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A SHARP ESTIMATE FOR THE BOTTOM OF THE
SPECTRUM OF THE LAPLACIAN ON KAHLER
MANIFOLDS

OvVIDIU MUNTEANU

Abstract

On a complete noncompact Kéhler manifold we prove that the
bottom of the spectrum for the Laplacian is bounded from above
by m? if the Ricci curvature is bounded from below by —2(m+1).
Then we show that if this upper bound is achieved then either the
manifold is connected at infinity or it has two ends and in this case
it is diffeomorphic to the product of the real line with a compact
manifold and we determine the metric.

1. Introduction

In this paper we consider a complete noncompact Kéahler manifold M
with Ricci curvature bounded from below by a negative constant. Our
goal is to prove a sharp upper bound estimate for the bottom of the
spectrum of the Laplacian on M.

For Riemannian manifolds, a sharp upper bound estimate for Ay is
well known from a theorem of S.Y. Cheng [C]. For Kéhler manifolds,
P. Li and J. Wang have recently proved a sharp upper bound estimate
for A1 provided the more restrictive assumption of bisectional curvature
bounded from below holds. We will improve their result here, using a
different argument. Our technique will also be applied to study Kéahler
manifolds with maximal bottom of spectrum.

Let us state the results below. The proofs are given in the following
sections. We first recall Cheng’s upper bound estimate in the Riemann-
ian setting, and a recent result of Li and Wang about the structure of
manifolds with maximal bottom of spectrum.

Cheng’s theorem states that the hyperbolic space H"™ has the greatest
bottom of spectrum among all Riemannian manifolds with Ricci curva-
ture at least the Ricci curvature of H". Thus, if a complete noncompact
Riemannian manifold N™ of dimension n has Ricci curvature bounded
below by Ricy > —(n — 1), then the bottom of the spectrum of the
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Laplacian A\ (IV) satisfies the sharp inequality A; (N) < @. More-
over, there are many other manifolds for which equality is achieved, e.g.
see [L], [S].

Recently, Li and Wang [L-W2] have proved some remarkable results
about the structure at infinity of manifolds with maximal A;. Assume
that N™ with n > 3 is a complete Riemannian manifold such that

Ricy > —(n—1) and A\ (N) = @. Then either N is connected at
infinity or it has two ends in which case it must either be

(1) a warped product N = R x P with P compact and metric given
by ds%; = dt? + exp (2t) ds%, or

(2) if n = 3 a warped product N = R x P with P compact and metric
given by ds%; = dt? + cosh? (t) ds2.

We should also point out here that similar structure results were
previously proved in [L-W1] for manifolds with infinite volume ends,
where they generalized the work of Witten-Yau [W-Y], Cai-Galloway
[C-G] and Wang [W].

In the Kéhler category, a similar theory was developed in [L-W3]
and [L-W], under the assumption of bisectional curvature lower bound.
Consider M™ a complete noncompact Kéahler manifold of complex di-
mension m > 2. Denote ds? = hadeadiﬁ the Kéhler metric on M and
let Re (ds2) be the Riemannian metric on M. Suppose {e1, e, ..., €2, }
with egr, = Jegg_1 for any k € {1,...,m} is an orthonormal frame with
respect to this Riemannian metric, then {vy,...,v,,} is a unitary frame
of T:EI’OM, where

1

Uk =5 (e2k—1 — V—1legg) .

Recall that the bisectional curvature BKjy; of M is defined by
R.ap5 =< Ruqvavs,v5 >
and we say that BKy; > —1 on M if for any « and
Roaps = —(1+3,53)-
Note that for the space form CH™ we have BKcgm = —1.

Theorem 1. ([L-W3]) If M™ is a complete noncompact Kdihler
manifold of complex dimension m > 2 with BKr > —1, then

A (M) <m? =\ (CH™).

Li-Wang proved this result using similar ideas to Cheng’s proof in
the Riemannian case. The bisectional curvature lower bound is used to
deduce a Laplacian comparison theorem for Kahler manifolds. This is
a powerful result that is more general than the upper bound estimate
for A\ (M) .

While it is not clear whether the Laplacian comparison is true for only
Ricci curvature lower bound, the situation in the compact Kéhler case
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motivates us to investigate if the sharp upper bound for \; (M) remains
true for Ricci curvature lower bound. Recall that in the compact Kéhler
case we have a version of Lichnerowicz’s theorem. Namely, if for a
compact Kéhler manifold N™ the Ricci curvature has the lower bound
Ricy > 2(m+ 1), then the first eigenvalue of the Laplacian has a sharp
lower bound, A\ (N) > 4(m + 1). We are grateful to Lei Ni for pointing
out this result to us, for a simple proof of it see [U].

In this paper, our first goal is to show that indeed there is a sharp
estimate for A (M) under Ricci curvature lower bound. To prove this,
we will develop a new argument, that will prove a sharp integral estimate
for the gradient of a certain class of harmonic functions. In fact, our
argument can be localized on each end of the manifold.

