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ON PARAMETERIZATIONS OF TEICHMULLER
SPACES OF SURFACES WITH BOUNDARY

REN Guo

Abstract

In [5], Luo introduced, for each real number A, a new coordinate
of the Teichmiiller space of a surface with boundary: ) edge
invariant. He proved that for A > 0, the image of the Teichmiiller
space under ¥, edge invariant coordinate is an open cell. In this
paper we verify his conjecture that for A < 0, the image of the
Teichmiiller space is a bounded convex polytope.

1. Introduction

Suppose S is a compact connected surface of non-empty boundary
and has negative Euler characteristic. It is well known that there are
hyperbolic metrics with totally geodesic boundary on the surface S.
Two such hyperbolic metrics are called isotopic if there is an isometry
isotopic to the identity between them. The space of all isotopy classes
of hyperbolic metrics on S, denoted by T'(S), is called the Teichmiiller
space of the surface S.

There are several known parameterizations of the Teichmiiller spaces.
In particular, using the 3-holed decomposition of a surface, Fenchel-
Nielsen introduced the length-twist coordinate for 7'(S). For more de-
tail, see the book of Imayoshi & Taniguchi [3]. Using the Bonahon-
Thurston shearing cocycles, Bonahon [1] produced a parametrization
of the Teichmiiller space T'(S). Analog to Penner’s simplicial coordi-
nate [7, 8] of the decorated Teichmiiller space, Ushijima [9], Luo [4]
introduced the simplicial coordinate of the Teichmiiller space T'(S). Re-
cently, based on variational principles, Luo [5] introduced a family of
coordinates of T'(S). To be more precise, for each real number A, he
introduced a v edge invariant associated to a hyperbolic metric which
turns out to be a coordinate of the Teichmiiller space T'(S). When
A > 0, he proved that the image of the Teichmiiller space under the
coordinate is an open convex polytope independent of A. Luo [6] con-
jectured that for A < 0, the image of the Teichmiiller space under )
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edge invariant coordinate is a bounded convex polytope. The purpose
of this paper is to verify this conjecture.

Let us begin by recalling the ¢y edge invariant coordinate introduced
by Luo [5]. The coordinate depends on a fixed ideal triangulation of
S. Recall that a colored hexagon is a hexagon with three non-pairwise
adjacent edges labeled by red and the opposite edges labeled by black.
Take a finite disjoint union of colored hexagons and identify all red
edges in pairs by homeomorphisms. The quotient is a compact surface
with non-empty boundary together with an ideal triangulation. The
2-cells in the ideal triangulation are quotients of the hexagons. The
quotients of red edges (respectively black edges) are called the edges
(respectively B-arcs) of the ideal triangulation. It it well known that
every compact surface S of non-empty boundary and negative Euler
characteristic admits an ideal triangulation.

In a hyperbolic metric, any hexagon in an ideal triangulation is iso-
topic (leaving the boundary of a surface invariant) to a hyperbolic right-
angled hexagon. It is well known that a hyperbolic right-angled hexagon
is determined up to isometry by the lengths of three red edges. Further-
more, for any l1,ls,l3 € R~q, there exists a unique colored hyperbolic
right-angled hexagon whose three red edges have lengths [y, o, l3. For a
proof, see Buser [2].

Given an ideally triangulated surface S with E the set of all edges,
each hyperbolic metric d on S has a length coordinate Iy : £ — R<g
which assigns each edge e the length of the shortest geodesic arc homo-
topic to e relative to the boundary of S. On the other hand, given a
function [ : £ — R, we can produce a hyperbolic metric with totally
geodesic boundary on S. This metric is constructed by making each 2-
cell with red edges e;, e;, e, a colored hyperbolic right-angled hexagon so
that the lengths of the red edges are l(e;),l(ej),l(ex). Thus, the Teich-
miiller space T'(S) can be identified with the space Rfo by length coor-
dinates.

In [5], Luo introduced the ¥y edge invariant of a hyperbolic metric
as ¥ : £ — R defined by

Uae) = /0

where e is an edge of an ideal triangulation shared by two hyperbolic
right-angled hexagons and a,b,c,a’,b’,c are lengths of the B-arcs la-
beled as in Figure 1. Now consider the map ¥ : T(S) — R¥ sending
a hyperbolic metric [ to its 1) edge invariant.

