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A REGULARITY AND COMPACTNESS THEORY FOR
IMMERSED STABLE MINIMAL HYPERSURFACES OF

MULTIPLICITY AT MOST 2

NESHAN WICKRAMASEKERA

Abstract

We prove that a stable minimal hypersurface of an open ball
which is immersed away from a closed (singular) set of finite co-
dimension 2 Hausdorff measure and weakly close to a multiplicity
2 hyperplane must in the interior be the graph over the hyper-
plane of a 2-valued function satisfying a local C1'® estimate. This
regularity is optimal under our hypotheses. As a consequence, we
also establish compactness of the class of stable minimal hypersur-
faces of an open ball which have volume density ratios uniformly
bounded by 3 — ¢ for any fixed § € (0,1) and interior singular sets
of vanishing co-dimension 2 Hausdorff measure.
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Our goal in this paper is to study the local structure of immersed, pos-
sibly branched, stable minimal hypersurfaces of the (n + 1)-dimensional
Fuclidean space for arbitrary n > 2. Assuming the singular set of such
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a hypersurface has locally finite (n — 2)-dimensional Hausdorff mea-
sure, we here develop a regularity theory that is applicable near those
points of the hypersurface where the volume density is less than 3. Our
definition of the singular set is such that it consists only of “genuine”
singularities, which include possible branch points. Thus, the points
of self-intersection, where the hypersurface is immersed, are considered
regular. (See Section 2 for the precise definition of the singular set.)

In particular, we obtain a description of the asymptotic behavior of
the hypersurface near any of its multiplicity 2 branch points; i.e., points
at which the hypersurface has a multiplicity 2 hyperplane as one of its
tangent cones while it fails to decompose as the union of two regular
minimal submanifolds in any neighborhood of the point. Our main
regularity result is the following;:

Theorem 1.1. For each 6 € (0,1), there exists a number € € (0,1),
depending only on n and 6, such that the following is true. If M is an
orientable immersed stable minimal hypersurface of ByT(0) with 0 €

M, H" 2 (sing M) < oo, HUM) <35 and fMﬂ(Bl(O)XR) |z 2 < e,

wn 2™
then M N (By5(0) x R) = graphu where u is either a single valued or
a 2-valued CH® function on B 5(0) satisfying

1/2
u 1, S C / xn+1 : '
llulle (B1/2(0)) ( Mn(Bl(O)XR)‘ |

Here the constants C and o € (0,1) depend only on n and §.

See Section 2 for the definition of the C1* “norm” of u when u is a
2-valued function.

This theorem in particular says that if an n-dimensional stable mini-
mal hypersurface with a singular set of locally finite (n —2)-dimensional
Hausdorff measure has a multiplicity 2 plane as one of its tangent cones
at some point, then it is the unique tangent cone to the hypersurface
at that point. The theorem rules out, for example, the possibility of
having a sequence of “necks” connecting two sheets and accumulating
at a branch point.

A direct consequence of the above theorem is the following decompo-
sition theorem in case H" 2 (sing M) = 0.

Theorem 1.2. For each 6 € (0,1), there exists a number € € (0,1),
depending only on n and J, such that the following is true. If M is an
orientable immersed stable minimal hypersurface of BSH(O) with 0 €

M, 12 (sing M) = 0, "000 <3 -6 and [y, 0y 12" < 6,

wn 2™

then either M N (By5(0) x R) = graphu’ or M N (B;2(0) x R) =
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graphu! U graphu? where u’ : Bl/Q(O) — R are CY% functions satis-

fying
1/2
Wl e <C / 212
vl (B1/2(0)) (Mm(Bl(O)XR) |

for i =0,1,2. Here the constants C and o € (0,1) depend only on n
and §.

Theorem 1.2 implies that if V' is a varifold arising as the weak limit
of a sequence of stable minimal hypersurfaces having singular sets of
(n—2)-dimensional Hausdorff measure zero, then near every point where
V has a tangent cone equal to the multiplicity 2 varifold associated
with a hyperplane, the support of V' decomposes as the union of two
minimal graphs. In particular, classical branching (of multiplicity 2)
cannot occur in the weak limit of a sequence of smooth, stable minimal
hypersurfaces.

Based on Theorem 1.2 and the standard dimension reducing principle
of Federer, we obtained the following compactness result:

Theorem 1.3. Let§ € (0,1). There exists o = o(n,d) € (0,1/2) such
that the following is true. Suppose My is a sequence of orientable stable
minimal hypersurface immersed in By (0) with 0€ My, H™%(sing Mj

NB™*1(0)) = 0 for each k and limsup,_, ., HUMy) < 3 — 5. Then

wn 2™
there exists a stationary varifold V' of BSH(O) and a closed subset S
of spt||V|| N B2TL(0) with S = 0 if 2 < n < 6, S discrete if n = 7
and H"~"7(8) = 0 for every v > 0 if n > 8 such that after passing
to a subsequence, which we again denote {k}, My — V as varifolds
and (spt||V]| \ S) N B2*L(0) is an orientable immersed, smooth, stable
minimal hypersurface of BT1(0).

In low dimensions, the “smallness of excess” hypothesis of Theo-
rem 1.1 can be dropped provided we assume that the mass ratio is
sufficiently close to 2. Precisely, we have the following:

Theorem 1.4. There exist fized constants ¢ € (0,1), C € (0,00)
and o € (0,1) such that the following holds. If 2 < n < 6, M is
an orientable immersed stable minimal hypersurface of B;LH(O) with

0€ M, H" 2 (sing M) < oo, Oy (0) > 2 and H;ng\f) < 2+, then either
there exists a hyperplane P of R such that M N B?H (0) = graphu
where u is either a single valued or a 2-valued CH* (P N BY(0); PL)

function with

1/2
" i S C / diSt2 x, P
1wl o (Bi*t1(0)nP) ( MnBy(0) | )>
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or there exists a pair of transversely intersecting hyperplanes P, P(2)

of R™™ such that M 0 By*(0) = graphu() U graph u®), where u() €
oL (PO N (BIT(0)); PO L) with

(i) ,
|W‘@wwwwﬂmgo<&

fori=1,2.

1/2
dist? (a; PO 1)(2>)
NBLT(0)

Finally, we have the following decomposition theorem for the singular
set of a branched stable minimal hypersurface of the type considered in
this paper.

Theorem 1.5. There exist ¢ = ¢(n) € (0,1) and 0 = o(n) € (0,1)
such that the following holds. If V' belongs to the wvarifold closure of
orientable immersed stable minimal hypersurfaces M of B;LH(O) with

0€ M, H" 2 (sing M) < oo and H;H(QAZ) <2+ € then

singVNB*(0)=BUS

where

(a) B is the set of branch points of V in B2"(0); thus B consists of
those points of sing V N B2 TL(0) where V' has a (unique) multiplic-
ity 2 tangent plane. Either B = () or H"2 (B) > 0.

(b) S is a relatively closed subset of spt ||V || B2F1(0) with SNB = 0,
S=0if2<n<6,S afinite set if n =7 and H" "7 (S) =0
for each v >0 if n > 8.

The proofs of the above theorems will appear in Sections 7 and 8
of the paper. Other consequences of Theorems 1.2 and 1.3, which in-
clude a pointwise curvature estimate and a Bernstein type theorem in
dimensions < 6, will appear in Section 9.

In case the mass bound is 2 — § (instead of 3 — ¢) for some § € (0,1),
Theorem 1.1 (with the conclusion that M N (B/5(0) x R) is the graph
of a single valued function) follows from (otherwise much more general)
interior regularity theorem of W.K. Allard [All72], [Sim83]. In case
the stable hypersurface is embedded, the theorem (under the weaker
hypothesis of arbitrary mass bound and with the stronger conclusion as
in Theorem 1.2 with a finite number of functions u; < us < ... < ug
in place of uj,uz, with k£ bounded in terms of the mass bound) is due
to R. Schoen and L. Simon [SS81]. The Schoen-Simon theorem in fact
plays an essential role in the present work.

The main ingredient in the proof of Theorem 1.1 is a height excess
decay lemma (Lemma 6.3), where we show that under the hypotheses
of the theorem, the height excess of the hypersurface M at a smaller
scale, measured relative to a suitable new pair of hyperplanes (a trans-
verse pair of hyperplanes or a multiplicity 2 hyperplane) improves by
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a fixed factor. The theorem follows by iteratively applying the lemma.
At a key stage of the proof of the excess decay lemma, we use a type of
harmonic approximation, where we show that whenever the L2?-height
excess of the hypersurface relative to a hyperplane is small in a cylinder,
the hypersurface in a smaller cylinder is well approximated by the graph
of a certain type of “2-valued harmonic” function. F. J. Almgren Jr.
[Alm83] used a somewhat different class of multi-valued harmonic func-
tions in his work on area minimizing currents of arbitrary dimension and
codimension, where harmonic meant Dirichlet energy minimizing. We
are working with the weaker assumption of stability, so our two-valued
harmonic functions do not satisfy this minimizing property. However,
the codimension 1 setting we are working in gives them a lot more struc-
ture, and we are able to obtain (in Theorem 5.1) sufficiently detailed,
geometric information about them.

A feature of our excess decay lemma perhaps worth pointing out here
is that it gives, at every scale, decay of the excess of the stable mini-
mal hypersurface at one of several (three in fact) possible, fixed smaller
scales. The reason why excess improvement is exhibited at one of sev-
eral possible scales in contrast to the more familiar scenario where the
improvement is always seen at a single fixed, smaller scale is partly
geometric and partly technical. The geometric part of the explanation
is that the way an immersed hypersurface satisfying the hypotheses of
the theorem (in particular, the mass bound 3 — § which guarantees
that it is “two sheeted”) looks as one goes down in scale (fixing a base
point) may vary between different possibilities; namely, at any given
scale, it may either look like a pair of distinct, more or less parallel
planes (i.e., the hypersurface is embedded) or it may look like a pair
of transversely intersecting planes (i.e., the hypersurface is embedded
away from a small tubular neighborhood around the axis of a transverse
pair of hyperplanes) or it may have many self-intersections distributed
more or less evenly. Different techniques for these different cases are
employed in obtaining excess improvement. The technical part of the
reason for the three scales is not having at our disposal, a priori, a single
decay estimate, valid uniformly at all points of the domain away from
the boundary and for all scales less than a fixed scale, for the afore-
mentioned approximating 2-valued harmonic functions (which arise as
blow-ups of sequences of hypersurfaces satisfying the hypotheses of the
theorem and converging to multiplicity 2 hyperplanes). Rather, what
we obtain (in Theorem 5.1) is an asymptotic description which gives two
alternatives depending on whether the blow-up itself has a non-empty
interior branch set or not. The presence of two such alternatives for
the asymptotics of this “linear problem” means that, at the stage where
knowledge of the asymptotics of the linear problem becomes necessary
(which is precisely when we are confronted with the picture where the
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minimal hypersurface has many self-intersections distributed approxi-
mately evenly), the excess improvement we get for the hypersurface is,
correspondingly, at one of two different smaller scales.

We use methods and results due to L. Simon [Sim93]; R. Hardt and
L. Simon [HS79]; R. Schoen and L. Simon [SS81]; F. J. Almgren Jr.
[Alm8&3| and the author [Wic04a] at a number of crucial points in the
present work. The present work in fact should be viewed as a gener-
alization of the results of [Wic04a]. To prove that a stable minimal
hypersurface, when it is weakly close to a multiplicity 2 hyperplane, is
well approximated by the graph of a 2-valued harmonic function of the
type aforementioned, we utilize a blow-up argument where we blow up
sequences of hypersurfaces off affine hyperplanes. This blow up proce-
dure is based on the approximate graphical decomposition of the hyper-
surfaces as in [SS81], and is carried out as described in [Wic04a], after
making modifications to and replacement of some of the arguments of
[Wic04a]. The main difference in the present context, as far as this
blowing up step is concerned, is that we here allow the hypersurfaces to
be singular unlike in [Wic04a] where they were assumed to be smooth.
Consequently, in particular, we here need a different argument to estab-
lish continuity of the blow-ups. (See Proposition 3.10.)

A major part of this paper is devoted to analyzing the nature of these
2-valued approximating functions. Theorem 5.1 is the key result in this
respect, where we establish crucial decay estimates for the two-valued
harmonic functions. Our approach in analyzing these functions has
been to use geometric arguments, aimed at proving excess decay esti-
mates for the graphs of the functions. To investigate the local regularity
properties of these functions at points where their graphs blow up to
transversely intersecting pairs of hyperplanes, and also to prove global
decay estimates when the base point is a branch point of the function,
we use variants of powerful techniques developed by Simon [Sim93]
and Hardt and Simon [HS79]. In particular, a crucial ingredient is an
estimate for the radial derivatives of the blow-up (Lemma 3.8) due to
Hardt and Simon [HS79].

An important technical tool used in the analysis of the 2-valued har-
monic functions is the monotonicity of a frequency function, an idea
used first in a geometric setting by F.J. Almgren Jr. [Alm83]. We
here make use of the frequency function directly associated with the
two-valued function, as well as the one associated with the single val-
ued function obtained by taking the difference between the two values
of the two-valued function. Either frequency function, for any given
center point, is monotonically non-decreasing as a function of the ra-
dius. Thus, in particular, we may classify the points of the domain of
the two-valued function according to the values assumed by the limit
of the frequency function associated with the difference function. In a
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classical setting, e.g., if the function were single valued and harmonic,
this limit is equal to the vanishing order of the function at the point in
question. In our setting, it conveys analogous information, which may
be regarded as the order of contact between the “two sheets” of the
graph of the 2-valued function, (although admittedly at a branch point
one does not have a useful notion of two sheets) and it reveals the local
geometric picture of the graph; i.e., whether the graph locally consists of
two disjoint harmonic disks, or of two self intersecting harmonic disks,
or whether it is branched. Furthermore, the rate of decay of the graph
of the two valued function to its (unique) multiplicity 2 tangent plane
at a branch point has a fixed lower bound independent of the function.
Said differently, there exists a fixed frequency gap, depending only on
n and § (0 as in Theorem 1.1), implying that the order of contact at a
branch point cannot be arbitrarily close to 1.

The existence of a rather rich class of stable branched minimal im-
mersions of the type studied in this paper has recently been established
in [SW].

I am very grateful to Leon Simon for several helpful discussions re-
lated to this work. I also thank David Jerison, Fanghua Lin and Gang
Tian for conversations from which I have benefited.

2. Notation and preliminaries

We shall adopt the following notation, conventions and definitions
throughout the paper.

R"! denotes the (n + 1)-dimensional Euclidean space and (x!,...,
2"*1) denotes a general point in R"*1.

B1(X) denotes the open ball in R™"! with radius p and center
X. We identify R™ with the hyperplane {(x! 22 ... 2"!) ¢ R*! :
2" =0} and for X € R™ let B,(X) denote the open ball in R™ with
radius p and center X.

wy, denotes the volume of a ball in R™ with radius 1.

For compact sets S, T C R"*!, dy(S,T) denotes the Hausdorff dis-
tance between S and T

H" (S) denotes the n-dimensional Hausdorff measure of the set S.

For Y € R"! and p > 0, ny,, : R"™! — R""! is the map defined

by 1y, (X) = 255
M denotes a properly immersed, smooth hypersurface of ByT(0).

Thus M is a subset of By(0) such that for each X € M, there exists

a number ¢ > 0 such that M N EZH(X) is the union of a finite num-
ber of, possibly intersecting, smooth, connected, compact, embedded
n-dimensional submanifolds with boundary contained in in dB?*1(X).

Let M be a properly immersed smooth hypersurface of B;‘H(O) SO
that H" (M N K) < oo for each compact subset K C By*1)(0). M is
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said to be minimal (or stationary) if it has zero first variation of volume
with respect to deformations by arbitrary C! vector fields of By™!(0)
with compact support. Minimality of M is equivalent to the condition
that

(2.1) / divys ® dH" = 0
M

for every C' vector field ® = (&', ®2,... ") . BItL(0) — R™H!
with compact support in By T(0). (See [Sim83], Chapter 2.) Here
divys @ is the tangential divergence of & with respect to M. Thus,
divy @ = Z?ill ej- VM &7 where VM denotes the gradient operator on
M and {e; }1]1;1 is the standard basis of R"T!.

Let M be oriented. If M is minimal, we say M is stable if the stability
inequality

(2.2) /M AP < /M M (P

holds for every C! function ¢ with compact support in M. Here A de-
notes the second fundamental form of M and |A| its length. Note that
in case M is embedded, stability of M is equivalent to M having non-
negative second variation of volume with respect to deformations by
compactly supported C! vector fields of BSH(O) which on M are nor-
mal to M ([Sim83], Chapter 2). If M is immersed, (2.2) says that M
has non-negative second variation of volume with respect to deforma-
tions determined by moving each (locally defined) smooth embedded
piece M’ of M (so M = M'U (M \ M') with M’ a smooth embed-
ded hypersurface) with initial velocity at each point x € M’ equal to
¢(z)v'(x), where v/ is the unit normal to M’.

For a smooth hypersurface M of BSH(O), we say a point X € M N

BY(0) is (an interior) regular point of M if there exists a number
—n+1

o > 0 such that M N B, " (X) is the union of finitely many smooth,
compact, connected, embedded submanifolds with boundary contained
in @ B"*1(X). We shall redefine M so that if X € M is a regular point

of M, then X € M. The (interior) singular set of M is then defined by
sing M = (M \ M) N By (0).

T;, denotes the family of stable minimal hypersurfaces M of By (0)
satisfying H"2(sing M) < oo. (The subscript b in Z; indicates that the
members M of 7, are allowed to carry branch point singularities; i.e.,
points Z € sing M such that a hyperplane (with multiplicity > 1) occurs
as a tangent cone to (the varifold associated with) M at Z.)

For a stationary, rectifiable n-varifold V' of some open subset U of
R and a point X € U, © (||V]|, X) denotes the n-dimensional density
at X of the weight measure ||V on U associated with V. We refer the
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reader to [Sim83], Chapters 4 and 8 for an exposition of the theory of
rectifiable varifolds.

For a Radon measure p on U, spt u denotes the support of p.

If L is an affine hyperplane of R, 7y : R™"1 — L denotes the
orthogonal projection of R"*! onto L. We shall abbreviate TRnx {0} &8
.

Unless stated otherwise, all constants ¢, C depend only on n and 6,
where 0 is as in Theorems 1.1-1.3.

A pair of affine hyperplanes means the union of two not necessarily
distinct affine hyperplanes of R, neither of which is perpendicular to
R"x{0}. If P = PUP, is a pair of affine hyperplanes, with P;, P, affine
hyperplanes, we use the notation p™ = max {l1,l2} and p~ = min {ly, l2}
where, for i = 1,2, [; : R" x {0} — R is the affine function with
graphl; = P;, and we set P™ = graphp™ and P~ = graphp~. For such

a pair of affine hyperplanes P, Z P denotes the angle § € [0, 7) between

\/14|Di|2°

By a pair of hyperplanes we mean a pair of affine hyperplanes P =
Py U P, where P, and P» are hyperplanes (so that 0 € Py N Py).

We now briefly explain the basic facts about 2-valued functions needed
in this paper. For a detailed treatment of multi-valued functions, we
refer the reader to [Alm83].

Let k be an integer > 1. (k = 1 and k = n are the only cases needed

in this paper.) Denote by QQ(Rk) the set of unordered pairs of elements
of R¥. Define a metric G on Qo(RF¥) by

G({v1,va}, {wr, wa})
= min{\/|U1 — w1|2 + |U2 — w2|2, \/|U1 — 'U]Q‘Z + ‘UQ — ’LU1’2}.

P, and P» given by cosf = vy - 19 where, for i = 1,2, v; =

Let © be a bounded open subset of R™. If u : Q — Qa(RF), we say u
is a 2-valued function on  with values in Qa(R¥). A 2-valued function
u : Q — Qz(RF) is continuous if it is continuous with respect to the G
metric.

We say that a 2-valued function u : Q — Qu(RF) is differentiable
(or affinely approximable) at a point a € € if there exist two affine
functions 1§, 1 : R™ — R¥ such that

u(a) = Au(a)(a) and
i 9002), Au(a)(2)

T—a |z — al
where Au(a) is the 2-valued function defined by Au(a)(z) = {i{(x),
1§(x)} for all z € R™. It follows that if Au(a) exists, it is unique, and
that if v is differentiable at a € 2 then it is continuous at a. In this
case, we let Du(a) denote the 2-valued gradient {DI{, DI} of u at a.