Theorem 2. Let M™, m > 2 be a complete noncompact Kdahler
manifold such that the Ricci curvature is bounded from below by
RiCM > —2 (m + 1) .
If E is an end of M and A\ (E) is the infimum of the Dirichlet spectrum
of the Laplacian on E, then
)\1 (E) < mz.
In particular, we have the sharp estimate
A (M) < m?.
Note that the condition on the Ricci curvature in Theorem 2 means
Ric(eg,ej) > =2 (m + 1) 0y
for any k,j € {1,..,2m}, which is equivalent to
Ric,5 > — (m+1) Oafs
for the unitary frame {v1,ve, ..., v, } . Let us point out that in the above
theorem the Ricci curvature lower bound can be assumed to hold only
on the end E. Theorem 2 will be proved in Section 2.
We now want to turn our attention to the question of connectedness at
infinity of Kahler manifolds that have maximal bottom of spectrum. Us-

ing a beautiful argument involving the Buseman function Li and Wang
have proved the following.

Theorem 3. ([L-W]) If M™, m > 2 is a complete noncompact
Kdihler manifold with Ay (M) = m? and BKy; > —1 then either M has
one end or M is diffeomorphic to the product of the real line with a
compact manifold, R x N with the metric

ds?; = dt? + e MWl 4 72 (w% +.+ wgm) ,
where {wa, ..,wam } is an orthonormal coframe for N. Moreover N is a

compact quotient of the Heisenberg group and M is isometric to CH™
in the event that M has bounded curvature.
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Our second goal in this paper is to obtain the same conclusion if
equality is achieved in Theorem 2. This will be done by a more careful
analysis of the estimates in Theorem 2 applied to a harmonic function
that is defined by Li-Tam theory. The following result will be proved in
Section 3.

Theorem 4. Let M™ be a complete noncompact Kahler manifold of
complex dimension m > 2 such that the Ricci curvature is bounded from
below by

Ricpyr > —2(m+1).

If \1 (M) = m? then either M is connected at infinity or it is diffeo-
morphic to R X N with the metric

ds?; = dt? + e Hwd 472 (w% +.+ wgm) ,

where {wa, ..,wam } is an orthonormal coframe for the compact manifold

N. Moreover, M is isometric to CH™ and N is a compact quotient of
the Heisenberg group provided M has bounded curvature.

Acknowledgment. The author would like to express his deep grat-
itude to his advisor, Professor Peter Li, for constant help, support and
many valuable discussions.

2. Proof of the sharp estimate

In this section we prove Theorem 2. Let us outline the main steps of
the proof first.

1) We first establish a sharp integral gradient estimate for a class of
harmonic functions on any given end FE. These functions have dif-
ferent constructions and properties, depending on the case when E
has infinite or finite volume. We therefore discuss these two cases
separately. We prove the integral gradient estimate in Lemma
1, where the goal is to estimate from above and from below an
integral involving the complex Hessian of a harmonic function.
The estimate from above is more technical and it is based on
repeated integration by parts and use of the Ricci identities for
Kéahler manifolds. The estimate from below will be obtained from
the Cauchy-Schwarz inequality.

2) We then prove another integral estimate using the Poincaré in-
equality for A; (E)). This is the converse to the integral gradient
estimate and will be proved in Lemma 2.

3) Finally, Theorem 2 will follow from the two steps described above.

We now discuss the proof in detail. Let E be an end of M. Without
loss of generality we will henceforth assume that A; (E) > 0. Recall that
A1 (E) is the infimum of the Dirichlet spectrum of the Laplacian on E,
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hence A\ (F) satisfies the following Poincaré inequality:

A (E)/ h2§/ IVh|?,
E E

for all C*° (F) functions h with compact support in E.

First, consider the case when F has infinite volume. Since A\; (E) > 0,
this is equivalent to E being nonparabolic, i.e. there exists a positive
symmetric Green’s function on E satisfying the Neumann boundary
condition on OF, see [L-W1].

We will use a construction of Li and Tam ([L-T]) that defines a
bounded harmonic function and with finite Dirichlet integral f on FE.
This is done as follows.

Let fr be the harmonic function with Dirichlet boundary conditions:
fr=1on 0FE, fr =0 on 0E,(R), where E,(R) = EN B, (R).

Then it can be showed that fr admits a subsequence convergent
uniformly on compact sets to a harmonic function f, with the properties:
0< f<lonE, f=1o0n 0F and f has finite Dirichlet integral.
Moreover, since A1 (E) > 0, we know by a theorem of Li and Wang that
([L-W1])

12 < crexp (=2 M (B)R).

Integration on the level sets of f and the co-area formula will play an
important role in our proofs, and for this let us recall the following
property of f ([L-W4]).

For t,a,b < 1 let us consider

L) ={z e E| f(z)=t}

/EP(R'f‘l)\Ep(R)

and define the set
L(a,b)={x € E|la< f(x)<b}.