The following two theorems are proved in Luo [5]. The special case
of A = 0 was proved in Luo [4]. We use (5,T) to denote a surface S
with an ideal triangulation T

a+b—c a’«H),fc,

cosh? (t)dt + / i cosh™(t)dt
0
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Figure 1. The lengths of B-arcs in the definition of )y
edge invariant are labeled.

Theorem 1.1. (Luo) Suppose (S,T) is an ideally triangulated sur-
face. For any A\ € R, the map ¥y : T(S) — RF is a smooth embedding.
In particular, each hyperbolic metric with geodesic boundary on (S,T)
1s determined up to triangulation preserving isometry by its ) edge
nvariant.

An edge path (Hy, ey, Hy,...,en, Hy) is a collection of hexagons and
edges in an ideal triangulation so that two adjacent hexagons H;_; and
H; sharing the edge ¢; for ¢ = 1,...,n. An edge path (Hy, ey, Hy, ..., €n,
H,) is an edge cycle if Hy = H,. For example see Figure 3. A fun-
damental edge path (or fundament edge cycle) is an edge path (or edge
cycle) so that each edge in the ideal triangulation appears at most twice
in the path (or cycle).

Theorem 1.2. (Luo) Let A\ > 0. For an ideal triangulated surface
(S,T), U\(T(S)) = {z € RF| for each fundamental edge cycle (Hy,e1,
Hy,...,en,H, = Hy), > qz(e;) > 0}. Thus WA(T(S)) is an open
convez polytope independent of the parameter A > 0.

The main result of this paper is the verification of Luo’s conjecture
that, for A < 0, the image of the Teichmiiller space is a bounded open
convex polytope.

Theorem 1.3. Let A\ < 0. For an ideal triangulated surface (S,T),
U,(T(S)) is the set of points z € RF satisfying

1. z(e) <2 [y cosh?(t)dt for each edge e;

2. Yo z(e) > =2 [)° cosh®(t)dt for each fundamental edge path
(Ho, €1, Hl, ceey €y Hn),

3.3 z(e;) > 0 for each fundamental edge cycle (Ho, ey, Hy, ..., ey,
H, = H).
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Thus VU (T(S)) is an open convez polytope. And
U, (T(S)) € Ux,(T(S)) € To(T(9))
for Ay < Ag < 0. The intersection N, )W (T'(S)) is empty.

By definition, a single edge e; together with two hexagons adjacent
to e; form an edge path. And a single edge e; together with only one
hexagon adjacent to e; form an edge cycle. Thus the condition 2 requires
that z(e;) > —2 [ cosh™(t)dt or the condition 3 requires that z(e;) > 0.
Therefor the image Wy (7 (S)) is contained in the box (—cy, cy)? € RF,
where ¢y =2 [ cosh™(t)dt.

By the theorem above, we can see that the shape of the image of the
Teichmiiller space T'(S) is completely determined by the combinatorics
the dual graph of the ideal triangulation T of the surface S.

The paper is organized as follows. In Section 2 we investigate degen-
erations of a hyperbolic right-angled hexagon. In Section 3 we prove
the main result Theorem 1.3.

Acknowledgements. The author would like to thank his advisor, Feng

Luo, for suggesting this problem and helpful discussions. He also thanks
the referee for his/her nice suggestions on improving the exposition.

2. Degenerations of a hyperbolic hexagon

In this section we always assume a hyperbolic right-angled hexagon
has three non-pairwise adjacent edges of lengths [1,ls,l3 and opposite

B-arcs of lengths 601, 05,63 labeled in Figure 2. And recall that the r-
0;+0,—0;
2

coordinate is defined as r; = , where 1, j, k are distinct.

Figure 2. An hyperbolic right-angled hexagon with
lengths of edges and B-arcs labeled.

We improve a lemma proved in Luo [5].

Lemma 2.1. Consider r; as a function of (l1,l2,l3). We have
limy, o7 = 00 so that the convergence is uniform in (I1,ls,13).
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Proof. By the cosine law of a hyperbolic right-angled hexagon, we see
that for i # j # k # 1,

coshp, — Soshltcoshlicoshly

sinh [; sinh [},
cosh l; cosh [},

> sinh [; sinh [y,
cosh [;

> .

~  sinhl;

. . ho;
Hence we have lim;,_.o6; = oo. Thus lim;, g Z?S’ng = 1. By symmetry

we have limy, o g’ﬁﬁg: =1.

