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ON THE 3-SPHERE AND IN HYPERBOLIC 3-SPACE

DENNIS DETURCK & HERMAN GLUCK

Abstract

In the first paper of this series, “Electrodynamics and the Gauss
Linking Integral on the 3-sphere and in Hyperbolic 3-space,” we
developed a steady-state version of classical electrodynamics in
these two spaces, including explicit formulas for the vector-valued
Green’s operator, explicit formulas of Biot-Savart type for the
magnetic field, and a corresponding Ampere’s Law contained in
Maxwell’s equations, and then used these to obtain explicit inte-
gral formulas for the linking number of two disjoint closed curves.

In this second paper, we obtain integral formulas for twisting,
writhing, and helicity, and prove that LINK = TWIST + WRITHE on
the 3-sphere and in hyperbolic 3-space. We then use these results
to derive upper bounds for the helicity of vector fields and lower
bounds for the first eigenvalue of the curl operator on subdomains
of these two spaces.

An announcement of these results, and a hint of their proofs,
can be found in the Math ArXiv, math.GT/0406276, while an
expanded version of the first paper, with full proofs, can be found
at math.GT/0510388.

The flow of this paper is indicated by the following list of sections. The
first two are devoted to a summary of information from the preceding
paper.

1) Linking integrals in R3, S, and H?3.

)
)
) Proof scheme for LINK = TWIST 4+ WRITHE.
) Some geometric formulas on S3.
) Proof of LINK = TWIST + WRITHE in S°.
) Proof of LINK = TWIST + WRITHE in H?.
) Helicity of vector fields on S® and H?3.

) Upper bounds for helicity in R?, $3, and H?3.

) Hodge decomposition of vector fields.

) Spectral geometry of the curl operator in R3, S, and H?3.
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The integral formulas in this paper contain vectors lying in different
tangent spaces; in non-Euclidean settings these vectors must be moved
to a common location to be combined.

In S3, regarded as the group of unit quaternions, equivalently as
SU(2), the differential Lyy-1 of left translation by yx~! moves tangent
vectors from x to y. In either S3 or H3, parallel transport Py along the
geodesic segment from x to y also does this. As a result, we get three
versions for each of the formulas that appear in the theorems below.

1. Linking integrals in R3, S3, and H3

Let K1 = {x(s)} and K3 = {y(t)} be disjoint oriented smooth closed
curves in either Euclidean 3-space R2, the unit 3-sphere S3, or hyper-
bolic 3-space H?3, and let a(x,y) denote the distance from x to y.

Figure 1. Two linked curves.

Carl Friedrich Gauss, in a half-page paper dated January 22, 1833,
gave an integral formula for the linking number in Euclidean 3-space,

Lk (K, Ks) = /

dx " dy X—y
Kixk, s dt  Aw|x —y]?

dsdt.

It will be convenient for us to write this as

d d
Lk(Ky, Ks) = / Y Vyp(x,y)dsdt,

Kix Ko ds dt
where () = 1/(4mar), and where we use ¢(x,y) as an abbreviation for
p(a(x,y)). The subscript y in the expression Vyp(x,y) tells us that
the differentiation is with respect to the y variable.

The following theorem from our first paper gives the corresponding
linking integrals on the 3-sphere and in hyperbolic 3-space. Since the
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location of the tangent vectors is now important, we note that the vector
Vyp(x,y) is located at the point y.
Theorem 1.1. Linking integrals in S3 and H3.

(1) On S3 in left-translation format:
dx  dy

Lk(K7, Ky) = Ly,.—1—
(K2, Ka) /K1><K2 yxldsxdt

_L/ fold—x'd—dedt,
47'('2 Ki1x Ko ¥ ds dt

where p(a) = (T — a) cot a/ (47%).
(2) On S3 in parallel transport format:

-Vyo(x,y)dsdt

dx d
Lk(Kl,Kg):/ Py x Y

x— X -Vyp(x,y)dsdt,
Ki1x K> dS dt y ( )

where p(a) = (T — a) csc a/(472).
(3) On H? in parallel transport format:
dx  dy

Lk(K1, Ko) = / P,

x— -Vyp(x,y)dsdt,
Ki1x K> dS dt Y ( )

where p(a) = cscha/(4m).

Greg Kuperberg (2008K) obtained, independently and by a totally
different argument, an expression equivalent to formula (2) above.
The kernel functions used here have the following significance.
In Gauss’s linking integral, the function —p(a) = —1/(47wa), where
« is distance from a fixed point, is the fundamental solution of the
Laplacian in R3,
—Ap = 6.

Here 6 is the Dirac é-function.
In formula (1), the function —p(a) = —(7 — ) cot a/(47?) is the
fundamental solution of the Laplacian on S2,

1
—Ap=06——.
$ 272
Since the volume of S3 is 272, the right-hand side has average value
ZETOo.

In formula (2), the function —p(a) = —(7 — a)csca/(472) is the
fundamental solution of a shifted Laplacian on S2,
—(Ap—p) =0
In formula (3), the function —p(a) = — csch a/(47) is the fundamen-

tal solution of a shifted Laplacian on H3,

—(Ap+¢)=4.
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Our proof of the formula LINK = TWIST + WRITHE will depend on
the asymptotic properties of ¢ at its singularity. For example, in the
case of S3 in parallel transport format,

1 111 1,
#le) = g (T - edesele) = g ~ g T agr® T g T
where f(«) is bounded and smooth. Likewise
1 1 1 7
T AP -
#e) = dmra? + 2r 1272 + asor " @ 9(a)
and ¢"(a) = L1 + T oo T o + a®h(a)
2rad 1272 2407 12072 ’

where g and h are also bounded and smooth. Note that ¢ has no singu-
larity at a = ; in fact, ¢ is smooth and even around o = 7:

I
A= T e 144072

near 7. This implies that Vyp(a(x,y)) exists and is zero when y is the
antipodal point of x, even though Vya is not defined there. Because of
this, the functions f(«a(x,y)), g(a(x,y)), and h(a(x,y)) defined above
are defined, smooth, and bounded for all x and y such that x # y.

Because we do not need so many terms of these expansions, we will
simply write:

(@ =m)* + (=m)t -

+g(a), ¢"(a) +h(a),

plo) = 1=+ fla), ¢lla) =

= 2ra®
where these new functions f, g, and h are bounded and smooth every-
where on S3.

Similar calculations show that, for ¢(a) = cscha/(47) on H?, we

again have

dmo?

£9(0), ¢"(0) = gomg + h(a),

where these latest functions f, g, and h are bounded and smooth every-
where on H?3.

o) = — + f(@), (a) =

AT 412

2. Magnetic fields in R3, S3, and H3

In Euclidean 3-space R3, the classical convolution formula of Biot and
Savart gives the magnetic field BS(v) of a compactly supported current
flow v:

y—X
BS(v)(y) = /R3 v(x) X Tnly —xP dx.
For simplicity, we write dx to mean d voly.
The Biot-Savart formula can also be written as

BS()() = [ v x Tyl ) dx
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where ¢o(a) = —1/(4ma) is the fundamental solution of the Laplacian
in R3.

In R3, if we start with a smooth, compactly supported current flow
v, then its magnetic field BS(v) is a smooth vector field (although not
in general compactly supported) which has the following properties:

(1) It is divergence-free, V - BS(v) = 0.

(2) It satisfies Maxwell’s equation
Vy X BS(v)(y) = v(¥) + Ty | vx) - Vapalox.y) dx.

where ¢q is the fundamental solution of the Laplacian in R3.

(3) BS(v)(y) >0 asy — oo.

To see that (2) is one of Maxwell’s equations, first integrate by parts
to rewrite it as

Vy X BS()() = v(¥) = Ty [ (T V) i) dx

If we think of the vector field v(x) as a steady current, then its negative
divergence, —Vy - v(x), is the time rate of accumulation of charge at x,
and hence the integral

v, /R (Ve V() po(x, ) dx

is the time rate of increase of the electric field £ at y. Thus equation
(2) is simply Maxwell’s equation
oFE
VxB= —.
v+ ot
In R3, S3, and H?, a linear operator satisfying conditions (1), (2), and
(3) above will be referred to as a Biot-Savart operator.

Remarks.

e To see that equation (2) above is Maxwell’s equation, we integrated
by parts, in spite of the fact that the kernel function ¢g(a) has a
singularity at a = 0. We leave it to the reader to check that the
validity of this depends on the fact that the singularity of g is of
order 1/a. We will use this throughout the paper, without further
mention.

e Recall Ampere’s Law: Given a divergence-free current flow, the
circulation of the resulting magnetic field around a loop is equal
to the flux of the current through any surface bounded by that
loop. This is an immediate consequence of Maxwell’s equation (2)
above, since if the current flow v is divergence-free, this equation
says that V x BS(v) = v. Then Ampere’s Law is just the curl
theorem of vector calculus.
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In particular, if the current flows along a wire loop, the circulation
of the resulting magnetic field around a second loop disjoint from
it is equal to the flux of the current through a cross-section of
the wire loop, multiplied by the linking number of the two loops.
Thus linking numbers are built into Ampeére’s Law, and once we
have an explicit integral formula for the magnetic field due to a
given current flow, we easily get an explicit integral formula for
the linking number.