Notice that in general L (a,b) or [ (t) might not be compact subsets of
E. However, it can be proved that there exists a constant C such that
for almost all t < 1

/ Vfl=C < oo
1)

and we have:

2 _ _
/L =00 /WO) vil.

That fl(t) |V f| is finite and independent of ¢ follows from the fact that

f is harmonic and [, |V f |? < 00, see [L-W4] for details. The second
property follows using co-area formula.

Let us now denote
1
L=1L <§5€, 2&7) ,
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where 9,¢ > 0 are sufficiently small fixed numbers to be chosen later.

Since we will use integration by parts on L let us construct a cut-off
¢ with compact support in L. Define ¢ = ¢ with ¢ depending on the
distance function

E, (R -
=4 R—r on E,(R)\E,(R—1)
0 on E\E,(R)
and ¢ defined on the level sets of f
(log2)~! (log f —log (306¢)) on L (3de,de)
_ 1 on L (d¢,¢)
= (log 2)~! (log 2¢ — log f) on L (g,2¢)
0 otherwise.

For convenience, let us assume R = é. We have the following result:

Lemma 1. The following inequality holds for any € and & positive:
1 vl
/‘ é‘ ¢2§4m2/ VI + ——,
(—logd) Ji f I(to) (—logd)2

where ¢ is a constant not depending on § or €.

Proof. Note that the gradient and the Laplacian satisfy:
Vf -Vh = 2 (faha + faha)
Af = 4faa-

Everywhere in the paper we use the Einstein summation convention and
the formulas are with respect to any unitary frame {v,}.
Let u = log f, then a simple computation shows that

Ui = fup = T2 fal5

/I,f‘uaﬁ_|2¢2

which we estimate from above and from below to prove our claim. First,
we pause to explain this choice of function. The goal is to obtain a
gradient estimate for f, and in this sense it is standard to look for
estimates of ]Vu\z from above, where u = log f. Certainly, we want to
use the Kéhler structure of M, thus we observe that ]Vu\z = —Au and
then estimate

Consider now

(Au)? < 16m ‘uag‘z,
using Cauchy-Schwarz inequality. This justifies the need to estimate the
norm of the complex Hessian of u from above. Using co-area formula,
it is more convenient to work on level sets of f than on geodesic balls
on M, and this philosophy is used throughout the paper. The quantity
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f ‘ua5|2 is preferred instead of |ua5‘ because it is more suitable for an
argument based on integration by parts.
We now start our estimates. To begin with, notice that

12 2 -1 12 .2 -2 _r 2
/Lf|ua5‘ $ = /Lf fal2 0 2/Lf (Fazfats)d
1 _3 4 9
g5 [V

In view of our discussion above, the objective is to estimate the right
hand side in terms only of the gradient of f. The first term is computed
as follows:

/L Ul = / P fan)o / fo (F fa00?)
- / F2(fapfats) 8 / a5

= [ 5 et (69);

and using the Ricci identities and Af = 0 we see that f;53 = 0. It also
shows that the last integral needs to be a real number.
This proves that we have the following formula

(1) [ 1l & == [ 12 tato)?
1 -3 2 1y 2\
w5 [0 = [ 17 anda (69);

We will now use again integration by parts to see that
_ —2(p g 2 _ —2p p 42\
| Gastatd® = [ g afa?),
_ 3¢ ¢ ¢ g 42 20 2
= =2 [ P hatatotsd + [ 1 uhafao
n /L 2 fufafs (6%),

Similarly, one finds
- /L F 2 (faplats)®® = — /L 1™ (fapfaf5)9’
= [t
= =2 [ P afafalst + [ 5 ottt
+ /L P2 fufals (67),
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Combining the two identities we get
@) - [ PUstatit =5 [ s
+ [ R (fuptads) & + 7 [ 1721947 Reh5 ().

Note that the following inequality holds on E:

1
(3) | fapfafsl < 71 fasl VT

We want to include the proof of this inequality because it will matter
when we study the manifolds with A\; (M) = m?. Since the two numbers
in (3) are independent of the unitary frame, let us choose an orthonormal
frame at the fixed point x € E such that

1
WV}".

Certainly, we need |V f|(x) # 0 which we assume without loss of gen-
erality because if |V f| (z) = 0 there is nothing to prove.
Then one can see that

fer = IV I, fez =0,y fe,, =0
or, in the unitary frame
fi=fi= 5V, fa=fa=0ifa>1
This proves the inequality because
| fapfafsl = \Vf\ [ful < \faﬁ! VP

Moreover, we learn that equahty holds in ( ) if and only if

fa,@ =0 fOI‘ (aaﬂ) 7é (171)7

with respect to the unitary frame chosen above.
Since the following holds:

