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SPHERES AND APPLICATIONS TO BERNSTEIN
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Abstract

We show the regularity of, and derive a-priori estimates for
(weakly) harmonic maps from a Riemannian manifold into a Eu-
clidean sphere under the assumption that the image avoids some
neighborhood of a half-equator. The proofs combine constructions
of strictly convex functions and the regularity theory of quasi-
linear elliptic systems.

We apply these results to the spherical and Euclidean Bernstein
problems for minimal hypersurfaces, obtaining new conditions un-
der which compact minimal hypersurfaces in spheres or complete
minimal hypersurfaces in Euclidean spaces are trivial.
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1. Introduction

Harmonic maps into spheres need not be regular. The basic example
is due to [22]: The map
(1.1) LR 5 gt

|z

has a singularity at the origin 0, while having finite energy on finite
balls for n > 3 (it thus is a so-called weakly harmonic map). This
example can be modified by embedding S™"~! as an equator into S™,
and the composed map then is a singular harmonic map from R" to
the sphere S™ with image contained in an equator. This equator is
the boundary of a closed hemisphere. In contrast to this phenome-
non, Hildebrandt-Kaul-Widman [22] proved the regularity of weakly
harmonic maps whose image is contained in some compact subset of an
open hemisphere. Hidlebrandt-Jost-Widman [23] then derived a-priori
estimates for harmonic maps in that situation. The example then shows
that these results are optimal in the sense that the open hemisphere can-
not be replaced by a closed one. It was then the general opinion that
for general harmonic maps (not necessarily energy minimizing, in which
case the method of [37] yields additional results, see for instance [42]),
this is the best that one can do.

Here, we show that one can do substantially better. In fact, we shall
show that weakly harmonic maps into a sphere are regular, and satisfy
a-priori estimates, under the condition that their image be contained in
a compact subset of the complement of half of an equator, that is, in the
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complement of half of a totally geodesic (n — 1)-dimensional subsphere.
Of course, our condition still rules out the counterexample of [22].

Our condition is presumably optimal, for the following reason. The
basic principle underlying the regularity theory for harmonic maps is
the fact that the composition of a harmonic map with a convex func-
tion on the target yields a subharmonic function, and in the case of
weakly harmonic maps, we obtain a weakly subharmonic function. One
then exploits the maximum principle for such a (weakly) subharmonic
function, or in more refined schemes, Moser’s Harnack inequality to de-
rive estimates for the original (weakly) harmonic map. This obviously
depends on the careful utilization of the geometric properties of the con-
vex function. In fact, for the full regularity scheme, it is not sufficient
to have a single convex function, but we rather need a family of such
convex functions. More precisely, for each point in the target, we need
a strictly convex function that assumes its minimum at that particular
point. (In the original scheme of [22, 23], the authors worked with
squared distance functions from points in the target. Therefore, in an
open hemisphere, one could only have such functions that were strictly
convex only on some part of that hemisphere, depending on where their
minimum was located. This necessitated an iteration scheme whose idea
was to show that the image of a (weakly) harmonic map gets smaller
in a controlled manner when one decreases its domain. Some simplifi-
cation can be achieved by the construction of Kendall [30] of strictly
convex functions on arbitrary compact subsets of an open hemisphere
with a minimum at some prescribed point.)

Thus, an essential part of the scheme developed in the present paper
consists in the construction of such strictly convex functions on arbitrary
compact subsets of the complement of a half-equator. This is rather
subtle. In fact, the functions we construct will depend on the compact
set K in question, and none of them will be convex on the entire open
complement V of the half-equator. (In fact, there is no D C S™ that is
a maximal domain of definition of a strictly convex function, see [2].)
We just fine-tune them in such a way that intersections of their level
sets with K are convex, while these level sets are allowed to be concave
on V\ K, so as to turn around the boundary of the half-equator.

The reason why our result is presumably optimal then is that as
soon we enlarge the open set V, it will contain a closed geodesic. Since
strictly convex functions are strictly monotonic along geodesic arcs, a
set containing a closed geodesic cannot carry a strictly convex function.
Therefore, our construction will no longer work then. Since the presence
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of strictly convex functions is essentially necessary for harmonic map
regularity, this then seems to prohibit any general regularity result, let
alone an explicit estimate.

Still, even with those strictly convex functions, the regularity theory
is difficult and subtle, and we need to utilize the most advanced tools
available in the literature. In particular, we use the Green test function
technique and image shrinking method employed in [22, 23] and the
generalization of that scheme in [18], the estimates for Green functions
of [20, 4] that depend on Moser’s Harnack inequality [32], the telescop-
ing trick of [16, 17], and the Harnack inequality method of [27] that
converts convexity assumptions on the target into energy and oscilla-
tion controls for harmonic maps. A crucial point is that our estimates
will not depend on the energy of the harmonic map to be estimated.
Therefore, in particular, we do not need to make any energy minimizing
assumption, and when we turn to global issues, we only need to assume
the map to have locally finite energy, but not necessarily globally.

Following the scheme of [23], we can therefore apply our a-priori es-
timates to the Bernstein problem for minimal hypersurfaces in spheres
and Euclidean spaces. The connection between such Bernstein prob-
lems and harmonic maps into spheres comes from the Ruh-Vilms the-
orem [34] that says that the Gauss map of a minimal hypersurface is
a harmonic map (with values in a sphere). Showing that the original
minimal hypersurface is trivial (a totally geodesic subsphere or a hyper-
plane, resp.) then is reduced to showing that the Gauss map is constant.
In order to apply our results, we therefore have to show that the Gauss
map is constant under the assumption that its image is contained in
a compact subset of the complement of a half-equator. In the case of
the sphere, where we are in interested in compact minimal hypersur-
faces (the spherical Bernstein problem introduced by Chern [11]), this
is easy: When we compose our harmonic Gauss map with a strictly
convex function, we obtain a subharmonic function which on our com-
pact hypersurface then has to be constant, implying that the Gauss
map itself is constant, as desired. In fact, these results can also be ob-
tained by the method of Solomon [42]. In the Euclidean case, where we
are interested in complete minimal hypersurfaces, this is more difficult.
There, we need very precise a-priori estimates that can be translated
into a Liouville type theorem by a scaling argument. For that purpose,
unfortunately, we need to impose some additional restrictions on the ge-
ometry of our minimal hypersurface. In particular, we need a condition
on the volume growth of balls as a function of their radii, and we need a
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Poincare inequality. Fortunately, however, these assumptions are known
to be satisfied in a number of important and interesting cases, but the
final answers do not yet seem to be known (we are grateful to Neshan
Wickramasekera for some useful information in this regard, including
some description of his still unpublished work).

Let us finally try to put our results into the perspective of the Bern-
stein problem (our survey will be rather incomplete, however; see [45]
for a more detailed account). The original result of Bernstein that there
is no other entire minimal graph in R3, i.e., a minimal graph defined on
the entire plane R?, than an affine plane, has been extended by Simons
[40] to such entire minimal graphs in R” for n < 7 whereas Bombieri-de
Giorgi-Giusti [5] constructed counterexamples in higher dimensions. In
fact, the Bernstein problem has been one of the central driving forces of
geometric measure theory which is concerned with area (or in higher di-
mensions, volume) minimizing currents (see [15]). More generally, such
Bernstein type results have been obtained for complete stable minimal
hypersurfaces, on the basis of curvature estimates by Heinz [21] (in
dimension 2), Schoen-Simon-Yau [36], Simon [38, 39], Ecker-Huisken
[14], and others. Minimal graphs are automatically stable, and so this
approach applies to the original problem. Also, in contrast to the coun-
terexample of [5], Moser [32] had shown that an entire minimal graph in
any dimension has to be affinely linear, provided its slope is uniformly
bounded. [23] then introduced the method of deriving Bernstein type
theorems by showing that the Gauss map of a minimal submanifold of
R™ is constant, as explained above. In particular, this method could gen-
eralize Moser’s result. See also [41] for a combination of the Gauss map
with geometric measure theory constructions. An important advantage
of the method of [23] as compared to either the geometric measure the-
ory approach or the strategy of curvature estimates is that it naturally
extends to higher codimension, the only difference being that the Gauss
map now takes its values in a Grassmann variety whose geometry is
somewhat more complicated than the one of a sphere. Nevertheless,
the Gauss map is still harmonic by [34], and when one can derive good
enough a-priori estimates, one can again deduce a Liouville type the-
orem and Bernstein type results, see [23, 29]. Therefore, the strategy
of the present paper can also be extended to higher codimension, and
we shall develop the necessary convex geometry of Grassmannians in a
sequel to this paper.
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2. Construction of convex functions and the spherical
Bernstein problem

2.1. Convex supporting sets. Let (M, g) be a smooth Riemannian
manifold. A C?-function F' is said to be strictly convex on an open
subset U of M if the Hessian form of F' is positive definite at every point
of U, i.e.,

Hess F(X,X) =VxVxF —(VxX)F >0 for every nonzero X € TU.

(Here V denotes the Levi-Civita connection on M induced by g.) Equiv-
alently, for any arc-length-parametrized geodesic v lying in U, F o~ is
a strictly convex function in the usual sense.

The notion of a convex supporting set was proposed in [19]. A
subset U of M is said to be convex supporting if and only if any compact
subset of U has an open neighborhood in M on which there is defined
a strictly convex function F'. For the sequel, it may be helpful to point
out that this does not require F' be defined on all U, and in fact in the
case we shall be interested in below, there will be no strictly convex
function on U.

A maximal open convex supporting set is one which is not properly
contained in any other open convex supporting set. Take the ordinary
2-sphere equipped with the canonical metric as an example. An open
hemisphere is obviously a convex supporting set, but it is not a maximal
one. To obtain a maximal open convex supporting domain on S2, it
suffices to remove half of a great circle v joining north pole and south
pole. We will prove this fact and its higher dimensional analogue and
construct a maximal open convex supporting set on S™ (n > 2) equipped
with the canonical metric.