In R3, conditions (1), (2), and (3) are easily seen to character-
ize the Biot-Savart operator, as follows. Since conditions (1) and
(2) specify the divergence and the curl of BS(v), the difference
BS;(v) — BSa(v) between two candidates for the Biot-Savart op-
erator would be divergence-free and curl-free. Since R? is simply
connected, this difference would be the gradient of a harmonic
function. Hence the components of this gradient must also be har-
monic functions. Since they go to zero at infinity, they have to be
identically zero. Thus BS;(v) = BSy(v).

In S3, conditions (1) and (2) alone suffice to characterize the Biot-
Savart operator, since there are no non-zero vector fields on S3
which are simultaneously divergence-free and curl-free (i.e., there
are no non-constant harmonic functions).

In H3, it is not yet clear to us how to characterize the Biot-Savart
operator. Even strengthening (3) to require that BS(v)(y) go to
zero exponentially fast at infinity is not quite enough. And in H?,
unlike R3, the field BS(v) is not in general of class L.

The following theorem is from our first paper.

Theorem 2.1. Biot-Savart integrals in S3 and H3. Biot-Savart

operators exist in S and H?, and are given by the following formulas,
in which v is a smooth, compactly supported vector field:

(1) On S3, in left-translation format:

1
BS()Y) = [ Ly 1¥(x) % Vgl y)x = 1o [ Lyrvlo)de

229, [ Ly v Vysi(xy) i,
S3

where po(a) = —(m—a) cot o/ (472) and 1 (o) = —a(27—a)/(167%).

(2) On S in parallel transport format:

BS()(Y) = [ Pocv(x) % Vyofo.y) dx.

where po(a) = — (7 — a) csc a/(472).
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(3) On H3 in parallel transport format:

BS()(¥) = [ | Poev(x) % Vypalx.y) dx.
where po(a) = —csch o/ (4m).

In formula (1), the function ¢ (o) = —a(27 — a)/(167?) satisfies the
equation
Ap1 = @0 — [po),
where [pg] denotes the average value of ¢g over S3. The other kernel
functions already appeared in the linking integrals in Theorem 1.1.
In formula (3), the magnetic field BS(v)(y) goes to zero at infinity
like e~®, where « is the distance from y to a fixed point in H?.

3. Link, twist, and writhe in S3 and H3

In a series of three papers (1959-1961), Georges Calugareanu defined
a real-valued invariant of a smooth simple closed curve in R? by allowing
the two curves in Gauss’s linking integral to come together. In the limit,
the points x(s) and y(¢) now run along the same curve, and therefore
can coincide, making Gauss’s integral seem improper because of the
|x — y|® in the denominator. But Calugireanu noted that in this case
the numerator goes to zero even faster than the denominator, so that
the whole integrand goes to zero as x and y come together, and the
integral converges. In (1971), F. Brock Fuller called this invariant, which
measures the extent to which the curve wraps and coils around itself,
the “writhing number”:

dx dy X—y

Wr(K) = dsdt.

KxK ds N Arr|x — y|3
In those papers, Calugareanu also discovered and proved the formula
LINK = TWIST 4+ WRITHE, in which LINK is the linking number of
the two edges of a closed ribbon, TWIST measures the extent to which
the ribbon twists around one of its edges, and WRITHE is the writhing
number of that edge.

Calugareanu proved this formula under the assumption that the sim-
ple closed curve K has nowhere-vanishing curvature, but the basic ideas
for proving the formula without this assumption are already present in
his papers. This can be seen in sections 6 and 7 of this paper, where
the proofs we give in S3 and H? follow Cilugareanu’s original proof
in R3, but require no curvature restriction. Nevertheless, Calugareanu’s
formula without the curvature restriction was proved by James White
(1969) in his thesis, using a totally different approach based on ideas of
William Pohl (1968a, b).

Moving on to S® and H3, we follow Calugireanu’s lead and replace
the two closed curves K7 and K in the linking integrals of Theorem 1.1
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with one simple closed curve. Again all the integrals converge, and we
use them to extend the notion of writhing number to these spaces.

Definition of the writhing integrals in S3 and H3.
(1) On S3 in left-translation format:

dx d
Wiy, (K) ;:/ Ly = x d—i-vycp(x,y) ds dt

KxK
—L/ fold—x'd—ydsdt,
471'2 KxK ¥y ds dt
where p(a) = (T — a) cot a/ (472).

(2) On S in parallel transport format:

dx d
Wrp(K) ::/ Py = x Y

. t
KOs K dS dt Vy@(XaY) de )

where p(a) = (T — a) csc a/(472).
(3) On H3 in parallel transport format:

Wrp(K) ::/ Pyxd—X X dy

. t
KOs K dS dt Vy@(XaY) de )

where p(a) = csch a/(4m).

The two versions of the writhing number on S are not the same, and
one can show that

length of K
s kil
27

The parallel transport version of writhe is more intuitively satisfying,
since in this version the writhing number of a great circle is zero.

Wrp(K) = Wrp(K)

We turn next to the definition of “twist”.

Let K be a smooth simple closed curve in S3 or H?, parametrized by
arclength s. Let x(s) be a moving point along K, and T(s) = x(s) the
unit tangent vector field.

Let v(s) be a unit normal vector field along K. Our intention is to
define the (total) twist of v along K by a formula similar to

1 ,
/KT(S) X v(s)-v'(s)ds,

T or

the formula for twist in Euclidean 3-space.

But on S? there are two flavors of twist, according to whether v/(s)
is calculated as a “left-invariant” derivative or as a covariant derivative.
If we fall back into Euclidean mode and write
— lim v(s+h) _V(S),

h—0 h

Tw(v)
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T(s)xV(s)

Figure 2. Vectors in the definition of twist.

then the vectors v(s+h) and v(s) lie in different tangent spaces, and we
must move them together in order to subtract. If we use left-translation
in the group S to move v(s+h) back to the tangent space at x(s) which
contains v(s), then the resulting limit is the left-invariant derivative
v/ (s). If we use parallel transport to move v(s + h) back, then the
resulting limit is the covariant derivative v'p(s).

The two flavors of twist on S3 are then given by

Twr(v) = % /KT(S) x v(s) - vi(s)ds (1)
and
Twp(v) = % /KT(S) x v(s) - vp(s)ds. (2)
One can show that
Twr(v) = Twp(v) — 7lengt;1ﬂ-0f K.

Example. Let K = {(cos s, sins, 0, 0) : s € [0,27]} be a great circle
on $3, and along it the unit normal vector field v(s) = (0,0, cos s, sin s).
Then we have Twr(v) = 0 and Twp(v) = 1.

In hyperbolic 3-space H?, we have only the parallel transport version
of twist,

Twp(v) = % /K T(s) x v(s) - V'p(s) ds. ()

Now consider in S$% or H? a narrow ribbon of width ¢ obtained by
starting with a simple closed curve K = {x(s)} and then exponentiating
a unit normal vector field v(s) along K. One edge of this ribbon is the
original curve K, and the other edge is the curve K. = {y:(s)}, given
explicitly (see section 5) by

y.(s) = cose x(s) + sine v(s) in S>;

ye(s) = coshe x(s) + sinhe v(s) in H>.
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Since K is simple, the ribbon will be embedded in S or H? provided e
is small enough.
The vector field v(s) then points “across” the ribbon.

x(8)
Figure 3. A ribbon, its generating curve, and its vector field.

Theorem 3.1. LINK = TWIST + WRITHE in S3 and H3.
(1) On S3 in left-translation format:

Lk(K,K.) = Twr(v) + Wrp(K).
(2) On S3 in parallel transport format:

Lk(K,K.) = Twp(v) + Wrp(K).
(3) On H3 in parallel transport format:

Lk(K,K.) = Twp(v) + Wrp(K).

We give an overview of the proof in the next section.

4. Proof scheme for LINK = TWIST + WRITHE

In spirit, our proof of Theorem 3.1 for ribbons in S$% and H? follows
Calugireanu’s original proof in R3: we begin with the linking integrals
given in Theorem 1.1 for the edges K and K. of our ribbon, let ¢ shrink
to zero, and observe the behavior of the linking integrand.

The value of the linking integral is independent of & for € > 0 since
the ribbon is embedded and since the linking number is invariant under
homotopies which keep the two curves disjoint. But the linking integrand
blows up as one approaches the diagonal of K x K, and this is handled
as follows.

Outside an appropriately chosen neighborhood of the diagonal, the
linking integrand converges to the writhing integrand as € — 0, and its
integral converges to the writhing number of the curve K. Inside this
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neighborhood of the diagonal, the linking integrand blows up, but its
integral converges to the total twist of the normal vector field v along K.

