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LOWER SEMICONTINUITY OF THE WILLMORE
FUNCTIONAL FOR CURRENTS

REINER SCHATZLE

Abstract

The weak mean curvature is lower semicontinuous under weak
convergence of varifolds, that is, if ur — p weakly as varifolds
then || I:iM lr< liminfg oo | ﬁuk lLr(uy)- In contrast, if
T, — T weakly as integral currents, then ppr may not have a
locally bounded first variation even if || FIHTk || Lo () is bounded.

In 1999, Luigi Ambrosio asked the question whether lower semi-
continuity of the weak mean curvature is true when 7" is assumed
to be smooth. This was proved in [AmMa03] for p > n =
dim T in R"*! using results from [Sch04]. Here we prove this
in any dimension and codimension down to the desired exponent
p = 2. For p =n = 2, this corresponds to the Willmore functional.

In a forthcoming joint work [RoSch06], main steps of the pre-
sent article are used to prove a modified conjecture of De Giorgi
that the sum of the area and the Willmore functional is the I'-limit
of a diffuse Landau-Ginzburg approximation.

1. Introduction

The Willmore functional of a surface immersed into Euclidian space
is up to a factor the integral of the square mean curvature. For an
integral 2 — varifold p in R™ this extends to

1 .
W(p) = 4/Hu|2 dy.

We recall that the mean curvature of a submanifold is given in classi-
cal differential geometry as the trace of second derivatives. Elementary
calculations show that the mean curvature determines the change of the
area of the submanifold under local variations. In presence of singulari-
ties, this variational property is used to define the weak mean curvature,
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438 R. SCHATZLE

more precisely for a rectifiable n-varifold u the weak mean curvature FIM
is defined by

(6p)(n) == /divT“(n) dp = —/ﬁ,m dp Vne

if such ﬁu € L} (1) exists; see [Sim], §16. dy is called the first variation
of u.

By this definition, lower semicontinuity of the weak mean curvature
and in particular of the Willmore functional is immediate in the sense
that if up — p weakly as varifolds then

(1.1) | F o< Tian i | E [0 -

If in contrast T, — T weakly as integral currents and the mean curvature
of the underlying integral varifolds p7; is bounded in LP(ug, ), then the
first variation of pur need not be locally bounded. Passing to the limits
for a subsequence pi, — fioo, Wwe know pur < o and can estimate ﬁuw
as above.

In 1999, Luigi Ambrosio pointed out that even assuming smoothness
of T' lower semicontinuity

(12) Wy o< mind || Hyr, llpogu,) V2 <0< o0
was not proved at that time, but would be a consequence of

(1.3) ﬁu:r = IjI“OO pr — almost everywhere,

as this implies by pur < poo and (1.1) that
1 By Gy <1 B oy < B 0 | iy 101

which is (1.2).

Using the techniques of [Sch01] and [Sch04], Ambrosio and Masnou
proved (1.2) for p > n = dimT,p > 2 in R""! in [AmMa03]. In
this article, we improve the integrability order of the mean curvature in
(1.2) in any codimension down to the desired exponent of p = 2 which
includes the Willmore functional.

Theorem 5.1 (Lower semicontinuity of the weak mean curvature for
currents). Let (Ti)ren be a sequence of integral n-currents with locally
uniformly bounded total variation measures pr, in an open set €} C R™
converging weakly as currents T, — T. If T is an integral current and
wr is C%-rectifiable with locally bounded first variation Spup = —ﬁuTNT+
5#T,sz’ngz then

H HMT ||Lp(,uT)§ hkniirolf H HMTk ||Lp(,uTk) V2 < p < oo.

We know that the local geometries are contained in each other in
the sense that [0*"(ur) > 0] C [0*"(uoo) > 0]. But as the definition
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of the weak mean curvature is variational, it is unclear how the local
geometries determine the weak mean curvature, and a proof of (1.3)
is not obvious. Expressions of the weak mean curvature as derivatives
of the local geometry were developed in [Sch01] and [Sch04]. There
strong use was made of estimates for fully non-linear elliptic equations
which restrict these results to p > n so far. Even the case p = n =
2 in R™*! is unclear.

