) = 5(lp = ' + lla = ¢'l}
> Nz —1) + 50— )l = lm—n'l.
Since m € 0K, we have g(m) = |m — m/||, and hence the equality

case of the triangle inequality yields that p — p’ and ¢ — ¢’ are parallel.
Therefore [ and [y are contained in a two-dimensional affine subspace.

Q.E.D.

Proof of Theorem 3: It is equivalent to show that we have strict in-
equality in the Orlicz-Petty projection inequality if K is not an ellipsoid.
Let us assume this, and that K is in isotropic position. It is sufficient
to prove that there exist a unit vector v, and a convex body M with
V(M) =1 such that

V(ITLK) < V(IT,M) < VIS, M),

The idea is to reduce the problem to bodies with axial rotational sym-
metry because in this way we will have two shadow boundaries that are
contained in some hyperplanes.

Since K is not a ball of center o, hx is not constant; thus we may
assume that for some p € S"~!, we have

hi(p)?Lpn # Ly = / (p-z)?dz.
K
It follows from (ii) in Section 1 that we may assume that the supporting
hyperplanes with exterior normals p and —p intersect K in one point.
Let K; be the Schwarz rounding of K with respect to Rp. In par-
ticular, V(K;) = V(K) = 1, hk,(p) = hx(p), and Fubini’s theorem
yields

/ (p,:v)2 dx = / (p'a:)2 dx # hKl(p)2LBn.
K1 K

Therefore K7 is not an ellipsoid according to (10), and the supporting
hyperplanes with exterior normals p and —p intersect K in one point.
In particular, if ¢ € S"' Npt, then Z, g, = ¢- N IK; is thin. We fix
aqe S"INnpt. Since K; is not an ellipsoid, Zg¢,K, is not the relative
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boundary of some (n — 1)-ellipsoid.

Case 1 5, g, is thin
In this case, Z, g, is the relative boundary of some (n — 1)-ball. Choose
t1,81 > 0 such that w1 = t1p € JIIK; and @, = s1q € OlIKy, and
let v1 = (u; — @y). It follows from Lemma 11 that Z,, g, contains at
most two segments parallel to v;, and hence its H-measure is zero. We
have already seen that Zg, x, = Z¢ k, is thin; therefore we may apply
Lemma 10 to w1, @, v1. Since m,, =y, k; is the relative boundary of
some (n — 1)-ellipsoid, and m,, 24, k, is not, we deduce from Lemma 10
that
VIT'K) < V(IT*'K;) < V(ITI*S,, K1).

Case 2 I, g, is not thin
For some p,a > 0, there exists a segment of length « parallel to p
such that Z, i, is the Minkowski sum of the segment and the relative
boundary of the (n — 1)-ball of radius g centered at o in p. Let K be
the Schwarz rounding of K; with respect to Rq, and hence 5, x, and
Zg,K- are both thin.

For t € R, let

H(q,t) = q" +tq.
If 7 € (0, 0), then

H(H(q,0—7) N Ka) = H(H (g, 0 — 7) N K1) > 0y/Bkin_2 -T2 .

If K5 were an ellipsoid, then there would exist a v > 0 depending on Ko
such that H(H(q,0—7) N K3) < - 7% for € (0, 0); therefore Ky is
not an ellipsoid. Now we choose to, so > 0 such that us = t9q € OIIK>
and gy = sop € OIKo, and let vy = (ug — 42)/||ug — Uz||. An argument
as above using Lemma 10 yields

V(II'K) < V(I Ky) < V(I Ky) < VTS, Ka). g g,

3. Proof of Theorem 4

The proof is a delicate analysis of the argument of Theorem 3. For
example, we need a stability version of (19).

Lemma 12. If p € C, a,B,w > 0, and a,b € R such that a-b < 0,
and 12 V> then
o ! ﬁ — )
(23)
a a min{|al,|b
ap (2) + 8 () — (a+ Bp (&) > mnllllh . (p(—w) + p(w)),

Proof. We write Q to denote the left-hand side of (23). If 4 > 1 and
t € R, then the convexity of ¢ and ¢(0) = 0 yield

(24) p(pt) > p-p(t).
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a+b
a+

We may assume that a > —b > 0. In particular, 0 <
deduce from (24) the estimate

a+b ala+0b) a
< . — .
w(a—l—B)_a(a—l—ﬁ) w(a)
It follows from this inequality and (24) that
a b a(a+b) a
e (3)

= By <%> + a(;b) P <g) > %90(—00) + Lﬂ@(w)- QED.

a
< 4, and we

Q

Y

We also need the stability version of Lemma 13 of (11). Let ¢, >
0 be defined by max{yp(—c,),¢(c,)} = 1 for ¢ € C. According to
Lemma 2.2 by E. Lutwak, D. Yang, and G. Zhang [34] stated for the
Orlicz projection body, if rB" C K C RB" for K € K] and r, R > 0,
then
cporB™ CIILK C 2c, RB™.