The crucial thing, recognized by Calugareanu, is that the width of the
neighborhood of the diagonal in K x K must go to zero much more slowly
than the width ¢ of the ribbon. In fact, we will choose the neighborhood
of the diagonal to have width P, where 0 < p < 1/3.

To give a sense of this in action, we will outline here the proof of
Theorem 3.1, part (2), dealing with LINK = TWIST + WRITHE in par-
allel transport format on S3. The proofs for H? and for left-translation
format on S3 are essentially the same. In particular, in left-translation
format, the integrand of the second integral in the expression for the
linking number converges uniformly to the corresponding integrand for
the writhing number.

Consider, in parallel transport format on S, the linking integrand of
K with K,

dx dy
Fe(s7t) = E ’ Px(s)yg(t) <d—tE X Vyg(t)gp(a(x(s)’}’E(t))))

and the writhing integrand of K,
dx dx
Fo(s,t) = == Px(s)x(t <E X Vx(t)sﬁ(a(x(s)vx(t)))> ;

where p(a) = (1 — a) csc a/(472).
Then the linking number of K and K. is given by

Lk(K, K.) :// F.(s,t)dsdt,
0<s,t<L

and the writhing number of K is given by

Wrp(K) :// Fy(s,t)dsdt.
0<s,t<L

Since a(x,y) is the distance between x and y, and since ¢ has a singu-
larity just at o = 0, the only difficulty in considering the convergence
of the linking integral as € — 0 happens near the diagonal, where s = t.

To handle this, we first show that because the singularity of ¢”(«) at
a = 0 is like 1/a3, we have that for sufficiently small ¢ > 0,

|FL(s,t) — Fy(s,t)| < e3P,

provided that |s — ¢| > eP.

If 0 < p<1/3, then 1 —3p > 0, and hence Cc'™%” — 0 as ¢ — 0.
Therefore F.(s,t) converges uniformly to Fy(s,t) in the region where
|s —t| > €P, and this region expands to the region |s —t| > 0 as ¢ — 0.
Since the writhing integrand Fy(s,t) remains bounded even along the
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diagonal, this shows that

// Fu(s,t)dsdt —=0 // Fy(s,t) ds dt = Wrp(K),
|s—t|>eP 0<s,t<L

that is, a portion of the linking integral converges to the entire writhing
integral as € — 0. This is the content of Proposition 6.3 below.

The more delicate part of the argument is the integral near the diag-
onal. A careful analysis reveals that for 0 < p < 1,

t+eP 1
lim F.(s,t)ds = 2—x'(t) X v(t) - vp(t).

e=0 J4_cp e

Hence

1 L

// F.(s,t)dsdt 0, X' (t) x v(t)-vp(t) dt = Twp(v).
|s—t|<eP 27 Jo

That is, the remaining portion of the linking integral converges to the

entire twisting integral. This is the content of Proposition 6.4. In this

way, we see that

Lk(K, Ka) = TWP(V) + WFP(K).

5. Some geometric formulas on S3

Before we can proceed with the details of the proof of the equation
LINK = TWIST + WRITHE, we need to collect some basic geometric
formulas on S3, which are treated in more detail in our (2008D) paper.

We consider S? C R* in the usual way, as the set

{x e R*|(x,x) =1},

where (x,y) is the standard inner product on R*. Since the linking,
twisting, and writhing integrands involve cross products of vectors, we
remind the reader that if x € S2, and v, w € TxS?3, we define the cross
product v X w to be the triple product [x, v, w]|, where

rg X1 X9 I3
Vo (%] (%) V3
Wwo w1 w2 W3
X0 X1 Xz X3

vXxw=[x,v,w =det

In this formula, we view x, v, w, and the result as vectors in R*, and
{%o, X1, X2,X3} is the canonical orthonormal basis of R*. From this, it is
easy to see that if u is also tangent to S® at x, then the triple product
u-v xXw is equal to the value of the 4-by-4 determinant whose rows are x,
u, v, and w. We will use the notation ||x,u, v, w|| for this determinant.
Next, suppose v is a unit vector in T S3. Then the unique unit-speed
geodesic in S3 through x with initial tangent vector v is given by

G(t) = cost x+sint v.
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Because (x,v) = 0, we have that (x, G(t)) = cost, and we can conclude
in general that the geodesic distance a(x,y) between two points x and
y on S? is a(x,y) = arccos(x,y).

Moreover, if x and y are any distinct, non-antipodal points on S3,
then the vector v = (y — cosa x)/sina is a unit vector in 7353, and
the geodesic it generates connects x to y. From this we deduce that

cosa xX—y
Vya(x,y) = Tana

and

cosaxy — X
Vya(x,y) = v

We will also need the formula for parallel transport of a vector
v E Ty53 to Ty S3:

Py (v) = x, ) >(X+Y)'

V_i
1+ (x,y

Specifically, we need the observation that Py, affects v by adding a
linear combination of x and y.

Using these formulas, we can make precise the definitions of F.(s,t)
and Fy(s,t) and then derive equivalent expressions for them that will
be useful in our proof of LINK = TWIST + WRITHE.

Proposition 5.1. Let x(s) be a simple closed curve in S3, let v(s)
be a unit vector in TX(S)S3 which is perpendicular to x'(s), and define
the curve y.(t) by setting y.(t) = x(t) cose + v(t)sine for each t. Then

dx dy
Fe(s7t) = E ’ Px(s)yg(t) <d—tE X Vyg(t)gp(a(x(s)’}’E(t))))
. _90,(045) dy. d_X
- Sin ()45 yt’f(t)7 dt 7X(s)7 ds

using the determinant notation given above and wusing the shorthand
a:(s) = a(x(s),y:(t)) for the distance between x(s) andy.(t). Similarly,
we have (for s #t)

dx

Fy(s,t) = Z—z * Py(s)x(t) <dt X Vx(t)sﬁ(a(x(s),x(t)))>

‘ dx dx

(10/(040) X(t), E,X(S), E

sin ag

where ag is the distance between x(s) and x(t).



100 D. DETURCK & H. GLUCK

X (¢)

o kd KM)’,M puzme. dtyl/dt

Figure 4. A ribbon, its generating curve, and relevant vectors.

Proof. Using the formulas given above for Vy_a and the cross prod-
uct, we write

dye oy dy: cosa.y.—X
dt X vysSO(a(XaYz-:(t))) = ¢ () o Sin o

_ _(,0’(045) dy.

~ sinas [yg(t), dt X(s)] -

Because the triple product is perpendicular to x and y., this vector in
R* is not changed by Pyy.. Therefore we can express

Rl = 2 (<20 Iy, 22 ) )

sin o,
‘Pl(aa) dy. dx
= _ A -~
Sin ae y€( )’ dt ’X(S)) dS
The proof for Fy is identical. q.e.d.

6. Proof of LINK = TWIST + WRITHE on S3
in parallel transport format

In this section we prove the LINK = TWIST + WRITHE formula in
parallel transport format for ribbons in the 3-sphere. As outlined above,
the idea is to write the linking integral for the two edges of a ribbon of
width e, and then take its limit as € — 0. Of course the value of the
linking integral stays constant, but the limit of the integral is not equal
to the integral of the limit of the linking integrand. The latter limit is
the writhe of the fixed edge of the ribbon, and the difference is the twist.

To avoid unnecessary complications, we assume all our curves and de-
formations of curves are smooth, so we are free to differentiate, commute
derivatives, etc.
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As indicated above, we begin with a smooth, simple closed curve K
parametrized by arclength and given by x(s) for 0 < s < L = length of
K. We define our ribbon by letting v(s) be a unit vector, tangent to S°
at x(s) and perpendicular to T(s) = x/(s) for every s. The other edge of
our ribbon of width € will be at distance € along the geodesic emanating
from x in the direction of v, so it is y.(s) = cose x(s) + sine v(s). In
general, s is not an arclength parameter for the curve y.(s).

The linking number of the two edges of the ribbon is:

L rL
Ly = [ [ Fistyasa,
0JO0

where F¢(s,t) is given by either of the expressions in Proposition 5.1.
The linking number is independent of €, and so our strategy will be
to take the limit of the linking integral of the edges of the ribbon of
width € as ¢ — 0. We will examine the difference between the limit
of the integral (the linking number) and the integral of the limit (the
writhing number), and show that it is equal to the twist of the ribbon as
defined earlier. Since the twist is defined by a single integral in contrast
to the double integrals that define link and writhe, we’ll use the following
notation for the “halfway” integrations of the latter two quantities:

L
Hi(tie) = [ F(sit)ds
0
and
L
HWr(t) = / F()(S,t) ds.
0
Our objective will be to show that
lim Hrx(t;e) = Hw,(t) + “something”,
e—0

where the integral of “something” with respect to t will be the twist of
the ribbon.

As we indicated above, the convergence of the linking integrand to
the writhing integrand fails to be uniform only near the diagonal of
[0, L] x [0, L], so we'll write

HLk(t):/ -"ds—l—/ o ds
|s—t|>eP |s—t|<eP

where p is a number between 0 and 1 to be determined later. We will
show that the first term converges to Hyy,(t) and the second term will
give us our “something”.