Instead, here we observe in §3 via an adaptation of the blow up argu-
ment in [Bra78] in §2 that a quadratic approximation of a significant
part of the support of u by the tangent plane at a point = € [0*"(u) > 0]

2 (w) imply quadratic decay of

outside a certain null set and H, € Lj

the height- and tilt-excess

heightes, (¢, 0. Top) i= 02 [ dist (¢ - 2, Topo dp(©),
By(x)

tﬂtexu(mv o, Txu) =0 " / H Tﬁ:u —Typ ||2 d/i(g) = Ox(92)'
By (z)

More precisely, let us recall the following definition adapted to
[AnSe94].

Definition 1.1. A H™-measurable set M C R™ is called countably
C? — n-rectifiable if

M C MyU U M,
k=1
where H"(Mp) = 0 and My, k > 1, are C? — n-submanifolds of R™.
A rectifiable n-varifold p = 0H"|M,0 > 0 on M, is called C?-rectifi-
able, if M or likewise [#*"(u) > 0] is countably C? — n-rectifiable.

We prove that the height- and tilt-excess decay quadratically almost

everywhere on countably C? — n-rectifiable subsets of [0*™(u) > 0], if
H, € L} (). As aremarkable consequence, we obtain for H, € L? ()

that p is C?-rectifiable if and only if the height- and tilt-excess decay
quadratically almost everywhere.

Theorem 3.1. Let p be an integral varifold in Q@ C R™ open with
weak mean curvature H,, € LIQOC(M). Then p is C? — n-rectifiable if and

only if for p-almost all x € Q) the height-excess and the tilt-excess decay
quadratically

heightexy(xa 0, Tw/.L), tiltexu(:v, 0, T:E:u) = OUU('QQ)

Combining with the calculation of the weak mean curvature in [Sch04]
86, we get the following very general expression of the weak mean cur-
vature as derivatives of the local geometry in §4.
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Theorem 4.1. Let ug, i be integral varifolds in £ C R™ open with

locally bounded first variation g = —H, po + dpo,sing, weak mean
curvature H,, € L2, (n) and

po < fh.

Further, let ® : A CR™ — R™ be L™-measurable with

D(A) € [0 (po) > 0] € [07" () > O]
and © be twice approrimately differentiable with rank D® = n almost
everywhere with respect to L™ on A. Then
1 y
—0i(v/99"”0;®) L" — almost everywhere on A,

g

7

where gi;(D®) = 0;00;®, g = det(gi5), (97)i; = (9i);;'-

ﬁuo(‘p) =040 =

Clearly, assuming smoothness of 7', this implies (1.3), and hence
proves (1.2).

A conjecture of De Giorgi

In [DG91], De Giorgi made the conjecture that the sum of the area
and the Willmore functional is the I'-limit of a diffuse Landau-Ginzburg
approximation. In the form modified in [LoMaO00] this reads putting
(1.4)

€ 2 1 n 1 Lo 2 o
Fe(u) == <§|Vu| + EW(U)) dc" + E( —eAu+ EW (u)) dc
Q Q

for u € WH2(Q) with W (t) := (£ — 1)? and

F(E) = a<H”1(a*E nQ) + / [Hyp|? dH”1>

8*ENQ
for E C Q with finite perimeter in Q, 0 = fil V2W, that
(1.5) F(E)=T-LY(Q) - lim 7+(F) for OF € (o

It is well known that the I'-limit of the first integral in (1.4) is the
perimeter of E times o, see [MoMor77]| and [Mo87|. The term —eAu+
e~ 1W'(u) appearing in the second integral is the L2-gradient of the first
integral, and is therefore related in the limit to the mean curvature
which is the first variation of the area or perimeter functional. The I' —
lim sup-inequality of I'-convergence of F, to F for OF € C? was proved
by Bellettini and Paolini in [BePa93], see also in [BeMu05] §5. For
rotationally symmetric data in two dimensions, the full I'-convergence
F- to F was proved by Bellettini and Mugnai in [BeMu05].

The lower semicontinuity for p = 2 proved in this article implies that
F is lower semicontinuous at E with 0F € C? which is a necessary
condition for F being a I'-limit in (1.5). In [RoSch06] we prove the
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above modified conjecture of De Giorgi (1.5) for surfaces OF in three
dimensions which corresponds to the Willmore functional. There we
define for u. — 2xg — 1 in L'(Q) the measures

. E 2 1 n
e : (Q\Vug\ —|—€W(u5))£,

o = %( —eAu, + éW’(uJ)ZL”,

and see for subsequences p. — p, @z — « that
(1.6) H'" U O*E<o'p and [Hy|*u<a.