=0




88 N. WICKRAMASEKERA

We say that u is differentiable in 2 if u is differentiable at a for every
a € .

Suppose u is differentiable in Q and a € (0,1). We say that wu is
uniformly C1'® in Q, and write u € C1*(2), provided

Wione  wp  GUDILDEY (DI DY)

z1, 2 € Q(0), z1#x2 ’331 _x2|a
is finite. If u € CH*(Q), we define
[ullcraq) = sup G(u(x),{0,0}) + sup G({ DIy, Di5},{0,0}) + [ul1,a;0-
faS Te

3. Blowing up off affine hyperplanes

For M € 7, p € (0,3/2] and P a pair of affine hyperplanes, define
the height excess Eys(p, P) of M relative to P at scale p by

(3.1) E3(p,P)=p "2 / dist? (X, P).
MN(B,(0)xR)
In case L is a single affine hyperplane, we write

Let § € (0,1) be a fixed number, {M} C Z; a sequence of hypersur-
faces such that

(3.3) M n7r1(0) #0,
(3.4) H™ (M, 2 (;3“(0))) <3-6 and

for some sequence {L;} of affine hyperplanes of R"*! converging to
R"™ x {0}. Note that by a standard argument using the first variation
formula (2.1) (see e.g., proof of inequality (4.18) of [Wic04a]), we then
have that for each o € (0,3/2) the estimate

(36) (Efi (0 L) < s B

where C' = C(n) and, for a hypersurface M € 7, and an affine hyper-

plane L, El (0,L) = \/U*” me(Bg(O)xR) 1 — (v-vk)? is the tilt excess

of M relative to L at scale . Here v and v” are the unit normals to M
and L respectively.

We need to blow up the sequence of hypersurfaces { My} off the se-
quence of affine hyperplanes {Ly}. This is carried out essentially as in
[Wic04a]. For convenience, we choose here to blow up by the height
excess Ly rather than by the tilt excess Eﬂk(l, Ly) which was used in
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[Wic04a]. This is possible in view of (3.6). Note also that in [Wic04a],
it is assumed that for each k, (i) sing My = () and (ii) M}, approximates
a cone having a singularity at the origin. Here we weaken hypothesis (i)
to H" 2 (sing M},) < oo and drop the assumption (ii) altogether. The
blow up argument of Sections 3 and 4 of [Wic04a] can, however, be
repeated with some changes to accommodate the weaker hypotheses.
We justify this assertion as follows:

(1) The conclusion of Lemma 3.2 of [Wic04a] holds without change
under the present hypotheses. That is to say, if M € I, satisfies
(3.4) and M N (Bs/2(0) x R) C B?g;é(()), then for each bounded,
locally Lipschitz function ¢ on M with ¢ = 0 in a neighborhood
of M N (0 Bs/(0) x R), we have that for any constant unit vector

o,

(3.7) / AP < C (1— (v-10)?) VM2
MN(Bs5(0)xR) MN(Bs/2(0)xR)

where A denotes the second fundamental form of M, |A| the length
of A and C = C(n). This estimate was first proved by R. Schoen
in [SR77], and later used by R. Schoen and L. Simon in [SS81]
(Lemma 1 of [SS81]) under the hypothesis that H"2(sing M) =
0. We here use an argument of H. Federer and W. Ziemer [FZ72]
(see also [EG99]) to justify our claim that the estimate in fact
continues to hold under the weaker hypothesis H" 2 (sing M) <
0.
First note that by the argument of the proof of Lemma 1 of
[SS81], the estimate (3.7) holds if ¢ is locally Lipschitz with
compact support in M M (B3/p(0) x R). The issue is to argue
that it holds for bounded, locally Lipschitz ¢ vanishing near M N
(8 Bs/2(0) x R) under the assumption H" 2 (sing M) < oo. Let
7 € (0,1/8) be arbitrary. Since sing M N (Bs/»(0) x R) is com-
pact, for each i = 1, 2, ... there exists a finite number N* and balls

Bg;l(zj(i)), j=1,...,N® with Z\" € sing M (By(0)xR) such
J

that sing MN(Bs/2(0)xR) € UNY BH(Z)"), SV g ()2
J

< K = 1427212 (sing M (By2(0) x R)) and 11 < 7). Here

7 = 7 and 7 = 1dist (sing MnN(Bs/2(0)xR), R\ UGD) for

i=2,3,... where U® = Ué.V:(il)B’ﬁ)l(Zj(-i)). For eachi=1,2, ...
T

and each j € {1,.. .,N(i)}, let wj(i) be a C' function on M such

that 1/)](;) =0 on B%l(zj(i)) nM, wj(i) =1lon M)\ B;Iil)(zj(i))’
! J

0 < wj(.i) < 1 everywhere and |V”L/Jj(-i)| < 2(r§.i))_1. Let ¢ =
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min {¢§i), . ,wx)(i)}. Then spt |V ¢ | ¢ M (VO\VEFD) where
V) = Uy Bz;gil)(Z](» )) and [ IV C@P|2 < ¢K, ¢ = c(n). The last
inequality follows from the monotonicity formula in view of (3.4)

and the assumption M N (B3/5(0) x R) C B{‘;;(O). Finally, for
£=1,2,... let

i)
?

1 &
(3.8) @z&;

where Sy = Zle i~1. Then, since spt V(@ i =1, 2, ... are dis-
joint, we have that

l
1 —— Z'
5o [ vak=g> [ 2V (O
MnN(B3,2(0)xR) ¢ =1 /MN(B3/2(0)xR)

0
cK 9
S
¢ =1

Now, if ¢ is a bounded, locally Lipschitz function vanishing in a
neighborhood of M N (9 B3/»(0) x R), then for each ¢, By is a
locally Lipschitz function with compact support in M N (Bs/5(0) x
R) and hence (3.7) holds with fyp in place of ¢. Thus

/ AP < C (- - m)) BV P

MO(Bs2(0)xR) M(Bs 2(0)xR)

(3.10) —|—C’supg02/ IV Bel.
MnN(B3/2(0)xR)

Since By < 1 and By = 1 on M, N (B3/5(0) x R) where M, =
M\ {X : dist (X,sing M) < 27}, we conclude from (3.9) and

(3.10) that
/ APg?
MTO(BS/Q(O)XR)
l
CK
<C 1—(w-1)?) |Vl + = ) i 2
MN(Bs2(0)xR) ( ) S7 z;

Letting first £ — oo and then 7 — 0 in this, we conclude (3.7).

Remark. Note that the validity of (3.7) under the hypothesis
H" =2 (sing M) < oo, as justified above, shows that Schoen-Simon
regularity theory [SS81] for embedded stable minimal hypersur-
faces M holds under the hypothesis H"~2 (sing M) < oo.
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Lemma 3.3 of [Wic04a] (which is essentially the same as Lemma
2 of [SS81]) holds and gives a good approximate graphical de-
composition of My, relative to the affine hyperplane Ly, provided
we make the minor modification noted in item (3) below, which
is necessary due to the presence of a singular set. Note that
since Ly — R™ x {0}, there exists a sequence of rigid motions
qr of R"! with g, — identity such that qy(ay) = {0} and
qr L, = R™ x {0}, where ay, is the nearest point of Ly to 0 € R"+1.
Then, by essentially the same arguments as in [SS81], Section 3
(as detailed in [Wic04a], Section 3), for each given o € (0,3/2)
and each sufficiently large k (depending on o), there exists a “good
set” Q = Qu(0) C Ly N q;. " (By(0) x {0}) (which corresponds
to Qp of [Wic04a], Lemma 3.3), and two Lipschitz functions
ﬂ;t . ), — R with Lipschitz constants < 1 (analogous to uif
of [Wic04a], Section 3), such that graphu; v+ U graphu, vi+ C
M N g ' (Bs(0) x R) and

(3.11)
H"™ (M \ (graph ﬂ?uL’“ Ugraph ZZ;VL’“))qu_I(BU(O) xR)) < C’U(Ek)2+“

(4)

where v'* denotes the upward pointing unit normal to Ly, ju is a
fixed constant depending only on n, and C,, is a constant depend-
ing only on n and o. Here graphﬂfl/L’C ={z+ ﬂki(w)l/L’c s x €
In the present paper, we shall use the notation Gf = Gf(a) =
graph ﬂfuLk, Qr = qi QU and uf(:r) = ﬂf o q; () for x € Q.
In Lemma 3.3 of [Wic04a], the definition of I'j, needs to be mod-
ified to Ty = 77, {X € My Nqy"' (Bs(0) x R) : gp(X) = O} U
7L, (sing My). (cf. [SS81].) Here g; and 6 are as in [Wic04a],
Section 3, and 7, is the orthogonal projection of R"*! onto Ly.
The conclusions of Lemma 3.3 (with notational changes as indi-
cated in item (2) above) hold with this modification and with Ej,

in place of €, (where by definition €, = tilt excess in [Wic04a)).
)

We may construct locally Lipschitz cut-off functions &2, QZ,(;? and

1, analogous, respectively, to the cut-off functions gog, zp,(j) and
1}, of [Wic04a], Section 3. The domains of these cut-off functions
are q,gl (B5(0) x{0})\ 7, (sing My), Mk\wgkl(m;k (sing My)) and
q;, ' (B (0) x {0})\ 71, (sing Mj,) respectively, and they take values

in R. We then define ¢, : B,(0) x {0} \ gx(7r, sing M) — R by
setting ¢, (z) = 1, o g (). Note that

(3.12) H" (B5(0) \ {z : ¥y(x) =1}) < Co(ER)*.

(See the estimate (3.26) of [Wic04a], Section 3.)
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We cannot assume Lemma 3.4 of [Wic04a] in the present context

because it depends on M}, being free of singularities. (Specifically,

the inequality (3.7) of [Wic04a] assumes that sing My = ().) No-
tice that in [Wic04a], Lemma 3.4 was used precisely at two places;
namely,

(a) to establish the estimate (3.28) of [Wic04a] which bounds the
square of the L? norm of | D1} | from above by a constant times
(E]:\Zk)%“, where 1), is the cut-off function described in item
(4) above and p = pu(n) > 0 is as in Lemma 3.5 of [Wic04a],
and

(b) in the proof of the pointwise gradient estimate for the blow-up
(i.e., Lemma 4.9 of [Wic04a]).

The modifications necessary for (a) above are minor. In fact, it
suffices to have the estimate

(3.13) / |Dy,|? < c B2,
+(0)

¢ = ¢(o0), and this weaker estimate follows easily from (3.7) and
(3.6) in view of the fact that |Dy| is pointwise bounded from
above by a constant times the length of the second fundamental
form of Mj. (See [Wic04a], Section 3.) That this weaker estimate
suffices follows from the fact that \Duki] are bounded, that uf — 0
pointwise a.e. and that Duf — 0in L?.

As for (b) above, we shall give an argument in Lemma 3.10
which, under our present (weaker) hypotheses, in fact shows only
that the blow-ups are continuous and satisfy a uniform cone con-
dition at points where they are single valued. This suffices for
proving asymptotic decay estimates for the blow-ups later in Sec-
tion 5.

Parts (a), (b), (f) and (g) of Lemma 4.6 of [Wic04a] hold (of
course with the functions now having domain B, (0)). Thus, let-

+
ting v,:ct = UE—’“, there exist functions v* € I/Vl})f(Bg,/Q(O)) —the
k

blow-up of { My} off {Ly}—with v > v~ such that, after passing
to a subsequence of {k} which we continue to label {k}, we have

(3.14) Y — ot

in W12(B,(0)) for each o < 3/2. Note that unlike in [Wic04a]
(where each M}, was assumed to approximate a cone arbitrarily
closely), v* here need not be homogeneous of degree 1. Note also
that it is easy to see that @kvf: — v¥ in L?(B,(0)) and weakly
in W12(B,(0)) for each o < 3/2 since it follows directly from the
definition of Fj, that @kvf; are uniformly bounded in L?(B,(0)),
and from the estimates (3.6) and (3.13) that D(i,v) are uni-
formly bounded in L?(B,(0)). The proof that the convergence is
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strong in W12(B,(0)) requires only some minor modification of
the argument of [Wic04a] used to prove the same assertion (i.e.,
parts (f) and (g) of Lemma 4.6, [Wic04a].) See item (8) below.

(7) h = 3(v™ +v7) is harmonic in Bj/5(0). The proof of this is as in
part (e) of Lemma 4.6, [Wic04a].

(8) The necessary modifications to the argument of parts (f) and (g)
of Lemma 4.6, [Wic04a] to show that the convergence in (3.14) is
strong in W12(B,(0)) for each o < 3/2 are as follows: The energy
estimate (4.6) of [Wic04a] must be replaced by

/ ) D(@y (v — )
Bo (0)N{[y, (v —R)|<e}

wf ID@(v M) < ee,
Bo (0)0{[¢k (v, —h)|<e}

¢ = ¢(0), and, consequently, the estimate (4.41) of [Wic04a] be-
comes

|Dw+—mF+/ D(v™ — B2 < ce,

/B[,m)mw—msd Bo (0)n{lv~—h|<e}

¢ = c(o). To prove the former estimate, define h(z/, ") = h(z’)
and repeat the argument of the proof of estimate (4.6) of [Wic04a]
after replacing ¢ in the first variation identity (4.1) of [Wic04a]
simply with Fjy(z"! — E,h)C? (rather than with Fy(2"1)(2 which
was used in [Wic04a]; here notation is as in [Wic04a]), and use
the estimate (3.6) above.

The only other change necessary in the proof of strong con-
vergence is that the function V| (see paragraph preceding es-
timate (4.34) of [Wic04a]) must now be defined to be V¢ =
Yr(ve(v —h)D(v;” — h) +ve(v, —h)D(v, —h)). Of course then
subsequent estimates involving V;¢ need to be modified accordingly
in an obvious way.

Remark. Note that the hypothesis (3.4) allows the possibility that
My, are “single sheeted,” in which case the blow up would be a single
valued, harmonic function v. Theorem 5.1, which describes asymptotics
of the blow-up, holds trivially in this case. Our analysis throughout the
paper, however, contains this as a special case.

Definition. Let F; denote the family of ordered pairs of functions
v=(vt,v7) € VV&)’E(B?)/Q(O);RQ) arising as blow-ups of sequences of
stable minimal hypersurfaces in the manner described above. Precisely,
each (vt,v™) € Fy is the blow-up, as in (3.14), of a sequence { My} C Z,
satisfying (3.3), (3.4) and (3.5) for some sequence of hyperplanes Ly
converging to R" x {0}.
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Lemma 3.1.
For each o € (0,3/2), Fs is a compact subset of W12(B,(0); R?).

Proof. The lemma follows directly from the “diagonal process”. Spe-
cifically, fix o € (0,3/2) and let {(v;",v;")} be a sequence of functions in
Fs. Then for each 4, there exists a sequence of hypersurfaces { M}, Y C T
with My N7=1(0) # 0, w
hyperplanes L} of R"*! Converglng to R™ x {0} as k — oo such that
Ei = EM;(3/2>L@ — 0 and (v;,v;) is the blow-up of {M{} by EL.
Thus, for each 1,

< 3 — 6 and a sequence of affine

- +
Vi kY
Z, i,k _)v;l:

3.15 =~
(315) o

in W12(B,(0)). (The notation here is as in items (2) and (6) of the

discussion at the beginning of this section.) Now choose a diagonal

sequence {Mé(i)}, k(1) < k(2) < k(3) < ... such that disty (Li(i) N
i

(Bu(0)<R). By 0) < 277, Bigy < 27", and | 40500 o

< 27 for each i. (This is possible by the convergence (3.15)). Let

(vh,v7) € VVloc (B3/2(0); R?) be the blow-up of {M,i(i)} by EA',Z'C(Z.). i.e., for

a subsequence {i'} of {i}, (v, v™) is, for each T < 3/2, the W12(B,(0);
Ei/ i ! k(i Ei/ YUt g
R?) limit of the blow-up sequence { ey k() L) Bt ot )> }

Elzc(z/) ’ Eli:(ll)
Then, by the definition of Fg, (vt,v™) € Fs, and it is easily seen using

the triangle inequality that Uijf — vF in W2(B,(0)). q.e.d.
Lemma 3.2. Let 2 € By5(0) and o € (0,3/2 — |z|). If for all suf-
ficiently large k, My N (By(z) X R) are embedded, then vﬂBv(Z) and

v |, (») are individually (a. e. equal to) harmonic functions on By (z).

Proof. Under the hypotheses of the lemma, we have that for all suf-
ficiently large k, uf > u; in Q4 N By(z) and that uj- are (smooth)
solutions of the minimal surface equation:

(3.16) zn:D S
. j =
\/1+ | Du |2

in QN B,(z). Let ¢ be an arbitrary C I function with compact support
in B, (z). Multiplying (3.16) by ¢, and integrating over B, (z), we have
(since spt iy, C Q)

\/1+|Du |2

=0,
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which can be written as

/ D(¢yuy) - DS / ¢Dui - Dy / uy Dy, - DG
Bo(2) (/14 |Duf |2 Bo(2) (/1 + |Duf|? (2) /1 + | Duf|?
Dividing this by E), and passing to the limit as & — oo, we conclude

using the Cauchy-Schwarz inequality and (3.13) that fBg(z) Dv*.-D¢ =0
as required. q.e.d.

Any v = (vF,v7) € Fy satisfies the properties listed in Proposi-
tions 3.3—3.11 below. Given v € Fj, here and subsequently we use the
following notation:

vt 4+~ vt —o~
hzi—;_ s w =

Proposition 3.3.

(1) h is harmonic in Bs;5(0).

_ n+2
) g0y () (07)? < 3"

(3) J(IDv* P +[Dv )¢ = = [((v* —y) Dv* + (v~ —y)Dv™)- DG for
eachy € R and ( € 05(33/2(0)) and hence (by replacing ¢ with ¢?
in this and using the Cauchy-Schwarz inequality on the right hand
side) [(|DvF[? +|Dv™?)¢* <4 [((vF —y)? + (v —y)*)|D(P? for
each y € R, ¢ € CL(B3/5(0)).

— vt v

4) Jp, o IDVH P+ [Dv™ ) = [op, (0" ) %r + (0 —y) Gy for

each z € B3)5(0) and almost every o € (0,3/2 — |2]).

Z Js, (z ((|Dv* |2+ |Dv~|?)d6s —2Dsv T Djvt —2Djw~ Djv~) Di¢?
,j=1
= 0 for each ball By(z) with B (z) C Bs2(0) and each vector ﬁeld

¢=(¢H¢%...,¢") with ¢J € CHB,(2)) forj=1,2,3,.
Proof. Part (2) is a direct consequence of the definition (3.2) and the
estimate (3.11). The proofs of parts (1), (3), (4) and (5) are contained
n [Wic04a], Section 4; part (1) follows from the identity (4.30) of
[W1c04a] parts (3), (4) and (5) follow from exactly the arguments of
Lemma 4.7, part (i); Lemma 4.7, part (ii) and Lemma 4.8 of [Wic04a]
respectively. q.e.d.

Definition. Let v € Fy, z € B3/2(0) and y € R. Define the frequency
function N, ;4 () by

P Jp, 0 1DV
faBP(Z)(U+ —y)?+ (v7 —y)?
provided p € (0,3/2 = |2]) and [, . (vF —y)? + (v —y)? #0.

(3.17) Ny2y(p) =
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Whenever z € Bs/5(0) is a Lebesgue point of both vt and v, and
vT(2) = v7(2) = y (as will be the case in most of our applications of
the frequency function), we shall let N, -(p) = Ny 24(p).

Proposition 3.4. Suppose v € F5, 0 < p1 < p2, By, (2) € Bss(0),
y € R and faBp(z)(er — )2+ (v" —y)2 #£0 for all p € (p1,p2). Then
Ny, y(+) is monotonically non-decreasing in (p1, p2).