Lemma 2.1. Let M be a Riemannian manifold, A be a compact
domain of M and h be a non-negative C*-function with |Vh| # 0 ev-
erywhere on A. If there is a positive constant C such that

(2.1) Hess h(Y,Y) > C|Y|?

foranyY € T A with dh(Y') = 0, then there exists a positive constant A,
only depending on C, sup 4 |Hess h| and inf 4 |Vh|, such that whenever
A > A0}

(2.2) Hess (A" exp(Ah)) (X, X) > %|X|2

for any X € TA.
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Proof. With v := %, for any unit tangent vector X € T A, there

exist a € [~7, §] and a unit tangent vector Y € T'A such that dh(Y') = 0
and

X =sinav+cosay.
With ¢ := supy; |Hess k|, then

Hess h(v,v) > —cp and |Hess h(v,Y)| < co.
Thereby
Hess h(X, X)
sin? aHess h(v,v)+ 2sin a cos aHess h(v,Y) +cos® aHess h(Y,Y)

v

—cgsin® a — 2¢| sin a cos a| + C cos® a

2

v

. c 1
—cp sin a—;cosza—%gC Ysin? a + C'cos® a

C
= 5 cos® a — (co + 2c2C 1) sin? .
Denote ¢; := infyy |[Vh| and take

C
Ao = ¢ 2 <5 +co+ 2030_1> ,

then
Hess(A ™' exp(Ah)) (X, X)
= exp(Ah)(Hess h + Adh ® dh)(X, X)
> Hess h(X, X) + A(dh(X))?
C
> 3 cos® a — (co + 2¢2C7 1) sin? o + A|Vh|? sin” o
> 3 cos® a — (co + 2¢2C7 1) sin® o + Ac? sin a
C
> —
- 2
whenever A\ > Ao and (2.2) follows. q.e.d.

2.2. Maximal convex supporting subsets of S". We work on the
standard Euclidean sphere S C R"*! with its metric g.

We consider a closed half hemisphere of S™ of codimension 1, that is,
half an equator,

(2.3) g?__l = {(ml,xg, s ,a;n+1) e S": 1 =0,29 > O}

and put

(2.4) V=55
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V is open and connected. ?1_1 consists of the geodesics joining zg =
0,1,0,---,0) € 8" with the points in
IR ) + p

S"2 = {(x1, 9, - ,Tny1) € S™ i xy =z = 0},

which is a totally geodesic submanifold of S™ with codimension 2. When
n=2 5"2%=5%={0,0,1),(0,0,—1)} and hence Ei is simply the
shortest geodesic joining (0,0, 1)(north pole) and (0,0, —1)(south pole)
passing through zg = (0, 1,0).

We start with some simple and well-known computations and consider
the projection 7 from S™ onto D? (2-dimensional closed unit disk):

T: 8" — ]D2 (a;l,-'- ,LZ',H_l) — (a:l,azg).

Then x € V if and only if 7(x) is contained in the domain obtained
by removing the radius connecting (0,0) and (0,1) from the closed unit
disk. Hence for any = € V, there exist a unique v € (0,1] and a unique
¢ € (0,27) such that

(2.5) m(z) = (vsinp, v cos ).

v and ¢ can be considered as smooth functions on V.
Put yo := (1,0,---,0) and let p be the distance function from gy,
then by spherical geometry, 1 = cos p. It is well-known that

(2.6) Hess p = cot p(g — dp ® dp);
hence

Hess 1 = Hesscosp = —sinp Hess p — cos p dp ® dp
(2.7) = —cosp(g—dp®dp) —cosp dp @ dp

=—cospg=—x1g.

Similarly
(2.8) Hess 29 = —x2 g.
By (2.5),
(2.9) v? =2 + 23
and
dx1 = sin @dv + v cos pdp = sin pdv 4+ xody,
(2.10)

dxo = cos pdv — vsin pdy = cos pdv — x1dp.
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Combining with (2.9) and (2.10) yields
2vHess v + 2dv ® dv = Hess v? = Hess(z} + 23)
= 2x1Hess x1 + 2z9Hess x9 4+ 2dz1 ® dx1 + 2dxre ® dxo
= —2v% g+ 2dv ® dv + 2vdyp ® dp,
which tells us
(2.11) Hess v = —v g + v dp ® de.
Furthermore, (2.7), (2.11) and (2.5) tell us
—x1 9 = Hessz
= wcos pHessp + sin pHess v — x1dp ® dp
+cos (de ® dv + dv ® dyp)
= wvcosypHessp —x1 g+ x21dp @ dp — x1dp @ dp
+cos p(dp @ dv + dv ® dyp)
= wcospHessp —x1 g+ cos p(dp @ dv + dv ® dyp),
ie.
vcos pHess p = — cos p(dp @ dv + dv @ dyp).
Similarly, we have
vsin pHess ¢ = —sin p(dp @ dv + dv ® dyp).
We then have
(2.12) Hess p = —v ! (dp @ dv + dv @ dyp).

Let K be a compact subset of V. Define a function
(2.13) ¢=¢+f(v)

on K, where f is to be chosen. A straightforward calculation shows that
Hess ¢ = Hess ¢ + f/(v)Hess v + f"(v)dv @ dv
(2.14) = —vf'(v)g +vf (v)de @ de + f"(v)dv @ dv
— v N (dp @ dv + dv ® dp).

Obviously d¢ = do+ f'(v)dv # 0, and for every X such that d¢(X) = 0,
we have dp(X) = —f/(v)dv(X) and furthermore
(2.15)
Hess ¢(X, X) = —vof'(0)(X, X) +of' (v)dp(X)? + " (v)dv(X)?
— 207 dp(X)dv(X)

= —vf' ()X, X) + (vf (0)° + f"(v) +207" f'(v)) dv(X)?.
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By the compactness of K, there exists a constant ¢ € (0, 1), such that
v > c on K. Hence the function

(2.16) f = arcsin (%)
is well-defined on K. By a straightforward computation, we obtain
f'(v) = —cv 1 (v? - c2)_% <0

f"(v) = cv™2(v? — 62)_% + c(v? — 2~

N

and moreover
of'(0)? + () + 207 (v)
= - ) 2 4+ w2 (v? — 02)_% + c(v? — )~
—2e02(v? — c2)_% =

Therefore Hess ¢(X, X) > 0 for every d¢(X) = 0 and |X| = 1. The
compactness of K implies that we can find a positive constant C' satis-
fying (2.1). Then by Lemma 2.1 we can find A large enough so that

(2.17) F =)X"1exp(\p)

is strictly convex on K. Since K is arbitrary, we conclude that V is a
convex supporting subset of S™.

Theorem 2.1. V = S"\?:L__l 18 a maximal open convex supporting
subset of S™.

Proof. Tt remains to show that V is maximal. Let U D V be another
open convex supporting subset of S™. If there exist § € (0,5] and
y € S"2, such that (0,sin@,ycosf) € U, then a closed geodesic of S™

defined by
(2.18) v:t € R~ (sint,costsinf,ycostcosh)

lies in U. (It is easily-seen that |§| = 1 and

A(+(to). v (to + 1)) = arecos (1(to), 1(to + 1)) =1

whenever t € [0, 7|, hence 7 is a geodesic.) Since U is convex supporting,
there exist an open neighborhood U of Im(y) and a strictly convex

function F on U. Hence
d? .
E(Foy) = Hess F'(¥,7) > 0.
But on the other hand, since F' o 7y is periodic, F' o v takes its maxi-
. d2 .
mum at some point to € [0,27]; at to, 7= (F o) < 0; which causes a
contradiction. Therefore (0,sin @,y cos@) ¢ U whenever 6 € (0, 5]. The
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openness of U yields (0,0,y) ¢ U whenever y € S" 2. Hence U =V
and we complete the proof. q.e.d.

The following Remark may be helpful for the geometric intuition:

The functions that we construct in general do not have convex level
sets. Only the intersections of their level sets with the compact
subset K of V under consideration have to be convex. That is,
their level sets may leave K, become concave outside K, then enter
K again as convex sets and leave it again as concave sets.

The following two Observations will be useful below:

2.1

2.2

2.3.

Let F be a convex function on an arbitrary compact set K C V,
and T be an isometry of S™ onto itself, then obviously F o T~! is
a convex function on T'(K). Therefore U = T'(V) = S"\T(?Z_l)
is also a maximal open convex supporting subset of S™. Here
T (gi_l) can be characterized by

T(gi_l) ={zxe€S":(x,e;) =0 and (z,e2) > 0},

where eq, e5 are two orthogonal vectors on S™. In the sequel, EZ_l
will denote an arbitrary codimension 1 closed half hemisphere.
Denote D™(r) := {z € R™ : |z| < r} and D™ :=D"™(1). Then we
can define

x: (0,27) xDr=t =V
0,y) — (vl — |y[?sin 6, /1 — |y|? cos 0,y> )

It is easy to check that y is a diffeomorphism. Thus, V is diffeo-
morphic to a convex subset of R™. This fact will be crucial in the
estimates of the oscillation of weakly harmonic maps, see Section
5.

Applications to harmonic maps from compact manifolds.

The following property of harmonic maps is well-known (see e.g. [28],
Section 7.2.C).

Lemma 2.2. Let (M™,g), (N"™, h) be two Riemannian manifolds
(not necessarily complete) and u be a harmonic map from M to N. If on
N there exists a strictly convex function F, then Fou is a subharmonic

function. Moreover, if there exists a positive constant Kqg such that
Hess ' > Kq h, then

(2.19) A(F ou) > Ko|dul?.
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When M is compact and F' is a strictly convex function on N, then
the compactness of u(M) enables us to find a constant Ky > 0 such
that Hess F' > Koh on u(M). Therefore (2.19) holds. Integrating both
sides of (2.19) yields

0:/ A(Fou)*lZKo/ |du|? ¥ 1 = 2Ky E(u).
M M

Hence E(u) = 0, i.e. u is a constant map. We arrive at the following
Liouville-type theorem.