The main difficulty in [RoSch06] is to prove that o~ !y is an integral
varifold. After this is established, we conclude as in (1.3) with Corollary

4.3 that
ﬁaE = I:’Igf1 for OF € CQ,

and (1.5) follows with (1.6).

0

Acknowledgment. I would like to thank Luigi Ambrosio for leading
me to the above lower semicontinuity problem in a discussion in Ober-
wolfach in 1999. Further, I would like to thank Giovanni Bellettini for
a discussion during my stay at Centro Ennio De Giorgi in Pisa in No-
vember 2003 emphazising the importance of the lower semicontinuity
of the Willmore functional in connection with the above conjecture of
De Giorgi in [DG91] and [LoMa00].

2. Blow-up

In this section, we reexamine the blow-up procedure used by Brakke
in [Bra78] Theorem 5.6. We fix n < m, 6y € N and consider a sequence
of integral n-varifolds fp; in Bg*(0) with generalized mean curvature
ﬁ“j € L*(pu;) and T € G(m,n) with orthogonal projection 7 : R™ — T
satisfying

(2.1) 0 € 0"(u5) > 0,
(22)  |wnd") U (BIO) ~ ol S5 -0 VO<o<8,
(2.3) Qin,u,j(B;n(O) N [Qn(uj) # 6p]) < g; V0<p<8.
We put

1/2
(2.4) Qjp i= (QQ_TL / ‘Huj ’2 d,uj> V0 < o <8, a5 := ajs,
By (0)
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(25) 7, = heightex,, (0,0,T) = o "2 / 7 (2)* dps(x)
B (0)
V0 < o <8, v := 8,

(26) 52, titex,, (0.0.7) =0 [ Ty = T P do)

B7(0)
V0 < 0 <8,
and assume
(2.7) max(aj,v;) < 0; — 0, 65 #0.
We get from [Bra78] Theorem 5.5 or [Sim] Lemma 22.2 that
(2.8) B2, < Cloyy +7) < C63.

For j large enough such that ¢; < 1/2, we get from [Bra78] Theorem
5.4 a lipschitz approximation of p; over T'; that is there exists a 0p-
valued lipschitz map

f = (fjla"'?fj@o) : B?(O) - T—>T9LO7
satisfying
(2.9) lip fj <1,
2/(n+2
| £ sy < Cln)yy 2,
and there exists a Borel set Y; C B}'(0) such that

(210) 6" (g, (3. 2)) = #4i | fuly) = =)

for ally € Y; C T, z € B "(0) C T+
And setting
(211) X = [070y) > 010 (Y x BP"(0) = U, Bi(Y)),
then
(212)  uy((BI0) x By"(0)) - X;) + £(By(0) - Y;) < Co2,

where C' = C(n,m,0p) < oo.
Selecting an appropriate subsequence (see the proof below), we obtain
fori=1,...,0q
(2.13) B
(5]._1fji — f weakly in W'?(B}(0)) and strongly in L*(B}(0)),

(2.14) I F 220y < Cns

(2.15) fii — 0 strongly in Wh2(B}(0)).
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After these preliminaries, we estimate the height-excess on balls BJ*(0)
with 0 < o < 1.

Proposition 2.1. There exists C(n,0y) < oo such that for any 0 <
c<1

(2.16) hmsup5 Yijo < C(n,6p)o~ -1 I f ||L2(B{,‘(O))

j—00
for some f occurring as limit in (2.13).