Before we can prove that the convergence is uniform away from the
diagonal, we need the following preliminary lemma.

Lemma 6.1. There is a constant C > 0 such that the spherical
distance a(x(s),x(t)) > Cls — t|, where we consider |s — t| to be the
“distance” on the circle with circumference L.
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Proof. This is true locally (i.e., for s near t) because x is parametrized
by arclength (as we will justify below), and globally by compactness.

To get the local estimate, we use Taylor’s formula to write

—$)?
%x”(t) +(s—t)3A(s,t)
where A(s,t) is a bounded, smooth vector-valued function of s and
t. Since x(s) lies on the sphere S® C R*, we have (x(s),x/(s)) = 0,
and since x is parametrized by arclength, we have (x'(s),x'(s)) = 1. It
follows that (x(s),x”(s)) = —1, and hence

(s —t)?
2

where p1(s,t) is a bounded smooth scalar-valued function of s and ¢. In
what follows, p; will always stand for such a function without comment.
Then clearly

sin?(a) =1 — cos?(a) = (s — t)*(1 + (s — t)pa2)

x(s) =x(t) + (s — )x'(t) +

cos a(x(s),x(t)) = (x(s),x(t)) =1 — + (5 — t)*p1(s,t),

and using Taylor’s theorem for (14 2)/2 and for arcsin(z) we conclude
that

a(x(s),x(t)) = (s —t) + (s — t)?p3-
This is surely larger than $|s — ¢| for |s — ¢| sufficiently small, say for
|s —t| < 0. q.e.d.

Corollary 6.2. «a(x(s),y:(t)) > C'|s —t|, with C" independent of €,
provided € is small enough so that the ribbon never touches itself. When
|s —t| > eP, this implies a(x(s),ye(t)) > C'eP.

Again, this is a combination of a local estimate and a global com-
pactness argument.

Now we can begin to analyze the convergence of the linking integral.
We start with the part away from the diagonal, which we expect to
converge to the writhing integral.

Proposition 6.3. If0 < p < 1/3, then

L L
lim // Fe(s,t)dsdt:/ / Fo(s, 1) ds dt = Wr(K).
=0 J J|s—t|>ep 0o Jo

In other words, the limit of the “away from the diagonal” part of Lk(x,y:)
is the integral of Hy,(x), which is the writhing number Wr(K).
Proof. We need to analyze the difference

¢'(e)
sin o,

dy. dx
y&(t)u dt 7X(S)7E

4 #l2o)
sin o

F.(s,t) — Fo(s,t) = —

dx dx
x(t), E’X(S)’ s

)
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using the notation of Proposition 5.1.
Using properties of the determinant, we can rewrite the difference
F. — Fj as a sum as follows:

—¢ (o) dy. dx dx
F—F=_2% g ¢ & a2
€ 0 Sin Cle ‘ yE( )7 dt dt 7X(s)7 ds
¢’ (o) @' (o) dx dx
t) — = il |
sin ayg X sin o, ye(t), dt (), ds

We proceed to bound these two summands in terms of ¢.
For the first summand of F, — Fy,
/
—¢'(« dy dx dx
M YE(t)v : __7X(8)7_
sin o dt dt ds

we begin with some easy preliminary observations: x(s) and dx/ds are
unit vectors, and since y.(t) = cose x(t) + sine v(t), we have

)

d d d
5;6 - d_>t( = (cose — 1) d_>t( +sine d_‘tf’
and so can bound the second vector in the determinant as
dy. dx
- —|<C
ar  dt| =

where C' depends on the maximum value of |dv/dt|.

To handle the first vector in the determinant, we’ll group the 1/ sin a.
with the y.(¢), and then note that the determinant is unaffected if we
subtract (cos a/sin ag)x(s) from the first vector. In other words, the
first summand of F, — Fj is equal to

1 COS Qe (s) dy. dx dx

—(pl(aa) ye(t) — dr Eax(s)v ds

And since cos ae = (x(s),y:(t)), the first vector in this latter determi-
nant is a unit vector. Therefore, the entire determinant is bounded by
¢’ (ae)|Ce.

Finally, recall from section 1 that we can bound |¢’(«)| by a constant
divided by o?, and since o > €P by hypothesis, we conclude that the
first summand of F. — Fy is bounded by Me!=2P.

The second summand of F. — Fj is the determinant

¢ (ao) P (ae) dx dx
sin ayg x(t) sin o, ye(t), dt x(5), ds

sin o sin o,

9

and our job will be to handle its first vector, since the other three are
all unit vectors.

Since the value of the determinant is unaffected if we replace its first
vector with

¢ (00) (G %0 = S x(9)) ~ ) (g vel0) - oo x()).

sin oy sin oy sin o,
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we will obtain a bound on the determinant by bounding this vector.
Using the expressions for Va derived in section 5, we write this as

VX(S)QD(OZ(X(S), Ye (t))) - VX(S)QD(O((X(S), X(t))) )

and then rewrite it as

/Oa %Vx(s)cp(a(x(s),ya(t))) do,

where y,(t) = cos o x(t) + sino v(t).
We now calculate and estimate:

%VX(S)()O(O((X(S), Yo (t))) = % ((:0/ (a(x(s), Yo (t))) VX(S)Oé(X(S), Yo (t)))
= I+11,
where

1= ¢/ (a(x(s), ¥ (1)) = Vi lx(5), %o (1)

and
d
IT = cp/(a(x(s),ya(t))) %Vx(s)a(x(s)vya(t))‘
To bound |I|, we recall that |Va| =1, |da/do| < 1, and
¢"(a) = 1/(2ma3) + - - - . Moreover, since a > K'e? > K'oP, we get

Q1

|I|<ﬁ'

To bound |II|, we have to know more about

d _d [cosasX—Yyg
TV aalx(s)ya() = o (ERX =)

1 do 1 dy, cosa, da

sin? o, %X  sina, do | sin? Qo do”?
1 dy, 1 da (cosa,y, —X
 sin oy do sin aa% ( sin a, >
B 1 dy, 1 da
s oy do sin o do Y
Once again, we’ll use the facts that |Va| = 1, |da/do| < 1, and
|dy,/do| =1 to conclude that

Q.

o

2
sin av

C
< —.
a

<

d
‘ %vxa(xy YU)

Finally, we use that ¢'(a) = —1/(47a?) + - - -, so that |¢'(a)| < C’/a?,
and the fact that a > K'’eP > K'oP to conclude that

<Q2

d
/
I < |¢| %VQ S o




LINKING, TWISTING, WRITHING, AND HELICITY 105

Now we’ve estimated both terms into which we decomposed
(d/do)Vx(sye(a(x(s),y,(t))), so we can estimate its integral as o goes
from 0 to € to obtain the result

Vaorlax(s).3:(0) ~ Vagoplatrtsl x| < [ L o

= Qe' 3P,
So far, for |s — t| > P, we have
|F.(s,t) — Fo(s,t)| < Me' ™2 4 Q&' 2P,

Therefore

/ F.(s,t)ds —/ Fy(s,t)ds
|s—t|>eP |s—t|>eP

Since
t+-eP
/ F(] (S, t) ds
t

—eb

< L(Mel™% 4 Qel=3p).

< ReP,

we get

L
/ Fa(s,t)ds—/ Fy(s,t)ds
|s—t|>eP 0

So if 0 < p < 1/3, we can conclude that

< LMe'=2P 4 LQe' 73 + ReP.

lim F.(s,t)ds = Hy,(t)

e—=0 |s—t|>eP

uniformly in ¢, and so

L pL
lim // F.(s,t)dsdt = / / Fo(s,t)dsdt = Wr(K).
=0/ Jjs—t|>ep 0 Jo

This completes the proof of Proposition 6.3. q.e.d.

Now we must analyze the part of the linking integral near the diago-
nal.

Proposition 6.4. With x, y. and F. defined as above, for
0<p<1/3,
t+eP

1
lim F.(s,t)ds = —x'(t) x v(t) - v)p(1).
e—0 t—geP 27T

Proof. To begin, we apply Taylor’s theorem to K and write:

(s — t)2 "
2

x(s) =x(t) + (s — )T(t) + X" (t) 4+ (s — t)3 A1 (s, 1),

where T(t) = x/(t) is the (unit) tangent vector to K at x(t) and A4(s,t)
is a smooth, bounded (independent of ¢) vector-valued function of s
and t.
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Because the link and writhe integrals (even the partial ones) are in-
variant under shifting the intervals of integration (i.e., adding different
constants mod L to s and t), we may, without loss of generality, assume
that t = 0. Then we can write:

2
x(s) =x+sT+ %x" + s3A4(s)

where x = x(0), where T = x/(0) is the unit tangent vector to K at x,
where x” = x”(0), and where A1(s) is a smooth, bounded (independent
of ¢ and uniformly in t) vector-valued function of s. As in Proposition
5.1, we will write a.(s) for a(x(s),y<(0)) in what follows.