Re (fapfafs) < |fapfafs] < |fosl VS,

we get using the arithmetic mean inequality that

(4) 2/f*Rd@ywm¢

sA( 2 usl0) (377191

/f|m|& m*l/f3Wﬂ¢

€1 =

m+1
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Moreover, again integrating by parts we have
[l @ = [ £ fuotaat = = [ o (7 ast?),
S R
- [ ataates
and on the other hand
[l = [ 17 faafust® = [ fa (57 )
= [ hustatst = [ 1 ats?
= [ 17 atan (69);
so that combining the two identities we get
L5l ¢ = [ 5 Rellugtato)d = [ 57 ubupt®

— [ 1 Reltaosles).
Note that the Ricci identities imply

fagp = fas = Tapa + Ricpafs = Ricgafs
and therefore we have proved that

-1 2 9 2 B 2 m+1 2
/L F fasl6? < /L SR fagfuls)d” + / SRS
= [ £ Rty (7))

Plug this inequality into (4) and it follows that

m+2 -2 _ 2 M 1 2 .2
w1ttt ¢ < [ VAR

m+1 m _ 2
ot [t - [ Relfuti ()

Now use this inequality in (2) and obtain

- / 2 fupfals) < (‘%*%) |1t

m(m+ 1) m _
ot D [ wsr e - B [ Reladan (7))

45 [ 7RI Rl ().
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Summing up, we have thus proved that

P 11 i
(6) /H%ﬁ‘ ¢2§1—6m/Lf YV
st [rrwite g [ 1190 Rl (07),)

[ ata ()3 = 5 [ 5 Rellati ()

To finish the upper estimate of [ o f ‘u05|2 $? we need to estimate the
terms involving (¢2) 5" We will prove that they can be bounded from

above by a constant multiple of (—log §)/2,
Start with

/f 2V £2 Re(f5 (67) ) /f 2|\ fP|Ve?
—2 \V 21V )
S/Lf Vi 90|¢+/Lf NI

Now it is easy to see that by the gradient estimate and co-area formula

/ FRVIE IV < e ( / PP / f‘l\Vf!2>
L L(%(Sa,éa) L(e,2¢)

< ¢3

)

while by the decay rate of f2 and the fact that R = é we get

[t < | re | &
L LN(Ep(R)\Ep(R-1)) € JEp(R)\Ep(R-1)

< 22104 ( 2\//\1—R> < s

Clearly, the constants so far do not depend on the choice of § or €.
To estimate the other terms one proceeds similarly. For example,

—Z/f Re(fufu (67), /f U fa3l IVF1 61Vl
1 2 2 2 g |2 42 2

§</Lf V£l |V<z>|> (/Lf |5 ¢>

< cg </Lf_1‘fo¢ﬁ_|2¢2>2
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However, using an inequality proved above we get
-1 2 42 —2 B 9  m+1 -1 2 .2

[l < [ 1o Rettaft + "= [ ViR
_/Lf_lRe(fafaB (¢2)5)
1 -2 2,2, m+1 -1 2 2
1]l VR = [ vt
1
+5 | 17 1fasl 19416190
5]l g [ st

S [ st

i [ P 4 5 [ 5RO,
L L
which shows there exists constants ¢7 and cg such that:
_ 2 _ _
[l < o [ 50 v [ 590 Vo
< ¢ (—logd).

We have proved that

/ P fa3] IV 716196 < cxn(—log 6)?.

It should be noted that in fact this estimate can be improved to bound
the left hand side simply by a constant, thus eliminating any dependence
on 6. However, the estimate that we proved above is sufficient for our
needs in this paper. Let us gather the information we have so far:

1
/Lf|uaﬁ‘2¢2 < 16m/f BV o2
m+1 1 2 %
T—I—Z/f |Vf| ¢ +c(—logd)2.

The estimate from below is easier to get:

2
2 1
(7) N = T = . 'Z Ung
(e} (07
Hence, this shows that

1 m+1 3 9 (m+1) 9
16m/f IVIte? < 7/]0 V¢

IN

IN

l\)l)—l

R 4
= vl

t+e(—log0)2,

which by co-area formula proves the Lemma. q.e.d.
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In the following Lemma, we will estimate [, f~3 |V f |* $2 from below.
To serve our purpose, we need this estimate to depend on A\ (E) and
this is done using the variational principle. Recall that E is an infinite
volume end, A\; (F) > 0 and we set L = L (%55, 26) for 0, ¢ sufficiently
small.

Lemma 2. The following inequality holds for any § and € positive:
1 / -3 4 42

—— [ [TV 97 =2 4N (E) V= ——

(_IOg 5) L I(to) (— log 6)%

Proof. By the variational principle for A\; (E),

) [ gt [ |9 (o)

€0

which means that

) [ gt < g [t [ 9o+ [ ovive
1 -1 2
< 4/L(6578)f IVfI" + e,

based on estimates similar to what we did in Lemma 1.
This implies that

1 ) 1 C11
logd) /LM SN D) /I(tw VIt Thogsy

Finally, using the Cauchy-Schwarz inequality and the co-area formula
we get

1
VIl = ey £V
/1(150)’ | (—logd) Jr(se.) V7l

< g VIR

* o Sy’ 7"

< (cwn L719) (mga [ 7#)
o (/R

< <( 1ig5)/Lf-3err4¢2)%x

1
1 / c11 ? €13
| [ )
<4A1 B) Sy~ <—log5>) (log?)

which proves the Lemma. q.e.d.