On the other hand, by the cosine law we see that for i # j # k # i,
cosh 6 cosh 0 cosh 6; 2¢0i 2

= > = —.

sinhf;sinh @,  sinhf;sinh@ = elitle o2

Since the left hand side converges to 0 as l; — 0, we have lim;,_,or; = 0.
To show the convergence is uniform, we consider the following formula

called the tangent law derived in Luo [5]. For i # j # k # 1,

coshl; —

9 l; cosh r; cosh ry,
tanh® — = .
2 coshr;cosh(r; +rj + 1)
By the formula,

2 li
tanh 5
1 1
~ coshr; (1 + tanhr; tanhry) coshr; + (tanh r; 4 tanhry,) sinh r;
S 1 ‘ 1
— coshr; (1+1)coshr; 4+ (1 + 1)|sinh ]
1
4cosh?r;’
It follows that
cosh?r; > %
4tanh” ¢
Thus r; converges to co uniformly. q.e.d.

Lemma 2.2. (1) If (I1,12,13) converges to (oo, f1, f2), where f1 and
fa are arbitrary positive numbers, then (01, 60s,603) converges to (oo, fs,
fa), where f3 and fy are some positive numbers.

(2) If (I1,12,13) converges to (0o, 00, f5), where fs5 is an arbitrary pos-
itive number, then 03 converges to 0.

(8) If (I1,12,13) converges to (00, 00,00), then we can chose a subse-
quence of (ly,1a,13) such that at least two of 61,602 and 03 converge to
0.
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Proof. (1) By the cosine law we have

cosh 01 — cosh [y + coshls coshls
= sinh [y sinh I3 ’

if lim(ly,1l9,13) = (o0, f1, f2), we have lim cosh#; = oo, or lim#; = co.

And since lim giﬁﬁ llll =1,
hi hi hi h
lim cosh 0 = lim cosh i + coshiy coshiz  cos fa o

sinh [y sinh I3 sinh fo '
Thus lim 65 is a positive finite number. By symmetry lim 05 is a positive
finite number.
(2) If lim(lq, l2,l3) = (00,00, f5), we have

cosh I3 + cosh [ cosh [y cosh I3

= lim

— 4+ 1=1
sinh [y sinh [y sinh [y sinh [y +

lim cosh 63 = lim

Thus lim 63 = 0.
(3) If lim(lq, l2,l3) = (00, 00,00), we have
cosh l; + cosh l; cosh iy, ) cosh [;

lim cosh 6; = I =l T
im cos 1m sinh [; sinh Iy 1 sinh /; sinh [, *

l;

= lim +1=1lim2eh b=t 41,

elj+lk
Since limeli—li—lkeli=li=le = lime=2% = 0, by taking subsequence of
(11,12,13), we may assume both lim eli=li=le and lim el ~4 ! exist. Then
one of lime!~b~% and lime! %% is 0. Hence at least two of lim 6,
lim 5 and lim #3 are O. q.e.d.

3. Proof of Theorem 1.3

Lemma 3.1. If a > 0, then for any real number z, we have
a+x a—x
/ cosh? (t)dt + / cosh?(t)dt > 0.
0 0

Proof. Let f(a) be the function of the left hand side of the inequality.
Since f'(a) = cosh?(a + x) + cosh*(a — x) > 0 and f(0) = 0, we have
f(a) >0 for a > 0. q.e.d.

Proof of Theorem 1.3. We denote the polytope defined by the inequal-
ities in condition 1, 2, 3 by Py. First we claim W, (7'(S)) C Py. Indeed,
fix a hyperbolic metric [ € T(S). For any edge e, let r,7’ be the r-
coordinates of B-arcs facing e in the two hexagons adjacent to e, then

NG :/ cosh)‘(t)dt—k/ cosh(t)dt < 2/ cosh™(t)dt.
0 0 0

Thus the condition 1 holds.
Given an edge path (Hyp,ey, Hy,...,en, Hy), for i =1,...,n — 1, let a;
be the length of the B-arc in H; adjacent to e; and e;11. Denote the
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lengths of B-arcs in H; facing e; and e;11 by b; and ¢; respectively as
labelled in Figure 3 (a).

(a) (b)

Figure 3. (a) An example of an edge path with lengths
of B-arcs labeled. (b) An example of an edge cycle with
lengths of B-arcs labeled.