Proposition 2.1. (see [19]) Let (M,g) be a compact Riemannian
manifold, (N,h) be a Riemannian manifold and u be a harmonic map
from M to N. If the image of u is contained in a convex supporting set
of N, then u has to be a constant map.

Theorem 2.1, Proposition 2.1 and Observation 2.1 imply:

Theorem 2.2. Let (M,g) be a compact Riemannian manifold, u be
a harmonic map from M to S™. If u(M) C S”\gi_l, then w has to be
a constant map.

2.4. A spherical Bernstein theorem. S. S. Chern [11] has raised
the spherical Bernstein conjecture: Is any imbedded minimal (n — 1)-
dimensional sphere in S™ an equator? For n = 3, this was affirmatively
solved by Almgren [1] and Calabi [8]. The answer is negative in higher
dimensions, however, by counterexamples due to Hsiang [24]. Since
then, the spherical Bernstein problem is understood as the question
under what conditions a compact minimal hypersurface in S™ has to be
an equator. An important result of Solomon [41] concerns this problem
for compact minimal hypersurfaces with vanishing first Betti number.

We now study this problem for compact minimal hypersurfaces of
arbitrary topological type.

Let M — S™*P c R™*P*! be an m-dimensional submanifold in the
sphere. For x € M, by parallel translation in R™*P+! we can move the
normal space Ny M of M in S™TP to the origin of R™P+1  Thereby
we get a p-subspace of R”1P+1 This defines the normal Gauss map
v : M = Gpmir. Here Gp,yp is the Grassmannian manifold of p-
subspaces of R™*P*1. When p = 1, Gy 41 is simply the (m + 1)-
dimensional sphere.

There is a natural isometry n between Gy 41 and Gy,41,, which
maps any p-subspace into its orthogonal complementary (m + 1)-sub-
space. The map 7* = n o~ maps any point z € M into the (m + 1)-
subspace consisting of the tangent space of M at x and the position
vector of x.
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As pointed out and utilized by J. Simons [40], the properties of the
(minimal) submanifold M in the sphere are closely related to those of
the cone C'M generated by M. This cone is the image under the map
from M x [0,00) into R™*+P+! defined by (z,t) + tz, where t € [0, 00)
and x € M. CM has a singularity ¢ = 0. To avoid the singularity at
the origin, we consider the truncated cone C'M,, which is the image of
M x (g,00) under the same map, for € > 0. We have

Proposition 2.2. ([44, p.64]) C M. has parallel mean curvature in
R™*P+Lif and only if M is a minimal submanifold in S™P.

There is a natural map from R™P+1 — {0} to S™*P defined by

Y(z) = = x € R _ (o],

Hence for a map f; from a submanifold M C S™*? into a Riemannian
manifold N, we obtain a map f from C' M, into N defined by f = f101,
which is called the cone-like map (see [44, p.66]). One computes that
f1 is harmonic if and only if f is harmonic (see [44, p.67]).

By the definition, it is clear that the Gauss map v, : CM; — Gq1p
x — T,(CM,) is a cone-like map. We have already defined the normal
Gauss map v : M — Gppy1 and v* = noy : M — Gypyqq,p, where
1 : Gpmt1 — Gmt1p is an isometry. Obviously

(2.20) Ye=7" 0.

The well-known Ruh-Vilms Theorem (see [34]) tells us that C'M, has
parallel mean curvature if and only if the Gauss map 7. is a harmonic
map, which holds if and only if the normal Gauss map + is a harmonic
map. In conjunction with Proposition 2.2 we have

Proposition 2.3. ([10] [25] [44, p.67]) M is a minimal submanifold
in the sphere if and only if its normal Gauss map v: M — Gp i1 @5 a
harmonic map.

Combining Proposition 2.3 and Theorem 2.1, we obtain the following
spherical Bernstein theorem:

Theorem 2.3. Let M be a compact minimal hypersurface in S™. If
the image under the normal Gauss map omits EZ_l, then M has to be
an equator.

Remarks.

e Theorem 2.3 is an improvement of Simons’ extrinsic rigidity the-
orem (see [40]).
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e Solomon [41] (see also [42]) showed that under the additional
assumption that the first Betti number of M vanishes, such a
spherical Bernstein theorem already holds when the Gauss image
omits a neighborhood of some totally geodesic S”~2. Without that
topological assumption, however, there are easy counterexamples,
like the Clifford torus, and its higher dimensional analogues, as
described in [41]. In fact, Theorem 2.3 can also be obtained by
Solomon’s method in [42].

3. Construction of a smooth family of convex functions on S™

So far, we have constructed and utilized a single convex function on
the target of our Gauss maps in the sphere. For the general regular-
ity theory for harmonic maps that we now wish to develop and later
utilize for Bernstein type theorems, we need suitable families of con-
vex functions. Therefore, we need to refine and extend our preceding
construction.

On R"™, the squared distances from the points z € R™ constitute
a smooth family of strictly convex functions, or expressed differently,
for every x € R™, we have a strictly convex function that assumes its
minimum at z. In this vein, we now wish to construct a smooth family
of strictly convex functions on arbitrary compact set K C V| sufficiently
many points in K occur as the minimal points of corresponding convex
functions. To realize this, we need the following lemmas concerning the
relationship between convex hypersurfaces and convex functions.

3.1. Convex functions and convex hypersurfaces. For later refer-
ence, we recall some elementary facts.

Definition 3.1. Let IV be a hypersurface in the Riemannian manifold
(M, g). If there is a unit normal vector field v on N with (B(X, X),v) <
0 for any nonzero X € T'N (where B denotes the second fundamental
form of V), then we call N a convex hypersurface, and the direction
in which v points is called the direction of convexity.

The following result is well known and easy to verify:

Lemma 3.1. Let ¢ be a C?-function on the Riemannian manifold
(M,g) and N = {x € M : ¢(x) = ¢} a level set of ¢. If [Vp| #0 on N,
then

Hess (X, X) >0 for every nonzero X € TN

if and only if N is a convex hypersurface and the direction of convexity
is the direction of increasing ¢.
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Proof. Denote by V¥ the Levi-Civita connection on N. Let X be
an arbitrary local tangent vector field on N; since ¢|y = ¢, Vx¢é = 0;
hence

Hess ¢(X,X) = VxVx¢ — (VxX)o

(3.1) = —(VRX)¢ — (VxX - VXX)g
= —<B(X,X),V¢>
and the conclusion easily follows. q.e.d.

Combining Lemma 3.1 with Lemma 2.1, we obtain

Lemma 3.2. (see [30]) Let A be a compact domain in M. If ¢ is a
nonnegative function on A, every level set of ¢ is a convex hypersurface,
and the direction of convexity is the direction of increasing ¢, then there
exists A > 0 such that A\~ exp(\¢) is convex on A.

The following result is again well known and easy to prove:
Lemma 3.3. For zp € S™ and c € (0,1), the hypersurface
Nype ={z € 8™ : (x,20) = ¢}

where (.,.) denotes the Euclidean scalar product, is convex, and the di-
rection of convexity is the direction of decreasing (x,xg).

3.2. Refined construction of convex functions. We shall use the
functions v and ¢ defined in (2.5). Let K be a compact subset of
V= S"\Ei_l, then there exists a constant ¢ € (0, 3] with

v > 3¢

on K.

(3.2) U:= {x: (1,29, yTnt1) € Viv= /22 + 23 >2c}

is an open domain of S™ and K C U.

Theorem 3.1. For any compact subset ® of (0,27), there exists a
smooth family of nonnegative, smooth functions F(-,¢0) (po € ®) on
U, such that:

(i) F(-, o) is strictly conver on K;

(11) F(x,¢0) = 0 if and only if x = x,, := (sin g, cos 9,0, -+ ,0);

(iii) F(z,p0) <1 (or F(z,¢0) < 1) if and only if (x,24,) > 3¢ (or
respectively, (z,74,) > 3¢) and |p — po| < .
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Proof. Let f be a smooth function on [0, c0) satisfying
3
fit)y=0, tG[O,l—ac];

1
f)=t-1+e tef1-geo);
0<f <L

Then we can define H on U x (0,27) x [0,00) by
(3.3)
—veos(p — o+ f(1) + f(t) —t+1 if p <o,
z,po,t) — .
(@ ¢0,1) { —veos(p — o — f(t)) + f(t) —t+1 if o > ¢p.
Now we fix ¢g € (0,27) and denote H,,(x,t) := H(x,po,t). For
arbitrary z € U, put

(34) I :={t €[0,00) : max{0, [ — ol =7} < f(t) < |p — o}

then obviously I, is a closed interval, I, =: [my, M,]. If ¢ < ¢ and
t € I, then
(3.5) Do Hopq(x,t) = f'(t) (1 +vsin(p — o + f(t))) =1 <0

and 02 Hy(2,t) = 0 if and only if f'(t) =1 and f(t) = |¢ — ¢o| — 7 or
| — @o|; which implies ¢ = m, or M,. Hence

(3.6) OoHyo(z, - ) <0 on (mg, My).

Similarly (3.6) holds when ¢ > .
It is easily seen that when |p — ¢g| < 7,

(3.7) Hyo(x,my) = Hyy(2,0) = —vcos(¢ — o) +1 > 0.

Since f' <1, f(t)—t is a decreasing function. So f(t)—t > lim¢_,oo (f(t)—
t) = —1+c. Moreover, when | — ¢g| > 7 we have f(my) = |p—po| —m
and by (3.3)

(3.8) Hyo(x,mg) =v+ f(mg) —my +1>0v+c¢>0.