Proof. First, we justify the limit procedure in (2.13). From (2.10),
(2.11) and the Co Area formula, we see for ® € (C°NL>®)(BxB!",™(0)x

1/2
G(m,n)) that

[ #@ T @) (o / Z@ i), im(DF(y) dy

X

and
(2.17) B(z, Topsy) dpss(2)
/
)
- / S B(Fyi(y), im(DF5(y))) /Gra(DF;i(y) dy
Yj =1

where Gr,(DFji(y)) denotes the Gram-Determinant of the columns of
DFﬂ(y) e R™»™,
We establish a W12(B7(0))-bound on fj;. By (2.17),

[P dy < [ S 18P /6ra(DFw) dy

< /\ﬂ%(m)\z dpj(z) < 8"+2'y]2~ < Cnéjz.
X;

Next (2.9) and (2.12) yield

Z [ < C62 000y ) < Ca7 ),
Bp(0)-y; =

Combining the two estimates, we obtain

fo
(2.18) lmsup ; [ inl<cn
B i=1
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(2.9) yields
IV 1) =l 77 DFji(y) || <|l imDFji(y) =T || || DFji(y) |

hence by (2.17)

90 90
[V dy < Con [ 1 imDE () - T P ay
=1 Y; =1

Y;

< Com [ N Toty — T ||* dpj(z)
X
2 2
< ConB27 < Cr?.

From (2.9) and (2.12), we see

0o
IV < o6

By(0)-y; =1

Combining the two estimates, we obtain

(2.19) lim sup 62 / IV < .
T B
From (2.10), we see
Yj = [fjn == fja)] € m(B"(0) — [0"(15) = o)),
hence by (2.3)
(2.20) LY = [fin == fin,]) < &j.

Combining (2.18)—(2.20), we can select a subsequence converging ac-
cording to (2.13)—(2.15).
Next, we get from (2.9), (2.13), (2.14), and (2.17) that

(221)  Timsups;? / s ()2 gy ()
I B;”(O)ﬂXj

< lim sup / S 165 i) Py /Gra(DEi(y) dy

Jj—00 .7
BrONy; =

< C(n,00) | F 11 Z2(52(0)) -
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On the complement of X, we estimate for 0 < 7 <1 by (2.12)
(2.22)

572 / m ) dps (@) < 8%y (B O) N [Imh | = 7] ) + 072
B (0)—-X;
Putting
(2.23) Bjr = By(0)N |Inf| = 7,
0; 2 1j(Bjr) = Mjr,
we obtain with (2.22)

(2.24) 6]72 / im7 ()2 dpj(x) < M, +C7? Yo<7<1.
Bo(0)—X;
It M;, > 0, there exists by Besicovitch’s covering theorem x € Bj .,
0" (,x) > 1 and
fBQ |HN/] dp;
IU’J(B],T)

/ ’ﬁuj’2 duj < Cn,m M](BT(CC)) VO <r<1.
B, (x)

With the Holder inequality, (2.4) and (2.7), we get

/ [H,,| duj < oM 1i(Br(2)) VO <7 < 1.

The monotonicity formula, see [Sim] 17.6, yields
~1/2 n
15 (Br () > exp(—Con M, > ) (1/2)".

Thus, taking into account that |77| > 7/2 on B, s(x),

h%Mx®8ﬂ>$"2/\ﬁ@P@M)
7/2(:0)

> exp(—C’mmM;Tl/QT)co(n)T"+2.

Now we choose

Tj = 'Y;/(n+2) — 0

by (2.7), and see
exp( Cn mMj le/Q ) < Cn’yj — 05
hence
._1/27-- — 00
],Tj J
or likewise

. -2
MLTjTj — 0.



446 R. SCHATZLE
Now (2.21) and (2.24) imply

limsup §;y;; = limsup &7 0™~ / | (2)[? ()
J— J—
B (0)

< C(n,0p)0c " 2| f HQLQ(Bg(O)) :

q.e.d.

3. (C?-rectifiability and quadratic height-excess decay

In this section, we prove the equivalence of C?-rectifiability and qua-
dratic height-excess decay under the assumption of square integrable
weak mean curvature.

Theorem 3.1. Let p be an integral varifold in Q@ C R™ open with
weak mean curvature H,, € L (). Then p is C? — n-rectifiable if and

only if for p — almost all x € Q the height-excess and the tilt-excess
decay quadratically

(3.1) heightex,,(z, 0, T ), tiltex,,(x, 0, Typ) = 04 (0%).

Proof. Quadratic height-excess decay almost everywhere implies eas-
ily C?-rectifiability using the C?-extension lemma A.1, even without the
assumption of square integrable weak mean curvature.

The converse is a consequence of the following more precise lemma
recalling that quadratic height-excess decay almost everywhere implies
quadratic tilt-excess decay almost everywhere under the assumption of
square integrable weak mean curvature using the Cacciopoli-type esti-
mate in [Bra78] Theorem 5.5 or [Sim] Lemma 22.2. q.e.d.