Then by definition

ajtei—b

Dn(er) = / cosh* (t)dt + / T cosh M (t)dt,
0 0
where 7 is the r-coordinate of the B-arc in Hy facing e;. Fori =2, ...
L,
aj—1+bi_1—¢ci—1 a;+ci—b;
2 A 2 A
Ua(e) = / cosh”(t)dt + / cosh”(t)dt.
0 0

And

ap_1+bp_1-Ccn—1 ’

Pa(en) = /0 ’ cosh(t)dt + /OT cosh™(t)dt

where r’ is the r-coordinate of the B-arc in H,, facing e,,.
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Hence by Lemma 3.1,
n n—1 ajtei—b; ajtbi—c;
2 2
sz(ei) = Z(/ cosh™(t)dt +/ cosh™(t)dt)
i=1 i=1 70 0

+ /cosh)‘(t)dt—k/ cosh™(t)dt
0 0

/

> /cosh)‘(t)dt—k/ cosh™(t)dt
0 0

> 2/ cosh(t)dt = —2/ cosh™(t)dt.
0 0

Thus the condition 2 holds.

Furthermore, if (Hy,ey, H1,...,e,, H, = Hp) is an edge cycle, Hy
contains both e; and e,. Let ag be the length of B-arc in Hy adjacent
to e1 and ey, by, co be the lengths of B-arcs facing e,, and e respectively
as labeled in Figure 3 (b). Thus the r-coordinates are r = Mﬁ)—a) and
r' = w. Hence

21#)\(61-) >/ COShA(t)dt—F/ cosh?(t)dt > 0
i=1 0 0
by Lemma 3.1. Thus the condition 3 holds.

Now by Theorem 1.1, ¥y : T'(S) — Py is an embedding. Therefore
U, (T(S)) is open in Py. We only need to show that W, (7'(S)) is closed
in Py. This will finish the proof since Py is connected.

Take a sequence (™) € T(S) so that lim,, .., U»(I™) = z € Py.
By taking subsequence, we may assume that lim,, .., [(™ € [0, cc] ¥
exists and the length of each B-arc converges into [0, co]. We only need
to show that lim,, .o (™ € (0,00)%. This will finish the proof since
2 = Wy (lim,, 0 1™).

Suppose otherwise that there is an edge e € F so that lim,, .o 1™ (e)
€ {0,00}. We will discuss two cases.

Case 1, limy, oo 1™ (e) = 0 for some e € E. Let H,H' be the
hexagons sharing e and 7™ /(™) be the r-coordinates of the B-
arcs in H, H' facing e. Then by Lemma 2.1, limy,_or™ — oo,
limy,— 00 7™ — 00. Then

() ) o
z(e) = lim </ cosh’\(t)dt+/ cosh)‘(t)dt> = 2/ cosh™(t)dt.
0 0 0

m—00

This is impossible since z € Py must satisfy the condition 1.
E

Due to case 1, we can assume lim,,, o, (™ € (0, 00]”.
Case 2, lim,, o0 l(m)(e) = oo for some e € E. Define the subset
Es ={e € E| lim 1™ (e) = xo}.

m—00
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We construct a graph G as follows. A vertex of G is a hexagon with at
least one edge in FEo,. There is a dual-edge in G joining two vertexes
if and only if the two hexagons corresponding to the vertexes share an
edge in E,. The degree of a vertex of the graph G can only be 1, 2 or
3. Actually a vertex of degree 1, 2 or 3 is corresponding to the hexagon
of type (1),(2) or (3) in Lemma 2.2 respectively.

We smooth the graph G at vertexes as follows. At a vertex of degree
1, we replace the small neighborhood of the vertex in G by a short
smooth curve tangent to the unique dual-edge incident to the vertex
as in Figure 4 (a). At a vertex v of degree of 2 or 3, every two dual-
edges €1, €9 incident to v correspond to two edges e, e in a hexagon.
If the length of the B-arc adjacent to e, eq converges to 0, we replace
the small neighborhood of the vertex v in G by a short smooth curve
tangent to €1, €. According to Lemma 2.2, every vertex of degree 2 can
be smoothed as in Figure 4 (b) and there are two cases for a vertex of
degree 3 according to the lengths of 2 or 3 B-arcs converge to 0 as in
Figure 4 (c).