Lemma 13. There exist v € (0,1] depending on n and ¢ € C such
that if n € [0,1), € R™ and K is an o-symmetric convex body, then

T --w
v <1-—n yiel 1— 1) K.
/SMw(hK(w)) dVi(w) <1—mn yields z € (1—~o-n) I

Proof. Tt follows from the linear covariance (4) of the polar Orlicz
projection body and from John’s theorem (see F. John [25]) that we
may assume

B" C K C \/nB".
Thus the form of Lemma 2.2 in [34] above yields II}, K' C 2c,\/n B".

According to (11), there exist y € OIILK and € € (0,1) such that
z = (1 — &)y, and hence if w € S"~!, then

|y - w]
<2 .
hc(w) = 260V
Setting v1 = max{¢'(2c,v/n), —¢'(—2c,/n)}, we deduce from the con-
vexity of ¢ and (1) that if ¢ € [—2c¢,/n, 2¢,y/n], then
p((1—e)t) > o(t) —me - [t] > p(t) — 2c,v/n - mie.
For 72 = 2c,4/n - 71, it follows from (11) that

foro (™) o0z [ 2 (i)

— YoedVi (w) =1 — ye.

Therefore we may choose 79 = min{1,1/v2}. Q.E.D.
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An essential tool to prove Theorem 3 was the reduction to convex
bodies with axial rotational symmetry such that the shadow boundaries
in the directions parallel and orthogonal to the axis are thin. The core
of the argument for Theorem 4 is a stability version of this reduction,
Theorem 14. To state Theorem 14, we use the following terminology.
We say that a convex body K in R™ spins around a v € S"71, if K is
o-symmetric, u € K, the axis of rotation of K is Ru, and K Nut =
B"Nut.

Theorem 14. Let K be a convex body in R™, n > 3, such that
dMm(K, B™) > § € (0,00), where 6o > 0 depends on n. Then there exist
e € (6%4,8] and a convex body K' spinning around a u € S, such
that K' is obtained from K by a combination of Steiner symmetrizations,
linear transformations, and taking limits, and satisfies dpym(K', B") < ¢,
and

(i) for any o-symmetric ellipsoid E with axial rotational symmetry
around Ru, one finds a ball x+* B C int(EAK') where |z-u| <
1—¢%

(i) (1 -e?)u+edv g K’ forve S" 1 nut;

(iii) Su+ (1 —e"v g K' forve S nut.

The proof of Theorem 14, being rather technical, is deferred to Sec-
tion 5.

As épm(K, B™) < Inn, Theorem 4 follows from the following state-
ment. For ¢ € C, if K € K with gy (K, B") > § € (0,0), then
V(IILK) V(IL,B")

V(K) V(B")
where d,,7 > 0 depend on n and . In the following, the implied
constants in O(-) depend on n and ¢.

We always assume that d, in (25), and hence § and e, as well, are
small enough to make the argument work. In particular, d, < dy where
dg > 0 is the constant depending on n and ¢ of Theorem 14. It follows
from the continuity of the polar Orlicz projection body that we may

also assume the following. If M is a convex body spinning around a
u € 8", and épy (M, B") < 4y, then

(26) 0.9B" C M C11B" and 0.9II7,B" C I, M C 1.11I;, B".

Let u, and 4. be orthogonal unit vectors in R", and let K € K with
dpMm(K,B™) > 6 € (0,04). According to Theorem 14, there exist € €
(62*,4] and a convex body K’ spinning around u, with dpym(K', B") < ¢
and obtained from K by a combination of Steiner symmetrizations,
linear transformations, and taking limits such that

(25) < (17872 g(6%))

(i) for any o-symmetric ellipsoid E with axial rotational symmetry
around Ru,, one finds a ball z+¢2 B" C int(EAK') where |z-u,| <
1—¢e?%
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Figure 1

(ii) (1 e32)uy + 3, ¢ K';
(iii) e3uy + (1 — ey € K.
It follows from (4) and}emma 8 that V(I K')/V(K') > V(IT,K) /V (K).
We deduce that if K is a smooth and strictly convex body spinning
around u, sufficiently close to K’, then
(a) for any o-symmetric ellipsoid E with axial rotzitional symmetry
around R, one finds a ball z+¢? B" C int(EAK ) where |x-u,| <
1— g2
(b) (1 - 632)u + 3, ¢ K;
(c) & u* (1—5 Viix & K;
() Ty = (1= () - iy
)

(e 6BM(K B" ) < Ox.
We define v € S~ by

Aev = 0y () -t — oy, ()

for some A, > 0. It follows from (e) and (26) that

(27) 1o 09 M V3
2 V0924112 T VJ09rr11z 0 2

We plan to apply Steiner symmetrization to K with respect to v,

and show that the volume of the polar Orlicz projection body increases
substantially. We consider v as R, and set

vt N B"=B" L.