By the definition of M,, f cannot be identically zero on any neigh-
borhood of M,; hence M, > 1 — %c and moreover f(M,) — M, <
f(l—3c)— (1 —3c) = -1+ 3c. Therefore

3 1
(8.9) Hayy (. My) = —0+f (My) =My 1 < ~2e—14Ze+1 = —oc <0,

By (3.6)-(3.9), for each € U, there exists a unique ¢ = ¥(x,¢g) €
[mg, M), such that

(3.10) H{(x, 0,9(x,00)) = Hegy (x,9(2, ¢0)) = 0.
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Denote
Q:= {($7900) e U x (07 27T) Y 7& (100}7

then H is obviously smooth on £2x[0, 00). The implicit function theorem
implies that v is smooth on 2. To show the smoothness of v, it remains
to prove that ¢ is smooth on {(x,p9) € U x (0,27) : ¢ = ¢p}. Denote

o = { (0o 90) € U % (0.20) : (0,2) > G and o~ ul < 7).

then for every (z,¢0) € Qo, 1 — (z,24,) = 1 —vcos(p — pg) < 1— 3¢

and hence f(1 — (z,24,)) = 0; which implies 1 — (z,24,) € [mg, M)
and

Hyo(x,1 — (2,2p,)) = —vecos(p — o) — (1 = (x,24,)) +1=0.
Therefore
(3.11) P(x,p0) =1 — (x,24,) =1 —cosp(x) Y(z, o) € Qo

(where p denotes the distance from z,, on S™), and ¢ is obviously
smooth on the interior of . From (3.2) it is easily seen that {(z,¢0) €
U x (0,27) : o = ¢p} C int(p), which yields the smoothness of .

For ¢y € (0,27), put

(3.12) Vo i= {:1: eU:(x,2p,) > gc and [p — po| < F}.
Then by (3.11) and (2.6), on V,,
Hess 9 (-, o) = sin p Hess p+ cos p dp @ dp
(3.13) = cosp(g — dp ® dp) + cos p dp ® dp
3
=1 -4)g=3ey;

ie. (-, o) is strictly convex on V.

From (3.11) it is easily seen that 1(-,¢9) <1 — 3¢ on V. On the
other hand, for arbitrary x € U\V,,,, one of the following two cases must
occur: (I) |¢ — ol > m; (1) | — @o| < 7 and (z,24,) < 3c.

If case (I) holds, then ¢ (z,¢p) > m, > 1 — 3¢ by f(t) > 0; in the
second case, since

3 3 3
HSDO <.Z', 1-— 50) = —(‘T,‘T@O) — <1 — 50) —+ 1= _(x7x<,00) —+ 56 >0

and by the monotonicity of H,, with respect to the ¢ variable (see (3.6)),
we also have ¥(z, ) > 1 — 3c. Therefore

(3.14) Voo = {a: eU :¢Y(x,p0) <1-— gc} .
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Similarly

(3.15) int(Vy,) = {a: eU:y(x,p0) <1-— gc} .

For each ty > 1 — %c and z € U satisfying ¢ < ¢, ¥(z,p0) = to if
and only if

0= Hey(z,t0) = —veos(p — o + f(to)) + f(to) —to + 1,
ie.
(@,y(to)) = f(to) —to+1,
where
y(to) = (sin(wo — f(to)), cos(wo — f(to)),0,--- ,0).
Since f' <1, t~ f(t) —t+ 1 is a decreasing function, hence

gczf(to)—to—klz lim (f(t)—t+1)=c

t—+00

By Lemma 3.3,

_ def.
Ny oo 2z eU: o< po,p(x,00) =to}

is a convex hypersurface, and the direction of convexity is the direction
of decreasing the function = — (z,y(to)). By noting that

Hy(x,t0) = —(x,y(to)) + f(to) —to + 1,
we have
VyHy, (- t0) = =V (-, y(to)) > 0,
where v is the unit normal vector field on Ny 0 POINtING in the direction

of convexity. Then H(z) := Hy,(z,1(x, o)) satisfies H = 0 and at each

RS Ntoﬁoo

0= Vuﬁ = VI/H<PO('7tO) + 82H<pov1ﬂ/}('a 900);

which implies V,4(-,p0) > 0 (since OaHy,(x,¥(x,¢0)) < 0). In
other words, |V (-,p0)] # 0 on Ny . and the direction of convex-
ity of Ny ., 1s the direction of increasing ¥(-,90). By Lemma 3.1,

Hess (-, 0)(X,X) > 0 for every nonzero X € TNy, such that
dip(-, o) (X) = 0.
Similarly, putting
Nt-(i)_#PO = {x eU: p > 9007¢($7900) = t0}7

then |V (-,¢0)| # 0 on N,;" _ and Hess ¥(-, p0)(X, X) > 0 for every

to,0
nonzero X € TN;&SDO such that di(-, pg)(X) = 0.
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By the compactness of K and ® C (0, 27), there are positive constants
c9,c3 and ¢y, such that for all g € P,

Hess ¢(-, ¢0)(X, X) > co| X|?

for every nonzero X € TK which is tangential to one of the level sets
of ¢(7 (100)7 and

|HeSS 1,[)(,(,00)| < C3, |v¢(7900)| > ¢y

on K. Lemma 2.1 then implies that there exists A\g > 0 satisfying
(3.16) Hess(\; ! exp(Mot (-, ¢0)) > %cz g.

Now we take

exp(Ao? (-, ¢0)) — 1

exp (Ao(1—3¢)) =1

Then from (3.16), F(-,¢0) is a strictly convex function on K; while

conclusions (ii) and (iii) in the Theorem follow from (3.11), (3.14) and

(3.15), respectively. q.e.d.

(3.17) F(\0) =

4. Some properties of weakly harmonic maps

Let (M™, g) and (N™, gr) be Riemannian manifolds, not necessarily
complete. Here and in the sequel, we denote by {e1,--- e} a local
orthonormal frame field on M and by {f1, -, fn} a local orthonormal
frame field on N. We use the summation convention with the index
ranges

1<a,8<m, 1<id, 5 <n.

uec H llocz(M ,N) is called a weakly harmonic map if it is a critical

point of the energy functional F; i.e.

(4.1) 91 Blexp, (1) = 0.

for all compactly supported bounded sections & of u™'TN of class H'2,
where u~!TN denotes the pull-back bundle of TN (see [28, p.452]). A
straightforward calculation shows

(4.2) /M<du(ea), V.. €) 51 =0.

Here V is the connection on u~'T'N induced by the Levi-Civita connec-
tions of M and N.

Suppose €2 is an open domain of M and K is a compact domain
of N, such that u(2) C K and there is a smooth and strictly convex
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function F' on K, i.e. there exists a positive constant Ky such that
Hess F' > Kygr.

Let n be a non-negative smooth function on 2 with compact support.
Put

(4.3) E(y) = n(y) VN F (u(y)).

Then (4.2) tells us
0= [ (du(ea). V., 8) 1
Q

= ule N u *
o — [ fdutea), (Ve F (u(r)) <1

- /Q<dU(ea)mVeaVNF(U(y))> *1
=I1+1I.

f := F owu then satisfies V. f = V]u\ieaF, hence
(4.5) I:/Vn'Vf * 1.
Q

Without loss of generality, one can assume VY f; = 0 forevery 1 < i <n
at the considered point, then

Veo VVF (u(y)) = Ve, (VEF) fi)
= (V. VY F)f; = Hess F(u.ea, fi)f;

U oy

(4.6)
and moreover
11 = [ idu(en). V., TV F(uly) 1
Q
= / nHess F(uxeq, fi){fi, us€q) x 1
(4.7) “
= / nHess F(uxeq,Usq) * 1 > Ko/ 77|u*eoé|2 %1
Q Q
= K(]/ nldul? * 1.
0
Substituting (4.5) and (4.7) into (4.4) yields

(4.8) Ko/n\du\2*1g—/vn-Vf*1.
Q Q

It says that f = F o w is a subharmonic function in the weak sense.
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4.1. Additional assumptions. In the following, we shall assume that
(M, g) satisfies 3 additional conditions:

(D) There is a distance function d on M (which is not necessary
induced from the Riemannian metric on M), and the metric topology
induced by d is equivalent to the Riemannian topology of M ; moreover,
for each y1,y2 € M, d(y1,y2) < r(y1,y2), where r(-,-) is the distance
function of M with respect to the Riemannian metric.

(V) Doubling property: Let Bgr(y) be the ball centered at y of
radius R given by the distance d, denote by V (y, R) the volume of Br(y),
then there are Ry € (0, 00] and a positive constant K; independent of y
and R, such that

(4.9) V(y,2R) < K1 V(y, R) whenever R < Ry.

(P) Neumann-Poincare inequality: For arbitrary y € M and
R > 0 satisfying Br(y) CC M, the following inequality holds

(4.10) / v — TJBR(y)P 1 < K2R2/ ‘V?}P x 1
Br(y) Br(y)

where
UBny) = fBR(y) vl
r(Y) V(y, R)
is the average value of v on Bg(y), and K3 is a positive constant not
depending on y and R.
We say that the manifold M satisfies the DVP-condition if it satisfies
these 3 conditions.

Remarks.

4.1 Obviously the intrinsic distance function r induced by the Rie-
mannian metric g satisfies condition (D); and in the following, we
shall take d to be the extrinsic distance function when M is an em-
bedded submanifold in Euclidean space, or the Eucliean distance
when M is a simple manifold. In either situation, d? is a smooth
function on M x M. Hence d(-,-) < r(,-) implies |Vd(-,y)| <1
for each y € M. It is easy to construct a cut-off function 1 on
Br(y) satisfying

0<n<1, g =1and [Vn| < c(R—r)""

by letting n = ¢(d(-,y)), where ¢ is a smooth function on [0, c0),
such that 0 < ¢ <1, @ljg,) = 1, @lig,e0) = 0, and |¢'| < 72
4.2 Put

log K
(4.11) v = —8 1

log2 °
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For arbitrary 0 < r < R < Ry, we consider the integer k such that
2k—1 < I—f < 2%: from the doubling property it follows that

@12) V(o R) < V(z,2) < KMV () < K, <§> V().