Proof. The argument is the same as in the proof of Lemma 5.13,
[Wic04a]. We reproduce it here for the reader’s convenience. Note
first that the identity of Proposition 3.3, part (4) implies that

(318) i <p2—’n/ |DU|2> :2p2—n/ a'l)
dp By(2) 0B, (2)

OR

for almost all p € (0,3/2—|z|), where g—}%(m) = Dv(x)- =27 is the radial
derivative. This follows by taking (27 —27) (; in place of ¢/ in the identity
of Proposition 3.3, part (4) and letting | — oo, where (; is a sequence of
C(B,(z)) functions converging to the characteristic function of the ball
B,(z). (We omit the details here. This is exactly the argument used
to derive the standard monotonicity formula for stationary harmonic
maps, and can be found e.g., in [Sim96], Chapter 2.) Note also that by
Proposition 3.3, part (4),

2

1 0
3.19 / DUQ:/ — (vt =)+ (v —)?
S I AN CEET T LG e

for a. e. p€(0,3/2 — |z|).
Now by a change of variables in the denominator of (3.17), we have

that - )
P pr(z) | Dl

Jon1 (0p)% + (02p.9)
where 9F . (w) = v* (2 + pw) — y. Using this and the identities (3.18),

Nozy(p)

Z’p7y
(3.19), we have that for a.e. p € (p1, p2),
(3.20)
d
R Nv z
dp ’ ,’U(p)

d (2 - X .
(P e D) P o IDVP  feu (02,7 4 (0,,)°
S (002 4 (52)2 (Jon-s (800)2 + (87,04)%)

_ 2
B 2p? nfaBp(z) ’%

Jon—1 (020.9)? + (02,5.9)?
2-n 9 _ A -
B 5 faBp(z) ar (7 =92+ (" —y)?) d% Jon-1(0F,,)% + (87,,,)°

(fS”—1 (@Zp,y)z + (@Zp,y)z)Q
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N oF - 2
9%z,p,y |2 _ 1. o+ 9% p.y +o7 9%z py
R sn=1Vz 0y R 2,0y~ OR

(fsnfl (ﬁ;p‘y)zJF(ﬁz_,p,y)Q)z

2p~" (fsﬂ,_l(ﬁ;p,y>2+<ﬁ;p,y>2 Jn—1

> 0.

The inequality above follows from the Cauchy-Schwarz inequality. This
completes the proof. q.e.d.

Remark. By the definition (3.17) of frequency function and the iden-
tity (3.19), it follows that for z € B3/»(0) and a.e. p € (0,3/2 — |z]),

_ pfaBp(Z) %((’UJF - y)2 + (U_ _ y)Q)
(3.21) Nv,z,y(p) - 2f8Bp(z)(U+ _ y)g n (U_ — y)2

whenever N, . ,(p) is defined.

Lemma 3.5. Let v = (vF,v7) € Fs, z € By)s(0) and suppose that
faBao(z)(er —y)2 + (v= —y)? > 0 for some op € (0,dist (2,3/2 — |2|).
Then

(a) faBp(z)(er — )24 (v —y)2 >0 for all p € (0,3/2—|z|) and hence

Ny.2y(p) is defined for all p € (0,3/2 — |z|).
(b) For each p € (0,3/2 — |z|) and each 6 € (0,1],

2
@ 5 g2(Nuey(p)—1)

Z?y?p

1/2
where &,y , = <p_"_2 pr(z)(U+ —y)?+ (v~ y)Q) ‘
Proof. Since faBa(z) (vt —y)? + (v~ —y)? is (absolutely) continuous
as a function of ¢ and faBgo ) (vt — )2 + (v~ — )% > 0 by hypothesis,
there exist o1 € (0,3/2 — |z|) with o1 < o¢ such that faBg(z) (vt —y)2+

(v —y)? > 0 for all o € (01, 0¢]. Hence the frequency function N, , (o)
is well defined for all o € (01, 0¢], and by the monotonicity of N, . (o)
and the identity (3.21), we have that for all o € (o1, 09],

Ny o) = O s (T ) 00y
v,2,y 2fsn71(v(z,a)+ _ y)2 + (U(Zv") — y)2

where v(#9) *(w) = v* (2 + o w). This is equivalent to

d <01” Jop @ —y)? + (07— y)2> <0

< Nv,z,y(UO) = Ny

Jo log SN

and integrating this differential inequality with respect to o from o1 to
0y, we have that
faBo’o(Z) ('U+ - y)2 + (v — y)2 < faBU1 (2) (”Jr - 9)2 +(v” — y)2

08N0+n_1 O_%N()—i—n—l
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This readily implies that [, (z)(v"' — )2+ (v~ —y)? > 0. Thus
71

faBp(z)(er —y)? + (v —y)? > 0 for all p € (0,0¢]. Since by Propo-
sition 3.3, part (2), the function (vF — y)? + (v= — y)? is weakly sub-
harmonic in Bg/s (0), it follows from the maximum principle that
faBp(z)(vJr —y)? + (v —y)? >0 for all p € (0¢,3/2 — |2|). Thus part
(a) of the lemma holds.

To prove part (b), fix p € (0,3/2 — |z]). Using part (a) and arguing
as above, we have that

1-n ot — 2 4 (0 — y)2
d <U Jon, (0" =) + y))go

o log 5N

g

for all o € (0, p), where N = N, . (p), and by integrating this from oy to
o2, we obtain that for every 01,02 € (0,3/2—|z|) with 0 < 01 < 02 < p,
(3.22)
2 - 2 2 - 2
faBol(Z)(’U+ —y)°+ (" —y) < faBaQ(z)('UJr -y + (v —vy)

O,%N—&—n—l U%N—i—n—l

Hold o7 fixed with 0 < o1 < 6p, multiply inequality (3.22) by USNJF”*l

and integrate with respect to o9 from fp to p to obtain, for each o1 €
(0,0p), that

(3.23) / (" — )+ (v —y)?
By (2)\Bg,(2)

faBUI (2) (v =y + (v —y)?

1 2N+n 2N+n
(P — (6p) ) J%N—&-n—l

<
— 2N +n

Now multiply both sides of (3.23) by O'%N +7=1 and integrate with respect
to o1 from 0 to 8p. This gives

(6p)>N+7 / (" — )’ + (v —y)?
B, (2)\Bg,(z)

<N =) [ @ =

Gp(z)

which, upon rearrangement of terms, gives the desired estimate. q.e.d.

Definition. For v € F5, z € Bs/5(0) and y € R with [ , ) (vF —
o0

y)2 + (v —y)? > 0 for some gy € (0,3/2 — |z|), define N, (z) =
lim,|o Ny,zy(p). Note that N, ., (p) is well defined for all p € (0,3/2 —
|z|) and this limit exists by Lemmas 3.5 and 3.4 above.

Whenever z € Bs/y(0) is a Lebesgue point of both vT and v™, and
vt (z) = v (2) =y, we shall let Ny (z) = N,y (2).
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Lemma 3.6.

Let v € F5 and z € Bs/5(0). Suppose that fE)Bgo(z)(v+ —y)?+ (v —
y)2 > 0 for some oo € (0,3/2 — |z]). Then Ny ., (p) is constant for p €
(0,3/2— |2|) (with value Ny 4(2)) if and only if \/ (vt —y)2 + (v — y)2
is homogeneous of degree N, (2) from the point z in Bgjo_.(2); i.e., if
and only if

(W (z+pw) —y)* + (v (24 pw) —y)

P 2N,y (2)
B <p’> (0" (4P w) =9+ (W (2 +p'w) —y)?)

for each p, p' € (0,3/2 —|z|) and w € S 1.

Proof. Note first that N, , ,(p) is well defined for p € (0,3/2—|z]|) by
Lemma 3.5, part (a). If \/(vt —y)2 + (v~ — y)? is homogeneous of some
degree o from z in Bsjo_|,((2), it is easy to see using the identity (3.21)
that Ny .(p) = a(= Ny y(2)) for p € (0,3/2—|z|). Conversely, suppose
Ny.2y(p) is constant in the interval (0,3/2 — |z]). Then by (3.20),

9 ~E A+
ﬁ vz,p,y(w) = avz,p,y(w)

2

for some constant «(p), almost all p € (0,3/2 — |z|) and almost all
w € 8" ! where @;t,p,y(w) = v* (2 + pw) —y. (This just follows from
the condition under which equality holds in Cauchy-Schwarz inequality.)

This is equivalent to the differential identities

d
3.24 —
(3.24) P a
which imply a(p) [gue1 (v (z + pw) — 9)? + (v (z + pw) — y)?dw =
(%) d% Jonor (0T (2 4 pw) — y)? + (v (2 + pw) — y)?dw, so that a(p) =
Ny.-y(p) by (3.21). Since N, . ,(p) is constant by hypothesis, it follows
that a(p) = « for some constant «, so that by (3.24), (vF(z + pw) —

2a
Y2+ (4 pw) =y = (5) (0H e+ w) =)+ (07 (s pw) —)?)
for p, p' € (0,3/2 — |2|) and w € S™"1. It then follows from (3.21) that
a=N,y(2). q-e.d.

(vE(z+ pw) —y) = alp) (V= (z + pw) — y)

The estimate in Lemma 3.8 below, essentially due to Hardt and Simon
[HS79], will play a very important role first in our proof of continuity
of functions in F5 (Lemma 3.10 below) and later in establishing crucial
asymptotic decay properties (Theorem 5.1) of these functions. In the
proof of this estimate, we shall need the following:

Lemma 3.7. Let 0 € (0,3/2). There ezist € = €(n,o) € (0,
and C = C(n,o) € (0,00) such that if M € T,, M N7 0) #
n n+1
R (MNB; T (0)) < 3-94, L is an affine hyperplane of R with dist (L

wn 2™

)

oD ==
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R),Bi(0)) < € and E

= En(3/2,L) < €, then for each
) with Oz (Z) > 2 w

e have that

N
m
=
D X
w
q
=
X
=

dist (Z,L) < C'E.

Proof. By translating, scaling and rotating, we may assume without
loss of generality that L = R™ x {0}. Let Z be as in the statement of the
lemma and write Z = (2/,2"*!). Set 09 = 3/2 — 0. The monotonicity
formula for M ([Sim83], Section 17) says that

(v-(X-2)2 H'(M0B,(2)
(3.25) /MOBZJ;Q(Z) ‘X _ Z’n+2 - Wn(00/2>” Onm(2)

where v denotes the unit normal to M. Writing v = (¢/,v"*!) where
" = . entl we have that

(3.26)
/ (v (X -2))7°
MnBIHh(z) X = Z|n+2
2 (00/2)—71—2/ (V’ X (:L‘, o Z/) + I/n+1(xn+1 o Zn+1))2
MmB;LO*/lz(Z)
1
> 2(00/2)n2/ . (VnJrl)Q‘anrl _ Zn+1|2_
MQBZO/Q(Z)
-0 | s
MnB;(:r/IQ(Z)
1
> 2(00/2)n2/ . (I/n+1)2‘xn+l _ 2n+1 2
MQBZO/Q(Z)
o CO_OnZ/ |1:n+1|2
MN(Boy(2')xR)
Z 1(0_0/2)—n—2/ (l/n+1)2‘$n+1 o zn-i—l 2 C(TO_n_2E2
2 MnB™ T}

00/2(2)

where ¢ = ¢(n), and for the second of the inequalities in the above, we
have used (a+b)? > a?/2—b? with a = v T (g™ =2 b = /- (2’ —2)
and the fact that |/|2 = 1—(v"*1)2, and the third inequality is standard
and is analogous to (3.6).
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On the other hand, provided € = €(n, o) is sufficiently small, we have
that

H* (M N BL5(2))
on(o0/2)" - OM(2)
H™ (M N B (Z))

wp(o0/2)"

gcag"/ V1+ [Dut|?2 -1
QmBUO/Q(Z/)
+ CaO"/ V1+[Du=2 =1+ Coy"E*H
QQBUO/Q(Z')

(3.27)

-2

D +12
oo | |Du|
0nB,q () 1+ /1 + | Dut 2
Du~ 2
+C'00_”/ | Du”]
0Ny a() 1+ /T + | DU 2

< CJO"/ 1— ("2 4 Coy"E?
MN(Byy j2(2')xR)

+ Cogn Bt

< Coy"™? / 2"+ Cog " B
MN(Bsy(2')xR)

where C' = C(n) and Q, vt and u~ correspond, respectively, to Q,
ui and u; of item (2) of the discussion (with M in place of M and
L =R" x {0}) at the beginning of Section 3. Note that we have used
the estimate (3.11) here.

Combining the estimates (3.26) and (3.27), we have

(3.28) (Un+1)2|xn+1 _ Zn+1|2 < CEQ
MNB}(2) B

where C' = C(n), which implies by the triangle inequality that
|z t1)2 anBZJ—;Q(Z)(UTH_l)Q < CE?. But if € = €(n,0) is sufficiently

n+1\2 n _
small, then fMﬂBZJ/lz(Z)(V )? > cofl, ¢ = c¢(n), and hence

’Zn+1|2 < CO’E”Ez
where C' = C(n). This is the required estimate. q.e.d.

Lemma 3.8. Suppose v = (vi,v7) € Fs. If z € By)s(0) is a
Lebesgue point of both v* and v~, vT(2) = v (2) and v* # v~ (as
L? functions) in any ball centered at z, then for each p € (0,3/2 — |z|),
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we have that

_ 0 (vt —y 2 _ 0 (v —y 2
P (m (=Y)) 2 (e (7))
/BP/Q(Z) OR R OR R
<cp [ty -y
BP(Z)

where y = vT(z) = v~ (2). Here C = C(n).

Proof. Suppose the hypotheses of the lemma are satisfied for some
z € Bg /2(0). Let {M}} C Z; be a sequence of hypersurfaces whose blow-
up is v. First we claim that for each 7 € (0,3/2 — |z]), there exist
infinitely many k such that My N (B;(z) x R) contains a point Zj, with
O, (Zy) > 2. For if not, MN(B;(z) x R) would be embedded for some
7 € (0,3/2 — |2|) and all sufficiently large k, and hence, by Lemma 3.2,
vT and v~ would both be individually harmonic in B;(z). Since vt > v~
and v (z) = v~ (z), we would then have by the maximum principle that
vT = v~ in B;(z), contradicting one of the hypotheses of the lemma.
Hence the claim must be true.

Now take an arbitrary sequence of numbers 7; \, 0 and apply this
claim with 7; in place of 7. This gives a subsequence of {k}, which
we continue to denote {k}, such that My N (Bs/2(0) x R) contains a
point Zy, = (Z}, Z}™) with ©ny, (Z)) > 2, satisfying Zj, — z. By the
monotonicity identity for minimal submanifolds ([Sim83], Section 17),
we have that, for p € (0,3/2 — |z]),

(X =2Zp)-w)? W' M0 ByE(Zy) o
/MkmBZ/*;(zk) ‘X — Zk|n+2 = on(p]2)" — Mk( %)
_ M0 By (Zx) N
B wn(p/2)™
Estimating as in (3.27), we have
H™ (M, 0 B)5H(Z))
wn(p/2)" -
_HM(G UG N By (Z)
- wn(p/2)" B
H (M \ Gi) N 32/451(Zk))
wn(p/2)"

< wn(;/Q)" /BP/Q(Z,;) <\/1 + D (gl - 1)

1 — CEZtH
- - 1+ 1D =12 -1 Tk
+ wn(p/2)" /Bp/Q(Z;) (\/ + | (¢kuk )l ) + on(p/2)"
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_ 1/ ID@W}DIQ +
wn(p/2)" B,/2(Z},) \/1 + !D(%UI)\Q +1
1 D@y CE™

2B\ D@ P+ 1 “no2)"

which implies that

H" (M N B,n(Z,
(3.29) limsupA< (M 1 Byya(Zr)) 2)

wn(p/2)"
1

< —— |DvT|? + |Dv~ .
2wn(p/2)" /BP/Q(Z)

On the other hand,

/ (X = Zi) - wp)?
MynBE (Z1) | X — Zg|"+2

< / (X — Zi) - vp)? / (X = Zg) - vp)?
~Jerasrgizy  1X = 2" GrnBrz) X = 2t
S / (—=(X' = Zp) - D(uf) + (puf — Z7HH)

Bn

— n+2
"o (Z4) (Wpuft — Zp2 4+ | X — Z3)2) 2
- - n 2
+/ (—(X"=Z}) - D(ruy,) + (Ypuy, _Zk+1))
— nt2 :
By, (Z}) (puy — 272+ | X = Z2) 2

This implies by Fatou’s lemma and (3.29) that

(3.30) Cp"/ |DvT|? 4 |Dv™ |2
Bp/2 4
1 X — Z) - v)?
k—oo B2 JannB,n(zi) 1 X — Zkl"
> / (" —y) = (X' —2) - D)’
— _ ~|ln+2
BY,(2) | X7 — 2]

[ epo gDy
Bry(2) | X — 2| +2

o G ()
B,(2) OR R
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n+1
where C'= C(n) and y = limg_, %, possibly after passing to a sub-
sequence of {k}. Note that the existence of the limit y € R follows from
Lemma 3.7. The required estimate follows by combining the inequalities
(3.29) and (3.30), and using Proposition 3.3, part (2). Observe that the
estimate automatically implies that y = v*(2) = v~ (2), for if not, the
integral on the left hand side would not be finite. q.e.d.

Remark. Note that the proof of the preceding lemma shows the
following: If v = (v",v™) € Fs, 2 € Bs/5(0) is a Lebesgue point of both
vt and v=, vT(2) = v (2) =y, vT £ v~ (as L? functions) in any ball
centered at z, and if {M}} is a sequence of hypersurfaces in Z;, whose
blow-up is v, then there exist a subsequence {k;} of {k} and points
Zr; = (24, Z,Zj“) € My; N (B3/2(0) x R) such that O, (Zg,) > 2 and

zptt
im0 <Z,’€j, EZ > = (z,y).
J

Lemma 3.9. Let (vT,v") € F5 and {My} be a sequence of hyper-
surfaces in Ty whose blow-up is (v*,v™). If z € By/5(0) is a Lebesgue
point of both v* and v~, and if v*(z) > v~ (z), then there exists 3 > 0
such that My N (Bg(z) xR) are embedded for all sufficiently large k, and
hence vt and v~ are individually harmonic in Bg(z).

Proof. Suppose that z € Bs/y(0) is a Lebesgue point of both v and
v™, v (2) > v~ (2) but for no 3 > 0, MN(Bs(z) x R) are embedded for
all sufficiently large k. Then, taking 5 = 1/, we can find a subsequence
{kj} of {k} such that there exists Zy, = (Z,’cj, Z,?j“) € My, N (By;(z) %
R) with @Mkj (Zk;) = 2. In particular, Z,’Cj — z. By the argument of
Lemma 3.8 above, we then have that

(3.31) /Bp(z) R2™ (;R <”+R y>)2+R2” (;; <”_Ry>>2 <

for any p € (0,3/2 — |z]) and some y € R, implying that v*(z) =
v~ (2) (= y). This contradiction shows that there exists § > 0 such that
M, N (Bg(z) x R) are embedded for all sufficiently large k. It then
follows from Lemma 3.2 that vt and v~ are individually harmonic in
Bg(z). The lemma is thus proved. q.e.d.

Remark. Note that the proof of the above lemma shows the follow-
ing: If for some 3 € (0, 1) thereis no z € Bg(0) such that v (2) = v (),
then M, N (Bg(0) x R) are embedded for all sufficiently large k.

In the next lemma and subsequently, we shall use the following nota-
tion: for any v = (vt,v™) € Fs and any p € (0,3/2),

vi oo

(3.32) =00 =L, L
p PP gp 5p
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i(%)

where ’Ul:)t(:E) =2 %,,3 and 5p2 =p "2 pr(o) (v)? + (v™)2. More gen-

erally, if v = (vF,v7) € Fs, z € Bs/5(0) and y € R, we let, for
pE (073/2 - ’Z‘),

~ oy _ [ YEoy Vney
(333) Uz,p,y = (’UZ,/J,y”UZvPay) = E,' ’ (C/'
2,0,y €2,p,y
h + ()_% d&,  =p 2, (vF—y?+
where vz, (z) = %p an zpy — P B,(z) v Yy
(v™ =)

Note that if v € Fs5, 2 € B3(0), p € (0,3/2 — |2]) and y € R,
then v, ,, € Fs5. In fact, if v is the blow-up (in the sense of Sec-
tion 3) of the sequence of hypersurfaces {My} C Z; off the sequence
{L} of affine hyperplanes converging to R™ x {0}, then v, , , is the
blow-up of the sequence Mk = N Biy), 2p My, off the sequence Zk =

(%p)fl (Lk + Ekny’c — (z, Eky)) of affine hyperplanes, where Fj, and

n (s n+1
vI% are as defined in Section 3. The fact that W <3-9

for sufficiently large k is easily checked using the approximate graphi-
cal decomposition (as given by the method of [SS81] and explained in
the discussion of item (2) at the beginning of the present section) of
Mj; N (B2-¢(0) x R) for a suitably small fixed positive € independent of
k.