Lemma 3.1. Let p be an integral varifold in 0 C R™ open with
weak mean curvature ﬁ# € L2 (n). Further let ® : A C R™ — R™ be
L"-measurable with

(A) < [07"(n) > 0]
and © be twice approrimately differentiable with rank D® = n almost
everywhere with respect to L™ on A. Then

(3.2) lim Sélp Q_zheightex#(x, 0, Ty 1)
Q*)

< C(n, 0" (1, 2)) (| (@) 2 + [ Aa(@)[2) < o0

for L™-almost all y € A and x = ®(y), where Ag denotes the second
fundamental form given by ®.

Proof. As the conclusion of the lemma is almost everywhere, we may
assume by the C2-extension Lemma A.1 that ® € C?(U,R™) for some
open A C U C R". As the conclusion is local and D® has full rank on
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A, and by continuity on all of U. For p-almost all z € Q, and for =
being a Lebesgue point of H, € L2 (u),

loc
(3.3) 0:=0"(n,x) €N,
Typ = 0T exists,

0" (1) is approximately continuous with respect to p in x,

D(F8, Pi0)) = lim (B(0) ™ [P dp = [ (2 < oc.
Bo(z)

By Area formula and since D® has full rank on A, we see that for
L"-almost all y € A the image x = ®(y) satisfies (3.3). Moreover,
L™-almost all y € A satisfy

(3.4) 0" (L™ A, y) = 1.
We prove (3.2) for such y. After a translation, we may assume y =
0, ®(y) = 0, and after a rotation T = R" x {0}. Moreover, after a C'-
parameter change, we may write ® in the form ®(y)=(y, p(y)) with ¢ €
C2(U,R™™, ¢(0) = 0, Vip(0) = 0.

If (3.2) does not hold, then there is a sequence g; — 0 and
(3.5) A2 > 0w, 8" H,(0)% + |As(0)|? /4
such that for p; := (x — Q}lx)#u in the notation of §2 for
(36) ’7]' = ’)/ggj 2 AQJ'.
Clearly by (3.3), we have a; < Ap; for j large, hence putting §; :=

max(a;, ;) in (2.7), we obtain

(3.7) d; =, for jlarge, and 7 := limsupy{lgj < 1/A.

Jj—o0

Putting 4; := 0; ' A,Uj = 0;'U, ¢ : Uj — R™™",0;(y) = o " (05y),
we see

graph (¢;14;) € [07" (k) > 0];
hence by (2.10)

0i) S{fin(), - fienW)} Yy €Y;NA;
Since L™ (B} (0) — A;) — 0 by (3.4), we see from (2.20)
LMY = [wj = fin == fig)) =0

and from (2.13) for appropriate subsequences
(3.8) 5j_1<pj — f locally in measure.

As ¢ is twice differentiable and ¢(0) = 0, V(0) = 0, we get putting

1 n
Qly) = §yTD2<p(0)y for y € R",
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that
p; — 0, gj_lapj — () uniformly on compact subsets of R",

in particular by (3.7)

limsup |85 ;| = limsup |(v; ' 0;)0; '] < 71Q|.

j—00 j—oo
With (3.8), we get
Ifl< 7@l

2@Q) = As(0) represents the second fundamental form of ®, as V(0) = 0,
in particular

F(y)] < 7142 (0)] |y[*/2.
Then Proposition 2.1 yields by (3.7) for 0 < 0 < 1
(3.9) lim sup ’ys_gi’yggj = limsup ”yj_lfng
j—00 j—00
< C(n,0)a 71| Fllz2(mn (o))
< C(n,0)Aor.