4.3 It is well-known that the Neumann-Poincare inequality is closely
related to the eigenvalues of the Laplace-Beltrami operator with
Neumann boundary values. More precisely, let p2(€2) be the sec-
ond eigenvalue of

Av+ pv =0 in Q
(4.13)
9v =0 on 0N
on
where n denotes the outward normal vector field, then us(£2) is
characterized by

Vol? %1
(4.14) 42(Q) = min fﬂ'#
Jovei=0 o [v]? %1

Therefore Condition (P) is equivalent to ps(Br(y)) > Ky 'R™2.
The Neumann-Poincare inequality is also related to Cheeger’s
[9] isoperimetric constant

. . Vol(0ANint(2))
(4.15) hn(92) == 1%f Vol(4)

where A stands for an open subset of Q satisfying Vol(A) <
$Vol(2). Cheeger proved

(4.16) p2(Q) = Zhiy ().

-

4.4 (4.10) is the strong form of the Poincare inequality; in contrast,
the weak form of Poincare is

(4.17) / lv—0p, p|° *1 < 032/ [Vol? x 1
Ber(y) Br(y)

where k € (0,1) and C is a constant not depending on y and R. It
follows from the work of D. Jerison [26] that the doubling property
and (4.17) implies (4.10). Hence Condition (P) could be replaced
by (4.17).

4.5 From the work of Saloff-Coste [35] and Biroli-Mosco [3], Condi-
tions (V) and (P) imply the following Sobolev-type inequality: for
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y € M and R > 0 satisfying Bogr(y) CC M,
(4.18)
v—2

o 2v 1 2
/ "U‘ v—2 % 1 S KgR V(y, R) v / ’vv, * 1 ?
BR(ZJ) BR(y)

where v € HS’Q(BR(y)), v is a constant only depending on Kj,
log K1

D=

which is greater or equal to vy = Tog 2 and strictly greater than
2; R < Ry and K3 is a positive constant only depending on K;
and K5. With

- Joux1
(4.19) ]év = \?01(9)’

(4.18) is equivalent to

v—2

1

2v 2

(4.20) (f |v|%> < KyR <]l |W|2) .
Br(y) Br(y)

4.2. Harnack inequality. In the sequel, we shall make use of the fol-
lowing abbreviations: Fix a point yo € M and let B = Bgr(yg) CC M
with R < 3Ry, then V(R) := V(yo, R) and for arbitrary v € L>(Bg),

U4, R 1= SUpY, v_ g = inf, UR ::][ v,
Br Br Br

1
P
|0lp,R == | ][ ]v]p> p € (—00,+00).
Bpr

It is easily seen that p +— |0l g is an increasing function,

(4.21)

limy, o0 [Olp.r = |v|4,r and limy_,_ o |0|p.r = |v|- R, if |D|p R is well-
defined.

Lemma 4.1. Let M be an m-dimensional Riemannian manifold sat-
isfying DV P-condition, then for any positive superharmonic function v
on B satisfying R < %Ro and Bap CC M, p € (0,5%;) (the denotation
of v is same as in (4.18)) and 0 € [3,1), we have the estimate

(4.22) [0lpor < 11v- 0R
Here 71 is a positive constant only depending on K1, Ko,p and 6.

This Harnack inequality follows from the work of Moser[32], Bombieri-
Giusti[6], Saloff-Coste[35] and Biroli-Mosco[4] as we shall now briefly

describe. Firstly, the superharmonicity of v implies a reverse Poincare
inequality for v* for arbitrary k <  (see [32] Lemma 4); with the aid of
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the Sobolev inequality (4.20) and suitable cut-off functions as described
in Remark 4.1, we can obtain

_1
(4.23) v_(1-n)Rr = (@7 ?) 1|V —gr

for arbitrary 7 € (0, %] and ¢ € (0,00) by Moser’s iteration. Again using
Moser’s iteration repeatedly, one can get

11
(4.24) 9]g,(1—m)r < (€377 ) 4|0|s R.

Here 7 € (0,1], ¢ € (0, -%5), s € (0, (% — =2)=1] and c3, ¢y are positive
constants depending only on K7, K5 and ¢. By the Neumann-Poincare

inequality, we arrive at

(4.25) sup inf][ ‘log <3) ‘ < ¢5(70, K1, K2)
relro, 2] R/ B R k

as in [6], where 79 € (0,%). Combining with (4.23), (4.24) and (4.25),
one can apply an abstract John-Nirenberg inequality ([6], Theorem 4)
to obtain the result.

From Lemma 4.1, we get analogues of Corollary 1 and Lemma 7 in
[27]:

Corollary 4.1. Let M be an m-dimensional Riemannian manifold
satisfying DV P-condition, v be a subharmonic function on Bg satisfying
R< %Ro and Bop CC M. Then there exists a constant &y € (0,1), only
depending on K1 and Ko, such that

(4.26) v, r <(1-— (50)?}4_73 + 5017%.

+,2
Proof. For arbitrary € > 0, vy gp — v + € is a positive superharmonic
function on Bp, then Lemma 4.1 implies

@A T D) n < nlven—v+e)_x
where ~; is a positive constant only depending on K; and Ks. This is
equivalent to vy p —Ur +€ < ¥ (vy R — v, r+ g); letting € — 0 yields

2 72
e < _ .
U+.R = 0r <1 (V4,R — vy R)
(4.26) follows by putting §y = % q.e.d.
The next result is proved as in [27]:

Corollary 4.2. Let v be as in Corollary 4.1, and suppose 0 < € < %
There exists k € N, independent of v and €, such that

(4.27) vy kg <04 R+ (1— )R

for some R’ with "R < R’ < % (R' may depend on v and €).
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4.3. Mollified Green function. Obviously, b : Hy*() x Hy>(2) —
R defined by

(qza,w)H/Qw-w*l

is a bounded, positive definite bilinear form. For arbitrary y € € and
p > 0 such that B,(y) C €,

o H* () f ¢
By(y)
is a bounded linear functional. By the Lax-Milgram Theorem, there ex-
ists a unique function G*(-,y) € Hé’2(Q), such that for all ¢ € Hé’2(Q),

(4.28) /vcp(-,y) Vsl :]l 6.
Q Bp(y)

G” is called the mollified Green function with respect to the Laplace-
Beltrami operator on §2. We can follow [20] and [4] to obtain estimates
on G, to be used in the next paragraphs. (Riemannian manifolds satis-
fying the DVP- condition are certain metric spaces (homogeneous spaces
in the sense of [12] Ch. III, Section 1) on which a weak version of the
Poincare inequality holds, and (u,v) +— f v Vu - Vux1is a Dirichlet
form. Hence the results in [4] can be applied.)

Lemma 4.2. Let M be an m-dimensional (here and in the sequel
m > 3) Riemannian manifold satisfying DVP-condition, R € (0, % Ry|
satisfying Bsg CC M. Then the mollified Green function GP on Bp
enjoys the following properties:

R? _
. Pl(. < [ — — B-
(429) G (,y)_Clv(R) onSR BR B%
and
2 R? 5
4. p(. 1<Cy— Tp:=Brp—B
430 [ VG el Cops onTie= B By

forally € Br and p < %. Here C1,Cy are positive constants depending
4
only on K1 and K.

Proof. y € Br implies B C Bsr(y); since Bsr(y) C Bur C
4 4 2 4
Bsr CC M, one can apply (6.13)-(6.15) in [4] to obtain

(4.31) sup G

()
8B§(y) %(y)
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Here G%ER W) denotes the mollified Green function on Bsr (y), which is
ol 4

harmonic on Bsr (y) — B,(y). Hence the maximal principle implies for
4
each z € Sp C B%(y) — B%(y),

R2
(4.32) G% (z,y) < sup GY (y) < c6(Kq, K?) :
Bap ) 0Byl V(y, §)

Noting that G%,R W) and GP are all nonnegative (which can be seen by
T
a simple truncation argument, see [20]) and G%ER W) ~ G* is harmonic
4
on Bpg, again using the maximal principle yields

G*(2,9) = Gy (2:9) < 5up [G*(y) = G, ) (59)] <0
R

Bsr (y
a
Hence (4.29) immediately follows from (4.32) and
R 7 5R »
— | > — ) > .

As in [20], we choose a cut-off function 7 satisfying n = 1 in T,
n =0 in B% and |Vn| < %, and insert G(-,y)n? into (4.28). (4.30)
then follows from (4.29). q.e.d.

Lemma 4.3. Let M be an m-dimensional Riemannian manifold sat-
isfying DVP-condition, R € (0, %Ro] satisfying Bop CC M. With

(4.33) wh = V](E)G?«,yo),
then

(4.34) wt<C3  onBpg

and

(4.35) wt>cy on B%,

where C3 and Cy are positive constants depending only on K1 and Ko,
but not depending on R.

Proof. (4.28) and (4.33) imply that
(4.36) VwR-Vqﬁ*l—i/ qﬁ*l—/ i1 cpx1
| Br B [, PR

holds for every ¢ € Hé ’2(B r). Then applying Theorem 4.1 in [4] yields

1
4.37 R < 0y R? —1 = (.
(4.37) supw™ < Cy S;£<R2 B%) 3
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By (6.13)-(6.15) in [4],
R2

R
. inf G2 (-,y0) > .
(4.38) algf%@(,yo) _C4V(§)

Since G2 (,90) is a superharmonic function, it assumes its minimum in
Br at the boundary; therefore, (4.35) immediately follows.
2
q.e.d.

4.4. Telescoping lemma. Based on (4.8) and Corollary 4.1, we can
obtain a version of the telescoping lemma of Giaquinta-Giusti [16] and
Giaquinta-Hildebrandt [17] as in [27].