We denote by G’ the graph smoothed at vertexes and the dual-edges
of G’ are the dual-edges of G. We claim that there exists a smooth
closed curve in G’ such that every dual-edge repeats at most twice in
the closed curve. In fact, we give every dual-edge of G’ an arbitrary
orientation. Pick up any smooth closed curve in G’ which may contains
infinite number of dual-edges. If there exists an dual-edge € repeats
with the same orientation in the closed curve, there is another smooth
closed curve starting and ending at €. By this procedure we can reduce
the number of dual-edges of a closed curve. At last we obtain a smooth
closed curve in G’ such that every dual-edge repeats at most twice.

This smooth closed curve in G’ corresponds a fundamental edge path
or fundamental edge cycle in the ideal triangulation. First assume it
is a fundamental edge path (Hy, ey, Hy, ..., e, Hy). Since the degree of
the vertex corresponding to Hy (or H,) is 1, the lengths of other two
edges other than e; (or e,) converge to positive finite numbers in the
sequence of metric /(™). By Lemma 2.2(1) the r-coordinate of the B-arc
in Hy (or H,) facing e; (or e,) converges to —oo. By the construction of
the edge path, the length of B-arc adjacent to e; and e;11 converges to
0 for i =1,...,m — 1. And we denote b;, ¢; the limit of lengths of B-arcs
in H; facing e;, e; 41 respectively, see Figure 3(a).

Hence

c1—b1

tley) = / cosh (t)dt + / T cosh ()t
0 0

Fori=2,...n—1,
bi—1—¢i—1 ci—b;

? A ? A
z(e;) :/ cosh (t)dt+/ cosh” (t)dt.
0 0
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<~ (=

Figure 4. Smooth graph G at a vertex of degree 1 (a),
degree 2 (b), degree 3 (c).

And

bp—1—Cn—1

z(en) :/0 ’ cosh)‘(t)dt—i—/o cosh™(t)dt.
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Hence

n

> z(er)

i=1

—c0 n—1
= 2/ cosh?(t)dt + Z
0

i=1

c;—b; b;—c;

< /0 7 cost (8)dt + /O : cosh’\(t)dt>

= —2/ cosh?(t)dt,
0

where the cancelation of the two terms in the bracket requires the condi-
tion A < 0, since the two terms are finite when A < 0. This is impossible
since z € P, must satisfy the condition 2.

If the smooth closed curve in G’ corresponds to a fundamental edge
cycle (Hg, ey, Hy,...,en, H, = Hy), the length of B-arc in Hy adjacent
to e1 and e, is 0. Denote by, ¢y the lengths of B-arcs facing e,, and ey,
see Figure 3(b). Thus

bo—co Cl;bl
z(e1) :/ cosh)‘(t)dt—k/ cosh™(¢)dt,
0 0
bn—1—Cn—-1 c—bg
2 A 2 A
z(en) = / cosh™ (t)dt —I—/ cosh” (t)dt.
0 0
And as in the case of fundamental edge path, for i =2,....,.n — 1,
bi—1—¢i—1 ci—b;
2 A 2 A
z(e;) = / cosh”(t)dt + / cosh”(t)dt.
0 0

Hence " ; z(e;) = 0. This is impossible since z € Py must satisfy the
condition 3.

We finish the proof of W)(7'(S)) = Py. Since there are only finite
many fundament edge paths or fundament edge cycles in an ideal tri-
angulation, Wy (7'(.9)) is defined by finite many inequalities in condition
1, 2, 3. Thus it is a open convex polytope.

The statement Uy, (T'(S)) C ¥, (T'(S)) C Yo(T'(S)) for A1 < A2 <0
is obvious since the function fooo cosh?(t)dt is increasing in X\ and it is
oo when A > 0.

Since 0 < cosh?(t) < cosh™(#) for A < —1 and IS cosh™1(t)dt < oo,
by Lebesgue’s dominated convergence theorem, we have

e}

lim cosh™(t)dt = / lim cosh®(t)dt = 0.
0

A——0c0 J A——00

Thus the intersection N} °0W,(7'(S)) is the set of points z € RF satis-

fying z(e) < 0 for each edge e and Y ;" | z(e;) > 0 for each fundamental
edge path (Hy,e1, Hy, ..., en, Hy). It is an empty set. q.e.d.
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