Similarly, we can write

d
d_)s( =T + sx” + 52 Ay(s),

and we recall that the other edge of the ribbon and its derivative are
given by

y:(0) = cosex +sinev

and

dy.
dt |,

=cose T +sinev’,

where v = v(0) and v/ = v/(0). Because we are differentiating v as
though it were a vector field in R*, the derivative here coincides with
the covariant derivative on S3, rather than the left-invariant derivative of
section 4. Here and for the remainder of this section, until the statement
of the theorem, we will omit the subscript in the notation v/.

Using the notation of Proposition 5.1, we can express

dy dx
y€(0)7 dt (0)7X(S)’E

R

as —¢'(ae(s))/ sinae(s) times the determinant

cosex +sinev, cose T +sinev’,

2
x+ sT + %x" + $3Aq, T+ sx" + s?As

We proceed to analyze the factor ¢'(a.(s))/sina.(s) in front of the
determinant, and the following four terms, into which the determinant
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can be expanded:

2
s
I = |lcosex, coseT, ?X/,+83A1, sx" + 2 Ay

2
IT = ||cosex, sinev/, sT—i—%x”—Fs?’Al, T + sx” + s?A,

2
IIT = ||sinev, coseT, x+ %x”—l—s?’Al, sx" + s2Ay

52

IV = ||sinev, sineVv’, x—i—sT—i-?x”—Fs?’Al, T + sx” + s?A,

First, we derive an expansion of ¢'(a.(s))/sinac(s) in powers of s
and e. To begin, since x(s) is a curve on S® and is parametrized by
arclength, we have (x,x) =1, (x,T) =0, (T,T) =1, and (x,x") = -1
(the last equation comes from differentiating (x, T) = 0). Using these
observations, we derive

cos ae(s) = (x(s),y(0))
2

s
=(x+sT+ EX” +s°A1, cosex +sinev)
s s
=cose — —-cose + Esins(x”,v> + 8%po

=1- # + 5%p1 + s%epa + se%p3 + €%y

where, as before, p; stands for a function of s and e that is bounded for
all s and e, and smooth except perhaps for s = ¢ = 0.
Since sin? a = 1 — cos? a, we can conclude that

2ac(s) = &% + 8% + 8%ps + sepg + se?pr + 3pg

3 2 2 3
= (62 + 82) <1 + s2is2p5 + 5254_682176 + 528_7_82]77 + 523_52]78)'

sin

Using the Taylor series V14 z =1+ %z 4+ --- we can conclude that

. 3 2 2 3
sin oz (s) = (€2 + 7)1/ <1 + =P + ZPio + meEpu + Eziszpm).

Using the Taylor series arcsinz = z 4 --- we can conclude that

2 2\1/2 3 2 2 3
Q= (6 +s ) / <1 + €2?_821)13 + €§+632p14 + €§iszp15 + Eprm).

We combine this with the expansion of ¢/(a) = —1/(47a?)+ something
bounded so that

1
! - —_——
¢'(ac(s)) = (@ 1) + p17,
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and finally conclude that

Hocls) _ (-1 1
sinac(s)  \4n(e? + s2) + o7 (€2 + 52)1/2 (1+ sp1s +epuo)
-1
 Am(e? + 52)3/2

The utility of this expression for ¢'(a.(s))/sin a.(s) will become ap-
parent when we multiply it by the determinants, integrate from —e?
to P, and then take the limit as ¢ — 0. Because (€2 + s2)'/2 is larger
than either s or €, we can see that whenever a + b > 3, the product of
@' (a:(s))/ sin oz (s) with s%® will integrate to something comparable to
eP, and the integral will go to zero as € does.

Next, we will use the observation about (¢2+s2)'/2 from the preceding
paragraph to deal with the four determinants. The first one,

(14 spao + €p21).

2
s
I = ||cosex, coseT, EXH + s3Aq, seN + s2A,

9

clearly has a factor of s, so it will not contribute to our limit. Similarly,
the second one,

1l =

)

2
s
cosex, sinev’, sT + ?x" + A1, T + scN + s2A,

has a factor of s?sine (since you can’t use the T from both the third
and fourth rows), and so II doesn’t contribute to our limit, either.

Using the expansion cose = 1 —€2/2 4 ---, we can express the third
determinant,
2
S
IIT = ||sinev, coseT, x + EX” + $3A4, sx" + $?As]|,

as the sum of two terms:
ssine Hv, T, x, X//H + s%sine P22,
from which only the first term could contribute to our limit.

Finally, the fourth determinant,

1V =

)

2
. . s
sinev, sinev/, x+sT+5x"+33A1, T + sx” + s?As

can be decomposed as
sin’ e Hv, v, x, TH + ssin? e pos,
from which only the first term could contribute to our limit.
From our analysis so far, we conclude that

1

Fe(s,0) = 47 (g2 + s2)3/2

(se HV,T,X,X”H + &2 HV,V',X,TH + Z(e,9)),
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where
eP
Z(e,s)
li ———ds=0.
We are now ready to calculate the limit of the integral:

&P

gl_% » F.(s,0)ds.
From the formula for the integrand given above, this limit will equal the
limit as € — 0 of

sE 62

eP &P
v, T, x,x" / ——  _ds+|v,v,x,T / ————ds.
” H —p 47T(€2+32)3/2 H H —ep 47T(€2+82)3/2

The integrand in the first of these integrals is odd, so the integral is
always zero (and hence the limit of that term is zero). For the second
term, we will need the fact that (for p < 1)

eP 62
li —————ds =2
iy |, e =2

which one calculates using the substitution x = s/e and the fact that
the anti-derivative of 1/(1 + 22)%/2 is z/v/1 + 2.
We have thus reached our final conclusion, namely that
t+eP 1 , 1 ,
li F.(s,t)ds = — T|=—(Txv-Vv).
im =(s,t)ds 5 HV,V,X, H 277( vV-v)

e—0 t—eP

This completes the proof of Proposition 6.4. q.e.d.

We can use Propositions 6.3 and 6.4 and a little arithmetic to start
from the definitions of Hy(t;¢) and Hy () and deduce:

Proposition 6.5.

1
lim Hrx(t; ) = Hwr(t) + —(T x v - v').
e—0 2T

We integrate the expression in Proposition 6.5 with respect to t from
0 to L to reach our final conclusion:

Theorem 6.6.
Lk(x,y) = Twp(x,v) + Wrp(x).
In other words, LINK = TWIST + WRITHE.

Example. The simplest example of two linked curves on S3 is a
pair of great circles from the same Hopf fibration. We verify Theo-
rem 6.6 in this case. The curve x(s) = [cos s,sin s,0,0] is a great circle
parametrized by arclength as s runs from 0 to L = 27w. We will take x
as one edge of our ribbon.
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Figure 5. The ribbon in the example.

Let v(t) = [0,0, cos t,sin t]. Then v is the restriction of a left-invariant
vector field to the great circle, and we will take the other edge of our
ribbon to be

v:(t) = cosex(t) +sine v(t)
= [cose cost, cose sint, sine cost, sine sint].
If e = w/2, then y.(t) = [0,0,cost,sint], which is the “orthogonal”
great circle to x, and we compute the linking number of these two cir-
cles as follows. Since (x(s),y:(t)) = 0 for all s and ¢, we have that

a(x(s),y(t)) = m/2 for all s and t. Therefore, the linking integrand is
given by

!
j—: . PXY& (% X Vyeﬁp) = SSIOH((;X) y{;‘( )7 dg;e 5 X(S)7 Cé_:
0 0 cost sint
¢ (%) 0 0 —sint cost
sin% coss sins 0 0
—sins coss 0 0
1
T 4r?

The integration takes place for (s,t) € [0,27] x [0,27], so the formula
for the linking number of x and y. yields 1, as expected.

To calculate the twist of our ribbon, we note that T(s) = x'(s) =
[—sin s, cos s,0,0], and v/(s) = [0,0,—sins,coss]. It is then easy to
calculate that T x v-v' =[x, T,v,v'] =1 for all s, which gives us that
the twist of the ribbon is

1
2

1 2w

/LT(t) X v(t) v (t)dt = — 1dt =1.
0

Tw(x,v) = =5 ;
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To calculate the writhe of x, we use the fact that x is a geodesic, and
so we have Py(g)x(x) T (t) = T(s). From this it is easy to conclude that

dx dx
o Pxox <E X Vx(t)@(a(x(s)7x(t)))> =0

for all s and ¢. Therefore
Wr(x) = 0.
Theorem 6.6 then reads
Lk(x,y.) = Tw(x,v) + Wr(x) =1+0=1

as it should.

7. Proof of LINK = TWIST + WRITHE in H3

The proof of LINK = TWIST + WRITHE IN H? is essentially a rep-
etition of the parallel transport format proof in S3, except for various
changes of sign and for replacing trigonometric functions with their
corresponding hyperbolic ones. In this section, we highlight the places
where differences occur.