Lemma 4.4. Let (M™, g) be a Riemannian manifold satisfying DVP-
condition, (N", gr) be a Riemannian manifold, u € Hllo’f(M, N) be a
weakly harmonic map, K be a compact domain of N, and let there exist a
smooth and strictly convex function F' on K such that Hess F > Kq gr.
If there is Ry € (0, %Ro], such that Bap, CC M and uw(Bg,) C K, then
there is a positive constant Cs, only depending on Ko, K1 and Ko, such
that for arbitrary R < R

R2

4.39
(439) V()

/ |dul® 1 < Cs5(fe.r — f, &)
Bgr '2

Here f = F ou. Moreover, there exists a positive constant Cg, only
depending on Ko, K1, Ko and supy F' — infg F', with the property that
for arbitrary e > 0, we can find R € [exp(—Cge™ )Ry, Ry such that

R2
V(E) Br

The telescoping lemma will be so powerful for our purposes because it
does not require an energy bound on our weakly harmonic map. Instead,
the energy of u is locally controlled by the oscillation of its composition
with the strictly convex function F', essentially via a lower bound on
the Hessian of F. (In general, when applying this scheme, one will also
need an upper bound for the gradient of the strictly convex function F
in order to relate the oscillation of F' o u to the one of u itself. In the
situation of the present paper, this will be implicitly contained in the
geometry of the sphere and therefore not come up as an issue.)
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Proof. v = f — fy g satisfies v < 0. Choosing (wf)? € Hé’z(BR) as
a test function in (4.8) (w't is defined in (4.33)), we obtain

KO/ du2 @2 s1< - [ VP2 Vol
Br Bpgr
= —2/ Vwl . Wl x 1
Br
= -2 V- (V(wv) —vVw?) « 1
Br

< -2 VwR'V(va)*l
Br
2 2C
:—E/B wRU*1<—R—23 v*l.

Here we have used (4.36) and the pointwise estimates for w® in Lemma
4.3. On the other hand,

/ du? (W2« 1 > CZ/ |dul? 1.
Br By

Hence

2C5
dul s 1< —2 — 1
e R
2 2

)

(4.41)
V(

NI’;U

= c7(Ko, K1, K»)

5~ (f+r— fR)

By Corollary 4.1, f1 r — f% < 50_1(f+7R — f+,§)' Substituting it into
(4.41) yields (4.39).

For arbitrary k € N, (4.39) tells us
(4. 1)

k
le
Z V 2— i— lRl / ‘du‘2 * 1 S C5 Z(f+727iR1 — f+727i71R1)

By- i—1Ry =0

= Os(f+.r1 = f4 2-k-1R,)
< Cs(sup F' —inf F).
K K

For arbitrary € > 0, we take

(4.43) k := [C5(sup F — inf F)z—:_l].
K K
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Here and in the sequel, [z] denotes the greatest integer not larger than
z. Then we can find j with 0 < j < k, such that

(Q_jR1)2
(4.44) —2 /B

1
- 2 | —1 < e.
PETIR Jo, S O F gt ) <2

27-7.711?1
Since 277 > 27k > 2-Cs(supi F-infie F)e™! — oy (— (log 2)Cs(supy F —
infx F)e™!), it is sufficient to take Cg = C5log 2(supy F — infx F).

q.e.d.

5. Regularity of weakly harmonic maps and Liouville type
theorems

5.1. Pointwise estimates. M, N,u, K and Ry are as in Lemma 4.4.
Now we assume that there exists Ry € (0, %RO] with Bzr, CC M and
u(Bpg,) C K. Let H be a smooth function on K, n be a non-negative
smooth function on B, with compact support and ¢ be a H'->-function
on Bpg,. Denoting

(5.1) £(y) = n(y)e(y) VY H(u(y)),
then similar to (4.4)-(4.7), we have

(5.2) / goVn-Vh*1+/ nch'Vh*l—i-/ neAhx1 =0
Bg, Br, Br,

where h = H o u. It implies

Vgo'V(nh)*lz—/
Br,

+ / hVe - Vnx 1.
B,

ngn-Vh*l—/ neAh x 1

BRl BRl

For arbitrary R < %Rl, we can take a cut-off function 7 with the support
in the interior of Br, 0 <1 < 1,7 =1on Br and |Vn| < §. For each
2
p < %, denote by G” the mollified Green function on Bgr. Then by
inserting ¢ = GP(-,y) into (5.3), where y is an arbitrary point in Bz,
4
we have

/ VGP(-,y)-V(nh)x1=— G’(-,y)Vn-Vhx1
Br Br

(5.4) —/B nGP (-, y)Ah 1

[ hVGP(,y) - Vil
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We write (5.4) as
(5.5) I, =11,+1I1,+1V,.

By (4.28), we arrive at

(5.6) I, 2][ nh :f h.
Bo(y) By (y)

If we choose for h its Lebesgue representative, then we can find a sub-
sequence of the p’s with the property that

(5.7 lin T, = h(y)
Put Tr := Br — Br. Since Vi = 0 outside Ty,
2
11, = | | Gy Vn-Vhs1| < [ Gy OnlIVh 1
(5.8) Tk Tk
< coR ™ sup ]VNH\/ G’ (-,y)|dul * 1.
K Tr

By (4.29), G*(-,y) < C4 B on Tk, hence

V(R
|11, < C’sup|VNH|i/ |du| * 1
Ph= K V(R) Tr
(5.9) <C’sup|VNH|i (/ |du|2*1>%Vol(T )%
| =K V(R) \Jr, "
1
< ¢1 (K1, Ky)sup |[VVH| <R—2/ |du|2*1>2
>~ C1 1,12 K V(R) By
Obviously
(5.10) m,,:-/ NGy Ahs1— | GP(y)AR 1.
TR Bg

According to (4.29) and (4.39) in Lemma 4.4,
(5.11)

‘ —/ nGP (-, y)Ah * 1‘ = ‘/ nGP (-, y)Hess H(uieq, useq) * 1
Tr Tr
< sup |Hess H| GP (-, y)|dul? * 1
K Tr

R2
SC’lsupHessH—/ dul? % 1

e 1) (L2 [ a1
< co sup |Hess < / ul” * 1> .
K V(R) Br
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Here ¢y is a positive constant depending on Ky, K7, Ko and supg F —
inf K F.

Additionally assume that K C N is diffeomorphic to a convex domain
V of R™, x denotes the diffeomorphism from V to K; and suppose
that there exist positive constants K3 and Ky, such that for arbitrary
XeTlV,

(5.12) K3 X| < [xa(X)] < Kl X].

Then u € L'(Bg,K) can be viewed as an L'-function from Bg into
V C R"™. Define the mean value of v on By by

_1ou *
(5.13) iR ::X[fBR(X ) 1].

V(R)

Applying the Neumann-Poincare inequality yields

Bolu, ) 1 < K3 / ) — xMam)? # 1

Br Br

(5.14) < KZK2R2/ d(x " ow)]? + 1
Br

K2K.
< —24= 5 2R2/ |dul? 1.
K3 Bgr

Here dy denotes the distance function on N induced by the metric.
Now we write

then
(5.15)
IV, = H(ug) : VG”(',y)-Vn*lJr/T (H(u)—H (agr))VGP (- y)-Vipel.

Similar to (5.6)-(5.7), the first term can be estimated by

(5.16) lim H(ag) VGP(-,y)-Vn*1= H(ug).
p—0 Br
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We recall [Vn| < . In conjunction with (5.14) we have
(5.17)

‘/T H(ig)) VG ) - T+ 1

< ¢ sup]VNH\R_ / dN(U,@R)‘VGp(vy)‘ * 1
K Tg

1 1
2 2
< cosup |[VVNH|R™! </ d%;(u, aR) * 1> </ |VGP(.7y)‘2>
K Tr Tr
1 1
N 2 2 2 2
< c3(Ka, K3, Kq)sup [V H| (/ |dul” 1) </ VG (-, y)| >
K Br Tr

Substituting (4.30) into (5.17) implies

(/T H(ig)) VC(y) - V1

R? At
<C4sup]V H\( (R)/B |du| *1)
R

where ¢4 is a positive constant depending on K7, Ko, K3 and Kj4.
From (5.4), (5.6)-(5.7), (5.9), (5.10)-(5.11), (5.15)-(5.16), (5.18), let-
ting p — 0 we arrive at the following important formula

h(y) = H(u(y)) < H(ur) + 07(81]1{13 IVNH|

(5.18)

(5.19) + sup |Hess HY) < ](%;) /BR |du|? * 1) i

—liminf/ G?(-,y)Ah x 1
Br

p—0

for arbitrary y € Br. Here C7 is a positive constant depending on
4
Ko, K1,Ky, K3, K4 and supy F —infx F.

5.2. Image shrinking property. Based on the convex functions con-
structed in Theorem 3.1, with the aid of (5.19) and Lemma 4.4, we can
derive an image shrinking property for weakly harmonic maps, that is,
when we make the domain smaller, the image also gets smaller in a
controlled manner.
Recall that on V = S"\gi_l there are well defined functions v and
¢ (see (2.5)).

Theorem 5.1. Let M be a Riemannian manifold satisfying the DV P-
condition, K be an arbitrary compact subset of V = S"\gj__l, and we
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put

1 . .
(5.20) ¢ := min {§ mlglf(v,;enlf( go,wlenlf((%r — 90)} .