Finally, if v € 5 and z € Bs5(0) is a Lebesgue point of both v and
v~ with v(2) = v (2) =y, we let, for p € (0,3/2 — |z]),

(3.34) Ep=2Epy and @fp = Ej,p,y'

Proposition 3.10.

(a) If v € Fs, then v is (a.e. equal to) a continuous function on
Bs/5(0).

(b) For each o,0’ € (0,3/2) with o' < o, there exists a finite number
C = C(n,0,0") such that if v € Fs and vt (z) = v~ (2) for some
point z € B,/(0), then

1/2
jo(z) — v(2)| < Cle — 2 ( /B ) |v|2)

for all x € By(0).
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Proof. Let v € Fs. Denote by I' the set of points z € Bs/y(0) with
the property that there exists y = y, € R satisfying

o (v —y\\? o (v —y\\?
2—n [ Y 2-n [ 7
s [ m e (7)) o (o ()
<Cp [ @t oy -y
BP(Z)

for all p € (0,3/2—|z|), where the constant C' = C(n) is as in Lemma 3.8.
Note that if such y exists for a given point 2 € Bjs/(0), then it is
unique because if the condition (3.35) holds with 31,392 in place of y,

then fB s B R?>™n (% (%))2 < o0, implying y1 = y2. We claim

that any 2z € T' must be a Lebesgue point of both v and v~ with
vT(2) = v (2) = y and that for z € T, a local cone condition

— ()2 < Clax —2|? | p;"2 v|?
(336)  |u(x) - u(z)]? < O r<pz /sz(z)r>

must hold for some p, € (0,3/2 — [z]) and a.e. z € B,_5(2), where

C = C(n). In order to prove these claims, fix z € I and first note that
we may suppose that at least one of v™ or v~ is non-constant in every
ball B,(z), 0 < p < 3/2 — |z|, for if both v and v~ were constant in
some ball By(z), p' € (0,3/2 — |z|), then by (3.35) the value of the
constant must be y, and hence we have the claims trivially with (3.36)
holding for p, = p’ and C = 1. Then we must have that

(3.37) /68 LT >0 o e (032 )

because otherwise, since (v —y)?4 (v~ —y)? is subharmonic in Bj5(0)
(by Proposition 3.3, part 2), we would have by the maximum principle
a p > 0 such that (v (z) —y)? + (v (z) —y)? = 0 for a.e. = € B,(z),
contrary to the preceding assumption. Hence (3.37) must hold, so that
the frequency function N, .,(p) is defined for p € (0,3/2 — |z|) and is
monotonically non-decreasing. We claim that

(3.38) Nyy(2) > 1.
To see this, note that by (3.35) for each p € (0,3/2 — |2]),

2—n ( zﬂy/R) 2—n ( Zpy/R)
(3.39) /BW(O)R (8R ) +R <aR )

<C 7 V4 (0,,)°
Bl(o)( )+ ()

where the notation is as in (3.33). Since v,,, € Fs5, we have by
Lemma 3.1 that for an arbitrary sequence p; | 0T, after passing to
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a subsequence which we continue to denote {j}, that v, , — v € Fs,
where the convergence is in W2(B,(0)) for every o € (0,3/2). By
(3.39),

<C @) 4 (77)% < o0
B1(0)

and we also have by Lemma 3.5 that for each p € (0, 1], pr(o) Vzp, l® =

, and hence that ¥ # 0 in any ball B,(0), p € (0,1].
~
v

<2p>2(Nv,z,y(§—Z|)—1)
3

Consequently, since v* is subharmonic (by Proposition 3.3, part (2)),
we have that [, B,(0) ©%2 > 0 for p € (0,1], and therefore the frequency

function N o(p) is defined for p € (0,1]. But then

(3.41)
2
P Iz, 1DV 3PP fngp.(Z) | Dof?
Nﬁ,o,o(ﬂ) = p—~2 = lim +3 J 3 — 3
faBp(o) 0] J—00 f832 (z)(v —y)?+ (v —vy)
3PPj
= Nyy(2)

for p € (0,1], and hence by Lemma 3.6, v is homogeneous of degree
Ny y(z) from the origin. It then follows directly from the finiteness
condition (3.40) that NV, ,(z) > 1.

With z € I and y = ¥., we next claim that p~" 2 pr(Z)(U+ —y)?+
(v~ — y)? is monotonically non-decreasing for p € (0,3/2 — |2]). To see
this, we use the abbreviation d, ,(x) = /(v (x) —y)2 + (v (z) — y)2,
and compute as follows:

(3.42)

d —n—2 / 2
P d'u z
dp Bu(z)

d dz , (z + px)
= / — g dz
dp JB,(0) p

_ / 2dy,. (2 + pr)Ddy - (2 + px) - x 2d3 . (2 + p)
B1(0)

p? p?
2
=— dy . (z+ pzx) (Ddy . (2 + px) - pr —dy (2 + px))
P” JB1(0)

gy n-3 /B do o (7) (D dyo(F) - (F = 2) — oo (7)) dF
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p
_ g n-3 / / (doo (D dyo(7) - (7 — 2) — d2,(F)) dF dr
0 JIBr(z)
)

1 0
=2 —”—3/ T/ dﬁz—/ d, | dr
P 0 (2 9B.(z) OR " 9Br(z)

> 0.

3,
The last inequality holds since 1 <N, (2) < N, 4 (7) = %,
0 Br(2) T,

by (3.38) and (3.21). Thus, in particular, p="~2 pr(Z) d? . remains
bounded from above as p — 0, and consequently z must be a Lebesgue
point of both v* and v~ with vt (2) = v (2) = ».

Now, |v|? is subharmonic in Bs5(0) by Proposition 3.3, part (2), and
hence by the mean value property

(3.43) ()2 < wyilps / o2
pz\%

where p, = 3(3 — |2|). Also, since d? is subharmonic, again by the

mean value property we have that for a.e. x € sz/z(z),

(344) @) <wil(le— <) / i,
B|x—z\(m)
<wil(jz— ) / 02
BQ|x7z\(z)
—o P - [ @,
B2\zfz|(z)

-1 9n+2 2 —n-—2 2
< wy 2 ’(L’ - Z| Pz / dv,z
z

Pz

< Clr — 22p7m? / e

Pz (Z

where C'=C/(n). Here we have used the monotonicity of p="72 [ B,(2) dz .

and the estimate (3.43). This is the required estimate (3.36).

We have thus shown that every z € I' is a Lebesgue point of both
v and v~ with v*(2) = v~ (2) = y., and that the local cone condition
(3.36) holds at such z.

Now consider a point z € Bg/s \ I'. We claim that there exists o, €
(0,3/2 — |z|) such that U+|Baz (- and v [p () are respectively a. e.
equal to harmonic functions v** and v*~ on By, (z). To see this, con-
sider a sequence of hypersurfaces { My} C Z;, whose blow-up is v. There
must exist o, € (0,3/2 — |z|) such that for all sufficiently large k,
My N (Bs,(2) x R) are embedded. For if not, there exists a sub-
sequence {k;}, j = 1,2,... of {k} and points Z;, = (Z,’Cj,ZI?;rl) €
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My, 0 (Byy;(2z) x R) with @Mkj(ij) > 2 and by exactly the argu-
ment of Lemma 3.8, this implies that (3.35) holds for some y € R and
all p € (0,3/2 — |z|), contradicting the fact that z € Bs/5(0) \ I'. The
claim now follows from Lemma 3.2. Now define 7= : Bj 2(0) = R
by setting 77 (2) = v**(2), T (2) = v*7(2) if 2 € B3/»(0) \ T and
Tt(z) = v (2) = y. if z € T. Since I is relatively closed in Bsy(0)
(which follows directly from the definition of T'), it follows by unique
continuation for harmonic functions and the continuity estimate (3.36)
for points z € T' that 7T are well defined and are continuous in Bj /2(0).
Furthermore, v* are a. e. equal to o+. This concludes the proof of part
(a) of the lemma.

To prove part (b), let v € F5 (v now assumed to be continuous),
z € By)5(0) and suppose that v*(z) = v~ (z) = y. Note first that we
must have that either vt = v~ = y in Bj/5(0) or that faBa(z) (vt —
y)?2+ (v —y)? >0 for all o € (0,3/2 — |2]). To see this, first note that
if faBgo(z)(er —y)2+ (v~ —y)? > 0 for some o9 € (0,3/2 — |z|), then by
continuity, there exists o1 € (0, 09) such that faBa(z) (v —y)2+ (v —
y)? > 0 for all ¢ € (01,00]. Hence the frequency function N, (o) is
defined for o € (01, 0¢] and by exactly the argument leading to (3), we
have the estimate

faBao(z)(UJr —y)?+ (v —y)? f&Bg(z) (vt —y)? + (v™ —y)?
) eV < o2N+n—1

(3.45

for each o € (01,00], where N = N, ;(0¢). Letting 0 — o7 in this, we
see that faBal (Z)(v+ — )%+ (v™ —y)? > 0. This argument shows that
if faBao(z)(er — )2+ (v~ —y)? > 0 for some o € (0,3/2 — |2|) then
faBg(z) (vt —9)2+ (v~ —y)? > 0 for all o € (0,00]. On the other hand,
since (v —y)? + (v~ —y)? is subharmonic, if [, Bg(z)(v"" -2+ (v -
y)? = 0 for some o € (0,3/2 — |z|), then by the maximum principle we
must have that v*(z) = v~ (x) = y for all z € B,(z). Hence, either
faBg(z)(v+ —y)2+(w -y >0foraloe (0,3/2—|z]) or vt(x) =
v™(z) =y for all x € Byjy_|;|(2). If the latter were the case, it is easy
to see using the estimate (3.45) repeatedly with suitably chosen center
points in place of z that we must have v*(z) = v~ (x) = y for all
S 33/2(0).

If v = v~ =y in Bs)y(0), the estimate in part (b) holds trivially.
Otherwise, we have by the above argument that the frequency function
N,.-(0) is well defined for o € (0,3/2—|z|) and we claim that N, (z) > 1.
This is easy to see if vﬂBU(Z) = v |p, () for some o € (0,3/2 — |z|),
because then vt = v~ = h in B,(z) (where h = L(v* + v7)) and

2
hence, since h is harmonic (everywhere in Bs/,(0)), it follows in this
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case that Ny (2) = Nj_p(z)(2) > 1. Otherwise, by Lemma 3.8, we have
the estimate (3.35) for each p € (0,3/2 — |z|), and we may then argue
exactly as in the proof of (3.38) above to conclude that N,(z) > 1.
Consequently, we also have the monotonicity estimate (3.42), by the
same computation, for each p € (0,3/2 — |z]).

To complete the proof of part (b), let 0,0’ € (0,3/2) with ¢/ < o,
and suppose that z € B,(0) and that v™(2) = v~ (z). Since |v|? is
subharmonic, we have by the mean value property that

(3.46) sup [vf? < C/ lof?
8,10 B, (0)

where C = C(n,0,0'). Also, since d2, = (vF —y)® 4+ (v™ —y)? is
subharmonic, again by the mean value property we have that for every
x € By/(0) with |z — 2| < (6 — 0”)/2,

Gan R <wie-a [ @,
o—z| (%
Swﬁﬂx—d)”/ 0.,
B2\zfz\(z)
=cw—zmmx—dr”*/ a2,
B2\z—z\ (Z)

scm—zF/ (" — )+ (v —y)?
/(2)

o—0o

<Clo—sf [ pf
+(0)

where C = C(n, 0, 0’). Here we have used the monotonicity of
p 2 pr(z) d%,z and the estimate (3.46). If, on the other hand, x,z €

By(0) satisfy |z — z| > (o0 — 0’)/2, then d, . (z)? < 2Jv(z)]* + 2|v(2)|* <
Clz — 2|2 de(O) |v|2 by (3.46). This completes the proof of part (b) and
the lemma. q.e.d.

We next establish several important properties of w:

Proposition 3.11. Suppose v = (vT,v™) € Fs and recall the nota-
tion w = %(UJr —v7). We have the following:

(1) w>0.

(2) [|Dw|*¢ = = [wDw - D¢ for every ¢ € C(B32(0)).

(3) fBg(z) |Dw|? = faBg(z) wg—% for each ball B,(z) with B,(z) C
Bs5(0). A

(4) szzl fBg(z) (]Dw|2(5ij — 2Diijw) D;¢? = 0 for every ball B,(z)
with By (z) C Bs5(0) and every ¢ € CHBy(2)),7=1,2,3,...,n.

(5) Aw =0 in Bs/5(0) \ Zy where Zy, is the zero set of w.
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(6) Either Zy, =0 or H""%(Z,) = oc.

(7) If faBpl(zl) w? > 0 for some z1 € Bs/5(0) and py € (0,3/2 — |z1]),
then faBp(zl) w? > 0 for all p € (0, p1].

(8) Either w = 0 in Bg5(0) or faBp(z) w? > 0 for each z € By5(0)
and each p € (0,3/2 — |2]).

(9) Either w = 0 in Bsy(0) or the frequency function Ny .(p) =

Duw|?
p%‘](zi)lwzl is defined for each z € Bs3/5(0) and each p € (0,3/2 —
dOBp(z)
|2]) cind is monotonically non-decreasing as a function of p. Hence,
Nuw(z) =lim, 0 Ny (p) eists for each z € By/y(0) unless w = 0.

Proof. Part (1) follows from the definition of w. Part (2) follows di-
rectly by substituting v™ = h+w, v~ = h—w in the identity of part (2) of
Proposition 3.3, and observing that h, being harmonic, satisfies the iden-
tity [ |Dh|*¢ = — [ hDh- DC. Similarly, part (4) follows by substituting
vt = h+w, v™ = h — w in the identity of part (4) of Proposition 3.3
and observing that 37", fBU(Z) (|Dh|*6;; — 2D;hD;h) D;¢? = 0. Part
(3) follows from part (2) by taking a smooth approximation to the char-
acteristic function of the ball B,(z). Part (5) follows from Lemma 3.9.

To see part (6), note first that it suffices to show that for each given
o € (0,3/2), either Z,, N B,(0) = 0 or H" 2 (Z, N B,(0)) = co. So fix
o € (0,3/2) and suppose that H" =2 (Z,,N B,(0)) < oo. By continuity of
w (Lemma 3.10), Z,, is closed, so that by exactly the same construction
as in (3.8), we have for each 7 € (0,3/2 — o) a sequence of Lipschitz
functions By : B3/(0) — R, £ =1,2,3, ..., with B(z) =1 for each ¢
and each x with dist (z, Z, N B5(0)) > 7, B¢ = 0 in some neighborhood
of Z,,NB,(0), 0 < B < 1 everywhere and fB3/2(0) |DBp|? — 0 as £ — oo.

Now, given ¢ € C2°(B,(0)), we have that (¢ is Lipschitz with compact
support in By(0) \ Zy, and hence, since w is harmonic in Bs5(0) \ Z,

| Du-D(Be) =0
B, (0)

which implies that

/ Dw-DgO:—/ ﬁgD’LU-D(p—i—/ pDw - Dfy
Bo (0)\(Zw)+ Bo (0)N(Zw)~ B4 (0)

where (Z,,), denotes the T neighborhood of Z,,. Hence,

/ Dw - Dy
Bo(0\(Zw)r

1/2
< sup| Dyl ( /B ) |Dw|2> (H"(Bo(0) 1 (Zu)r)) 2

(3.48)
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1/2 1/2
+suplyl ( / |Dw12> ( / IDﬂz2> .
BO’(O) BU(O)

Letting first / — oo and then 7 — 0 in this, we conclude that w is
harmonic in B, (0). Since w > 0 and H"2(Z,, N B,(0)) < oo, it follows
from the maximum principle that Z, N B,(0) = 0. This proves the
assertion in part (6).

To see part (7), first note that it follows from the identity of part (4)
that

d
(3.49) @ <p2” / |Dw]2> = 9p2 /
dp B,(2) 8 B,(2)

(See [Sim96], p. 24 for the details of this claim.) Also, the identity of
part (3) and the definition of Ny, ,(p) directly imply that

d 1-n 2
P (P " Jon (z) W
(3.50) Ny, (p) = P2(1n . B )

P faB,,(z)w

whenever Ny, .(p) is defined. To prove (7), suppose [, By, (1) w? > 0 for
1

owl?

OR

some z1 € B3/5(0) and p; > 0. Then by continuity, there exist pp with
0 < pg < p1 such that faBp(ZI)w2 > 0 for all p € (po, p1], and hence
Ny.-(p) is defined for all p € (po, p1]. A computation similar to that of
(3.20) using the identity (3.49), the identity of part (3) of the present
lemma and the Cauchy-Schwarz inequality then implies that

d

d7p Nw,z (P) Z 0

for p € (po,p1]. Thus in particular, Ny, .(p) < Na = Ny .(p1) for
p € (po, p1]. Using the expression (3.50) in this last inequality and inte-
grating the resulting differential inequality then gives

1-n 2 1-n 2
o faBg(z) w T faBT(z) w
72Nz = 2N;

(3.51)

(3.52)

for all o,7 with pg < ¢ < 7 < p;1. Using this with 7 = p; and ¢ =
oj where o; | pp, we conclude that faBp () w? > 0. It follows that
0

fBBp(z) w? > 0 for all p € (0, p1] as required.

To see parts (8) and (9), let O = {z € Bs/y(0) : faBP(z) w? >
0 for each p € (0,3/2—|z|)}. Since w? is subharmonic (by (2)), it follows
from the maximum principle that if w(z) # 0 for some z € Bg/5(0), then
z € O. Thus if w # 0, then O # (). We argue that O is open as follows.
Suppose z € O and consider 2’ € By/»(0) with [2/ — z| < (3 — |z]).
By the maximum principle and the fact that z € O, it follows that
faB,J(z/) w? > 0 for each p with |2'—2z| < p < 3/2—|z|. On the other hand,
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it follows from part (7) that faBP(z’) w? > 0 for each p € (0,]2' — z|],
giving that 2/ € O. Thus O is open. It is easy to see by the maximum
principle again that O is relatively closed in Bg/5(0). Thus, we conclude
that either w = 0in B3/5(0) or that N, .(p) is defined for all z € Bs/5(0)
and all p € (0,3/2 — |z|) with (3.51) satisfied. q.e.d.

Remark. Although we shall not need it anywhere in the present
paper, we point out here that w is weakly subharmonic in Bg/y (0). To
see this, choose a small positive constant ¢, and let 7. : R — R be
a smooth cut-off function with v.(¢) = 0if ¢t < €, 7(t) = 1 if t > 2¢,
Ye(t) > 0, and 0 < A/(t) < 2/e for all t. Then, since w is harmonic
in Bgs (0) \ Zy, we have that for any smooth, non-negative function ¢
with compact support in Bs/5(0),

(3.53) / ©Ye(w)Aw = 0.
B3/2(0)
Integrating by parts in this we get
G5y [ wDeDo=- [ plwiDul
B3/5(0) B3/5(0)

Since the right hand side of the above is non-positive, we have that
fB3/2(0) Ye(w)Dy - Dw < 0. The assertion follows by letting ¢ — 0 in

this.

Lemma 3.12. Let v = (vt,v™) € F5 with v (0) = v (0) = 0. Ifv
is homogeneous of degree 1 from the origin, then graphv™ Ugraphv™ =
Py U P, where Py, Py are hyperplanes of R, possibly with P, = P.

Proof. Since h = %(UJr +v7) is harmonic, and homogeneous of degree
1 by hypothesis, h must be a linear function. Hence, if v+ = v~
the lemma holds with P = P». So suppose v" # v~. By rotating
coordinates, we may and we shall assume that h = 0. Let w = %(vJr —
v™). By Proposition 3.11, part (6) H" 2(Z, N B1(0)) = co. Choose an
arbitrary point z € (Z,, \ {0}) N B1(0) and blow up (v",v7) at 2. This
gives
(3.55) v=(0",07) = lim 0,0,

j—00
for some sequence of numbers o; \, 0, where v, ,, is as in (3.34) with
y = vt (2) = v~ (2) = 0. Note that since U, o, € Fs, the convergence in
(3.55) is, by Lemma 3.1, in W12(B,(0)) for each o € (0,3/2). Setting
p = oj and § = 2p/3 in Lemma 3.5 and letting j — oo, it follows
~ 2(Nv,z(1)_1) ~

that pr(o) |02 > (%’) for each p € (0,1] so that v is not
identically zero in any ball B,(0). Hence we have the assertions (3.40)
and (3.41), by exactly the same reasoning. Thus, ¥ is homogeneous of
degree N,(z) from the origin, and consequently by the finiteness of the
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left hand side of (3.40), we immediately have that N,(z) > 1. On the
other hand, by homogeneity of v it follows that N, (z) < N,(0) = 1, and
hence we conclude that

(3.56) Nv(z) :Nv(o)

for any z € Z,. Therefore, v is invariant under translations in the
direction of any element of Z,,. (See [Wic04a], Lemma 5.17.) Since
w # 0 by assumption and H"2(Z, N B1(0)) = oo, this means that v
is invariant under translations precisely by the elements of an (n — 1)-
dimensional linear subspace, and hence each of v* and v~ must be a
function of a single variable. Since by Proposition 3.11, part (5) vE are
harmonic in By \ Zy, it follows that the union of the graphs of vT and
v~ must be equal to the union of four distinct closed, n-dimensional half
spaces of R"*! meeting along a common (n — 1)-dimensional subspace.