A SHARP ESTIMATE FOR THE BOTTOM OF SPECTRUM 175

The results we proved above hold for any infinite volume end F.

Let us now discuss the case when our end has finite volume. Let F
be a finite volume end with Ay (F) > 0. This is known to be equivalent
to F' being parabolic.

A theorem of Nakai ([IN], see also [N-R]) states that there exists an

exhaustion function f on F which is harmonic on F' and f = 0 on OF.
In this case we consider for T,y > 0 fixed
(log2)~! (log f — log (%T)) on L (%T, T)
_ 1 on L (T,~T)
?=9 (log2) " (log(2T) —log f) on L(yT,29T)
0 otherwise,

where the level sets are now defined on F. Since f is proper, there is no
need for a cut-off depending on the distance function because now the
level sets of f are compact in F. Our point now is that Lemma 1 and
Lemma 2 hold for this choice of ¢ also, the proofs are identical. Note
that if

. 1
L=1L <§T, 27T>

then the following inequalities hold on L:

1 /IVf|4 2 2
& < 4m/ i
logy Ji f? l(t0)| |

C
+ o
(log~)2
and ) _
_ C
/f VR > A (F) [ V- —2
logy Ji I(to) (log~)2

We are now in position to prove Theorem 2.

Proof of Theorem 2. We know from Lemma 1 and Lemma 2 that

C
A1<E>/ rwrsfzﬁ/ v
I(to) I(to) (—logd)>

inequality that holds for any § > 0. The claim then follows by making
0—0.

This proves Theorem 2 for an infinite volume end E. The proof for
a finite volume end F' is similar. q.e.d.

3. Manifolds with maximal \;

We now prove Theorem 4.
Suppose that M has more than one end. We know ([L-W]) that if
A1 (M) > 241 the manifold has only one infinite volume end. Hence let
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us denote this infinite volume end by E and, consequently, F' = M\E
is a finite volume end.

The construction of Li-Tam implies that there exists a harmonic func-
tion f: M — (0,00) with the following properties:

1. On E the function has the decay rate

1* < erexp (—2y/M(MDR)

2. On F the function is proper.
3. We have:

/Ep(R)\Ep(R—l)

:sclelgf (¢) = oo, inf f(z)=0.

Let us highlight some facts about the proofs of Lemma 1 and Lemma
2. In the two lemmata, the function f was defined only on a single end,
which was first assumed to be of infinite volume, and then we observed
that the proofs still work on a finite volume end. In the framework
of Theorem 4, we know that f is defined on the whole manifold, so
now L = L(by,b1) = {x € M|by < f(x) < by} makes sense for any
0 < by < b1. One can see that the computations proved in Lemma 1 are
true for L and moreover we may replace ¢ with ¢® everywhere. In fact,
the argument in Lemma 1 is based on repeated integration by parts on
a set L where a cut-off function is given, therefore taking ¢® does not
change the argument.

With this in mind, let us fix by = de, by = T, where 0 < de < & <
T < ~T and for convenience choose v = %. Hence, everywhere in this
proof

L =L(6e,~T).
The proof of this theorem is based on a more detailed study of the
inequalities in Lemma 1 and Lemma 2. We want to prove that A\ (M) =
m? forces all the inequalities to become equalities on L (g, T). Since g, T
are arbitrary, it will follow that we need to have equalities everywhere
on M. Then studying these equalities we infer that the structure of M
is as stated in Theorem 4. Choose ¢ = @i, where

1 on

and
(—logd)~t(log f —log (de)) on L (de,e)
_ 0 on L(0,0e) U (L (T, 00)NF)
v (logy)~'(log(yT) —log f) on L(T,7T)NF
1 otherwise.

Let us emphasize again that we need to consider % on the infinite volume
end because L N E might not be compact in F, whereas on F' we can
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take ¢ = 1 because L N F' is compact in F' as it follows from Nakai’s
theorem.
Recall that by (6) and (7) we have

1 m+1 -3 3 m+1 1 3
®) g LA < T [k

/ 72V P Re(fs (67), / I fanta (6%),

s [ Rt (),

On the other hand, Cauchy-Schwarz inequality implies

2
—1 2,3 -3 4 ,3 3
(9) (/Lf v <zs> §</Lf v ¢></Lf¢>,
and by the variational principle it follows that
: Ll
m [ 160 < [|v(ried)
_ 1 —1 2,3 9 2
= [t [ selve
3 2
+§/L¢ Vf-Vo.