Ifu e H1’2(M, S™) is a weakly harmonic map and there exist yo € M

loc

and Ry < %Ry with Bsg,(yo) CC M and u(Bg,(y0)) C K, then

there exists 61 € (0,1), only depending on Ki,Ks and c, such that

u(Bs, g, (¥0)) is contained in a geodesic ball in S™ of radius arccos(3c) <

[MIE]

Proof. The definition of y : (0,27) x D*~! — V is shown in Obser-
vation 2.2. From (5.20), it is easily seen that

(5.21) X HEK) C e, 2m — ¢ x D"H/1 = (3¢)2).
Denote

(5.22) K :=x([e,2m — ] x D"} (/1 = (3¢)2)),

then K O K is diffeomorphic to a compact and convex subset of R™.
Then we can define the mean value of u on Br (denoted by @pr) as in
(5.13) ; and obviously @r € K. Also note that the constants K3 and
K, given in (5.12) depend only on c.

Let F be the convex function on K given in Theorem 3.1, then there
exists Ko > 0, such that Hess F > Ky h on K, where h is the canonical
metric on S™. Ky and sup; F' — inf ; I depend only on c.

If U is defined as in (3.2), then K C U. Let F(-,0) (o € [¢,2m —
c|) be the smooth family of the smooth functions on U constructed in
Theorem 3.1. Put

Y= {(:17,900) c K x [c,2m — ¢ : (z1,22) = \/:17% —I—x%(singoo,cosgoo)},

then for each (z,p0) € %, for xy, = (singg,cosg,0,---,0), then
(z,74,) = V22423 > 3c; which implies F|y, < 1. Hence by the
compactness of X, we can find a positive constant c¢5, such that

(5.23) Fly <1—cs.

Put

(5.24) Cg:=  sup sup ‘VF(',(,D())‘ + sup ‘Hess F(',gpo)| .
po€lc,2m—] K K

Then for ¢ = cgcg 207_ 2 Lemma 4.4 enables us to find R €

[% exp(—Cee )Ry, %Rl], where Cg is a positive constant only depending
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on K1, K> and ¢, such that

(2R)? / 2
dul*x1 < e.

V) Jp, "

Since g € K, there is pg € [¢,2m — (] satisfying (g, o) € ¥, and
moreover (5.19) yields

(5.25)

1 1
F(u(y), o) < F(ug, o) + 5 Crcoe?

(5.26) ~lmipt [ GCYAEC o) 0u) ¢ 1
2

N

1 1
§1—C5—|—§C7CG€ :1—§C5<1

for all y € Br. Here the last term has been thrown out, since G*(-,y) >
4
0 and F(-,¢p) o u is a subharmonic function on Br. Hence if we take
2
0 = %exp(—Cﬁs_l), then for arbitrary y € Bs,r, C Br, we have
4

uw(y), x,,) > 3¢ ie., u(Bs, r, ) is contained in the geodesic ball centered
¥o 2 14
at z,, and of radius arccos(3c). q.e.d.

5.3. Estimating the oscillation. Now we put R©) := §, Ry, ro :=
arccos(3c), 20 := z,, and denote by B,(z) the geodesic ball of S™
centered at x and of radius r. First of all, note that one can find
positive constants c7, cg and c¢g, only depending on ¢, such that

(5.27) sup|Vp(z,)?| + sup [Hess p(z,-)?| < e7
K K

and

(5.28) cs < |dexp, | < ¢y on D(rg)

for all z € S™. Here p(z,-) is the distance function on S™ from z, and
exp, denotes the exponential mapping of S™ at x; its restriction on

D(rp) is a diffeomorphism. Since
u(Bgo) C Bry(@”) = exp 0 (D(r0)),
we can define the mean value of u on Br with R < R by

-1
J i, (exP o) ou) * 1]

UR = €XP,(0) [ V(R)

and u(Bpo)) C By (z() implies ig € By, ((?). Hence by (5.19), there
is a positive constant cyg, only depending on Ki, Ko and ¢, such that
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forall R< RO, y e B% and x € S™

p—0 Br
2

For arbitrary ¢ > 0, Lemma 4.4 enables us to find R € [4R(M) RO,
where R = §0) (¢, K1, Ky, ¢)R©, such that

1
RZ/ 9 >5
coc7 | —— dul® =1 <e.
(v Jy, o

Since @ig € By, (), one can easily find (1) € B,,(z(9)), such that

p(z@, M) < g -1 and p(zM ag) < 2rg — g

Thereby B,,(z) c B%(az(l)) and hence p(z() )% is convex on
w(Bpo) D u(B%) Letting z = (M) in (5.29) yields

2
o, u)? < (2r0~5) = Yy € By C B

€= §r—z 2—(27‘—1)2
“\2% 71 079>
v

(5.30) w(Bray) C Byy () where 7 = 27’0 T

Similarly for each j > 1, if r; > 7, we can find 20t € By, (217)) and
RUFY = §0) (K, Ky, ¢)RW, such that

Let

then we arrive at

. 3 T
(5.31) u(Bpru+1)) C BTHl(x(J)) where ;11 = SUEARYE
Noting that rg > ry >ro > --- and r; —rj11 = %(% —rj) > %(% —ro),
after k steps (k only depending on ¢) we can arrive at
(5.32) u(Bg) C By, (2®) € Bz (z™).

This implies that for arbitrary R < R®), ag C Bz (%)) and moreover
w(Bpk) C Bg (ig). Hence p(iig,-)? is convex on u(Bgw). Letting
x = up in (5.29) yields

2 3
(5.33) (g, u(y))? < crocr (% /B |du|2*1> .
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for arbitrary y € Br. Hence the oscillation of w on Br can be controlled
4 4
by

=

1
R2/ ) >Z
= dul? x 1 VR < R®),
<V<R> |

Again applying Lemma 4.4 we have the following theorem:

Theorem 5.2. When M,u,V, K, c,yo, R satisfy the assumptions of
Theorem 5.1, then u is continuous at yg. More precisely, for arbitrary
e > 0, there is 9o € (0,1), only depending on Ki, Ko, c and e, such that

(5.34)  oscpyu < 2(ciocr)
4

(5.35) 0SCBy, p (yo)U < €

5.4. Holder estimates. Now we can proceed as in [27] and Ch. 7.6
in [28] to get the Holder estimates for weakly harmonic maps.

By Theorem 5.2, there is a constant do € (0,1), depending only on
K1, K5 and ¢, such that

’U,(BR2 (y())) C Bg (LE()) where R2 = (52R1,$0 = u(yo)

This implies that the function p?(-,x) is strictly convex on u(Bg,) for
arbitrary z in the convex hull of u(Bpg,); furthermore, one can find a
positive constant cq1, independent of the choice of x, such that

(5.36) Hess p°(-,z) > ¢11h.

Similar to the above, one can define the mean value of u on Br with
R < Ry by

i S (exDz, ou) * 1
UR = exp,, ' VIR)

Then #g lies in the convex hull of u(Bg,). The convexity of p?(-,z)
implies that the compositions

’U:pz(-’xO)Ou7 andw:pz('7aﬁ)ou
2
are both subharmonic functions. Applying Corollary 4.2 yields
(5.37) Wy kR < 62’w+7R +(1- 62)@)3/

for some R’ € [e*R, &]. By (5.14), the doubling property and the Tele-
scoping Lemma 4.4, we arrive at

1

_ 2 _ 2 _
e :][ p*(u,in) < / p*(u,
B ( ) V(R) B (

2 2
(5.38) < ORr / ldul? x1 < CR / |du|? x 1
B Br

)x1

v
v

~ V(R) V(3)

< ci2(v4 R — v ).

’2
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Here c12 depends on . With the aid of the triangle inequality, it is easily
seen that v, .kp < 4w, kg and wy g < 4vy g. Substituting (5.38) into
(5.37) yields

Ui kR < 4w+’€kR < 4€2w+7R + 4(1 — 62)’wR/
(5.39) < 16e%vy g+ 4c1a(1 — ) (v g — v+7§)
< 16e®v4 g + c13(ve R — V4 k)

where ci13 is a positive constant depending on . Take ¢ = %, and put
§ = &”, then

1

7+ cC13
5.40 v < 4 V1 R.
(5.40) HOR S P VR
By iteration, we arrive at

R\e —0 p—0
(5.41) sup  p(u(y), u(yo)) < ca (R_> = c146, "Ry 7R
YE€BR(Yo) 2

for arbitrary 0 < R < Ry, where ¢;4 > 0, 0 € (0,1) are constants
depending only on K1, K5 and c.
We note that for each y1 € Br, (y0), w(Br; (y1)) C u(Br, (v0)) C K;
2 2

therefore, (5.41) still holds true for arbitrary 0 < R < % when yq is
replaced by y1. We can get the following theorem:

Theorem 5.3. With M,u,V, K, c,yq, R1 satisfying the above assump-
tions, there exist numbers o € (0,1), d3 € (0,1) and Cs > 0, depend-
ing only on Ki,Ks and ¢, such that the o-Holder seminorm of u on
Bysyr, (yo) can be estimated by

(542) [u]00(35331)(y0) < CSRI_U'

Here and in the sequel,

(5.43) [u]co(g) = sup M
Y1,Y2€S,y17Y2 (Y1, 92)

where 7(+,-) is the distance function on M induced by the metric g.

We point out that the Holder bound thus depends only on the ge-
ometry of the domain, as incorporated in the volume doubling constant
K of (4.9) and the Poincare inequality constant Ks of (4.10) and on
the convexity condition on the image as reflected in the constant ¢ that
controls the Hessian of our convex functions, but not on the map w, and
in particular not on its energy. Therefore, in the sequel, in our Liouville
theorem, we do not need to require that the map in question have finite
energy.
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5.5. A Liouville type theorem. Letting R; — +o00 in Theorem 5.2
or Theorem 5.3, we obtain the following Liouville-type theorem:

Theorem 5.4. Let (M, g) be a complete Riemannian manifold satis-
fying the DV P-condition with Ry = 400, and K be an arbitrary compact
subset of V = Sn\gi_l. If u: M — S™ is a weakly harmonic map, and
almost every y € M satisfies u(y) € K, then u is constant.