To complete the proof, note that since v™ +v~ = 0, it suffices to show
that the two half spaces that make up graph w make equal angles with
R"™ x {0}. This follows from the identity of Proposition 3.11, part (4).
Specifically, suppose without loss of generality that Z,, = R"~!x{(0,0)}

and w(z) = w(x!). Setting (2 = ¢3 = ... ("™ = 0 in the identity of conclu-
sion (4) of Proposition 3.11, we get the statement that [ (%)2 g—ﬁ =0

for every ¢t € CL(B(0)). If a* and a~ are the angles that graphw
makes with the positive and negative x'-axes respectively, this identity
that tan?a~ 9 + tan2 ot 9K =0 f
says that tan®a™ [p o100y go1 T 10T [ 0)n(a150) gor = O for
every ¢! € C}(B1(0)). Taking a standard cut-off function for ¢! in this
yields o~ = a*. The lemma is thus proved. q.e.d.

The argument of the preceding lemma shows the following:

Lemma 3.13. Suppose v = (vT,v7) € Fs, v (2) = v~ (2) and that
v is non constant in Bz/y(0). Then Ny(z) > 1.

We conclude this section by stating the following upper semi-conti-
nuity result, which follows directly from the monotonicity of N, .(-).

Lemma 3.14. Suppose v, € Fs for k = 1,2,3,..., z € Byy(0),

Vg — U in Wllof (B3/2(0)) and that vg, v are not identically equal to 0
in B3/y(0) for all k =1,2,3,.... Then Ny(z) > limsupy_,, Ny, (2).

4. A transverse picture

In this section, we analyze the situation where a hypersurface M € 7
is weakly close to a multiplicity 2 hyperplane, but when it is scaled “ver-
tically” (i.e., blown up) by its height excess relative to this hyperplane,
it becomes close to a transversely intersecting pair of hyperplanes. The
geometric meaning of this is of course that M is in fact significantly
closer, in a weak sense, to a transverse pair of hyperplanes (with a small
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angle) than it is to the multiplicity 2 hyperplane; i.e., the “fine excess”
of M measured relative to a suitably chosen transverse pair of hyper-
planes is significantly smaller than the “coarse excess” of M relative to
the multiplicity 2 hyperplane. We obtain in this case (in Lemma 4.1
and its variant Lemma 4.2 below) improvement of the fine excess at a
fixed smaller scale. The arguments used to prove excess improvement
here are in part variants of those developed by L. Simon in [Sim93],
and are in fact carried out in detail in [Wic04a], although the results
are not presented there in the form below. Here we state the lemmas
in the form needed for the purposes of the present paper, and outline
their proof, referring the reader to [Wic04a| and [Sim93] for details.

The lemmas have two applications; we shall need Lemma 4.1 to han-
dle one case of the main excess decay lemma (Lemma 6.3) of the paper,
and we shall apply Lemma 4.2 in Sections 5 to prove regularity of func-
tions in F5 whenever their graphs are close to transversely intersecting
pairs of hyperplanes. (See Lemmas 5.4 and 5.6.)

Lemma 4.1. Let 0 € (0,1/8), 6 € (0,1) and 7 € (0,1). There exists
a number ey = €p(n, 0,0, 7) > 0 such that the following holds. Suppose
M €1, and

(1) HOOBTO) < 5,

~ —n—2 .

(2) E3,(3/2,L) = (3) me(B3/2(0)xR) dist? (z, L) < € for some
affine hyperplane L with dy (L N (B1(0) x R), B1(0)) < €y, and

(3) fMﬁ(Bl(O)XR) dist? (z, P) < €oF2,(3/2,L) for some pair of affine
hyperplanes P = PT U P~ with P* NP~ N (By;4(0) x R) # 0.

Then, either

(a) there exists an affine hyperplane L with dy (LN (B1(0) x R), LN

(B1(0) xR)) < CEN(3/2,L), C = C(n) such that

—n—2
<1> / dist? (2, 1) < 7E2,(3/2,L) or
2 MN(By2(0)xR)

(b) there exists a pair of affine hyperplanes P = P+t U P~ with P+ =
P~ and PT NP~ N(By(0) x R) # 0 such that
(i)

0~2d2,(P N (By(0) x R), PN (By(0) xR)) < C dist? (z, P),
MnN(B1(0)xR)

(i)

0"2/ dist? (z, P) < 092/ dist? (x, P) and
MN(By(0)xR) MA(B1(0)xR)
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(iii) M N ((By(0) \ S5(6%/16)) x R) = graphu™ U graphu™ where,

for o€ (0,1),
S5(0) = {x € R" x {0} : dist (z, 7 (PT N P7)) <o},
ut € C%*(By(0) \ Sp(62/16)) with ut > u™ and, for x €
By(0) \ S5(67/16), dist ((z,ut(z)),P) = djst((x,u*(ar)),]gﬂ
and dist ((z,u™ (z)), P) = dist ((x,u " (x)), P7).

Here C = C(n) >0 and 7 : R"" — R™ x {0} is the orthogonal

projection.

Proof. We argue by contradiction, so consider a sequence { My} C 7y,
satisfying
(1) H"™(MNB2(0)) S 3 5

wn 2™
Mo 3\ —n—2 . .2 1
(2) Ef = E3;, (3/2,Ly) = (3) kam(BS/2(O)XR) dist” (z, L) <
for some affine hyperplane Ly with dy (LN (B1(0) x R), B1(0)) <
% and
(3) kaﬂ(Bl(O)XR) dist® (z, P;) < +E? for some pair of affine hyper-
planes P, = PF U P, with Pf 01 P N (Byy4(0) x R) # 0.
Write P, = P,il)UP,g) where Plgl), PIEQ) are affine hyperplanes. It follows
from (2) and (3) above that

(4.1) either disty (Lx N (B1(0) x R), P N (B1(0) x R)) < CE
or disty (Lx N (B1(0) x R), P N (B1(0) x R)) < CE},

where C' = C(n). For i = 1,2, define p,(f) Ly — Lé by P,gi) =
graphp,(;) = {z —|—p,(;)(x) cx € Ly} (if P,EZ) is perpendicular to Ly,
tilt PIEZ) slightly) and set

(4.2) p® = lim (Ep)"'pl” o o4

k—o0

and P = graph p(?), where ¢}, : R"x{0} — R is such that graph ¢} =
Lj. The limit exists, possibly after passing to a subsequence. Let P =
PM U P@). Note that by (4.1), at most one of P and P®?) can be
perpendicular to R™ x {0}.

Now blow up the My’s by Ek, to produce v, v~ : 33/2(0) — R
as described in Section 3. Condition (3) says that graph v™| Bi(0) Y
graph v~ g, ) C P. B

Suppose v (o) = v |p, (). Then w = (vt —v7) =0 on B4(0),
and hence by part (8) of Lemma 3.11, w = 0 on By/(0). It follows
from this and the fact that %(UJF + v7) is harmonic everywhere that
graph v+\B3/2(0) = graph U_|Bg/2(0) = L N (B3/32(0) x R) for some affine

hyperplane L (in fact L = P(1) or L = P®), so that in this case, for
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sufficiently large k, option (a) of the conclusion of the lemma holds
with M}, in place of M and L= graph (¢ + Ek@) in place of L where
¢ : R" x {0} — R is such that L = graph ¢.

If, on the other hand, UﬂBl(O) # v |p, (o) then P must be the union
of distinct affine hyperplanes and graph v™| Bi(0) Y graph v~ | Bi(0) =
P N (B1(0) x R). Note that by Lemma 3.3, part (2), PN (B1(0) xR) C
{(«/,2"t1) € R ¢ 2" < C} where O = C(n). If supp, (o) [vF —
v~ | < 7/2, we again have option (a) of the conclusion of the lemma with
M;, in place of M and Ek = graph (¢ + E’kcp) in place of E, where ¢ :
R"™ x {0} — R is the affine function such that @\33/2(0) = (vt 4+v7).
So suppose
(4.3) sup |vt —ov7| >71/2.

B1(0)

Denote by T' the axis of P (i.e., ' = PT N P~) and for o € (0,1), let
N(o) be the tubular neighborhood of radius ¢ around T" (i.e., N(o) =
{X € R*™ : dist (X,T') < o}). We claim that for each given o €
(0,1/2), My N (B1(0) x R) must be embedded outside N(o) for all
sufficiently large k. For if not, we would have a number o € (0,1/2)
and a subsequence of {M}} which we continue to denote {Mj} such
that (M \ N(c)) N (B1(0) x R) contains a point Z; = (Z,, Zy 1) with
O, (Z) > 2. The argument of the proof of Lemma 3.8 (with p = 1/2)
then gives that

Fa (aa (Z572)) v (g (7)) e <=

n+1
where z = limp_, Z,’c, y = limg_, oo Zg— (both limits exist after pos-
k

sibly passing to a subsequence, the latter by Lemma 3.7), R = |z — z|
and % denotes radial differentiation. This implies that vt (z) = v~ (2)

(= y), which is impossible since z € B1(0) \ 7 (N (o)) while any point z
with v (2) = v~ (Z) must be contained in 7 (I') N B1(0). Thus, if {ox}
is any sequence of numbers with 75 \, 0, we can find a subsequence of
{My} (which we again denote {Mj}) such that My N (B1(0) x R) is
embedded outside N (oy).

Now blow up Mj, N (B1(0) x R) by the fine excess

Ey, = \// dist? (z, Py)
Mn(B1(0)xR)

exactly as described in Section 6 of [Wic04a], and outlined in the para-
graph below. Note that although in [Wic04a] M) are assumed to be
free of singularities, this assumption is not necessary for the blow up
argument of Section 6 of [Wic04a].
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Thus, let g, be a rigid motion of R"*! such that g (axis of P) =
R" ! x {0} x {0}, gx(ax) = O, where ay, is the nearest point of the
axis of Py to the origin of R"™!, and g, Ly = R" x {0}, where L; =
graph %(p,j + p,, ). Following the notation of [Wic04a], Section 6, let
HY = 3. P/ n{z' >0}, HY = . P/ n{z' <0}, HY = G, P, n
{x! < 0} and H](:l) = g P, n{z! > 0}. (Note that strictly speaking, in
Section 6 of [Wic04a], the definitions of H,(;) are in terms of the blow-
up (vt,v™) = (p*,p), and the fine excess Ej, (which is denoted £ in

. : ) . ©0) _
[Wic04al)) is defined relative to the pair of affine hyperplanes P, =

graph Eppt U graph Eyp~. Since here we need to prove improvement of
the excess F}, defined relative to Py—and not the improvement of excess

relative to P,EO)—the above are the correct definitions of the half-spaces
H,(;) to adopt.) Now, exactly as in [Wic04a], Section 6, we may express,
by Allard’s regularity theorem, g, My N (B (0)\ 7)) = UL, graph g,(:),

where gl(f) € CQ(US),HS)L), 1 = 1,...,4 satisfy the estimates as in

[Wic04a], Section 6, and Tk, U, k(f) are as defined there. Defining g}j’, i=

1,...,4 asin [Wic04a], Section 6, we obtain, as in [Wic04a], Section 6,
functions (the blow-up) w™®,w® € C2(R™* N B1(0)), and w®,w® ¢
C?*(R"~ N B1(0)), where R*"* = {z € R" x {0} : 2! >0} and R"~ =
{z € R" x {0} : z! < 0}, such that Ek_lﬁl(j) — w® for i =1,...,4,
where for each 4, the convergence is in the C%-norm on each compact
subset of the domain of w(® and also in the L2-norm on the domain of
w®. By Lemma 6.23 of [Wic04a], the blow-up {w® 4 | (restricted to

a suitably smaller ball, say B;/5(0)) consists of two harmonic functions

w®) and w®% in the sense that the union of the closures of the graphs

of w®), w® in B1/2(0) x R is the graph of a harmonic function w3)
over Bj/5(0) and similarly the union of the closures of the graphs of

w®, w® in Bi/5(0) x R is the graph of a harmonic function w®Y)

over By /5(0). For z € R" x {0}, let {¥)(z) = w(¥(0) + Dw¥(0) - z,

129 (z) = w?D(0) + DwY - z and let the affine functions h§€13), h,(c24) :

R"x{0} — R be defined by closure H,(Cl) Uclosure H,(:’) = graph h,(:?’) and

closure H,(f) U closure H,(f) = graph h,(g24). Set ﬁk = ka_l (graph (hl(cw) +

E,119) U graph (h;m) + E1®Y)). Then, using standard estimates for
harmonic functions, and the “non-concentration of excess” estimate of

part (i) of Lemma 6.22, [Wic04a], we conclude that

(4.4) g2 / dist? (X, P,) < CO*E}
Mkﬂ(Bg(O) XR)
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for Sufﬁciently large k, where C = C(n). If we write, using our usual
notation, P, = P UPk , then, since supg, () |h;, (13) h§€24)\ > %TEAI]C (by
(4.2) and (4.3)) and E},/E), — 0, we must have that P,j ﬂlg,; N (By(0) x
R) # () for all sufficiently large k.

Finally, note that conclusion (b)(i) of the lemma with Mj, ﬁk, P,
in place of M, P P follows directly from the definition of Pk, and

conclusion (b)(iii) with My, P in place of M, P and appropriate func-
tions uf € C2%(By(0) \ SPk(92/16)) in place of u* follows from Allard’s

regularity theorem and the fact that Ej/ Ej, — 0. q.e.d.

In addition to the hypotheses of Lemma 4.1, if we also assume that
0 € M, ©)/(0) > 2 and that P = PT U P~ is a pair of hyperplanes
(so that 0 € Pt N P7), then the conclusions of the lemma hold with
P =pPtup- equal to a pair of hyperplanes (so that 0 € Pt P ).
This follows from the fact that under these additional hypotheses, we
have for the fine blow-up the estimate

(13) 2 (24) 2
(45) / R2_n M +R2_n M < C < 00
By 2(0) OR OR

where C' = C(n), R = |z| and % denotes the radial differentiation,
and w®) | wY are as in the proof of Lemma 4.1 above. This estimate
says in particular that w3 (0) = w®%(0) = 0. Since we have, by
hypothesis, that 0 € P,;L N P_ for each k, we immediately conclude that
0e ﬁlj N ﬁk_ (Notation is as in the proof of Lemma 4.1 above.) The
estimate (4.5) was first proved in [Sim93] (see [Sim93], Lemma 3.4 and
[Sim93], Section 5.1, inequality (12)) and in view of Lemmas 6.21 and
6.22 of [Wic04a], the same proof as in [Sim93] yields it here as well.

Thus we have the following variant of Lemma 4.1.
Lemma 4.2. Let § € (0,1/8), 6 € (0,1) and 7 € (0,1). There exists

€0 = €0(n,0,6,7) > 0 such that the following holds. Suppose M € Ty,
0€ M and

()GM()>2,
()%@”<3 s,

(3) E2 2,3/2,L) = () e me(Bs/Q(o)xR) dist? (z, L) < ¢ for some
affine hyperplane L with dy (L N (B1(0) x R), B1(0)) < €g, and

4) fMﬁ(Bl(O)XR) dist? (z, P) < egE3,(3/2, L) for some pair of hyper-
planes P = Pt U P~

Then, either
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a) there exists an affine hyperplane L wit H LN 1 x R), LN
h ffine h l L with dyny (LN (B1(0) x R), L
(B1(0) xR)) < CEN(3/2,L), C = C(n), such that

—n—2
<1> / dist? (2, 1) < 7E2,(3/2,L) or
2 MN(By /5(0)xR)

(b) there eists a pair of hyperplanes P = P+ U P~ with PT # P~
such that

(i)

d2,(P N (B1(0) x R),PN (B1(0) x R)) < C dist? (z, P),
MnNB;1(0)xR
(ii)

0_"_2/ dist? (z, P) < 092/ dist? (z,P) and
MN(Bg(0)xR) MN(B1(0)xR)

(iii) M N ((Bg(0)\ Sp(6%/16)) x R) = graphu™ U graphu™ where,
for o € (0,1),

S5(0) = {x € R" x {0} : dist (z, 7 (PT N P7)) <o},

ut € C%*(By(0) \ S(62/16)) with ut > u™ and, for x €
By(0) \ S5(6%/16), dist ((z,u™(z)), P) = dist ((z,u"(z)), P")
and dist ((z, v~ (2)), P) = dist ((z,u" (z)), P7).
Here C = C(n) >0 and 7 : R"" — R"™ x {0} is the orthogonal
projection.

5. Regularity of blow-ups off affine hyperplanes

In order to handle one case of the proof of the main excess decay
lemma (Lemma 6.3)—namely, the case in which the “fine excess” of a
hypersurface M € 7 (i.e., the height excess of M measured relative to
a pair of affine hyperplanes) is of the same order as the “coarse excess”
of M (i.e., the excess of M relative to a single affine hyperplane)—it
is necessary to understand, in sufficient detail, the asymptotic behavior
of the 2-valued functions belonging to the class Fs5. Our goal in this
section is to do that. At the end of this section, we prove the following
regularity theorem for any v € Fy:

Theorem 5.1. Letv = (vt,v™) € Fy. There exists a relatively closed
(possibly empty) subset S, of B3/(0) (the branch set of v) such that

(a) if Q C Bs3/s(0) \ Sy is open and simply connected, then there exist
two harmonic functions v',v? : Q@ — R such that

(graphv™ U graphv™) N (2 x R) = graphv! U graph v*

and
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(b) for each z € S,NB1(0), there exists an affine functionl, : R” — R
such that

p—n—Q/ (0" =L+ (v~ 1) < CpA/ (vF)? + (v7)?
B,(2) Bs,4(0)

for all p € (0,1/64), where C, X are positive constants depending
only on n and 6. In fact, l,(x) = h(z) + Dh(z) - (x — z) where
h = %(vt +v7). (Recall that h is harmonic in Bs5(0).)

We begin with a series of lemmas.

Lemma 5.2. If (vF,v7) € F5 and vt (z) = v~ (2) =y, then &, , =
p "2 pr(Z)(v+ — )24 (v™ —y)? is monotonically increasing as a func-
tion of p. Therefore, p~ "2 pr(z) (vF—y)?+ (v —y)? < CfBl(O) (vF)2+
(v7)? < C for all z € By4(0)NZy and all p € (0,1/4) where C = C(n).

Proof. The first assertion follows directly from Lemma 3.13 and the
estimate (3.42). The second assertion follows from the first and the
estimate |y|? < CfBl(O) h? which holds since y = h(z) and h = $(vT +

v™) is harmonic in By /5(0). q.e.d.

Lemma 5.3. Let ag € (0,7/2), 69 € (0,1). There exists e =
e1(n, g, 80) € (0,1) such that if Py = Py" U Py is a pair of hyperplanes
with g < L Py <, (vF,07) € Fs, v (0) = v~ (0) and

/ (" — P+ (0" —p5)? < e
B1(0)

then 1 S Nv,O(l) S 1+ 50.