For X C v', the interior of X with respect to the subspace topology of
1 is denoted by relint X.
Let ¢ be the unit vector in the line lin{u,, ﬂ*}ﬂfuL satisfying q-u, < 0

(see Figure 1). We observe that £ 7 = urNOB™ and O i NOK,
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moreover,

E, = m,(uf nB"),

K, = m(ifnK)
are o-symmetric, and have Rq as their axis of rotation inside vt We
define § > 0 by g € OK,, and the linear transform ® : v+ — vt
by ®(8q) = q, jmd O(y) =y for y € vL~ﬂ ur. Thus 0 € (%,@) by
(27). Since ®K, is congruent to @y N K, (a) yields an (n — 1)-ball
2 + 2B C relint ®(E,)AP(K,) where 0 < 2/ -q < 1 —e2. We define
2, = @712/, and hence

(28) Zs + % B" ! ¢ relint E,AK,.
Since v+ N ui NE, =vtnN u*l N IN(*, we also deduce that
(29) e2/2 < 2, q< 0 —(£2)2).

We write w, to denote the exterior unit normal at an =z € 0K , and
define

Kt = {2€dK:v-w,>0and q-z>0};
K~ = {2€dK:v-w,<0and q-z >0}
It follows from (29) that
(30) z+5 B Cm, KT
If z=myx = m,@ € 24+ % B"! for suitable x € K+ and 7 € IN(_, then

z+ % B"! ¢ 1,K* by (30). We deduce from K C 1.1B" (compare
(26)) that w, - v, |wz - v| > €2 /8, and hence (14) and (26) yield

(31) 0.9 < (f)(2),(9)(2) <972 for z € z, + & B™ L.

Lemma 15. If myx = m,@ € 24 + %B"‘l forz e KT andi € K-,
then

[y - Wy, |Gy - wz| > 32/2 and (uy - wy) - (G - wz) < 0.

Proof. Since K is a smooth and strictly convex body, and has Ru, as
its axis of rotation, we have

=+ _ . . .
ik = {x € 0K : x-u, >0}
E:{~ = {x € 0K : z u, >0}
It follows from z € K+ and ELR= ut N S"~! that

(32) - wy > 0 if and only if 7,z € relint 7, (u N B™) = relint F,
and from Z € K~ that
(33) iy - wsz > 0 if and only if m,@ € relint 7, (4 N K) = relint K,.
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We deduce from (28), (32), and (33) that
(34) (Us - wy) - (T - wz) < 0.

To have a lower estimate on |u, - u;|, we observe that combining (28)
with £2/4 > 2¢% and the fact that 7, does not increase distance yields

z & (ur NOK) +2e3B".

| < 1—¢". It follows that

(T ) + % B"™ C K, and hence w, is an exterior normal also to the
convex hull at z of this ball and z. As |u, - | < 1, we deduce that

Thus, we conclude from (c) that ||m,,

(35) s - wy| > €7 /2.
Finally, we consider | - wz|. Using (28) again, we have
(36) i ¢ (it NoK)+2B"

In particular, ||# — u.| > 2¢% and [|Z — (—u.)|| > 2, and hence (b)
implies that |Z - us| < 1 —&%2. As K spins around u., we deduce from

(36) that (mg,2) + % B™ C K. Thus w; is an exterior normal also to
the convex hull at Z of this ball and Z, and hence |, - | < 1 yields that

(37) |t - wz| > €3%/2.
Therefore Lemma 15 is a consequence of (34), (35), and (37). Q.E.D.

We continue with the proof of Theorem 4. We use the notation of
Lemma 9. In particular, we write (z,t) to denote z +tv for z € R~} =
vt andt € R, and f and g to denote the concave functions on 7, K such
that for z € relintm, K, we have f(z) > —g(z), and (2, f(2)), (z, —g(2)) €
IK.

We write 71,72, ... to denote positive constants depending on n and
p, and we define

Ys = —Ty (QH;]?(U*) : U*) = Ty <QH;I?(71*) : a*) )
U = {a €Sl a-v>0 and 7, (stn*f((oz) . a> € Ys + 633B"_1} .
As 0.9, B™ C S,IILK C 1.1II5B™ by (e) and (26), we have
(38) H(W) > 330D,

Let

Y Eys + €3an_1,
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and let (y,t),(y,—s) € OHZ‘DIN( where —s < ¢, and hence (y,“’Ts) €
OSUH:;IN( . We define

S 7))

.01

- W=

=]

" - (y, %)
= way <Y

It follows from 0.9 B" C II; K C 1.1IT5 B™ that

lu = well, 1@ — @] < 2e™

Choose 8, small enough that y2e33 < £32 /4. We deduce from Lemma 15
that if

2= Tyx = Tk € 2 + (£2/4) B"!
for x € KT and # € K, then
lu - we|, |- wz| >e¥/4 and (u-w,) - (@-w;z) < 0.

Using now 0.91I3, B™ C HS*DI? C 1.1, B™ and (14), we deduce
(39)
t=y-Vf(2)], |s=y-Vg(2)] > 3™ and (t—y-Vf(2))(s—y-Vg()) < 0.

It follows from (31) and (39) that we may apply Lemma 12 with
a=t—y-Vf(z),b=s—y-Vg(z), a = (f)(2) and § = (g)(2).