As in the first paper in this series, we view H®> C RY3, the four-
dimensional Minkowski space endowed with the inner product

(X,y) = Toyo — T1Y1 — Tay2 — T3Y3

so that
H? = {x € R*|(x,x) =1 and z > 0}.

We reserve the notation v - w for the induced inner product on H?;
namely for v, w € Ty H?, we define v-w = —(v, w). Because the tangent
vectors are spacelike, this inner product provides H? with a Riemannian
metric which is complete and has constant curvature —1.

If x € H?, and u,v € Ty H?, then we have

o T1 T2 I3
Uup U1 U2 U3
Vo V1 V2 U3
—Xp X1 X2 X3

u X v =det

Then for w € Ty H3, the triple product u x v -w = ||x,u, v, w|.
For geodesics and the distance function, we will have

G(t) = cosht x 4 sinht v

for the unit-speed geodesic through x in the direction of v € Ty H?, and
the geodesic distance between x and y in H? will satisfy cosh o = (x,y).
We have

coshay —x

Vya(x,y) = sinh «
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Except for the change in the inner product, the formula for parallel
transport remains the same: the result of parallel transport in H? of v

from y to x is
X,V
Pry(Vv) =v — ﬁ(x +y).

Armed with these changes, and with ¢(«) = csch(«)/(47), the proofs
of Lemma 6.1, Corollary 6.2, Proposition 6.3 (where the biggest change
is to have sinh o, rather than sin . in the denominator), and Proposi-
tion 6.4 proceed in the hyperbolic space case essentially without change
from the spherical case.

We are then led to the conclusion of Proposition 6.5,

1
lim Hrx(t; ) = Hwr(t) + —(T x v - v').
e—0 2

And once again, we define the writhe of the x edge of our ribbon as

Ll dx dx
WT(X) = // % : Px(s)x(t) <E X Vx(t)(p(a(x(s)vx(t)))> dsdt,
0J0

and the twist of our ribbon as

1 L
—/ (T x v-v')dt.
27T 0

Finally, we integrate the expressions from the hyperbolic version of
Proposition 6.5 with respect to ¢t from 0 to L to reach our final conclu-
sion:

Theorem 7.1.

Tw(x,v) =

Lk(x,ye) = Tw(x,v) + Wr(x).
In other words, LINK = TWIST + WRITHE.
Example. A simple example of a ribbon in H?> C R"3 has as one

edge the circle

x(s) = [V2, cos s,sin s, 0]
in RM3. The unit tangent vector to this curve is

T = [0, —sin s, cos s, 0],
and we can choose the vector field

v(s) = 1 CcoS S

1—%cos23 [ V2

along x. Clearly we have (x'(s),v(s)) = (T(s),v(s)) = 0 for all s, and
(v(s),v(s)) = —1, so v is a unit vector perpendicular to 7. We can
make the ribbon by choosing the other edge to be the curve given by
ye(s) = coshe x(s) + sinhe v(s).

By looking at the projections of the x and y. curves into R? (ignoring
the first coordinates), it’s easy to see that these curves have linking

, cos? §,cos ssin s, sin s
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X

X2 X3

Figure 6. The ribbon in the example.

number —1. The writhing integrand of the x curve is easily seen to be
zero, since the writhing integrand is given by

dx dx

X(t)a%’x(s)’g

¢'(a)
sinh o

)

and the determinant is zero because the last component of each vector
in the determinant is zero.

For the twist of the ribbon, we must calculate T x v - v/, which is
given by the determinant

x(s),v(s), 2 T(s)

)

and calculating this determinant yields

So we can calculate that

1 2m
Tw(x,v):Q—/ (T xv-v)ds
T Jo

1 [ 2
LTV
21 Jo cos?s—2
Theorem 7.1 then reads
Lk(x,y:) = Tw(x,v) + Wr(x) = -1+0=—1

as it should.
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8. Helicity of vector fields on S2 and H3

Lodewijk Woltjer introduced in 1958 the notion of “helicity” of a

vector field v defined on a domain €2 in Euclidean 3-space,
X—y
H(v) = /QXQV(X) x v(y) pp— dx dy, (8.1)

as an invariant during ideal magnetohydrodynamic evolution of plasma
fields. Keith Moffatt (1969M), recognizing that this quantity measures
the extent to which the field lines of v wrap and coil around one another,
named it “helicity” and showed that Woltjer’s original formula could be
written in the above form.

If v is a smooth vector field on R? with compact support, then the
above formula for its helicity can be written succinctly as

Hv) = [ BS)(y) - v(y)dy. (82)

where we recall that BS(v) denotes the magnetic field due to the steady
current flow v.

This is how Woltjer originally presented his invariant, / A - Bdx,

with the role of v played by the magnetic field B and the role of BS(v)
played by its vector potential A.

We use (8.2) to define the helicity of a vector field v on S® or H?, and
then immediately obtain explicit integral formulas from Theorem 2.1.

Theorem 8.3. Helicity integrals in S® and H3.
(1) On S3, in left-translation format:

H(v) = /S3><S3 Lyx—1v(x) x v(y) - Vyo(x,y) dx dy

1
) /S3><S3 Lyx—IV(X) -v(y) dx dy

#2 [ VL v Vi (y) - viy) dxdy,
S53x 83
where o(a) = (m—a) cot o/ (472) and p1(a) = —a(27—a)/(1672).
(2) On S3 in parallel transport format:
H(v) = / ’ Pyxv(x) x v(y) - Vyp(x,y) dxdy,
RESFE:

where p(a) = (T — a) csc a/(472).

(3) On H? in parallel transport format:
HO) = [ Pov() x vly) - Vywlxy) dxdy
H3xH3

where p(a) = cscha/(4m).
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In formula (1), if v is divergence-free, then the third integral in the
definition of H(v) vanishes, and this formula then resembles the linking
formula (1) of Theorem 1.1. Formulas (2) and (3) already resemble the
corresponding linking formulas of Theorem 1.1.

In formulas (1) and (2), if the smooth vector field v on S? is divergence-
free, then its helicity is the same as its asymptotic (or mean) Hopf in-
variant, as defined by Arnold (1974), and is invariant under the group
of volume-preserving diffeomorphisms of S3.

In formula (3), we assume that v has compact support in order to
guarantee convergence of the integral.

9. Upper bounds for helicity in R3, §3, and H3

Let © be a compact, smoothly bounded subdomain of R3, S3, or H3,
and let v be a smooth vector field defined on 2. Thinking of v as a
current flow, its magnetic field BS(v) is defined by the same formulas
as in Theorem 2.1, except that the integration is carried out only over
Q.

For uniformity of approach, we ignore the left-translation format on
S3 and write

BS(v)(y) = /QPyxv(x) x Vypo(x,y) dx, (9.1)
where

1

in R®  we have pp(a) = ——— so Ao = 6;
Ao

. o3 1
in S° we have pg(a) = —4—7T2(7T —a)esca s0 Apg — po = 0;
- 1
in H®> we have pg(a) = i csch so Apg + g = 9.

T

The magnetic field BS(v) is defined throughout the ambient space. It
is continuous everywhere, but its first derivatives suffer a discontinuity
as one crosses the boundary of €. This is a familiar situation from
electrodynamics in Euclidean 3-space.

In what follows, we will restrict BS(v) to €2, and ignore its behavior
outside this domain.

Let VF(£2) denote the space of all smooth vector fields on €, with
the L? inner product

(v,w) = / v - w dvol,
Q

and associated energy (v,v) and norm |v| = (v,v)
We seek a bound for the energy or norm of the output magnetic
field BS(v) on Q in terms of the input current flow v. Or to put it

1/2.
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another way, we seek an upper bound for the L?-operator norm of the
Biot-Savart operator,

BS: VF(Q) — VF(Q),

in terms of the geometry of the underlying domain €.

As a consequence, we will determine an upper bound for the helicity
H(v) = (BS(v), v) of the vector field v in terms of its energy (v, v) and
the geometry of Q.

Theorem 9.2. Let € be a compact, smoothly bounded subdomain of
R3, 83, or H? and let R = R(Q) be the radius of a ball in that space
having the same volume as 2. Let v be a smooth vector field defined on
Q. Then

|BS(v)| < N(R)|vl,
where
in R®  we have N(R) = R
in S3  we have N(R) = 1(2(1 — cos R) + (7 — R) sin R)
in H3 we have N(R) = sinh R.

104 H3
3
pd
R3
SS
0
0 T

Figure 7. N(R) for H3, R3, and S°.

It follows immediately that the helicity H(v) = (BS(v),v) is bounded by
|H(v)| < N(R)|v[*.

In R3, the overestimate N(R) = R for the norm of the Biot-Savart
operator grows like the cube root of the volume %WR?’ of Q.
By contrast, in H? the overestimate N(R) = sinh R for the norm

of the Biot-Savart operator grows like the square root of the volume
27 (sinh R cosh R — R) of .
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Setting up for the proof of Theorem 9.2.