Remark. Solomon [42] obtained regularity and Liouville theorems
for energy minimizing harmonic maps when the image omits a neigh-
borhood of a totally geodesics S"~2. Since we wish to apply our Liou-
ville theorem to the Bernstein problem in the next section, we cannot
make the assumption that the harmonic maps under consideration be
energy minimizing as in general it is not clear under which conditions
Gauss maps are energy minimizing. In any case, his Liouville theo-
rem is only derived for the case where the domain is Euclidean space.
And Solomon’s result ceases to be true without the energy minimizing
assumption.

6. Analytic and geometric conclusions

6.1. Simple manifolds. Let M = D™(rg) ¢ R™ with metric g =
Jap (yh, - - ,ym)dyo‘dyﬁ. We suppose that there exist two positive con-
stants A and p, such that

(6.1) N[E1? < gaps®eP < i€
Now we define a distance function d on M:
(6.2) (yl,yg) eMx M w— )\]yl — y2’.

Then obviously

7(y1,92) > Alyr — yo| = d(y1, y2)
where r(+,-) denotes the usual distance function induced by the metric
g.
Denoting by D(y, R) the Euclidean disk centered at y and of radius
R, then with respect to the distance function d,

(6.3) Br(y) = D(y, A\"'R) N D(ro).
Taking
(6.4) RO = )\7‘0,

then for arbitrary R < Ry,

(6.5) V(y,2R) = Vol (D(y,2A"'R) N D(ro)) < (%“)m}z%m
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and
1 -1 Y 1 -1 —m pm

Here wy, is the volume of the m-dimensional Euclidean unit disk equip-
ped with the canonical metric. Hence (M, g) satisfies condition (V) with
Ky = ()™,

We note that Br(y) CC M if and only if Br(y) = D(y, \"'R). By
33],

(6.7) / |v — Dy-1p|%dy < 47r‘2)\‘2R2/ | D |*dy
D(y,A~1R) D(y,A\~1R)
where
Jowa-1m) v A
fD(y,le) dy

and |Dv|? = Y (0%v)%. Noting that x1 = \/det(gas)dy and |Vo|? =
g3 0*vdPv, where (90‘5 ) denotes the inverse matrix of (gag), it is easy

Uy-1g =

for us to arrive at

/ v = Vp,** 1 < Mm/ v — Dy-15[2dy
Br(y) D(y,A~1R)

(6.8) <A A3 R / | Dv|?dy
D(y,A~LR)

m+2
< 4n? (H) Rz/ Vol x 1
A Br(y)

which means that M satisfies condition (P) with Ky = 47T_2(§)m+2.

Therefore, applying Theorem 5.3 yields the following Holder estimate:

Theorem 6.1. Let M = D™(ry) with metric g = gopdy®dy®, and
suppose that there exist two positive constants X\ and p, such that

N < gap€®e? < 1?lE)?

for arbitrary € € M. Suppose u € H1’2(M, S™) is a weakly harmonic

loc

map, and there exists a compact set K C S"\gj__l, such that u(y) € K
for almost every y € M. Then there exist numbers o1 € (0,1), €4 €
(0,1), and Cy > 0, depending only on m, § and K, but not on 1y, such
that the o1-Holder seminorm of u on B.,,, is estimated by

(69) [U]C"l (3547'0) < Cg()\ro)_a'l.
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Remark. Here the definition of Holder seminorm is the same as
(5.43). In many references, e.g. [23], the o-Holder seminorm is given
by

p U(yl),u(yQ)
(610) [u]C"(S) = Sup (—0)
yieSaty: Y1 — Y2l

With that definition, the corresponding estimate would read as
(611) [u]cal (B€4r0) é 097‘0_0—1.

Since the regularity estimates are local for domain manifolds and in
a coordinate patch with induced metric the conditions of Theorem 6.1
are satisfied, we have:

Theorem 6.2. Let (M, g) be an m-dimensional Riemannian mani-
fold, u € Hllo’cz(M, S™) be a weakly harmonic map, and K be a compact

subset of S”\gi_l, with the property that almost every y € M satisfies
u(y) € K. Then for any compact subset S of M, there exist numbers
o9 € (0,1), and Cy9 > 0, depending on m, K, S, and on the metric of
M, but not on u, such that the estimate

(612) [’LL]CJQ (S) S 01(]

holds. Moreover, if M is homogeneously regular (in the sense of Morrey)
with constants A and p, then oo depends only on m, A\, i and K, while
Clg depends, apart from these parameters, also on S.

We use here a slightly altered definition for homogenously regular
manifolds (cf. [31, p.363]): A C'-manifold M is said to be homoge-
nously regular if there exist positive numbers A and pu, such that each
point yo of M is the center of a coordinate patch {z : |z| < 1} for which

NE? < gap(2)€7EP < p2l€)?

holds for all £ € R™ and each |z| < 1.
Recall that a Riemannian manifold M is said to be simple, if it is
described by a single set of coordinates y on R™ and by a metric

9= gop(y)dy“dy”
for which there exist positive numbers A and p such that
NIEP < gap(y)ee” < p?lef?

holds for all £,y € R™.
Applying Theorem 5.4 yields the following Liouville-type theorem:
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Theorem 6.3. Let u be a weakly harmonic map from a simple Rie-
mannian manifold M to S™. If u(M) is contained in a compact subset
of S"\?rfr_l, then u has to be a constant map.

Remark. Let M be an entire graph given by f: R” — R. If [V f| <
B < 00, then the induced metric on M is simple. Furthermore, the image
under its Gauss map lies in a closed subset of an open hemisphere. This
is the situation of [32].

For higher codimensional graphs with suitable bounded slope of defin-
ing functions we also obtain simple manifolds with convex Gauss image
in Grassmannian manifolds. This is the situation of [23].

6.2. Manifolds with nonnegative Ricci curvature. Let (M, g) be
a complete Riemannian manifold with Ric M > 0. For the canonical dis-
tance function d(-,-) induced by g, Condition (D) is obviously satisfied.
By the classical relative volume comparison theorem, M enjoys the dou-
bling property with constant K7 = 2™. In [7], P. Buser shows that M
satisfies the Neumann-Poincare inequality with constant Ky = Ka(m).
Therefore, Theorem 5.4 yields the following Liouville-type theorem:

Theorem 6.4. Let u be a weakly harmonic map from a complete
Riemannian manifold M with nonnegative Ricci curvature to S™. If
u(M) is contained in a compact subset of S”\gi_l, then u has to be a
constant map.

6.3. Bernstein type theorems. Let M™ C R™*! be a complete hy-

persurface with the induced Riemannian metric. Then we can define
d: MxM-—R

(6.13) (y1,y2) = ly1 — 2

where |y; — y2| denotes the Euclidean distance from y; to y2. Obviously
d(y1,y2) < r(y1,y2). Therefore M satisfied Condition (D) if and only
if the inclusion map i : M — R™*! is injective, i.e. M is an imbedded

hypersurface.
Given y € M and R > 0, the density is defined by
Vy, R)
6.14 O(y,R) = .
(6.14) B =L

Here w,, is the volume of S™ C R™*! equipped with the canonical
metric. The following monotonicity of the volume is well-known.

Lemma 6.1. ([13, p.8]) If M™ is any complete minimal embedded
submanifold in Euclidean space, then O(y, R) is monotonically nonde-
creasing in R and limp_,0 ©(y, R) = 1.
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We say that a minimal hypersurface M has Euclidean volume growth
if there exist yo € M and a positive constant C', such that

(6.15) O(yo, R) < C
for arbitrary R > 0. For each y € M, if we denote r = d(y, y9), then
Viy,R) _V(yo,R+r) (R+r\"
—_= < g
OW R = Tm S ot ) OWoR+r)

Letting R — +o0 implies

li < I =C.
Gim Oy, R) < lim 6(yo, R) = C

And moreover
V(y,2R) _ _,,0(y,2R)

(6.16) IR TN <2mC.

i.e. M satisfies Condition (V) with Ry = +oc.
The Gauss map v : M — S™ is defined by

YWy) =T,M € S™

via the parallel translation in R™*! for all y € M. Ruh-Vilms [34]
proved that the mean curvature vector of M is parallel if and only if its
Gauss map is a harmonic map. This fact enables us to apply Theorem
5.4 and obtain a Bernstein type theorem as follows.

Theorem 6.5. Let M™ C R™t! be o complete minimal embedded
hypersurface. Assume M has Fuclidean volume growth, and there is
a positive constant C, such that for arbitrary y € M and R > 0, the
Neumann-Poincare inequality

/ |U—Z_JBR(y)|2*1 g(JRz/ |Vo)? %1
Br(y) Br(y)

holds for all v € C*°(Br(y)), where
Br(y) ={z€ M : |z —y| < R}.

If the image under the Gauss map omits a neighborhood of gi_l, then
M has to be an affine linear space.

This naturally raises the question under which conditions a com-
plete embedded minimal hypersurfaces in Euclidean space satisfies the
Neumann-Poincare inequality. So far, only partial results in this direc-
tion seem to be known. When M is an area-minimizing hypersurface,
the Neumann-Poincare inequality has been proved by Bombieri-Giusti
(see [6]). Hence we have:
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Theorem 6.6. Let M™ C R™t! be a complete embedded area-mini-
mizing hypersurface. Assume M has FEuclidean volume growth. If the
image under the Gauss map omits a neighborhood of EZ_l, then M has
to be an affine linear space.

Remarks.

e Solomon [41] proved such a result under a somewhat weaker con-
dition on the Gauss image, but needed the additional topological
assumption that the first Betti number of M vanishes. Presum-
ably, Solomon’s result ceases to be true without that topological
assumption.

e Recently, N.Wickramasekera [43] proved new Poincare type in-
equalities for stable minimal hypersurfaces of dimension at most
6 in Euclidean space of controlled volume growth. The dimen-
sional restriction in his results is related to the fact that in higher
dimensions, stable minimal hypersurfaces may have singularities.
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