By (31), (39), and since v3e3*/9 > 3 we may choose w = &% in
Lemma 12, and hence (39) yields that

2 Ler (Sl ) v
T e

s -Vf(z Vg(z
- g5 O - IHEN (NG L 9E)Y
i NE | WE) 5 5

2 2

> e 3p(e

Therefore (15), (18), and (26) lead to

(y, 2t +3s)) w Yae3@(e*)
(40) /59”< he. () )dv&f((w)él_m‘
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We conclude, first applying Lemma 13, then the consequence 0.91I7, B" C
S,IIEK C 11T B™ of (26), that if w € W, then

QSUH?;I?(U))” < (1 — 5 5_395(535))” ' QH;SUR'(M)”

< oy )" — 26 5BE).
18:20585)3350?;;)legagé_[%svf((w) for any w € S"~! by Lemma 8, combin-
VLK) = V(IS,K) < V(IILS,K) — 7?0735
< (L= 05(E)) VIS, K).
We conclude from (d) and Theorem 2 that

V(HZ;K) 33n =/ .35 1 33n—36 ~ /.35 V(H* K)
— = < (1-¢e""¢(e Tl =g € — 7
P S (- sy ST
V(II%.B™)
< o 33n,x 35y WD)
< (1 =79e™"3(e™))) VB
which, in turn, yields (25) by € > §24. QE.D.

4. Proof of Theorem 6
Naturally, we again need a suitable stability version of (18).

Lemma 16. Let ¢ € C be even, such that ©"(t) is continuous and
positive fort > 0. If a,b,a, B,w > 0 satisfy w < g,% < w™l, then

ap (&) + By (%) — (a4 B)p <§f’5)
- min{¢”(t) : t € (w,w™1)} - min{a?, 8%} ‘ <a b>2
- 2(a+p) B)

(07

a+b

Proof. The Taylor formula around £ 5 yields the estimate. Q.E.D.

Given Theorem 4, what we need to consider are translates of a convex
body that are close to the unit ball.

Lemma 17. Let ¢ € C be even, such that ©"(t) is continuous and
positive fort > 0. There exist €9,y > 0 depending on n and ¢ such that
if |0]| > €¥/? and B C K —0 C (1+¢)B™ for K € K, € € (0,20), and
0 € R", then

V(IIZK) < —’YE%) V(I B™)
V(K) V(B")
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Proof. We write o to denote the reflection through . Possibly af-
ter applying Schwarz rounding with respect to v = 6/]|0|| (compare
Lemma 8), we may assume that Rv is the axis of rotation of K. It
follows that II7, K also has Rv as its axis of rotation. Since ¢ is even,
we deduce that II7, K is o-symmetric; therefore II7, K is symmetric with
respect to 0. We may also assume that K is smooth, and we write w,
to denote the unique exterior unit normal at z € 0K.

We write 71,72, ... to denote positive constants depending on n and
¢. In addition the implied constant in O(-) depends also only on n and
. As K C 3B™, Lemma 2.2 by E. Lutwak, D. Yang, and G. Zhang [34]
yields

(41) I, K C 7 B"

Since II7 K is o-symmetric and IIZ K C 7 B", there exists 72 > 0 de-
pending on n and ¢, such that if hH;K(u) < v, for some v € S*!, then
VLK) < %V(H;B“). In particular, Lemma 17 readily holds in this
case. Therefore we may assume that

(42) 2 B" C IILK.

We set R*! = v and B"~! = v+ N B”, and write the point y + tv
of R® with y € R"! and ¢ € R in the form (y,t). In addition, let f,g
be the concave functions on m, K satisfying

K={(yt):yemnkKand —g(y) <t < f(y)}.
We consider
E=2pr\;B"!
U= {(y.t)/I(y,t)| € 5" : ye 22 B! t>0and (y,t) € LK},
It follows that
(43) H(V) > vs.

For y € 3%3"_1 and z € Z, let t > 0 such that (y,t) € IlLK,
and hence (y,—t) € OI[}K since o(II;,K) = II; K. We plan to apply
Lemma 16 with

(44) a=t—y-Vf(z),b=t-y-Vg(z), a = (f)(z) and § = (g)(2).
Let z,& € 0K, and let 2/, &’ € (6 + B™) be defined in a way such that

T = M@ = ' =8 =2z, (x —%)-v>0and (¢' —7')-v > 0. We

observe that (%' — ) = 2/ — 6. The condition z € Z yields that

V3
2

(45) %Sv-(w'—@):—v-(f—e)g < 0.9.
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Since the angles between v and both (y,t) and 2’ — 6 are at most 4 =

arcsin 2, and cos2y4 = o=, we deduce from (41) and (42) that

5
W) L0 @ -0)=(-0 @ -0 <

To compare 2’ — 6 and w,, we observe that the tangent planes to 6 + B"
at both 2’ and 6 + w, separate x and 6 + B™. Since ||z — 0| < 1+e¢,
such points on # 4+ S™~! are contained in a cap cut off by a hyperplane
of distance at least (1 +¢)~! from 6, and the diameter of the cap is at

most 2¢/1 — (14+¢)72 < 4e3. Therefore

(47)  fwp— (@ = 0)] < 4% and [uwz — (& - 0)]| < 4e2.
From (14), (44), (46), and (47), we deduce that

(48) g - (1 +o(g%)> . %ﬁ;)—@

(49) % = (1 +O(5%)> . %

We have 0 - w + 1 < hg(w) < 0-w+1+e for any w € S*7!, and
0] < 1+¢€ by o € int K. Therefore (45), (47), and the condition
6] > &/? yield
(50) 1+ 23 < hp(wy) <1.9 and 0.1 < hg(wz) <1— 33
provided that g9 > 0 is suitably small. We deduce from (46), (48), (49),
and (50) that there exist w,75 > 0 depending on n and ¢ such that

b a

(51) S - = > el
8«
a b
2 — —<wh
(52) w<— < 5 <w
In addition, (14), (45), (47), and (50) yield that
(53) Y6 < a, B < 1.