To begin, let ¢ («) be a real-valued function of the real variable a > 0,
where we think of o as distance from a fixed point (and on S3, we have
the additional condition 0 < o < 7). Assume 1 has the property that

Na() = max / vyl

y

is finite, where as usual we write ¥(x,y) as an abbreviation for ¥ (a(x,y)).
We note explicitly that the point y need not be chosen in Q.

Proposition 9.3. Under the above circumstances, the operator
Ty: VF(Q) = VF(Q)
defined by

To(6)(3) = | v x 0.3 Vyalx,y) dx
is a bounded operator with respect to the L?-norm, and
[ Ty(v)| < Na(i)|v].

The proof of this proposition in the R? case can be found in our (2001)
paper, Lemma 3 on pages 897 and 898. The argument there follows
along the lines of the usual Young’s inequality proof that convolution
operators on spaces of scalar-valued functions are bounded; see Folland
(1995) page 9, or Zimmer (1990Z) Proposition B.3 on page 10. The proof
carries over to the S® and H? cases with virtually no changes.

We want to apply Proposition 9.3 to the Biot-Savart operator (9.1),
which we write as

BS(v)(y) = /QPyxV(X) X 0 (%, ) Vya(x,y) dx =Ty (v)(y), (9-4)

where

1
n R we have g)(0) = ——
in we have ¢ () T
1
in S%  we have ph(a) = 4—2(CSC a+ (T — a) csc accot )
s

in H3 we have p)(a) = % csch a coth a.
Then by Proposition 9.3 we have
Proposition 9.5. |BS(v)| < Na(gp)|v|.

We turn next to estimating No(p()-

Lemma 9.6. If ¥(«) is a positive, decreasing function of «, then

No (1) = max P(x,y)dx
y x€eN
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is mazximized over all subdomains Q of R3, S, or H® having a given
volume when £ is a round ball and y is its center.

We leave the proof of this, as well as that of the next elementary
lemma, to the reader.

Lemma 9.7. The functions
1

() —
pola) = Tl a € (0,00)
1
i) = ﬁ(csca + (m — ) csc accot ) a € (0,7
s
1
wp(a) = i csch a coth o a € (0,00)

are decreasing functions of « on their respective domains.

In view of Lemmas 9.6 and 9.7, we next compute Ng(p}), where Q is
a round ball of radius R in R3, S, or H3, and ¢h(a) is as given above.
We use the shorthand N(R) = Nq(¢y).

Proposition 9.8. Let Q be a round ball of radius R in R3, S3, or
H?3. Then
in R® we have N(R)=R
1

in S3 we have N(R) = ;(2(1 —cosR)+ (m— R)sin R)

in H3 we have N(R) = sinh R.

Proof. We give the proof in S% and leave the other two cases to the
reader.

R
N(R):/ 04,06(04)47Tsin2ad04
o=
L
:/ —2(csca+(ﬂ—a)cscacota)47rsin2ada
a=0 4m
1 R
:—/ (sina + (m — a) cos @) dov
T Ja=0

= %(2(1 —cos R) + (m — R)sin R).

Remark. If we put R = m, then we get Nga(p)) = 4/m, in which
case

4
| BS(v)| < Ngs(gp)|v] = ;\VL
for smooth vector fields v defined on the entire 3-sphere.

We contrast this with the sharp estimate

1
IBS()| < 51,
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with equality if and only if v is a vector field of constant length tangent
to a left or right Hopf fibration of 3. See our (2008D) paper for details.

Proof of Theorem 9.2. By Lemma 9.7, the functions ¢} () in R?,
53, and H? are all positive and decreasing. Hence by Lemma 9.6, the
quantity

Na(p) = max / wo(x,y) dx
y x€eN
is maximized over subdomains 2 having a given volume when 2 is a
round ball and y is its center. The values of No(p() in that case were
calculated in Proposition 9.8, and inserting them into the estimate

| BS(v)| < Na(gp)|vl
of Proposition 9.5, we get Theorem 9.2.

For more information about energy bounds, we call the reader’s at-
tention to the papers of Moffatt (1990M) and Ricca (2008R).

10. Hodge decomposition of vector fields

In this section we collect, without proof, some information about the
topology of compact subdomains in R3, S3, and H?, and about the
structure of the space of vector fields on such domains. The reader will
find the details in our (2002) paper.

Let Q be a compact, smoothly bounded domain in R3, S3, or H3,
and VF(£2) the space of all smooth vector fields on €, with the L? inner
product and associated energy and norm, as defined in the preceding
section.

Let K(Q) € VF(Q) denote the subspace consisting of vector fields
which are divergence-free and tangent to the boundary of €2,

K(Q)={veVFQ):V-v=0, v.-n=0},

where n denotes the unit outward normal vector field along the bound-
ary 02 of Q. These vector fields are just the incompressible fluid flows
within a bounded domain, and in real life are naturally tangent to the
boundary. In the traditional passage from geometric knot theory to fluid
dynamics, a knot is modeled by such a flow within a tubular neighbor-
hood of itself, and the flows are then called fluid knots, accounting for
the “K” in the notation K().
Let G(2) C VF(Q) denote the subspace of gradient fields,

G(Q) = {v € VF(Q): v = Vo for some smooth function ¢: Q — R}.
Then we have an L2-orthogonal direct sum decomposition
VF(Q) =K(Q) & G(Q). (10.1)
The spaces VF(Q2), K(£2), and G(2) are all infinite-dimensional.
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Let HK(2) € K(€2) denote the subspace of vector fields which are not
only divergence-free and tangent to the boundary, but also curl-free,

HK(Q)={veVFQ):V.-v=0, Vxv=0, v.-n=0}.

We call the elements of HK(Q) harmonic knots. The subspace HK(Q2)
is finite-dimensional, and isomorphic to H;(f2), the one-dimensional ho-
mology of ) with real coefficients.

The orthogonal decomposition (10.1), when further refined, yields the
Hodge decomposition of VF(Q); see our (2002) paper for details.

Let Q* denote the closure of the complement of  in R3, S3, or H3.
Let g denote the total genus of 0€2, that is, the sum of the genera of its
components. Then, using real coefficients, H;(0f2) is a 2g-dimensional
vector space, while H;(Q) and H(Q2*) are each g-dimensional, and we
have the direct sum decomposition

Hl(aQ) = ker(Hl(aQ) — Hl(Q)) + ker(H1 (89) — Hl(Q*)), (10.2)

where the above homomorphisms are induced by the inclusions 92 C
and 9Q C Q*.

Let ay,as, ..., aq be abasis for ker(H;(092) — H1(Q2)), and by, ba, ..., by
a basis for ker(H;(0Q) — H;y(2%)).

If v € HK(Q2), then, since v is curl-free, its circulation

Circ(v,y) = /(V(x(t))  dx dt
- dt
about any curve « in ) depends only on the homology class of v. So we
can denote this circulation by Circ(v, [7]).
With this notation, the real numbers Circ(v,ay),...,Circ(v,a,) are
all zero, since the homology classes a; on df) bound in 2. By contrast,

(10.3) The real numbers Circ(v, by), Circ(v, ba), ..., Circ(v, by) are in gen-
eral not zero, and in fact define an isomorphism of HK(Q) — RY.

11. Spectral geometry of the curl operator in R3, §3, and H3

As before, let 2 be a compact, smoothly bounded subdomain of R?,
S3 or H3 and VF(Q) the infinite-dimensional space of smooth vector
fields on © with the L? inner product.

Now we are interested in curl eigenfields on 2, that is, vector fields
v on  which satisfy V x v = Av for X\ # 0. In R3, these fields are used
to model stable plasma flows; see our (1999) paper.

Curl eigenfields exist for every value of A. For example, in R?, if

v =sin Azi+ cos Az j,

then V x v = Av.
We want to constrain the choice of vector fields v by interior and
boundary conditions which guarantee that the curl operator on VF(Q2)
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will have a discrete spectrum, while at the same time being reasonable
for physical applications. Then we want to find a lower bound for the
absolute values of the nonzero eigenvalues.

To begin, we will restrict our attention to the subspace K(€2) of fluid
knots, discussed in section 10. The vector fields in K(2) are divergence-
free and tangent to the boundary of €2. Since a curl eigenfield v with
nonzero eigenvalue A is automatically divergence-free, the only real con-
straint here is that of tangency to the boundary.

Let CK(92) € K(£2) denote the subspace of vector fields whose curl
lies in K(€). Any eigenfield of the curl operator in K(£2) must lie in
CK(f2), so restricting our attention to CK(f2) is no further constraint.

Lemma 11.1. A vector field v € K(Q2) lies in the subspace CK(Q)
if and only if the circulation of v around small loops on OS2 vanishes.

Proof. The circulation of v around a small loop on 0f2 equals the flux
of V x v through the small disk bounded by that loop. If this flux is
zero for all such loops, then the normal component of V x v along 02
must be zero, telling us that V x v is tangent to 0f2, and hence that
v € CK(). q.e.d.

Remarks.

(1) If the circulation of v vanishes around small loops on 02, then it
also vanishes around homologically trivial loops there.

(2) Any divergence-free vector field on €2 which vanishes on 92 must
lie in CK(€2).