Our point now is that a careful study of the two V¢—terms shows that
they converge to zero as v — oo (and 0= % — 0) and R — 0.

It is clear that 2 1 [0 |V¢|

logw while

1
QV v — —lv 2 2
/qus /v —(_bg&)/ma)f VIR
1

s [ R
087 JL(TAT)NF

The integral on F' is readily found by the co-area formula:

1

o [ FvIRe - (/ IVfI)X
087 JL(THT)NF I(to)

y /”T 1 (log(yT) —logt)*
Tt (log )3

i),
- - V.
3 l(to)| |
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It is clear that the same formula holds on F if we integrate against (?
and therefore:

1 / -1 2 2 1 / 2 2 -1
- - v < \Y
(— log 5) L(6z,¢) / | f| ¢ (_ log 5) L(de,e) v | f| /

i),
- V.
3 l(to)| |

For later use, observe that a converse of the latter inequality also holds:

1 / -1 2,2 1 / -1 2 2
- Vi*¢* > ——— \%
(_ log 5) L(de,e) f ‘ f‘ (_ log 6) L(ée.e) f ’ f’ 7

1 / -1 2 9
—= I IV e
(= 1ogd) Ji(se.0)n(B\E,(R-1)) V7

1/ Co
S v 2
3 l(to)| | (—log o)

In particular, from the above estimates it follows that

/ $*Vf-Vo<O.
L
We have thus proved that
1 _ c
) [ 16 < g [ v o
L 4 Jr log v
which plugged into (9) yields
2
(Jo 111112
JL IV 68 + s
Cq4 fo_l‘vf‘2¢3

087 [ VPP +

/L FRV 6P > an (M)

— a0 [ AR

C

> 1 (M)/Lf‘l\Vf!2¢3— —.

Now let’s return to (8) and use this lower bound and that A (M) = m?.
It follows that

C5

1 - 2
(10) 0% 10g7 t Z/Lf VI Re (fﬁ (¢3)5)

_ —1g 3y __m -1 (43
[ 5wt (9= =5 [ 57 Re (Fuds (69),).
We will argue now that, as v — oo, the right hand side of (10) is

convergent to zero.
Claim: There exists a constant ¢ > 0 such that
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/f 2\Vf‘ R€<f5 ¢3 /f 1faﬁfa (¢3)

1 3 ¢
m+2/f e (Jade (),) < (log7)?

Proof of the claim. Let us study each of the three terms in the left
hand side.

1. We have:

3[R (5(69),) = 55 [ SrResEv e
— i# -3 4,2
16 (_logé) /L(és,e)f ’Vf’ ¢

3 1 / _3 g 2
- IV 9.
16 logy Jr(ryT)nF V7l

As we stressed above, the estimates in Lemma 1 and Lemma 2 are
true on any end. We want to apply Lemma 1 to estimate from above

1 -3 4 2
— \Y .
(_ log 5) /L(6e,€) f ’ f’ ¢

We can extend ¢ on L (g,2¢) as in Lemma 1, and notice that there
is no need to consider a cut-off ¢ on L (%56,56) , because ¢ already is
zero there. Let us denote 5 this new cut-off, hence 5 = ), where 1) is
the same as in Lemma 1 and

(—logd) ! (log f —logde) on L (e,¢)

Y= (log2)~t(log2e —log f)  on L (,2¢)
0 otherwise.

We can apply the computations in Lemma 1 to our setting here, and it
is easy to see that formula (6) holds true if we replace ¢ with ¢. We
want to prove that

tLrrmitre (55(#),) - [ et (7),

m—|—2/f ‘Re (fafocﬁ <¢2) >§5(_log5)§7

where L = L(de,2¢). Observe that

-2 2 = (2 1 -2 3 1o~
/L(ée@f V1T Be (75 (7)) 2/L(6e,a)f ViVl

C2 g2
Y vy
(_ log 5) /L(és,e) | |

= (s,

IN

IN
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where in the second line we used the gradient estimate for f. A similar
argument works to bound the other terms on L (de,¢). Clearly, the
estimates on L (g, 2¢) involving V or the estimates involving V1) follow
as in Lemma 1. Consequently, using (6) and (7) we get that:

1 / -3 4 42 2 1 -1 2 42
— [PV e™ < dm®——er I IVI[Fe
(_IOgé) L(de,e) ’ ’ (_IOgé) L(de,e) ‘ ‘

Ce
+———
(—logd)z
4 c
< -m? | |Vfl+——
3 Jut) (—logd)2

Similarly, applying Lemma 2 for L(T,~T") N F' it follows that

1 _ 4 c
/ RNV > om? | V- ——
logv Jr(ryT)nF 3 I(to) (log )2

Combining the two estimates, it results

C8

1 —2 2 3
- V£|* Re(fz .
II. Start with

. —1g 3y, _ 3 —2(r_ N\ h2
IR e ey AR L

3 / -2 2
f Japfals :
logv Jr(ryT)nF (fasfafp)é
From (1) and (7) we have:
1 _2 , (1 1\ 1
< ()
logv/m,,T)me (fas fof3) 16 16m ) logv