We conclude from Lemma 16 the estimate

%/MKCP (W) (f)(2) dz + % /ﬂchp (W) (9)(2) dz
(54)

t— eV B _vIEN yr)  Vg(z) 2
_/7r ,ﬂ( VIG) . V4G < > T2 > dz > 78es.
v 2 2

Since (54) holds for any 2 € E, and S,ILK = IIZ K, we deduce from
(15) and (18) that

(55) /Sn1 @ <M> dVs,k(w) < 1 —~ges.

hs, Kk (w)
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Now we have (55) for all y € 3% B"1 and hence

2
oy k (u) < (1 —71083) o1y 5, 5 (1)
for u € ¥ C S"! according to Lemma 13, where H(¥) > 3 by (43).
Therefore combining Lemma 8, (8), (41), and (42) yields Lemma 17.
Q.ED.

Theorem 6 follows from the following statement. For ¢ € C, there
exist 79,y > 0 depending only on n and ¢ such that if K € KZ, n €
(07 770)7 a‘nd

(56) K ¢ (1+n)E for any o-symmetric ellipsoid F C K,

then
V(H:;K) V(HZ;B")
V(K) V(B")
If 6par (K, B™) > 13/108, then Theorem 4 yields (57). Therefore we

assume that épps (K, B™) < n3/108. In particular, we may assume that
0+ B" C K for some 6 € R”, and K is contained in a ball of radius

14+ g—z. It follows that

(57) < (1 — - 77237671 . 90(772520)) X

0+B"CKco+(1+%) B

3

n°
We deduce from (56) that % > 1+ n, and hence ||0| > n/3.
Therefore we may apply Lemma 17 with € = 727—:;, which, in turn, com-
pletes the proof of (57). Q.E.D.

5. Class reduction based on Steiner symmetrization
In this section, we prove Theorem 14. Let
uwe St and wve ST Inut.

Recall that a convex body K in R” spins around wu, if K is o-symmetric,
u € 0K, the axis of rotation of K is Ru, and K Nu™ = B"Nu"’. In this
case, we call +u the poles of K, and 0K Nu™ C S* ! the equator of K.
We show that to have a stability version of the Orlicz-Petty projection
inequality, we may assume that K is an o-symmetric convex body with
axial rotational symmetry such that the boundary sufficiently bends
near the equator and the poles.

We prepare the proof of Theorem 14 by a series of lemmas. First of
all, one may assume that K is an o-symmetric convex body with axial
rotational symmetry because of the following.
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Lemma 18. For any n > 2 there exists v > 0 depending only on n,
such that if K is a convex body in R™ such that dpm (K, B™) > € € (0,1),
then one can find an o-symmetric convex body C with azxial rotational
symmetry and 6y (C, B™) = &2 that is obtained from K using Steiner
symmetrizations, linear transformations, and taking limits.

Remark: If K is o-symmetric, then gy (C, B™) = 7e is possible.

Proof. According to Theorem 1.4 in [6], there is an o-symmetric con-
vex body C with axial rotational symmetry that is obtained from K
using Steiner symmetrizations, linear transformations, and taking lim-
its, and that satisfies dgn(Co, B™) > ve2. We note that in Theorem 1.4,
it is stated that affine transformations are needed. But translations are
only used to translate K at the beginning by —ox where ox is the
centroid of K. If we perform all Steiner symmetrizations in the proof of
Theorem 1.4 in [6] through the same hyperplanes containing the origin,
then even without the translation at the beginning, the convex body Cy
will still be o-symmetric.

We may assume that &gy (Co, B®) > ve2; otherwise we are done.
Since some sequence of Steiner symmetrizations subsequently applied to
Cy converges to a Euclidean ball By of volume V' (Cy), there is a sequence
{Ch}, m=0,1,2,... of o-symmetric convex bodies tending to By such
that C,,, m > 0, is a Schwarz rounding of C,,_1 with respect to some
Wy, € S"~ L. In particular, there is m > 0 such that dgy(Cy, B) > &2
and 0y (Cra1, BY) < ye2.

For w € S™71, let M, be the Schwarz rounding of C,, with respect
to Rw. Then dpn (M, B™) is a continuous function of w. Since C), =
My, and Ci41 = M, there is a w € S"~! with épym (M, B") =

'LU77L+1 9y
el
If K is o-symmetric, then Theorem 1.4 in [6] states that dgy (Co, B™) >
~e, and hence the argument above gives dpn (C, B™) = ~e. QE.D.