Further assuming s,, > ['A8p; for some I' > 2C(n,0), we see 7 <
1/(8T'A), hence limsup;_, Wg_gi_%gj < 0/16 =: n/2, and conclude

_ I e
(3.10) (10) ™" me < 507" i 07190 > TA and 0 < 0o

for some gg > 0 small enough.
Now if (7o) "1yme > n7"TA for v = 14+(n+2)/2 and some 0 < ¢ < o,
then T'A < 1”(no) 'y, < 07 '7,, hence by (3.10)

— —v 1 —_ —UV 1 — —UV
(10) "o =0 "TA < S0~y =1 "TA < 5(9 Yo =1 FA)
and in any case
1
max ((17@)_1%79 —n P TA, O) < 5 Max (g_l'yg —n YTA, O)
for all 0 < o < gg.
This yields max(o~ty, — n7*T'A,0) — 0 for ¢ — 0 and

lim sup Q_l'yg < n7'TA,
0—0

which proves (3.2). q.e.d.
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4. Locality of the mean curvature

Theorem 4.1. Let ug, v be integral varifolds in Q@ C R™ open with

—

locally bounded first variation dpuo = —H, o + dposing, weak mean

curvature IjIM € L% (u) and

Ho < p
Further, let ® : A CR"™ — R™ be L™-measurable with
®(A) C [0 (1o) > 0] S [67"(n) > O]

and ® be twice approrimately differentiable with rank D® = n almost
everywhere with respect to L™ on A. Then
(4.1)

. 1 g
H, (P) =A;® = —g@i(\/ﬁg’j@j@) L" — almost everywhere on A,

\/>
where gi;(D®) = 8;00;®, g = det(gij), (979)i; = (95);; -
Proof. As in the proof of Lemma 3.1, we may assume that ®(y) =

(y,0(y)) for all y € U and some ¢ € C?(U,R™ ™). Then M := graph ¢
is a C2-submanifold of R™, and we have to prove

(4.2) FIMO(., ©) =Hy (., ) L™ — almost everywhere on A.

Let 7 : R™ — R" be the orthogonal projection and ¥ C [6*"(u) > 0] be
the set of points x such that
(4.3) 0 :=0"(p,x),00 :=60"(po,z) € N,
Tpp = Typpo exist, Jr,,m > 0,
0" (1), 0™ (o) are approximately continuous with respect to u, o in z,

Dy(|Hul?u)(z) < oo,

Dy (6po)(x) = —Hy, (),
ﬁ#o (ZL‘) 1 Tz/LOa
and

(4.4) lim s(1)1p Q_Qheightexu(x, 0, Tp11) < 0.
Q*)

By Co-Area formula, the differentiation theorem for measures, see [Sim]
Theorem 4.7, [Bra78] Theorem 5.8 and Lemma 3.1

(4.5) L (w([07" () > 0] = X)) = 0.
We consider y € A satisfying
(4.6) ye A—mn([0"" (1) > 0] - X)),

(L7 A, y) = 1.
By (4.5), this includes almost all y € A.
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[Bra78] Theorem 5.5 or [Sim] 22.2 imply for x = (y,¢(y)),y € A by
(4.3) and (4.4)

lim sup ngtiltexu(x, 0, Tppt) < 0.
0—0

As po < poand Tepg = Tep for H™ — almost all £ € [0 (o) > 0] C
(677 (1) > 0], we get for z = (y,(y)),y € A

(4.7) lim slglp 0 2tiltex,, (, 0, Tpio) < oo.
Q—)

Now we follow the proof of [Sch04] Proposition 6.1. (4.2) will be proved
when we establish
(4.8) ﬁuo(x)u =Hy(z)v Vv L Tppo=TpM =:T.
We put
Yo :=[0"(po) = o] N M C [0 (po) > 0] N M
and see for py := OgyH™ | M

(4.9) 1 X0 = par[Xo-
As x = (y,0(y)) € ¥o, we may add to our assumptions (4.3) that
(4.10) o™ (no(By' () = So) + par (B (x) = %) ) < w(o),

where w(g) — 0 for p — 0. We choose x € C§°(B7*(0)) rotationally
symmetric with

0<x<1 and XEloan}Q(O)

and put x,(¢) = x(¢™(§ — x)).
We calculate by (4.3)

lim (wn0™) 1 op0(X0)
0—0

— 00D, Gp0)(e) [ xae”
TNB*(0)
= —w;lﬂoﬁuo () / x dL™,
TNB(0)
and, as p € C*(U),

éig[l)(wnen)_lcmM(xQ)

=— g}ig(l)(wn@”)*l / Xo Har duas
B (z)