Proof. Since v (0) = v~ (0), the lower bound N, ¢(1) > 1 follows from
the monotonicity of IV, g and Lemma 3.13. If the upper bound fails to
hold for some &y € (0, 1), there exists a sequence vy, = (v;,vk_) e Fs,
k=1,2,..., with v,j(O) = v, (0), and a sequence of pairs of hyperplanes
Py = P U P with ag < £ P, <  satisfying

_ _ 1
(5.1) |- o - m ) < g
B1(0)

and yet Ny, o(1) > 14 dp for all k. In view of Proposition 3.3, part (2),
the inequality (5.1) implies that [ B1(0) (pi)?+(p;, )% < C for each k where
C = C(n). Passing to a subsequence, P, — P for some pair of hyper-
planes P = PT U P~ with ag < Z P < 7. By Lemma 3.1, after passing
to a further subsequence v, — v for some v € F5, where the convergence
is in W12(B,(0)) for every o € (0,3/2). Thus N,, 0(1) — Nyo(1). By
(5.1), v = p = (p*,p”) on B1(0), so that Ny (o) = Npo(o) =1 for
each o € (0,1), and hence N, (1) = 1. This proves the lemma. q.e.d.
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Lemma 5.4. Let 6 € (0,1/8), 6 € (0,1) and @ € (0, 7). There exists
a number € = €(n,0,6,a) € (0,1) such that the following holds. If
P=P UP isa pair of hyperplanes of R"! with # > /P > @,
v=(vT,v7) € Fs, v (0) =v"(0) =0,

/ dist? ((z,v" (x)), P) + dist? ((z,v " (z)),P) <€ and
B1(0)

/ Wt —p )’ <e
B1(0)\S5(8/16)

where Sp(0) = {3: e R" x {0} : dist (x, 7 (P+ NP )< a}, then there
exists a pair of hyperplanes P = PT U P~ of R™*! such that

(6)" "2 /B(O) dist? ((z,v"(2)), ﬁ) + dist? ((z, v~ (x)), P)
< @2/ dist? ((z, v (z)), P) + dist? ((z,v™ (z)), P)
B1(0)

and

—+
~—
[\
+
—
<
|
|
’Blz
~—
[\

@[ Wt -7
B5(0)\S (0" /16)

<o dist? ((z, v (2)), P) + dist? ((z, v (2)), P).
B1(0)

Here C = C(n) € (0,00).

Proof. By the definition of Fj, there exists a sequence My, of hyper-

. . " (MBS (0
surfaces in 7, with %

hyperplanes converging to R™ x {0} such that Ey, (3/2, L) — 0 and
the blow-up of {My} off {L;} (as described in Section 3) is (vt,v7).
Since fBl(O)\Sﬁ(E/m) (VT =p")2+ (v” =D )? <€ if e =€(n,a) is suf-
ficiently small, it follows from Lemma 3.11 part (8) that v # v~ in
any ball B,(0), 0 < o < 1. Thus, since v (0) = v (0), we have by the
remark following Lemma 3.8 that possibly after taking a subsequence
of {k} which we continue to denote {k}, there exists Zj, = (Z}, Z;"') €

n—+1
M;, N (B1(0) x R) such that Oy, (Z;) > 2 and (Z,;, Z';E > — (0,0). Let
k

< 3 — 4 and a sequence Lj of affine

Mk = 1z,,1-|2,| M. By the monotonicity of mass ratio, for sufficiently

" (MynB5 T (0))

large k, " oo < 3 —0/2 and the blow-up, as in Section 3, of

the sequence of hypersurfaces My, off the sequence (1—|Z|) " Ly — Z,)
of affine hyperlanes is also (v, v ™). Thus, by replacing the original se-

quence M}, with M}, we may assume that 0 € M} and Oy, (0) > 2 for
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all k so that the hypotheses (1) and (2) of Lemma 4.2 are satisfied with
M, in place of M and §/2 in place of 6.
By hypothesis we have

/ dist? ((x,v"(z)), P) + dist? ((z,v ™ (z)), P) <&,
B1(0)

which together with the squared triangle inequality dist? (X, P) <
2dist? (Y, P) + 2|X — Y|? implies, for sufficiently large k, that
(5.2)

/ dist? [ [ = w P | +dist? | | z M P|<4e
B1(0) B o1 ’ B O )

where the notation is as in (3.5) and (3.14). Let Py = graph Expt U
graph Fp~. Then

(5.3) dist?(X, Py)

/Mkﬂ(Bl(O)XR)

dist?(X, Py,)

/G;jm(Bl(o) xR)

+ / dist?(X, Py)
G, N(B1(0)xR)

+ / dist?(X, Py,)
(M\G)N(B1(0)xR)

<C dist? (2, Y (@)uyf (), Pr)
B1(0)
+ dist?((z, D) (2)), P) + CEZH

where C' = C'(n). The inequality in the above follows from the estimates
(3.11) and (3.12). In view of the general fact that if L = graph is a
hyperplane of R"*!, where ¢ : R® — R is given by /(2') = a - 2’ for
some a € R", then for any point (z/,2""!) € R""! and any number
A >0,

N*(1+|af?)
14+ M2|a|?
where L* = graph \¢, we have by the inequalities (5.2) and (5.3) that

for all sufficiently large k,

(5.4)  dist? ((2/, Aa"T), L) = dist? ((2',2™), L),

(5.5) dist? (X, Py) < Cek?.

/Mkﬂ(Bl(O)XR)

Now note that there exists a constant Cy € (0,1) depending only on
@ such that

(5.6) dr (P 1 (By2(0) x R), LN (By5(0) x R)) > C)
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for any affine hyperplane L. In view of (5.5), given any 7 € (0,1), if

€ =¢(n, 0,6, ) is sufficiently small, we may apply Lemma 4.2 with 6 = 6,

P in place of P% §/2 in place of § and M}, in place of M. Lemma 4.2

then gives for each k either a pair of hyperplanes P, = P,j U P, with

(5.7)

d2, (PN (B1(0) x R), Pr N (B1(0) x R) < C dist? (z, Py)
MyN(B1(0)xR)

such that

(5.8)

——n—2

o dist? (z, By,) < 002/ dist? (x, Py)

/Mkﬂ(Be(O)xR) MypN(B1(0)xR)

where C' = C(n), or an affine hyperplane Lj, with dy (L N (B1(0) x
R),L; N (B1(0) x R)) < CEy, C = C(n), satisfying

(5.9) dist? (2, L) < 7EZ.

/Mkﬁ(Bl/z(O)XR)
However, if (5.9) holds for infinitely many k, we see by dividing (5.9) by
E? and passing to the limit as k — oo that fBl(O) (vt =02+ (v —0)? <
7 for some affine function ¢, which, in view of (5.6), contradicts the
hypothesis fBl(o)\SF(E/w) (v —p")?2 4+ (v- —p )% < € provided 7 =
7(n,C1) € (0,1) (hence 7 = 7(n,@)) is chosen sufficiently small. (Here
Cy is as in (5.6.)) Thus if € = €(n, 0, d,@) is chosen sufficiently small,
option (5.9) cannot occur for infinitely many k, and hence we must have
(5.8) for all sufficiently large k. It follows, upon dividing the inequality

(5.8) by Ef and letting k — oo after possibly passing to a subsequence,
(and using the estimates (5.3), (5.7) and H" (M \ Gx)N(B1(0) xR)) <

C Ei+“ ) that for some pair of hyperplanes P,

g / dist? ((z, v+ (x)), P) + dist? ((z, v~ (z)), P)
Bg(0)

(5.10) < C@Q fB1 ) dist? ((z, U+({L‘)),F) + dist? ((z, v‘(az)),?)

where C' = C'(n). The remaining claim follows directly from conclusion
(b)(iii) of Lemma 4.2. The lemma is thus proved. q.e.d.

The next lemma says that if the graph of w = %(UJr —v7) stays close,
in B1(0) x R, to a pair of n-dimensional half-spaces of R"*! meeting at
an angle < 7 along an (n — 1)-dimensional axis, and if Z,, is the zero
set of w, then Z,, N By /5(0) cannot have too large a gap.

Lemma 5.5. Let (vt,v7) € F5, w = L(vF —v7) and v € (0,1/2).
Suppose that fBl(O) (w— L)? <~ where L : R® — R U{0} is such that

graph L is equal to the union of two n-dimensional half-spaces of R™T1
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meeting along R"~1 x {(0,0)}, each making the same angle 3 € (0,7/2)
with R"x{0}. If B, (q)NZy = 0 for some g € (R x{(0, 0)})QB?/+21 (0)

and € (0,1), then r < C'/2" where C depends only on n and 3.

Proof. Let Q = {x € By(0) : |w(z) — L(z)| > y'/*}. Since fBl(O)(w—
L)% < v, it follows that

(5.11) LMQ) <A

Suppose B,(q) N Z, = 0 for some ¢ € (R*™! x {(0,0)}) N By2(0)
and r € (0,1). Then by Proposition 3.11, part (6), w is harmonic (and
positive) in B,(q), so that by the Harnack inequality we have that

(5.12) SUP, () W < Coinfp, (g W

where ¢y = co(n). With p = u(n) € (0,1/2) to be chosen, let A =
L™(B1(0)N(R" I x[—p, u])). If r is such that A (5)"™ > v%/2, then in view
of (5.11), there must exist a point g € B, /2(q) N (R" ™' X [—pr /2, ur/2])
with |w(zg) — L(zo)| < ¥/ Then, w(xg) < vY/* + Cypur where C; =
C1(B), so that

1/4

(5.13) infBr/2(Q) w < %+ Chur.

On the other hand, choosing ¢/ = p/(n) € (0,1/2) such that A’ =
L7(B1(0) N (R x [/, 1)) < £, if r also satisfies (w, — A') (5)" >
~1/2, then, again in view of (5.11), there must exist a point ; € B, 2(q)\
(R Ix[—p'r/2, 1'r/2]) such that [w(z;)—L(z1)| < v'/%. Then w(z;) >
L(z1) —yY* > Cyp/r — 4Y/* and hence

(5.14) SUDR, ,(q) W 2 Crp'r — Y4,

Taking p = % and combining the inequalities (5.12), (5.13) and

(5.14), we then have that r < Cy'/* where C = C(f3,n). Thus in all

cases, r < Cy1/2m, q.e.d.

Lemma 5.6. Let o € (0,7) and 6 € (0,1). There exist numbers
€ =€(n,0,a) € (0,1) and k = k(n,a) € (0,1) such that the following
s true. If ﬁo = ﬁ(f U ﬁ(; 1s a pair of hyperplanes with o < Aﬁo <
T by + Dy = 0, and if (vF,v7) € Fs satisfies vF(0) = v=(0) = 0,
and fBl(O) (v =) + (v — Dy )? < e, then there exist two harmonic
functions vi,va : Bk(0) — R such that U+|BH(0) = maz{vi,v2} and
v_\BN(O) = min{vy,va}. Furthermore, the vanishing order of vi — vy at
any point z € B, (0) where v1(z) = va(z) is equal to 1.

Proof. The hypotheses

(5.15) / W =P 4+ (v =P )2 <e
B1(0)
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and a < ZP, together with the fact that £2 = fBl(O) (wH)?2 + (v)?
(3)"** (Proposition 3.3, part (2)) imply that

IA

n+2
(5.16) A< / P+ (By)* <2 <3> + 2¢
B1(0) 2
for some A = A(n,a) > 0, and consequently that
A A
(5.17) E2 = / W+ ) > —e>—,
B1(0) 2 4

provided € = €(n, a) < A/4.
Set Py = graphgilﬁa“ U graph g—llﬁa and S© = {2 € R" x {0} :

dist (z, (Far NP,)) <60/16}. Note that inequality (5.15) implies that

(5.18) /B o 58 (7 @), Po) + st (@75 ), o)

(notation as in (3.32)), which of course in particular says that

—n—2
sy [ G emreemrs(3)F
Since ZP € o, ) and 2 < (%)HH, we have that
(5.20) Go</Py<m
for some ap = ap(n, @) > 0. Now choose 8 = 6(n) € (0,1) such that
— 1
co < 1

where C' = C(n) is as in Lemma 5.4. If we then choose € = €(n, d, ) so
that
2\ "2 de

(5.21) (3) 1< €(n,0,6,a)

where € is as in Lemma 5.4, we may apply Lemma 5.4 with Py in place
of P, @y in place of @, ¢ in place of # and v; in place of v to conclude
that there exists a pair of hyperplanes P; such that

(5.22) 6"2/3 o dist?((x, 0 (z)), Pr) + dist?((z, 07 (), P1)

< C02/ dist?((z, 9] (x)), Po) + dist*((z,9; (x)), Py) and
B1(0)
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(5.23) 9—"—2/ @ =)+ (07 —py)?
Bo(0)\S, (62/16)

< 0o / dist?((z, 77 (2)), Po) + dist?((z, 77 (2)), Po)
B1(0)

where C = C(n) is as in Lemma 5.4 and Sp (o) ={z € R" x {0} :
dist («, 7 (P}f N P[)) < o).

Now, if € < €1(n,a,1/2) where € is as in Lemma 5.3, we have by
Lemmas 5.2, 3.5 and 5.3 that

2
(5.24) 1> Z% > g2NVe()=1) > ¢,

Setting
— & &1
Py = graph = pf Ugraph & py,
Ep Ep
we conclude from (5.22), (5.23), (5.24) and (5.4) (with A = & €
/

Eo
[1,671/2], so that dist? ((z/, A" t1), L) < 8~ 1dist? (2, 2" 11), L), where
L, L are as in (5.4)) that

(5.25) /B o distQ((m,'ﬁg(x)),Pl) + dist? ((z, %‘(a:)),?l)

< 06/ dist? ((x, ¥} (), Po) + dist® ((z, 7] (2)), Po)
B1(0)

<47'e; and

where S = {z € R™ x {0} : dist (m,w(ﬁf N Py)) < 6/16} and
€) = (%) 2n 2 46

We claim that for each j = 1,2,..., we can find a pair of hyperplanes
such that

P,

(5.2

/ d1st2 2. (), Py) + dist?((, 5 (), P))
<

0/ dist*((x,v,; 1 (2)), Pj—1) + dist*((z, Uy; 1 (x)), Pj—1) and
B1(0)
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\S(J)

28)
/ ~0)+ (T — 7 )
< 9/ B,(0) d15t2(($ Uea (2)), Pi—1) +diSt2((x,597jf1($)),Pj,1)

where SU) = {z € R™ x {0} : dist (2,7 (P; NP;)) <6/16}. We prove
this by induction. Note that by (5.25) and (5.26), the assertion is true
for 7 = 1. Suppose that it holds for all j =1,2,...,¢ for some i. Thus

(5.29)
/ dist2((w,’17(;t- (7)), P;) + dlStQ((%%z( ), Ps)
B1(0)

<C#h dist? ((, Ugia(2)), Pic1) + distz((ac,'ﬁe_i,1 (x)), Pi—1)
B1(0)

< (CH)i/jg o dist?((z, v} (x)), Po) + dist*((z, 7] (2)), Po)

— 2
U, — D,
B1(0)\S0) o ;)
< 09/ dist? ((z, 5, (2)), Py1) + dist®((z, Ty, (), Pj_1)
B1(0)

<477¢; and

(5:31) / ()\S(ael)(N;;* ~ B )? (T~ y)’ <470 Ve

T2 -D; and using
the fact that &; < &yj—1 (by Lemma 5.2), we see from the inequality
(5.30) that

(5.32) 62 / (U = D)+ (U0 —P;)* <4776
Bo(0)\S 5 (62/16) ! ’

for j =1,2,...,4. Writing P; = graph 55#1@+
63—

for j =1,2,...,4, which together with the inequality (5.31) implies, by
the triangle inequality and homogeneity of P PJ 1, that

(5:33) / (7 =P+ (55— 0)* <OV Ve,
B1(0)
for j =1,2,...,4, where CNH = él(n, «). Therefore,

(5.34) 5] = P; 2oy = 1951 — Py 1llz2(mi0)) — 2C 627071
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and hence, by the definition of f)’j[ and the fact that &g < Epj-1,

(5‘35) Hﬁ;_ - pj_”LQ(Bl(O)) > ”ﬁ;__l _pj_—lHLz(Bl(O)) — 25162 27671).

Summing over j, we conclude from this that

(5.36) 157 = By 21 0)) = 1188 = o 28 (0)) — 2V Chrea.

By inequality (5.30), Proposition 3.3, part (2) and homogeneity of ]3;-'[, it
follows that fB pJ +p; )2 < C for some fixed constant C' = C(n) €

(0,00), and hence provided € = €(n,«) is sufficiently small, we have
from the estimate (5.36) that

7T>ZF¢Z[3

where 8 = 3(n, @) € (0,7/2) is a fixed angle. Thus, since (3, 0,;) € Fs,
we may apply Lemma 5.4 with € in place of §, 3 in place of @, (~91, Vg:)
in place of (v, v7) and P; in place of P to conclude that there exists a
pair of hyperplanes ﬁi+1 such that

(5.37) 672 / ()distQ((a;,%t(:z)),EH)+dist2((:c,'170_i(x)),]5i+1)
By (0

< 002/ dlstQ((x,vg;( ), Pi) +dist2((:c,'179_i(x)),ﬁi) and
B1(0)

5.38 9—”—2/ of =i )P+ (@, — P y)?
(538) O\, (02/16>( o~ P By = D)
§C’02/B o dlst2((az,v01( ))s Fi)eristz((x,ﬁ;i(x)),Pi).
1

It follows from the triangle inequality, the inequalities (5.30), (5.38) and
homogeneity of P, 1, P; that

639 [ @ G- ) < O
B1(0)
where C; = Cy(n,a) is as in (5.33).

Note again that by Lemmas 5.2, 3.5, the monotonicity of the fre-
quency function N,(-) and Lemma 5.3, we have

2,
(5.40) 1> gg;l > g2Ne)=1) > ¢
97.'
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so setting P; 1 = graph g +1 p2+1 Ugraph pH_l and using the bound
(5.40), we obtain from (5. 37) (5.38) and (5 4) that

(5.41) /B(O dist2((x,17;+l(m)),ﬁi+1)+dist2((:c,%_i+l(x)),?i+1)

<00 dist®((z,0; (x)), P;) + dist®((z,0,; (x)), P;) and
B1(0)

b N2 (a— e 32
(5.42) /]31(0)\S(i+1 (v Vgit1 pi+1) + (U0i+1 _pi+1)

<o 0 )dlSt2((x,U91( x)), P;) + dist*((z, 0, (2)), Ps)

where S0+D = {2 € R" x {0} : dist (z, 7 (P, NP;)) < 6/16}. This
completes the induction.

We thus obtain a sequence of pairs of hyperplanes Pj, 1=1,2,3,...
satisfying (5.29) and (5.30). Now let P;~ = graph &y;p;. Then (5.29),
(5.30) and (5.4) say that

(5.43)
2 N\ " 2 N dict2( (o ,
(39ﬁ> /B 20](0) dist?((z, v+ (2)), P;) + dist?((z, v (2)), ;)

( > and
9 —n— 2
san  (3¢) [ ) )
205 (0\SP; (03+1/24)

) 9 n+2
<47 <3> €9

for all 7 = 0,1,2,..., where we have used the fact that & < & <
(§)n+2. By the triangle inequality and the homogeneity of P;, P;_q,
(5.44) implies that

[\CR V]

(5.45) 10, p;) = (i1, P 2By oy < C4 U Ve

where C' = C(n,a). i.e., that (pj,pj_) is a Cauchy sequence. Hence
there exists a pair of hyperplanes P such that P; — P. We then have
by the triangle inequality and the inequalities (5.43), (5.44) and (5.45)
that

(5.46)

(gﬁj)_”_2/ dist? ((z,v"(x)), P) + dist? ((z, v (z)), P) < C47 e,
B3,;(0)
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(5.47)
9 —n—2 )

<09> / (vF—pT)2+ (v —p )2 <C477e¢ and
3 By 3 (0)\Sr, (671 /24)

(5.48) () p;) = 0 )l L2si (o) < C477e

for all j =0,1,2,..., where C = C(n,«). Now, given any p € (0,1/4),
there exists a unique non-negative integer j* such that %HJ*H <p<
207", Using the estimates (5.46), (5.47) and (5.48) with j = j*, we
obtain that

(5.49) p_”_Q/ dist? ((z,v" (z)), P) +dist® ((z, v~ (x)), P) < Cple,

B,(0)
(5.50) p_”_Q/ (vF—pT)2+ (v~ —p )2 < Cple and
B, (0)\Sp,. (p/16)
(5.51) 10} 052) = (0 7)) L2 (B (0)) < Cp'e
where C = C(n,a) > 0 and p = p(n, o) > 0. Since (5.51) implies
(5.52) dy (Tp,. N B,(0),Tp N B,(0)) < Cp' e

where C' = C(n,«) and Tp denotes the orthogonal projection of the
axis PT N P~ of P onto R™ x {0}, we deduce from (5.50) that

(5.53) p_”_Q/ (T —pT)2 4+ (v —p )2 < Cple and
B, (0)\Sp(p/8)

provided Ce < 1/16, where C is as in (5.52). Thus, we have the esti-
mates (5.49) and (5.53) for all p € (0,1/4] provided € = ¢(n, a) € (0, 1)
is sufficiently small. Note also that (5.48) in particular says

(5.54) (™ p7) — (ﬁg>56)|’L2(31(0)) < Ce

where C' = C(n, «), which implies that if € = €(n, «) is sufficiently small,
P must be a transverse pair of hyperplanes with at/2 < /P < 7. Hence,
provided € = €(n, ) € (0,1) is chosen sufficiently small, the estimate of
Lemma 3.10, part (b) together with the estimate (5.53) implies that

(5.55) Zy N (B,(0)\ Sp(p/8)) =0  for each p € (0,1/4]

where Z,, = {z : v*(2) = v~ (2)}, i.e., that Z, N By,4(0) is contained in
a cone with vertex at the origin, axis the orthogonal projection of the
axis of P onto R™ x {0} and with a fixed cone angle depending only on
n.