In order to obtain a stability version of the Orlicz-Petty projection
inequality for an o-symmetric convex body K with axial rotational sym-
metry, it is hard to deal with K if it is close to being flat at the poles, or
close to being ruled near the equator. In these cases, we apply an extra
Schwarz rounding. The precise statements are the subjects of Lemma 19
and Proposition 23. For w € S"~! and t € R, we recall that

H(w,t) = w + tw.

The next observation considers the shape of a convex body with axial
rotational symmetry near the equator.

Lemma 19. There exist 11,72 > 0 depending on n with the following
properties. If t € (0, %), the convex body K in R™ spins around u, and

mvtu+ (1 —twe K,
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then dpm(K', B™) > 7ot for the Schwarz rounding K' of K around Ruo.

Proof. Let Ey be the o-symmetric ellipsoid with axial rotational sym-
metry around Rv such that v € dFy, and H (Eo N ’UJ‘) = 2Kk,_1. For

any s € (0, %), we have

(58) Nvsu+ (1= s & (1+7s)E

for suitable ;3 > 0 and 7 € (0,1) depending only on n. We define 7
by the equation

1
(T1hn—2/Kn—1)"1 = 71V2.
Let E C K’ be an o-symmetric ellipsoid with axial rotational symme-

try around Rov such that K’ C AE, where In A = dppm(K', B"). It follows
from the normalization of K that H (K N UJ‘) < 2Kp,_1; thus E C Ej.

IfrvVtu+(1—t)v € K for t € (0, 3), then 7Vt u+(1—t)(ut NB") C
K and \/t(2 — 3t) > +/t yield that
nvitu+ (1 —2t)v+Vi(ut nvtNB") C K.

Since H(v,1 — 2t) N K contains an (n — 1)-dimensional cylinder whose
height is 71v/%, and whose base has radius v/t, we have

" (H(U’ 1-2t)n K/) =H(Hw,1-2t)NK) > Tlﬁn—zt%.
In particular,

V2t + (1 = 2t)w = (7'1,%”_2//4”_1)ﬁ tu+ (1 —2t)w e K'.
We conclude from (58) that A > 1+ 792¢t, and hence dgp(K', B™) > mot.
Q.E.D.

Now we consider the shape of a convex body with axial rotational
symmetry near the poles. To test whether a convex body is “flat” near
the poles, we will use the following statement.

Lemma 20. There exist 0y, 70,7 € (0,1) depending on n with the
following property. Let § € (0,00), t € (0,790), and let a convex body
K with 6 = dpm (K, B™) spin around u. If an o-symmetric ellipsoid E
with axial rotational symmetry around Ru satisfies that EAK contains
no ball of the form x +t B"™ with |z -u| <1—t, then

: (1) KC (1+1t)E;

: (ii) assuming |x -u| < 1—4t, x € OF implies (x + 3tB™) N K # (),

and x € OK implies (x + 3tB™) N E # (;

2 (i1i) 0t € OF where 1 + 36 <0 <1+ 74.

Proof. We write 7y1,72,... to denote positive constants depending
only on n.

For an x € R" with |z -u| < 1—4¢, we may assume that z-u > 0. Let
v € ut such that z-v > 0 and = € lin{u,v}. Since z + 3tB™ contains
x —tu — tv + tB"™, we deduce (ii) from the assumptions on F and K.



THE ORLICZ-PETTY PROJECTION INEQUALITY 239

As K spins around u, and oy (K, B") = 0, we have
(1/2)B™ C (1 —=710)B™ C K C (1 +720)B".
This combined with (ii) implies (i). In addition, we deduce from (ii)
that
I—yt)K C{ze€E: |z -u<1-T7t} C (1+mut)K,
which in turn yields that if 8t € OF for 6 > 0, then
6 = opm(K,B™) <In[(1—~3t)™" - 0(1 = 7t) " (1 4+ vat)] <Inf + st

Therefore, assuming t < (275) 16, we have § > 1 + %. Q.E.D.

Corollary 21. There exist 69,79 € (0,1) depending on n with the
following property. Let § € (0,0¢), t € (0,790), and let a convex body
K with 6 = dpm (K, B™) spin around u. If an o-symmetric ellipsoid E
with axial rotational symmetry around Ru satisfies that EAK contains
no ball of the form x +t B™ with |z -u| <1 —t, then

(1 —Tt)u+ (Vo/4)v € K.
Proof. By Lemma 20 (iii), we have fu € OE where > 1+ 14. It

follows that
[ (-4 ] 1
1 1T > V6é/2,

w = (1—4t)u+ (V35/2)v € E.
Thus, we obtain Corollary 21 from Lemma 20 (ii). Q.E.D.

and hence

If a convex body with axial rotational symmetry is “too flat” around
the poles then we modify it in the following way.

Lemma 22. If e € (0,e9) for eg € (0,1) depending on n, and K
is a convex body with oy (K, B™) = e spinning around u, then there
exists a convexr body K' that spins around u, and is obtained from K
by combining linear transformations and one Schwarz rounding, such
that for any o-symmetric ellipsoid E with axial rotational symmetry
around Ru, one finds a ball of the form x + 4¢% B™ in EAK', where
|z - u| <1 —4e2.