C9

<[ FRIVE S — 2
L(TAT)NF (logv)2

1 1 4 €10
B ER Ty ST
<16 16m> 3 I(to) (log’y)%
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while from (5) we know that

1 -2 2 1 (m+1)°
_(—logé) /[/(5575)17 (f&ﬁfafg)ﬁb = <_§ + 16m (m+2)> %

1 ~3 g 44 42
— \Y
- (_ log 5) /L(ée,a) f ‘ f’ ¢

m(m+1) 1 / g2 11
T2 108 Jugen? VT Tiogort

1 (m+1)? \4 , m@m+1)1 /
< T S A [ B S
= (( 8+16m(m+2)> 3" Tmr2) 3 l(to)‘vﬂ
ez
(—logd)?
1 €12
=——m m—l/ Vl+—
12 ( ) l(to)‘ (—logé)%

using the estimates in I. Adding the two estimates proved above it fol-
lows that

C13

J— _1 — 3 —
/Lf faﬁfoz ((b )5 < (log’y)%.

Note also that in a similar fashion it can be proved that
[ 17 asta (65
L

III. Finally, by (2) one has:

C14
(log )2

_ ) 3 _ ) 9
—/Lf 'Re (foefaﬁ ((bg)ﬁ) = (_710g5) /[,(5575)‘]0 2R€(f6cﬁfafﬁ)¢

3 -2 2
R aBJa
+10g’Y /L(T,-yT)ﬁFf e(faﬁf fo)¢
3 —3 4,2 3 -2 2
- - V 3fa
<507 /. oI / o aifafo)d
3 -3 4 ,2 3 / -2 2
VIt - 3a
+810g'7/L(T,*yT)ﬁFf ViTe logy L(T;yT)ﬁFf (faﬁf fo)¢
C15
+ T-
(logv)2

By I and II it can be showed that
-1 _ (43
[ 57 R (Fafus (6),) <

This proves the claim.

C16
(log )2
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Using this result in (10) we infer that
() <+ / 72195 Re (£5.(6%),)
- /L P o (6%) 5 - / 17 Re (fadas (69),) <

C
(log )2

Since v (and § = %) is arbitrary it follows that, for ¢ and 7T fixed, the
above inequality becomes an equality as v — oo.

From (11) we are able to draw the conclusion that the following for-
mulas are valid on M:

Ric;; = —(m+1)
(12) VIl = 2y M)f
Upg = —Mlyj
Uag = Mb1ad13

with respect to the frame

1
Vo = 5 (e2a—1 — V—1Je20-1),

= —V J
el ]Vf] fy Jear—1 = egp.

Note that in view of (12) this frame is globally defined on M.
Let us prove that indeed we have these relations on M.
Suppose that there exists a point o € M and a positive 7y such that:

Ricy1(wg) > —(m + 1) + no.

Let us choose ¢ and T such that xg € L (¢,T).
Recall that L = L (6e,~7T), for arbitrary v and for 6 = % Then one
can see that there exists n; > 0 such that

- +1 -
_/Lf 1fafaﬁ_ﬁ¢3§mT/Lf 1‘Vf‘2¢3_771.

It is easy to check that (11) gives

0 < m<

<+ /f 2|V Re( 5 (4") )
— [ 5 st ()5 = 5 [ 17 Re (udas (69),)

_ ¢
(logy)z

which leads to a contradiction if we let v — oo.
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Next, let us focus on the Cauchy-Schwarz inequality (9). Suppose for
contradiction that there exists no constant a # 0 such that

IVfl(z) =af (z) for any x € U,
where U C L (e,T) is a fixed open set. It is clear that if
3 3 1.3
h=f2 VP2, g=f2¢2,
then there exists no a € R such that ¢ = ah on U, which implies that

no = gleiﬂg/U (g — ah)* > 0.

a2/h2—2a/gh+/g2,

U U U

a2/ h2—2a/ gh+/ g2,
L\U L\U L\U

for any a € R. As a consequence, the following inequality is true for any

aceR:
0§a2/h2—2a/gh+</g2—170>.
L L L
It follows that
2
(L) < () ([t =m)-
L L L

Similarly, one can see that there exists an 77 > 0 such that

(o) = ([ (=)

Adding these two inequalities and using the arithmetic mean inequality
we get that there exists 2 > 0 with the property

() < [

We have thus proved that there exists a constant 72 > 0 depending on
U but not on v (and 6) such that

([ IVf|2¢3+772>2 <([rowne) ([ ).