The kernel of the map curl: CK(Q2) — K(Q) consists of vector fields
on {2 which are divergence-free, curl-free, and tangent to the boundary.
These are the harmonic knots HK(2) introduced in section 10.

Since we are interested in the spectral theory of the curl operator,
we would like to know when curl: CK(Q2) — K(2) is self-adjoint with
respect to the L? inner product; that is, when can we promise that

(Vxv,w)=(v,V xXw)
for vector fields v and w in CK(§2)?

Lemma 11.2. Suppose that 2 is simply connected, or equivalently,
that all the components of O are 2-spheres. Then curl: CK(Q2) — K(Q)
is self-adjoint.

Proof. Recall the formula from vector calculus,

Vi(vxw)=(Vxv)-w—v-(Vxw),
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and integrate this over 2 to get

/V'(vxw)dvol:/(vxv)'wdvol—/v-(vxw)dvol

Q Q Q
=(Vxv,w)—(v,V x w).

The left-hand side equals

/ (v x w) - n darea,
o0

and so the issue is to see when v X w has zero flux through 0f2.

By Lemma 11.1, we know that v € CK if and only if v has zero
circulation around small loops on 0f2. Since §2 is simply connected, OS2
is a union of 2-spheres, and so v must have zero circulation around all
loops on 9f2.

But this means that the restriction of v to 952 is a gradient field on
that surface. So we write v|so = V f, where f: 02 — R is some smooth
function, and the gradient is the “surface gradient” on 0.

Likewise, w|sq = Vg for some smooth function g: 02 — R.

Now extend f and g to smooth functions ' and G from 2 — R, and
consider the vector fields VF and VG defined on €.

Because the cross product of two gradient fields is always divergence-
free, that is,

V- (VF xVQG)=(VxVF)-VG-VF-(V xVGQG) =0,
we have

/ (VF x V@) -ndarea = 0.
oN

Since V f and Vg are, respectively, the tangential components of VF
and VG along 02, we can write

VF(x) =Vf(x)+ax)n(x) and VG(x)= Vg(x)+ b(x)n(x)
for x € 9f). From this we can see that
(VF(x) x VG(x)) - n(x) = (VF(x) x Vg(x)) - n(x)
along 02, and hence

/(wa ndarea = (Vf xVg)-ndarea
o0

Il
4
e
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Thus (V x v,w) = (v,V x w) for all v and w in CK(Q2), and so
curl: CK(2) — K(9) is self-adjoint when (2 is simply connected, com-
pleting the proof of Lemma 11.2. q.e.d.
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When €2 is not simply connected, the operator curl: CK(Q2) — K(Q2)
is not self-adjoint. So we seek further sensible boundary conditions which
will make this operator self-adjoint for any domain 2.

To this end, let v be a vector field in CK(2). By definition of CK(2),
the circulation of v around all small loops on 02 vanishes. But then the
circulation of v around any loop on 02 depends only on the homology
class of that loop, giving us a linear map

Circ(v): H1(092) — R,

from the one-dimensional real homology of 9f) to the reals.

To see where this is heading, let Q* denote the closure of the com-
plement of  in R3, 53, or H?, as in section 10, and let ¢ be the total
genus of €.

Recall from section 10 the direct sum decomposition

H1(99) = ker(H,(9Q) — Hy(Q)) + ker(H; (9Q) — H (%)), (10.2)

which splits a 2g-dimensional space into two g-dimensional summands.
Now let AK(Q) € CK(2) € K(€2) consist of all vector fields v in
CK(€2) whose circulation vanishes around any loop on 92 which bounds
in Q*. The subspace AK(2) has codimension g in CK(2).
From (10.3), we get

AK(Q) N HK(Q) = {0}. (11.3)

We call AK(Q2) the space of Ampérian knots because, by Ampere’s Law,
the magnetic field due to a current running entirely within Q will have
zero circulation around all loops on 9§ which bound in Q*.

We intend to show that the operator curl: AK(Q) — K(2) is self-
adjoint, and proceed as follows.

Start with a vector field v € VF(Q), and let BS(v) be the corre-
sponding magnetic field defined throughout R3, S3, or H3. Let the same
symbol denote its restriction to €2, so that we may consider the operator
BS: VF(2) — VF(£2). The magnetic field BS(v) is always divergence-
free, but in general is not tangent to the boundary of 2.

Now define BS'(v) to be the L2-orthogonal projection of BS(v) into
K(Q). We are only going to apply BS’ to vector fields v already in K(Q),
so we regard this modified Biot-Savart operator as a map

BS': K(Q) — K(Q).

We see from the orthogonal decomposition (10.1) that, for any vector
field v € K(Q2), we have

BS(v) = BS/(v) + the gradient component of BS(v). (11.4)

Proposition 11.5. The image of the map BS: K(Q) — K(Q) is
the subspace AK(Q) of Ampérian knots.
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Proof. Let v € K(Q2), so that v is divergence-free and tangent to 9S2.
Then we have V x BS(v) = v. This follows from Maxwell’s equation for
subdomains of R? by Proposition 1 of Cantarella, DeTurck, and Gluck
(2001), for subdomains of S by Proposition 3.1 of Parsley (2009), and
similarly in H3.

By (11.4), we then also have V x BS'(v) = v.

Now let v be a loop on dQ which bounds the surface ¥ in Q*. Then
the circulation of BS'(v) around 7 equals the flux of V x BS'(v) = v
through ¥, according to Ampere’s Law. But the flux of v through X
is zero, since v is confined to Q. Thus BS'(v) € AK(Q2), and we have
shown that

BS'(K(Q)) C AK(Q).

To see the reverse inclusion, start with w € AK(Q), and let v =
V xw € K(Q). We claim that w = BS'(v).

To see this, first note that Vxw = v = V xBS'(v); hence BS'(v)—w
is curl-free, and therefore lies in HK(€2).

Now we showed above that BS'(v) € AK(f2), and we have w € AK(Q)
by hypothesis, so BS'(v) — w also lies in AK((2).

Therefore BS'(v) — w lies in AK(Q2) N HK(Q2) = {0}, according to
(11.3), and so BS'(v) = w. This shows that

AK(Q) c BS'(K(Q),

completing the proof. q.e.d.

In the course of the proof, we actually showed a little more.
Corollary 11.6. The maps
BS': K(Q) — AK(Q) and curl: AK(Q) — K(92)
are inverses of one another.

Proposition 11.7. The map curl: AK(Q) — K(Q) is self-adjoint.

Proof. Self-adjointness of this curl map is equivalent to self-adjointness
of its inverse BS': K(Q) — AK(fQ), and this in turn is a consequence
of self-adjointness of the Biot-Savart operator BS: VF(Q) — VF(Q),
which can be seen directly from its defining formula as follows.
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Suppose that Q is a compact, smoothly bounded subdomain of R3,
S3 or H3, and that v,w € VF(f2). Then

(BS(v), w) = / BS(v)(y) - w(y) dy

Q

— [ ([ Pl Fyaloey) i) -y

= / Pyxv(x) X Vypo(x,y) - w(y) dx dy
QxQ

= [ ¥0 (- Tanlxy) - Paywly) dxdy
QxN

- / Pyyw(y) x Vapo(x,y) - v(x) dx, dy
QxQ

_ / Pyew(x) X Vy00(x,y) - v(y) dx, dy
QxQ

= <V7 BS(W)>7

where we went from the third line above to the fourth by applying the
parallel transport Pyy to every term without changing the value of the
integrand, from the fourth to the fifth by interchanging two terms and
reversing the sign, from the fifth to the sixth by interchanging the vari-
ables x and y, and finally, comparing the sixth line to the third, moved
on to the seventh line. This completes the proof of the proposition.
q.e.d.

Finally, we come to the desired result.

Theorem 11.8. Let Q) be a compact, smoothly bounded subdomain
of R?, S3, or H® and let R = R(RQ) be the radius of a ball in that space
having the same volume as €.

Then curl: AK(Q2) — K(Q) is a self-adjoint operator, and for each
v € AK(Q),

v]
|V x v| > NR)

where
in R we have N(R)=R
in §3 we have N(R) = 1(2(1 - cosR) + (7 — R)sin R)
in H3 we have N(R) = sinh R.
1

In particular, if X is any curl eigenvalue on AK(QQ), then |\ > W

Proof. We already know from Proposition 11.7 that the map
curl : AK(Q) — K(9) is self-adjoint.
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Let v € K(2). Then, since BS'(v) is the orthogonal projection of
BS(v) back into the subspace K(Q2), we certainly have | BS'(v)| < | BS(v)|.

But |BS(v)| < N(R)|v| by Theorem 9.2, so that same bound applies
to the modified Biot-Savart operator:

|BS'(v)| < N(R)|v].
Now suppose that v € AK(€2). Then
V xveK() and BS'(V xv) =v.

Hence
vl = |BS'(V x v)| < N(R)|V x V],
and therefore
1
>
completing the proof of Theorem 11.8. q.e.d.
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