Proof. In the following the implied constants in O(-) depend only on
n, and we write 1,72, ... to denote positive constants depending only
on n. We assume that €9 depends only on n and is small enough to
make the argument below work.

If for any o-symmetric ellipsoid £ with axial rotational symmetry
around Ru, one finds a ball of the form = + ¢%2 B" in EAK where
|(z-u)| <1—¢e32, then we are done. Therefore let us assume that this
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is not the case, and hence there exists an o-symmetric ellipsoid Ey with
axial rotational symmetry around Ru satisfying that EgAK contains no
ball of the form z + £%/2 B" with |z - u| < 1 — £%2. Let u be part of an
orthonormal basis for R™, let ® be the diagonal matrix that maps Ejy
into B", and let Ky = ®K.

By Lemma 20 (iii) applied to K and Ej, we have fu € 0E, where
1—|—%5<9< 1+ 71 €, and hence

(1—s)u € 0Ky, where e <s<pe.
In addition, Lemma 20 (i) and (ii) yield
K C (1 n 7353/2> Eo,
(x + 3{5%3”) NK # ( forall z € dFy with |z -u| <1 — 4¢3/2.
Thus, we deduce that
(59)
Ky C (1 +fyga%> B,

(60)
(m+4E%B")ﬂK7é® for all z € S"~! with |z - u| < 1—5—des.

Since %E < s < 7y € implies

\/(1 —|-"}/3€%)2 — (1 -5 — 8&7%)2 >V2s — Y5€,
we deduce from (60) that
(61) (1-s—8et)ut (V25— 5e) v € Ko,

We plan to apply Schwarz rounding of Ky with respect to Ru/, where
w =v1—-su++/sv.
It follows from v/I—s =1 — 15+ O(s%), (59), and (61) that
(62) 1-— <% - \/5) s — 765% < hg,(u) <1+ 73»3%.

Next let
3 3
£2/2 <p< 22,
let w be of the form w = (1 — s)u +tv with w - v’ = hg,(v') — p, and
let z = (hg,(v') — p)u’. In addition, let ¢ be the radius of

G = H(u', hig, (u') — p) N (1 + 732 ) B,
As H(u', hg,(u') —p) cuts of a cap of depth at most (3 —v/2+ O(E%)) -8
from (1 +73€%)B” by (62), and 3 — V2 = (V2 — 1)?, we have

0< ((V2-1)+0(h)) V5.
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In addition, for y = /1 — s’ (collinear with w and (1 — s)u), we have
ly =21 = (V2=1-0()) s,

and therefore

“bg—s v 2= (VE-1-0h) v

Now H(u,1 — s) cuts of a cap of depth

0= |lw 2 < O(2)v5 =0)
from G, and this cap contains H (v, hi,(u') — p) N K. We deduce that

lw = 2] =

nez 1, 8(n=1)
H(HW hg,(u') —p) NKo) <O(e)(ep) = <O(er)e 1
Let K7 be the Schwarz rounding of Ky around Ru’, and let K’ be the
convex body spinning around w that is the image of K7 by a linear
transformation that maps hg, (u')u’ into u, and K; N/ into B® Nu*.
Thus K’ satisfies
3(n—-1)

H (H(u, 1-e3)n K’) < O(et)e ™

We conclude that dgp (K, B™) > 76€% on the one hand, and

(63) (1- E%)u + 7764“3*1) ey ¢ K’

on the other hand.

Next we suppose that there exists some o-symmetric ellipsoid E with
axial rotational symmetry around Ru, such that no ball of the form
x + 4¢? B" with |z - u| < 1 — 4¢? is contained in FAK’. By Lemma 21
and opm(K', B™) > 76&?%, we have

(64) (1—282)u +~gciv e K.
If €¢ is small enough, then (63) contradicts (64), completing the proof
of Lemma 22. Q.E.D.

Next, strengthening Lemma 22, we are even more specific about the
shape of the o-symmetric convex body with axial rotational symmetry
near the poles.

Proposition 23. Ife € (0,g¢) foreg € (0,1) depending onn, and K
is a convex body spinning around u such that opn (K, B™) = €, then there
exists a convex body K' that spins around u, and is obtained from K by
combining linear transformations and two Schwarz roundings, such that

(i) for any o-symmetric ellipsoid E with axial rotational symmetry
around Ru, one finds a ball x + 22 B® C EAK' where |z - u| <
1—2¢2;

(i) 1 —e2)u+edv ¢ K'.
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Proof. In the following the implied constants in O(-) depend only on
n. We assume that g depends only on n and is small enough to make
the argument below work.

According to Lemma 22, there exists a convex body Ky that spins
around u, and is obtained from K by combining linear transformations
and a Schwarz rounding, such that for any o-symmetric ellipsoid E with
axial rotational symmetry around Ru and ENu' = B® Nu't, one finds
a ball of the form x + 2¢* B" in EAKy where |z -u| < 1 — 4%, If
(1—e3?)u+e3v € Ko, then we may take K’ = Ky. Therefore we assume
that

(65) (1 —&%)u + v € K.