Next we argue that provided € = €(n, «) is sufficiently small, the decay
estimates (5.49), (5.53) and the cone condition (5.55) hold uniformly
for each “base point” z € Z,, sufficiently close to the origin, with a
unique choice of a pair of affine hyperplanes P, depending on z. So let
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z € By/4(0) be such that v*(z) = v~ (2). Set VEE() = 5;1/2@) for
x € B1(0) where the notation is as in (3.33). Then (V&) +, V) ~) e Fs

and V(®)£(0) = 0. Note that by the standard estimates for harmonic
functions we have that, since y = h(z),

1/2
(5.56) |yl, [Dh(z) — Dh(0)] < C|z| (/ (") + (v_)2> < Clz|

B1(0)

for all 2 € By/4(0), where C' = C'(n). Also note that it follows from the
inequality (5.15) that provided € = €(n, ) € (0,1) is sufficiently small,

(5.57) C>&2,,>C>0
where C = C(n) and C = C(n, a).
Now set pl*)*(z) = ﬁﬁoi(x) Then 7 > /P > &, where & =

a(n,a) > 0. It is then easy to see directly from the definition of V()£
and the estimates (5.56) that there exists v = y(n,a) > 0 and k =
r(n, ) > 0 such that for all z € B,(0) with v*(z) = v~ (2),

2
(5.58) / (V<Z)+—;3<Z>+)
B1(0)

n (V(z>— _]5@—)2

31 vt (z) - 1ot z—2))>
: gz2,1/2 /31/3(2)( ( ) 3p0 (3 ))

+ (v (z) — éﬁg(Sx —2))dx

2.3 () = pg () + (v (x) — Py ())?
< U A @ - @)

+ (7§ (@)~ 3 (= - %))2 + (B @) 7y (- g))Q dz

2.3m+2 + _ 5F\2 - =2 2
< [ @B -5 Ol
B1(0)

z,1/2

<e€

where C' = C(n, «) and € = €(n, &) is as in the argument (with & in place
of a) leading to the estimates (5.49) and (5.53), provided [p o (v" —
By )* + (v = y)* < ye.

Therefore, if the hypotheses of the lemma are satisfied with e in place
of €, we may repeat the argument leading to the estimates (5.49), (5.53),
(5.54) and the cone condition (5.55) with V(*)* in place of v* and pt*)*
in place of pg. This will yield for each z € B,(0) with v*(2) = v~ (2) a
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pair of transverse hyperplanes P, = P}t U P, satisfying

(5.59) p”2/3()distQ((a;,W(a;)),(z,y)+PZ)

+ dist?((z,v™ (), (2,y) + P,) < Cple,

oo0) ;7 [ (v @) = (y + pF (@~ 2)))?
(2\S(z,y)+ P (0/8)
+ (v (2) = (y +pz (z — 2)))? < Cple
(5.61) 1(pF,p2) = (Bg > o )l 22(Bi(0)) < Ce  and

(5.62) Zu 0V (By(2)\ (e (0/8)) = 0

for all p € (0,1/12). Here y = v*(2) = v~ (2) and C = C(n, a).
Note that by the estimates (5.60), (5. 61) Lemma 5.2 and the triangle
inequality, it follows that for each z € B,(0) N Z,, and p € (0,1/12),

(5.63) C<E,<C

for fixed C = C(n,a) > 0 and C = C(n) < .

Next we assert that Z,, N {z € R" : |7r150+m;(; (z)| < K/2} projects
fully onto the axis ﬁ(;r N ﬁg N By /2(0). To see this, first note that since
Pg + Py = 0 by hypothesis, we have that ﬁ(;r N ﬁ(; C R™ x {0}. For
notational convenience (and without loss of generality, by making an
orthogonal rotation of R™ x {0}), let us assume that ]B(T ﬂ]BO_ =R 1x
{(0,0)}. If there is a point (£,0,0) € (R™™! x {(0,0)}) N B, 2(0) with
p 1(£0,0)N Z, = 0, where p : R™ x {0} — R"! x {(0,0)} is the
orthogonal projection, then, since Z,, is a closed set, there must exist
r > 0 such that

(5.64) (B"1(£,0,0) x Rx {0})NZ, =0 and
(B (£,0,0) x R x {0}) N Zy # 0.

Choose z € (B (5,0 0) x R x {0})N Zy.

Note next the following fact: Let oy € (0, 7). Then for any given 7,
there exists ¢ = ((a1,n) with ¢ | 0 as | 0 such that if v = (vF,07) €
Fs satisfies fB dist? ((x,vT(2)), Py) + dist? ((z, v (z)), P1) < ¢ and
fB1 \Spl(l/B)( —p{)?+ (v~ —py)? < ¢ for some pair of hyperplanes
P, with oy < £ZP; <, then fBl(O)(w — L1)? < n where w = %(UJr —
v7) and L; = %(pl+ — p7 ). (This can easily be seen by arguing by
contradiction.) Since the estimates (5.59) and (5.60) say that for each

p € (0,1/8), [0 dist? (2, 5F,(2)), PY)) + dist? (2,7, (2)), PY”)) <
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Cpte and fBl 0)\S (p)(1/s) (~ pgp)+) + (~ p,(zp) ) < Cpte where
pgp) = apz and the estimates (5.63) say that Pz(p) satisfies ay <

/PP < 7 for some a; = a1(n,a) > 0, it follows that for any given
n € (0,1/2), there exists p = p(n,a,n) € (0,1/2) such that fBl(O) (Ws,p—

L(zp))2 < n where w,, = %(Ezfp N;p) and L(p) (Pz(p)Jr — Pz(p)_).
Thus, we may apply Lemma 5.5 with o -, n place of vt for a suitable
choice of sufficiently small p € (0,7/4) to arrive at a contradiction of
(5.64). (Note that here we have also used the fact that = (P; PP TApP - )
remains close to P N P as p | 0, which follows from the estimate

(5.61).) Hence Z,, N{x € R" : |« (x)] < K/2} must have full
projection onto ]B(T N ]50_ N B, 2(0).

Py NEy

It then follows first from the estimates (5.59), (5.61), and (5.62) that
ZyN{x € R" : |7TP+mP (x)] < K/2} is equal to a Lipschitz graph
(over 155“ N ﬁo N B,/2(0)) and then by the estimate (5.60) that this
graph is C#. This implies directly that the union of the graphs of v,
v~ over By /5(0) is equal to the union of the graphs of two harmonic
functions v',v? : B, /2(0) — R. Specifically, if we let OF denote the
two components of By, /5(0) \ Z,, and define a function v' on B, 5(0) by
setting vl(z) = v () if x € Q" and vi(z) = v (z) if x € O, we see
first by (5.59) that v! € C(B,/2(0)) and then by integration by parts
that [ o) Dv' D¢ = [p  onar DV -DCH [5_g)na- Dvt-DE=0
for every ¢ € CY(B,2(0)). Thus v' is harmonic. Similarly, we may
define v? : B, 5(0) — R by setting v*(z) = v~ (z) if = € 0", and
v?(z) = v (x) if z € Q7 and check that v? is also harmonic.

Finally, since by (5.59) and (5.60) the tangent planes to the graphs of
v! and v? at any point (z,y) where v!(z) = v?(2) = y are transversely
intersecting, it follows that the vanishing order of v! —v? at such a point
must be equal to 1. Thus the lemma holds with x/2 in place of x and
~ve in place of e. q.e.d.

Definition. Given v = (vT,v™) € Fs, we shall call a point z €
Bs/5(0) a branch point of v if there exists no o > 0 such that (graphv™ U
graphv™) N (B,(2) x R) is equal to the union of the graphs of two
harmonic functions over B,(z).

Remark. It follows directly from Proposition 3.3(2) and Proposi-
tion 3.11 (5) that if 2 is a branch point of v = (v*,v7), then z € Z,,
i.e., that v*(2) = v~ (2). Furthermore, if v* = v~, then v* are each
harmonic, so no point z € Bs/5(0) is a branch point in this case.
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Using Lemma 5.6 and adapting techniques due to L. Simon [Sim93],
we establish in the next two lemmas crucial uniform asymptotic decay
estimates for any function v € Fs at a branch point.

Lemma 5.7. Let § € (0,1). There exists a constant ¢ = ¢(n,d) > 0
such that the following is true. Ifv = (vt,v™) € Fs, v (0) = v~ (0) =0,
Dh(0) = 0, where h = 3(v™ +v7), and if either

(a) the origin is a branch point of v or

(b) w # 0 and Ny (0) > 1, where w = (v —v7),
then

/Bl(o)\Bl/Q(o) (a(lg]émy * (W)Q 2 C/fsl(o)(v+)2 + (v7)2.

Proof. If the lemma is not true, there exists a sequence of functions
vp = (v, v, ) € Fy satisfying v (0) = v, (0) = 0 and Dhg(0) = 0 where
hy = %(vlj + v, ), such that for each k, either the origin is a branch
point of vy (in which case wy, # 0, where wy = (v} — v, )) or wy Z 0
and N, (0) > 1, and
(5.65)

/191(0)\31/2(0) (W)Z + <(W)2 = ;1/31(0)(7)1—:)2 + (121;)2.

v (22/3)

(J3,00 @2+ )2)
by Lemma 3.1, after passing to a subsequence which we continue to
denote {k}, (0,7, ) — v = (v",v") € Fs where the convergence is in
W2(B,(0)) for every o € (0,3/2). By (5.65),

We claim that v cannot be identically equal to zero on Bi(0). To see
this, first note that for any 7, s € (3/4,3/2) and w € S"~!, we have that

/7" 9 (vp(Rw)/R)

OR
3/2
<),
3/4

0 (0x(Rw)/R)
OR

which implies, by the triangle inequality, Cauchy-Schwarz inequality

and the fact that r, s € (3/4,3/2) that

2

dR)

Let U; (z) = 3 5. Then ¥ = (v;,7,) € Fs, and

M:cu) _ %(ssw)' _

dR‘

i

3/2

Fero) <e (wk(swﬂ? + [ R
3/4

0 (vp(Rw)/R)
OR
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where ¢ = ¢(n) € [1,00). Integrating this with respect to w yields
| lotre)Pde
Sn—1
2)

Sc(/ ]T)k(sw)lzdw—i-/
Sn—1 B3/2(0)\B3/4(0)

where ¢ = ¢(n) € [1,00). First multiplying both sides of the above
by r"~1 and integrating with respect to r over the interval (3/4,3/2),
and then multiplying both sides of the resulting inequality by s”~! and
integrating it with respect to s over the interval (3/4,1) gives

)

, this implies

0 (vx/R)
OR

/ ol
B3/2(0)\B3/4(0)

<c (/ |0k | + /
B1(0)\B3/4(0) B3 /5(0)\B3/4(0)
§)n+2

where ¢ = ¢(n) € [1,00). Since H'ﬁkH%Q(BSm(O)) = (3

that
n+2
<3> §c</ ]%]2—!-/
2 B1(0) B3 /5(0)\B3/4(0)

which in view of (5.66) immediately implies that v # 0 in B;(0). Hence,
by Lemma 3.11, part (8), [55 () |v]?2 > 0 for all p € (0,3/2). By (5.66)
again, v is homogeneous of degree one in the region Bi \ B34 which im-
plies that N, o(p) = 1for 3/4 < p < 1. (This can be seen easily by the ex-

d -2
. Pas fsn—l 0]
pression Noop) = "% i

N3.(0) > 1, and hence by Lemma 3.14, we have that A,(0) > 1.
Hence by monotonicity of N, (:), it follows that NV, o(p) = 1 for every
p € (0,1). By Lemma 3.6, this means that v is homogeneous of degree
1 from the origin, and hence by Lemma 3.12, graphv* U graphv™ =
Py U P, for hyperplanes P, P,. Thus, if v+ is not identically equal
to v~, by Lemma 5.6, for sufficiently large k, v,j = max {v,}:,vz} and
vy = min{v},v}} in B,(0) for some £ > 0, where v}, v} are harmonic
functions in B, (0), each equal to zero at the origin, and with the dif-
ference v,% — vi having vanishing order at the origin equal to 1. But
this contradicts either of the hypotheses that vy has a branch point at
0 or that Ny, (0) > 1. Thus we must have that v* = v~ = L for
some linear function L. But then since Dhy(0) = 0 for every k, where
hy = 50 +7;), and hy — $(vT +v7) smoothly in B;(0) (since hy, are
harmonic with uniformly bounded L?(Bj/5(0)) norm), L would have to
be identically zero, which is impossible. The lemma is thus proved.
q.e.d.

0 (vr/R)
O0R

OR

where 9,(z) = v(pz)). By Lemma 3.13,
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Lemma 5.8. Letv = (v, v7) € F5, vT(0) = v~ (0) = 0, and suppose
either that the origin is a branch point of v or that Nw(0) > 1. Then

i ARGt R e e R e e U
B,(0) B1(0)
for some linear function I : R™ x {0} — R and all p € (0,1/16). In
fact, I(z) = Dh(0) -z where h = £(v" +v™). Here C = C(n,d) € (0,00)
and v =v(n,0) € (0,1).

Proof. Let I(z) = Dh(0) - z. Note that there exists C' = C(n) such
that

1/2
(5.67) IDh(0)| < C ( /B (0)(v+)2 N (v—)2> <cC.

By the definition of Fj, there exists a sequence of hypersurfaces M}, €
7y and a sequence of affine hyperplanes Ly — R™ x {0} such that the
blow-up of {M}} by the height excesses Ej of M}, relative to Ly (as
in Section 3) is (vt,v™). For each k, let I : R™ x {0} — R be the
affine function such that L; = graphly. Let (v(Jlr), U(_l)> be the blow-up

produced by blowing up the M}’s by their height excesses E,gl) relative

to the affine hyperplanes given by graph (I + Eil). Since by (5.67),

0]
% < C, where C' = C(n) < oo, we have that
k

C (v&'),v(_l)> =@t —Lv =1

where 0 < C; < C = C(n) < oco. (Note that here we are assuming
that not both v™, v~ are identical to [; if this were the case, the lemma

is trivially true.) It then follows that since (vzg),v(;)) € Fs (by the

definition of Fjy), all the properties and estimates we have established
for (vt,v™) will hold with v*—1 in place of v*. In particular, Lemma 3.8
(with z = 0, y = 0) holds with v™ — I, v~ — [ in place of v, v~. Thus

<cp [ i 02
B,(0)

for all p € (0,1/8), where C = C(n). On the other hand, applying

SO + ] s
Lemma 5.7 with (VT V™) = (vp 1, vp 1) 7z € Fs in
(anz pr(O)(m_z)u(vf—m)
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place of (v*,v7), where v;t(x) = pl/g) vE(2pz) (noting that, by defini-

tion of [, DH(0) = 0 where

N sof
2
<
+
~
=
~
no

/ (5
Bap3(0\B,5(0) IR

> c,o_4/ (v =14 (v™ —1)?
Bj,/3(0)

where ¢ = ¢(n,0) > 0. This gives, since R = |X| < 2p/3 for X €
By,/3(0), that

R2n <‘9(“+/R)>2 L g2 (‘W)z

(5.69) R R

‘/-B2p/3(0)\Bp/3(0)

> cp”Q/ (v =D+ (v D2
Bs,/3(0)

Replacing p with 3p/2 in the inequalities (5.68) and (5.69), and com-
bining them gives

+ 2 _ 2
/ o (A" e (U0 /)
B,(0)\B,2(0) OR OR

for p € (0,1/12). This implies that

o () o (M50)

1
E
(5.68) and (5.69)). By iterating this starting with p = 1/16, we obtain

that
oo () e (M)

2

where Kk = k(n,d) = € (0,1) (here C and c are as in inequalities



A REGULARITY AND COMPACTNESS THEORY 139

for every 7 = 1,2,.... Combining this with inequalities (5.68) and
(5.69), we have
(5.70)
2—j —n—2 ‘
() / (v =12+ (v =1)* < Cm]/ (T =1+ (v —1)?
16 B,_;(0) B1/5(0)
16

for all j. Now given any p € (0,1/16), there exists a unique non-negative

integer j such that 2_136_1 < p < 27, and using (5.70) with this j gives
(5.71)
[ @t —P e [ @t 0P
B,(0) Bi/s(0)

<Cp / ()2 4 ()2
B1(0)

for all p € (0,1/16), where C' = C(n,d) € (0,00) and v = v(n,d) €
(0,1). (The last inequality in (5.71) follows from (5.67).) This is the
desired estimate. q.e.d.

The preceding two lemmas imply the existence of a fixed positive “fre-
quency gap” for the functions in Fs. Specifically, we have the following:

Lemma 5.9. Let 6 € (0,1). There exists a fized constant vg > 0
depending only on n and § such that if v = (vF,v7) € F5, w = (v —
v7), 2 € Zy N Byy2(0) and either Ny(2) > 1 or z is a branch point of
v, then Ny(z) > 1+ 1.

Pdi fs'n—l wz P .
Proof. Recall that N, .(p) = W. Fix any p € (0,1/2). Then
sn—1 Wz,
d. 2
we have by the monotonicity of Ny, .(-) that ‘E‘}fsnizi;:z"’ < Ny.2(p)
sn— z,0
for all o € (0, p]. Integrating this differential inequality (cf. Lemma 3.5)
gives

(572) o_n/ w2 > <p1n2Nw,z(P)/ w2) O_2Nw,z(p)
Bo(2) OB, (2)

for all ¢ € (0, p]. On the other hand, Lemma 5.8, applied with v*(z+4(-))
in place of v*(-), implies that

(5.73) o "2 / w? < Co”
Bs(2)
for all o € (0,1/8). The estimates (5.72) and (5.73) readily imply that
v
Nw,z(p) >1+ 5

for all p € (0,1/2). This gives N,y(z) > 1+ %. q.ed.
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Lemma 5.10. Let (vT,v7) € Fs5 and w = (v — v7). Suppose
z € B1(0) and v (2) = v~ (2). If Nw(2) = 1, then there exists o =
o(z) > 0 and two harmonic functions v', v : B,(z) — R such that

vt|p, (o = max{v', v} and v~ |p ) = min{v',v?}.

Proof. This follows immediately from Lemma 5.9 and the definition
of branch point. q.e.d.

Proof of Theorem 5.1. Let v = (vF,v7) € Fs and w = 5(vT —v7). Let
Sy = {z € B1(0) : z is a branch point of v}. Then S, is a relatively
closed subset of B1(0) by definition. Also by the definition of S, if
z € B1(0)\ Sy, then the graphs of v* decompose, locally near z, as the
union of the graphs of two harmonic functions, and hence, the same is
true over any open, simply connected subset 2 C By(0)\ S,. This proves
part (a) of the lemma.

Part (b) follows by applying Lemma 5.8 to the function v, s (notation

3
8

as in 3.33) and changing variables. Note that v, s € Fs. q.e.d.