— —wgleoﬁM(ZL‘) / X d.c™.
TABJ™(0)
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(4.8) will follow when we prove
(4.11) I, := 07" (dp0(x0) — Opns(xo))v — 0 for o — 0.
We recall for i = pg, pas that
by = | Dxal6) Tef v di(e)
By (x)
and abbreviate
Ropim o [ Do) (Ten~ Toi) v dic).
Bz,"(x)on

Since T¢pg = Te M for almost all § € g C [6*"(uo) > 0] N M, (4.9) and
Tv =0, as v is normal to 7', we obtain that

I, = RQvNO - RWLM-

We estimate

’Rg,ﬂ‘
<o ! / | Tefi — Toi | dis(€)
Bg‘(x)on
1/2 1/2
< 091<Q"ﬂ(32”(w) _ zo>) (@” [ 1 dﬂ(&))

By (z)
< Co 'w(e)* tiltex; (w, 0, Tofi)'/?,

where we have used (4.10).
Now for i = pg, we have quadratic decay of the tilt-excess at 0 for

0 — 0 by (4.7), whereas such decay is immediate for g = pps, since
D%y € C°(U). Therefore,

‘RQ’/NA < Cw(g)l/27
which proves (4.11); hence (4.8) and (4.2). q.e.d.

We get two immediate corollaries.

Corollary 4.2. Let u; be integral varifolds in @ C R™ with H,, €
L}, (mi),i = 1,2. If
(4.12)  [0*"(u1) > 0] N [0*"(u2) > 0] is countably C* — rectifiable,

in particular if py or po is C?-rectifiable, then
(4.13)
H, =H,, H"— almost everywhere on [0*"(p1) > 0] N [0 (u2) > 0].
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Corollary 4.3. Let p1, po be integral varifolds in Q@ C R™ open with

—

locally bounded first variation dpuy = —H, 1 + O sing, weak mean
curvature Hy,, € L% (u2) and

1 < po.
If
(4.14) 1 is C% — rectifiable,
then
(4.15) ﬁm = ﬁuz w1 — almost everywhere.

5. Lower semicontinuity of the weak mean curvature for
currents

Corollary 4.3 implies the lower semicontinuity in (1.2) down to the
desired exponent of p = 2 for the integrability order of the mean curva-
ture which corresponds in two dimensions to the Willmore functional.
Still we have to assume that the limit current is smooth or at least
C?-rectifiable and has locally bounded first variation.

Theorem 5.1 (Lower semicontinuity of the weak mean curvature for
currents). Let (T )ren be a sequence of integral n-currents with locally
uniformly bounded total variation measures ur, in an open set ) C R™
converging weakly as currents Ty, — T. If T is an integral current and
ur is C%-rectifiable with locally bounded first variation Sur = —ﬁuTMT+
5:“T,sing; then

| Fur oy i inf | g, o) ¥2 <0 < o0

Remark. The compactness theorem for integral currents, see [Sim]
Theorem 27.3, implies that T is an integral current, if the boundary
masses of Tj, are locally uniformly bounded.

Proof. We may assume that p7, — pe weakly as Radon-measures
after passing to an appropriate subsequence. By lower semicontinuity
of the masses and the weak mean curvature, we know

HT < oo,
| Fpoe 2y < limint || By, [l2our,) V2 <p < o0

We may assume that the liminf is finite for some 2 < p < oo, which
implies that p. is an integral varifold by Allard’s integral compactness
theorem, see [All72] Theorem 6.4 or [Sim| Remark 42.8, and ﬁﬂoo €
L? (ftso). As the integral varifold up is C2-rectifiable and has locally

loc



LOWER SEMICONTINUITY ... 453

bounded first variation dur = —ﬁuTNT + 0T sing by assumption, we
conclude by Corollary 4.3
ﬁuT = ﬁﬂw pr — almost everywhere,
and hence
| B o) < B ey V2 <0 < 00,
and the theorem is proved. q.e.d.

Appendix A. C?-extension lemma

The following C?-extension lemma is an easy consequence of the tech-
nique used in [F| 3.1.8 and Whitney’s extension theorem. Unfortunately,
we were not able to find it in literature and include therefore its proof
for the reader’s convenience.