To obtain K, first we apply Schwarz rounding around R/ for the unit

vector
a=\1-e2y+ey

to get a convex body K. Then we set K/ = &K where ® is a linear
transform that maps h (@)t = hg, (@)t into u, and KN+ into B"Nut.
Since dpm (Ko, B") < e, we have

(66) Ko, K C (1+0(e))B"™.
It follows from (65) and (66) that
(67) 1 < hgy(u) = hg(a) <14 0(e).

For any s € (0,1), let r(s) and 7(s) be the radii of K N H(u,s) and
K N H(a, s), respectively. We claim that
(68) 7(s) =7r(s) + O(e') if s <1 —4e2.
For a fixed s € (0,1 — 4¢?], let 51 < s3 such that
[s1, S2]u = TRy [Ko N H (1, s)] .
Since Ky C B™ 4+ Ru, it follows that
(69) s —2e1% < 51 < 59 < 54210,
Since 1 — s > 4¢? and u € Ky, we deduce that
|z — sit]| = r(s) + O(e'?) for any z € 0Ky N H(@, s),

which in turn yields (68).

Now let E be any o-symmetric ellipsoid having Ru as an axis of
rotation. For some orthogonal linear transform @, that maps « into
u, we consider the o-symmetric ellipsoid E, = ®;'® ' E having again
Ru as an axis of rotation. We know that there exists z, such that
Ty +4e2B" € KoAE, and z, -u < 1 —4¢2. Tt follows from (68) that for
T = ®,.x, and E = ®,FE,, we have F4+3e2 C KAE and 71 < 1—4¢2. We
conclude using (67) and (68) that z+2¢%2 B" ¢ EAK' and |z-u| < 1-2¢2
for x = ®Z, verifying (i).
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To prove (ii), let
¥ /4 < p < 4™,
If tu € H(u, hg, (@) —p) Nint Kg for ¢t > 0, then H(u, hx,(a) — p) cuts
of a cap of depth at most p/e'® < 4e'® from H(u,t) N Koy, and hence
H (@, hx, (@) —p) N KoM H (u,t) is an (n—2)-ball of radius at most O(e®).
As Ky C 2B™, we deduce that

H((H (i, hicy () = p) K ) = H (H (@ gy (8) = p) 1 Ko)
_ 0(68(n—2)) _ 0(64(n—1)),
and thus for o € S" ' Nat, we have
(haey (@) = p)ii + 7' & K,
where v > 0 depends on n. We conclude, again using (67) and (68),

that
(1 —q)u+2yetv ¢ K’ for any q € (£32/2,2e%?),

which in turn yields (ii). QED
Finally, we are in a position to prove Theorem 14.

Proof of Theorem 14: We assume that dy (and hence 0, as well) is
small enough to make the estimates below work. We write v1, 72, ... to
denote positive constants depending only on n.

According to Lemma 18 and Proposition 23, there exists a convex
body K; spinning around u and obtained from K by a combination of
Steiner symmetrizations, linear transformations and taking limits, such
that for some 1 € (62, 6], we have dpnm(K1, B®) <7, and

: (a) for any o-symmetric ellipsoid E with axial rotational symmetry

around Ru, one finds a ball z + 2n? B® C EAK; where |z - u| <
1 — 2%
(b)) (1 =n*)u+n’v & K.
In particular,
opm (K1, B") = mn’.
It
B+(1-6Nvd K,
then we simply take e = n and K/ = K;. If
B +(1-6Nve K,

then let K9 be the Schwarz rounding of K; around Rwv, and hence
oM (K2, B™) > 4917 by Lemma 19. For & = gy (Ko, B"), we have

6% < opm(Ky, B") = ¢ < 6.
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Since K1 C (1 4 v2¢)B™ and K; spins around u, if ¢ € (0,¢), then

H(KiNHw,1—1) < e/ <B" ANulnH,1— t))
< 7461/215”7727
H(H(v,t) N K ) < (1 — v5t*)H (H (v,0) N K1)
Using that (’; 2) > i for , we have

1
76€mt1/4u+(1—t)?} ¢ Ko,
(L—ytuttv & K.

We transform K into a convex body K’ spinning around u by a linear
map, which sends v into u, and v+ N Ky into ut N B™. We deduce that
if t € (0,¢/2), then

(70) (1—t)ut e Dty ¢ K
(71) tu+ (1—yt?)v ¢ K’
n (71), we choose ¢ such that 7 = 9t2, and hence
Su+(1-eNvg K.

1
We also deduce by substituting ¢ > 0 with €3 = ~ge2m-D¢1/4 in (70)
that
(1-Hu+edv g K.
Finally suppose that for some o-symmetric ellipsoid £ with axial rota-

tional symmetry around Ru, there is no ball of the form z + 2¢2 B™ in
EAK', where |z -u| <1 —2¢2. It follows from Corollary 21 that

(72) (1 —14e?) u+ y0e?v ¢ K'.

If &y is small enough, then substituting ¢ = 14¢? in (70) contradicts (72).

Therefore K’ satisfies all requirements of Theorem 14. Q.E.D.
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