This inequality will be used instead of (9) in the argument that followed.
Consequently,

This shows that

IN

Tlo

0

IN

(f 1976 4 m)

_3V 4 ,3 > A\ (M
[rwatet = VIS
> 4)\1(M)/Lf_1 ny!2¢3+8A1(M)772—017$-
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However, using the same reasoning as in the proof that Ric;; — (m + 1)
one can see that this yields a contradiction.

Summing up, we have proved that there exists a constant a > 0 such
that |V f| = af on M. Using Lemma 1 and Lemma 2 one can see that
a=2m.

The proofs for the remaining two formulas use the same ideas. Note
that in (7) we need to have equality everywhere on M, therefore there
exists a function p on M such that

Upg = [043-
However, taking the trace and using that f is harmonic one can show
that p = —m.
Finally, we pointed out that if equality holds in (3) then
fap =0 for (o, B) # (1,1),

and, on the other hand, equality holds in (4) if and only if

2
sl = L vy,
Re(fu1) = |ful.
This means that
fir=m(m+1)f,

or in terms of u one has
Uap = mélaélﬁ

as claimed.
Now we are ready to complete the proof of Theorem 4. Let us com-
pute the real Hessian of

1
B = %u
We have:
Bejey, = B+ B +2Bi=1-1=0,
Beye, = —(Bu+ Byp—2By) = -2,
Be,, yeon v = DBrk+ Bpp +2By = —1,
Beyyese = —Bikk — B+ 2By = —1,

Bekej =0 Zf k 75‘77
for k € {2,...,m}. Also, notice that |[VB| =1 on M.

Since all the computations from now on will be done in the real frame
{e1,....,eam } with Jegr_1 = eg and e; = ﬁVf, we will drop the ey,
index for convenience and use only & in the formulas for the real Hessian
and the curvature.

Also, let us make the convention that Roman letters ¢, j, k run from
1 to 2m and Greek letters «, 3,y run from 3 to 2m.
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We have proved that there exists a smooth function B on M with
real Hessian

00 0 0 0
0 -2 0 0 0
00 -10 0

Bj)=|00 0 -1 0
o0 0 0 . . -1

and with unit length gradient, |[VB| =1 on M.

Note that our function B satisfies the same properties as the Buseman
function 3 in [L-W]. The advantage of our argument is that we are able
to deduce this information using just the Ricci curvature lower bound.
For the rest of the proof, we use the same argument as in [L-W].

Denote the level set of B by

Ny={xeM|B(z)=t}.

Since |VB| = 1, M is diffeomorphic to R x Ny and e; = VB is the
unit normal to NV; for any t. If Ny is noncompact, then M will have one
end, which contradicts our assumption that M has more than one end.

Consequently, Ny is compact, and this implies that M has two ends.
For the remainder of this proof M has two ends, and we want to find
the metric of V; depending on the metric of Ng.

Knowing B;; is equivalent to knowing the second fundamental form
of N, which implies that if

Ve, = wiey,
then one can find
0 for ¢ # 5
wil(ej): 2 fOTi:jZZ

1 for 3<i=j<2m.
Also, using the Kahler property we know that
wigJer = JVer = Ve = Ves = worep,
which implies

0 for j=1lorj=2
we2 (€j) =< —1 for a=2p+1, j=2p+2
1 for a=2p+2, j=2p+1.

It is clear that the flow ¢; : M — M generated by e; is a geodesic flow.
Since

Veleg = VelJel = JVelel =0
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we can conclude that e is parallel along the geodesic 7 defined by e;.
We will consider the rest of the frame so that it is also parallel along
this geodesic.

The next step is to prove that

Va(t) = e ey
Va(t) = e ley
are the Jacobi fields along the geodesic 7 with initial conditions
V2(0) = ey, V5(0)=—2e
Vo (0) = eq, V2(0)=—eq.

This is true because the information on w;; and wyy allows to find suffi-
cient values for the curvature tensor. Using the second structural equa-
tions one can show that

Ri212 = —4, Ri210 =0,
Rlalﬁ = _50c67

and this indeed shows that Vj, (t) are Jacobi fields for k € {2, ...,2m}.
However, d¢; (ey) for k > 2 are also Jacobi fields with the same initial
conditions as Vj (t), so they must coincide.
The conclusion is that the metrics on N; viewed as one parameter of
metrics on Ny are

d8t2 = e_4tw§ (O) + 6_2t (Wg, (0) + ...+ w%m (O)) ?

where {w1, ...,wap, } is the dual frame of {eq, ..., ean, }.

This shows that indeed the manifold is diffeomorphic to R x N with
the metric described in Theorem 4. .

The last part in Theorem 4 to be proved is that M is isometric to CH™
if M has bounded curvature. This follows from the following argument.
Since we know the metric, we can use the structural equations and the
Gauss formula to compute the curvature of M. The curvature of M
will depend exponentially in ¢ on the curvature of Ny, so if we ask that
it is bounded, this implies that M must have constant holomorphic
bisectional curvature, hence covered by CH". The details of this proof
can be found in [L-W] and will not be included here. q.e.d.
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