Lemma A.1. Let ¢ : A — R™ be approzimately differentiable on the
L"-measurable set A C R™ which has full density in all its points and

lp(2) —p(y) = Ve(y) (2 — )|

(A.1) aplim sup 5 <oo VyeA
z—Y,zEA ’Z - y|
or
(A.2)
lim sup o "2 p(2) —(y) = Voy)(z —y)| dz < 00 Vy € A
‘ Bo(y)nA

Then there exist countably many ¢y, € C’I%C(Uk), Ui C R™ open, satisfy-
mg

a3 (- (o= aln(ve=val)) o

in particular graph ¢ is countably C? —n-rectifiable in the sense of Def-
wniation 1.1.

Proof. For the proof of (A.3) it suffices to consider m = 1. Clearly,
the approximate differentials Vi : A — R" are L£L™-measurable. We put

ly(w) = o(y) + Vo(y)(w —y) forye A,weR",
Q(y7 Q7 k) = {w € B@(y) ’ w ¢ A or ’gp(w) - ly(w)‘ Z k‘w - y‘Q}
and for € > 0 small enough
Ap={yc A|V0<o<1/k: L"Q(y,0,k)) <eo"}.

Ay, is L™-measurable by Fubini’s theorem; more precisely, see [F] 3.1.3,
and

(A.4) A= G Ay
k=1
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by (A.1). The same is true for (A.2) when we observe that (A.2) implies

-n / [p(2) = oY) = Vey)(z = y)|

limsup o P

0—0

dz < oo VyeA.
B,(y)nA

Fory,z € A, 0<20:=ly—z| <1/k, 2= (y+2)/2,

w,u € By(2) - (QUy, 20,k) UQ(=,20.k)) = W € B, (y) N B, (2),
we calculate

(Ve(2) = Vo)) (' = w)

< lp(w') = Iy(w")] + lp(w) = Ly(w)] + [e(w') = L(w')] + |p(w) = L=(w)|
<Ek(Jw' =y 4 jw =y 4w — 22+ |w — 2|) < 16k%.
Integrating yields

cn|Vo(2) = Ve(y)le

][ ][ (Veo(z) = Ve(y) (W' —w)| dw dw’
Bn(z) Bp(2)

7[ ][ [(Veo(2) = Veo(y) (W' — w)| xw(w) xw(w') dw dw’
BZ} (2) B"(z

+ 4V (2) — Veo()lo((wne™) 7 L(QUy, 20,k) U Q(z 20,K))
< 16ko? + 2" 2w, 1e|Vp(2) — Vio(y)| o
For £ < gg(n) small enough, we get
(A5)  |[Vp(2) = Ve(y)| < Cuklz —yl Yy, z € Ag, |y — 2| < 1/k.
Observing
LMW > wpo — 2" e >0

for £ < g9(n) small enough, there exists w € W # (), and we get using
(A.5)

(A.6)

o(2) — 1y (2)]

< lp(w) = L(w)] + |p(w) — ly(w))] + |(Ve(z) = Ve(y))(w — 2)|

< E(lw = 2* + [w = y*) + [Ve(2) = Ve(y)| [w - 2|

< Cuklz —y* Vy,z € Ay, |y — 2| < 1/k.
Next we put Ag(yo) := ArN B?/(%) (yo) for yo € Ag, and see from (A.5)
and (A.6) for all y € Ag(yo)
(A7) Vo)l < [Ve(yo)| + Cn,

le@)| < ool + (IVe(yo)| + Cn)/(2k).
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Therefore

ol Ak (yo) € Lip(2, Ax(yo))
in the sense of [St] VI.2.3. Then by [St] VI.2.3 Theorem 4 and [F]
Theorem 3.1.15, there exist ¢y; € C*(Uy;) satisfying

L (Ak ~Ulp=wlnVe = Vs@m]) =0.

j=1
Recalling (A.4), we see that (¢g;)k jen satisfy (A.3).
Putting Qx := Ax—Uj2, ([gp = ;) N[Ve = chkj]>, we see recalling

(A.4)

o0 o0

graph ¢ C U graph (¢|Qx) U U graph ¢y;.

k=1 k,j=1

Since ¢ is approximately differentiable on all of A, we can decompose

A into countably many L£"-measurable sets on which ¢ is lipschitz, see
[F] Theorem 3.1.8; hence

H" (graph (9lQ4) ) = 0,

as L"(Qr) = 0 by (A.3). Since graph ¢y; are C? — n-submanifolds, we

see that graph ¢ is countably C? — n-rectifiable. q.e.d.
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