3
78
6. Improvement of excess relative to pairs of hyperplanes

In this section, we prove the main excess decay lemma (Lemma 6.3
below) needed for the proof of Theorem 1.1. Roughly speaking, this
lemma says that whenever a hypersurface M € T, satisfying 0 € M and
"t (MH(WB; OxR)) < 3§ for some fixed & € (0, 1) is sufficiently L2-close,
in the cylinder B1(0) x R, to a pair of affine hyperlanes of R"*!—i.e.,
has small height excess relative to a pair of affine hyperplanes—then,
at one of three possible smaller scales, it is closer by a fixed factor to
a new pair of affine hyperplanes; i.e., the height excess improves. By
iterating this result, we shall prove in the next section our main regular-
ity theorem, Theorem 1.1. The principal quantity we are interested in
keeping track of that measures the height excess of M at scale p € (0,1)

and that is improving is Eys (p, P) = \/p—”—2 me(Bp(o)xR) dist? (z, P),
where P denotes a pair of affine hyperplanes. However, in the proof
of Lemma 6.3 (see case (a) of the proof), we need to make sure that
the “sheets” of M separate whenever this excess is significantly smaller
than a certain “coarse excess,” which measures the L? deviation of M
from a single affine hyperplane. In order to achieve this, it is necessary
to modify the definition of the improving quantity and consider the sum
of EJQ\/[ (p, P) and a quantity that measures the squared L2-distance of
P from M (see the statement of Lemma 6.3 for the precise definition
of this quantity). The main point that necessitates this is simply that
smallness of Fj; (p, P) alone need not imply separate closeness of the
“individual sheets” of M to each of the two affine hyperplanes that make
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up P; M may consist of two sheets both of which are close to the same
single affine hyperplane of P.

In the proof of Lemma 6.3, we shall need the elementary facts asserted
in Lemmas 6.1 and 6.2 below. But first we need to recall/introduce
some notation we shall use in this section and the next. The purpose
of items (1) through (6) below is to fix notation that will enable us to
define in a convenient way the “second term” of the improving quantity
of Lemma 6.3 referred to in the preceding paragraph, and facilitate
statement and proof of Lemma 6.3.

Fix § € (0,1). Let p € (0,1], M € Z, and suppose that 0 € M and
H™ (MA(Bp(0)xR)) g s

wnp" -
(1) A(M, p) denotes the set of affine hyperplanes L of R"*! satisfying
LN (B1(0) x R) C {(«/,2") € R : |21 < 1/8} and

Eiy(p, L) =p "2 / dist®(z, L)
MO(B,(0)xR)

< 3 inf p 2 / dist?(x, L),
2 U MN(B,(0)xR)

where the inf is taken over all affine hyperplanes L’ of R**! sat-
isfying L’ N (B1(0) x R) C {(2/,2""1) € R**! : 2" FL| < 1/8}.

(2) Given an affine hyperplane L of R with L N (B1(0) x R) C
{|lz"*| < 1/8}, let R (M, L, p) denote the set of regular values
t € (1/4,1/2) of the function g(X) = 1 — (v(X) - v)? on M,
satisfying

HH (M N (Bayya(0) x R)YN{X : g(X) = t}) < CE} (p, L)

where v, v are the unit normals to M, L respectively, and C' =

C(n) is the constant as in inequality (3.7). Note that R(M, L, p)
contains infinitely many numbers (see the argument of [SS81], p.
753.)

(3) Given affine hyperplane L of R"*! with LN (B1(0) xR) C {|z"*+?|
< 1/8} and t € R(M, L, p), and assuming Ey; (p, L) < € where
€ =¢€(n) € (0,1) is a sufficiently small fixed constant depending
only on n, let Gg\g’ D (p) denote the graphical part, relative to L,
of M Ng;? (B3p/4(0) x R) chosen in the sense of [SS81]. (See
item (2) of the discussion at the beginning of Section 3.) Here
qr, denotes a rigid motion of R"*! with ¢z (az) = 0 and ¢ (L) =
R"™ x {0} where ay, is the nearest point of L to 0 € R""!. Thus,
for any given radius p € (0, 1] and choices of an affine hyperplne
L with LN (B1(0) x R) C {|]a"*| < 1/8} and t € R(M, L, p),
provided Ej; (p,L) < E, Gg\jj’t) (p) is uniquely determined, and
is the union of two Lipschitz graphs over a domain C L with
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Lipschitz constants < 1; moreover,
(6.1) H" (M \ Gy " (0) Mg (Bayya(0) x R)) < C(En(p, L),

where C' = C(n) and p = p(n) are fixed positive constants de-
pending only on n. (However, we remark here that in the proof
of Lemma 6.3, we do not need such precise control of the size of

the complement of GS\{;’ b (p) as is given by the estimate (6.1); all

we need is that GS\? 2 (p) has n-dimensional measure larger than

a fixed fraction of the measure of B, /5(0). See Lemma 6.1 below.)

(4) Given affine hyperplanes L, U of R""! with L N (B1(0) x R) C
{lz"*] < 1/8}, Un (B1(0) x R) C {|z""| < 1/8} such that
Ey (p, L) <€ (€ as in (3) above), and t € R(M, L, p), let

U* (M, Lt,p) =Unat (x G577 ().

Given L as above and a pair of affine hyperplanes P = P, U P,
of R*"! (with Py, P, affine hyperplanes of R"™!) such that PN
(B1(0) x R) C {|z""!] < 1/8}, define

P*(M,L,t,p) = P} (M, L,t,p)UP;(M,L,t,p).

(5) If P = PLU P, is a pair of affine hyperplanes of R"*! (with Py, P,
affine hyperplanes) such that P N (B1(0) x R) C {|="*!| < 1/8},
we set, for 7 € (0,1/2), Sp(7) = {x € R" x {0} : dist (z,7 (P N
Py)) < 7} if Py and P, are distinct with w (Py N P) N By g(0) # 0,
and Sp(7) = () otherwise.

(6) If U is an affine hyperplane of R"*!, we shall denote by U” the
hyperplane obtained by translating U parallel to itself. If P = P;U
P; is a pair of affine hyperplanes, with Py, P, affine hyperplanes,
then we shall let PT = PI'u P

Lemma 6.1. Let 6 € (0,1). There exist constants ¢c; = c1(n,0) €
(0,00), 2 = c2(n,d) € (0,00) and (o = (o(n,d) € (0,1) such that the
following is true. If M € T,, - (MAB O)xR)) 3—0,Le A(M,1),te

Wn
R(M,L,1), EM(l,L) <1, P=PYUP™ is a pair of affine hyperplanes
with disty (P N (B1(0) x R), B1(0)) < (o and

/ dist?(z, P)
MA(B1(0)xR)

N / dist?(z, G477 (1) < GE%(1,L)
P*N((B1/2(0)\Sp(1/16))xR)

where P* = P*(M, L,t,1), then

e Ey(1,L) < Supg, (o) pt —p | < e Ey(1,L).
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Proof. Note first that it follows from the conditions

disty (P N (Bl(O) X R),B1(0)) < (o,

/ dist? (z, P) < o,

MA(B1(0)xR)

and the triangle inequality that fMﬂ(Bl(O)xR) |22 < C¢y, where C =
C(n), so that by the definition of A(M, 1), we have that

- 3
(6.2) 20,1 < e
Thus, if {y = (o(n) is sufficiently small, Gg\ﬁ’ t)(l) # (), and in fact by
the estimate (6.1),

63 WG 0N (B0 < R) = g (5)

To see the lower bound of the asserted inequalities in the conclusion
of the lemma, let U = graph%(gfr + p~). Then, by the definition of

E M (1, L) and the triangle inequality, we have that

2 A
(6.4) -E%(1,L) g/ dist? (x,U)
3 MA(B1(0)xR)

< 2/ dist? (z, P) + csup [p —p~ |?
MN(B1(0)xR)

where ¢ = ¢(n). Provided we take (y < 1/4, the lower bound follows
directly from this since fMﬂ(Bl(O)xR) dist? (z, P) < Q)E'jz\/[(l, L) by hy-
pothesis.

To see the upper bound, we argue by contradiction. If the asser-

tion is not true, then there exist a sequence of hypersurface M, € I,
k =1,2,3,..., with H" (My(B1(0)xR))
wn,

< 3 — 4, a sequence of affine
hyperplanes Ly, with Ly N (B1(0) x R) C {|]z""1| < 1/8} and
(6.5)

E,% E/ dist? (z, L) < §infL/ / dist (z, L"),
M (B1(0)xR) 2 My (B1(0)xR)

where for each k, the inf is taken over all affine hyperplanes L' sat-
isfying L' N (B1(0) x R) C {|]z""!| < 1/8}, a sequence of numbers
tr € R(My, Lg, 1), a sequence P, = P,j U P_ of pairs of affine hyper-
planes with

(6.6) disty (Px N (B1(0) x R), B1(0)) - 0 as k — oo and
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(6.7) dist?(z, Py,

/Mkﬁ(Bl(O)xR)
+/ dist?(z, Gy) < 1@%7
PEO((By2(0)\Sp, (1/16))xR) k

and yet, for each k,

(6.8) supp, o) IPf — i | = kE.

Here we are using the abbreviations G = Gg\fl:’t’“)(l) and P} =

P (Mg, Ly, ty, 1). Note then by (6.2), E; — 0, and by (6.6) and (6.7),
MN(B1/2(0) xR) — By /5(0)x{0} in Hausdorff distance. Consequently,
L — R™ x {0}. Note also that by (6.3),

1 /1\"
(69) H (G (Bua(0) % R) = G (5
for all sufficiently large k. Let v € L?(By(0); R?) N W,22(By(0); R?)

be the blow-up, in the sense of Section 3, of My by Ej;. In view of
Proposition 3.3, part (2), it follows from (the bound on the first term
on the left hand side of) (6.7) and (6.8) that v+ = v~ = [ for some
affine function [. Indeed, if we write P, = P,gl) U PIEQ) where Pk(:l) , P,?)

are affine hyperplanes, and define functions plil), pg) : R"x{0} - R by

P,gi) = graph p,(j), 1 = 1,2, then, after possibly passing to a subsequence,

[ = limp oo (B — 61)/Ex or | = limyao (07 — 61)/Ex where ¢y
R"™ x {0} — R is such that L, = graph¢y. (The existence of one of
these two limits is guaranteed by Lemma 3.3, part (2) and the bound on
the first term on the left hand side of (6.7).) By relabeling if necessary,
we assume that [ = limy_, o (pg) — ¢r)/Ex. Note then that by (6.8),
(2)
‘pk o —

(6.10) lim sup -
k—o0 B1(0) Ek

and that (6.7) in particular says that

1 4
(6.11) dist? (z, Gy) < %E,i.

/p,g”*m((Bl/g(O)\SPk(1/16)>XR)

If we let Ly, = graph (¢p + Ekl), we have
~ 1 .
/ dist? (z, Ly) < —E?
MyN\(By 2(0)xR) 16
for infinitely many k, which implies by the triangle inequality that

(6.12)

14
(6.13) dist? (z, PV) < o

/ka(Bl/Q(O) xR)
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for infinitely many k. Now let G, = {z € G, N (B1/2(0) x R)
dist (:U,P,El)) < %Ek} Then by (6.13) and (6.9),

n 1 1\"

(6.14) H" (G) > zwn | 5| -
6 2

Since Gy, is the union of two Lipschitz graphs with Lipschitz constants

< 1, for any x = (2/,2"*!) € 7 Gy x R, dist (2, Gy) is bounded below

by a fixed positive constant times the “vertical distance” min {|z"*! —

y’f“|, |zt — y?“] : (a:’,y{‘“), (a:’,y’?”l) € Gy }. Moreover, by (6.14),

H™ (PO ((By2(0)\ Sk, (1/16)) xR)) > C = C(n) > 0 which, in view
of (6.8), contradicts (6.11). This completes the proof of the lemma.
q.e.d.

Lemma 6.2. Let 6 € (0,1), n € (0,1) and ¢; € (0,00) be given.
There exists a number ( = ((n,d,m,¢c1) € (0,1) such that the following
holds. If P = PT U P~ is a pair of affine hyperplanes of R with
Supp, (o) [pT —p~| > c1, and v = (v*,v™) € Fs satisfies

/ dist?((z,v" (x)), P) + dist?((z, v (x)), P)
B1(0)

dist?((z,p™ (), V) + dist?((z,p ™ (x)),V) < ¢

+
B1/2(0)\Sp(1/8)

where V = graphv™ U graphv™, then
/ (0t =p*)P + (v —p )2 <.
B1(0)

Proof. If the assertion is false, then there exist numbers § € (0, 1),
n € (0,1), e1 € (0,00), a sequence of functions vy = (v}, v, ) € F5 and
a sequence of affine hyperplanes P = (P,:r ,P) of R™*! such that

(6.15) sup [pf —pp| > a and

B1(0
(6.16)
/ dist®((z, v} (z)), Py) + dist® ((z, v}, (), Py)
B1(0)

1
—l—/ distQ((x,p;'(x)),Vk) +dist2((x,p,;(x)),vk) < Z
B1/2(0)\Sp, (1/8)
where Vi = graph v,j U graph v, , and yet
(6.17) / (vf =P+ (v —pp)* =1
B1(0)
for all &k = 1,2,3,.... After passing to a subsequence, we have by

Lemma 3.1 that vy — v for some v € Fy, where the convergence is
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in W12(B1(0); R?), and that P, — P for some affine pair of hyper-
planes of R™*! satisfying Supg, (o) lp* — p~| > ¢1. Note that since v*
are bounded in B1(0) (by Proposition 3.3; part (3) says |v|? is subhar-
monic in Bj5(0), and the mean value property and part (2) say |v|*
is bounded in B;(0)) and continuous (by Proposition 3.10), (6.16) says
that v© = p™ and v~ = p~ on B1(0). This immediately contradicts
(6.17) for sufficiently large k. q.e.d.

Lemma 6.3. Let § € (0,1/16), 8 € (0,6/16) and v € (0,3/16).
Let § € (0,1). There exist numbers ¢y = €y(n,d,0,5,v) € (0,1/2) and
A = A(n,d) € (0,1) such that the following is true. Suppose M € Ty,

0e M, pe(0,1],
(M N (B,(0) x R))

W p"

<3-9¢ and

p 2 / dist?(z, P)
MnN(By(0)xR)

vor | dist? (2, G4 (p)) < e
P*n((B,/2(0)\Sp(p/16)) xR)

for some affine hyperplane L € A(M,p), number t € R(M,L,p) and
some pair of affine hyperplanes P of R™*1 satisfying disty (PN (B1(0) x
R), B1(0)) < €. Here we have used the notation P* = P*(M, L,t,p).

Then there exists a pair of affine hyperplanes P, an affine hyperplane L
and a number t € (1/4,1/2) such that

(1) p 2P (By(0) x R), PN (By(0) x R))
—n—2 is 2 T
= C(ﬂ /MO(BP(O)XR) dist ( ’P)

4+ 2 / dist?(z, GE\? t)(p))>7
P*N((B,/2(0)\Sp(p/16))xR)

(2)  d3(P" N (B1(0) x R), P N (B1(0) x R))
—n—2 ist(z
= C<p /Mﬁ(Bp(O)XR)d (. P)

Tl s, G150 )
P*0((B,/2(0\Sp(p/16)) xR)

and

(3) one of the following options (A), (B) or (C) holds:
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(A) L€ A(M,0p), t € R(M,L,0p),

(0p) "2 / dist? (z, P)
MnN(Bg,(0)xR)
+op) [
B*0((Bgp2(0)\S5(0p/16) < R)

< C0° <,0_”_2/ dist? (z, P)
MA(B,(0)xR)

dist? (z, L) <p>>),

dist? (, G5 9 (6p)

+ p—n—2/
P*N((B,/2(0)\Sp(p/16))xR)
where P* = ]5*(M, E,t~, 0p), and

H™(M N (Bgy(0) x R)) B
wn(Op)™ =30

(B) L € A(M, Bp), t € R(M, L, Bp),

Coney | dist?(z, P)
MO(Bs,(0)xR)

L+ (Bp) / dist®(z, G\LD (5p))

P*N((Bgp2(0)\Sp(8p/16)) xR)

< Gyt (p_”_Q/ dist?(z, P)
MA(B,(0)xR)

dist2(z, G <p>>>,

4 p—n—2/
P*N((B,/2(0)\Sp(p/16))xR)
where P* = ]5*(M, E,tjﬁp), and

(MO (B (0) xR) _,
By S0

(C) L € A(M,~p), T € R(M,L,7p),

o2 [ dist? (z, P)
MN(By,(0)xR)
+ (yp) " /~
PH((Byp/2(0\S(79/16)) < R)

< O3y <p”2/ dist?(x, P)
MN(B,(0)xR)

dist%,ggg»w(p))),

dist? (2, G (7))

+ p—n—2 /
P*0((B,/2(0\Sp(p/16)) xR)

147
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where P* = ]3*(M, E,E’yp), and
H (M N (B, (0)  R))
wn ()"
Here the dependence of the constants C,C;, i = 1,2, 3 on the parameters
is as follows: C' = C(n,d,0,5,v), C1 = C1(n,d), Cy = Cz(n,d,0) and
Cs3 = C3(n,0,0,5).

<3-0.

Proof. Note first that conclusion (2) follows from conclusion (1). Since
the hypotheses and the conclusions of the lemma are scale invariant, it
suffices to prove the lemma assuming p = 1, and we shall make this
assumption in what follows. Let {M}y} C Z, be an arbitrary sequence
of hypersurfaces with 0 € My,

H" (M N (B1(0) X R))

1 <3-96

(6.18) o <3 ,

(6.19)

/ dist? (z, Py,) —1—/ dist? (z, G) \, 0
MN(B1(0)xR) Prn((By1/2(0)\Sp, (1/16))xR)

for a sequence of affine hyperplanes Ly € A(Mjy, 1), a sequence of num-
bers t, € R(My, L, 1) and a sequence of pairs of affine hyperplanes
P, = Pl U P? (where P!, P? are affine hyperplanes, possibly with
Pl = P?), satisfying

(6.20) dy (P N (B1(0) x R), B1(0)) \, 0.

Here we use the notation Gy = Ggﬁ:’tk)(l) and P} = P}(Mj, Ly, ty, 1).
Note that (6.19) and (6.20) imply that M N (Bl/z( ) X R) — By5(0) x

{0} in Hausdorff distance and that [, (B2 (0 |x”+1\2 — 0. By the
definition of A(Mjy, 1), it then follows that
(6.21) By — 0,

where we use the notation Ej = EMk (1, Lg). This in turn says that
disty (M N (31/2(0) x R), LN (31/2(0) x R)) — 0, so that L — R" x
{0}. Note also that (6.21) in particular implies that for all sufficiently
large k,

1 1\"
22 > i
(6.22) H (Gy) = S (2)
and hence that

(629 HMEE N (B1(0)\ Sp(1/16) X R) = o (5)

We show that for infinitely many k, we can find pairs of affine hyper-
planes Py, affine hyperplanes Lj, and numbers #; € (1 /4,1/ 2) such that
the conclusions of the lemma hold with My, Py, Lg, t, Pk, Lk, t;, in place
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of M, P, L, t, ]5, L and t respectively, and with the constants C, C;,
1=1,2,3 and A fixed depending only on the specified parameters as in
the statement of the lemma. In view of the arbitrariness of {Mj}, this
will prove the lemma.

First notice that for any given 7 € (0,1/2) we have, since Ej — 0,
that for all sufficiently large k depending on 7, H" (GxN(B,(0) xR)) —
2w, and H™ (Mg \ Gi) N (B-(0) x R)) — 0, so that the last of the
conclusions in each of the options (3)(A4), (3)(B) and (3)(C) hold with
M}, in place of M for all sufficiently large k. It only remains to show
that the other conclusions hold with My, Py, Ly, tx in place of M, P,
L, ¢ respectively and with suitable choices of Py, L) and ts, in place of
P, L and ¢ respectively.

Let ¢ = ((n,0,) € (0,1/8) be a small number to be determined
depending only on n, 8 and §. We divide the rest of the proof of the
lemma into two cases according to the following two possibilities, one of
which must hold for infinitely many k:

) )
(a) kamel(O)XR) dist ($7Pk)+fP/:ﬂ((Bl/2(0)\SPk(1/16))><R) dist ("E,Gk)
< (EZ.
st 2 . .2
(b) kamA(Bl(O)XR) dist (x7Pk)+fP,:ﬁ((Bl/2(0)\Spk(1/16))><R) dist (.I',Gk-)
> (B2
Suppose first that possibility (a) occurs. By Lemma 6.1, provided we

choose ¢ < (p, where (o = (p(n,9) is as in Lemma 6.1, we have in this
case that

(6.24) P, = graph Ekp2+ U graph EA'kpgf

for infinitely many k, with PP = PIS+ U PIS - (P/ISjE = graph pgi) equal
to a pair of affine hyperplanes satisfying

(6.25) c1 <supp, ) Iy T —pp | < e,

where ¢; = c¢1(n,0), ca = c2(n,d) are the positive constants given by
Lemma 6.1. Note that (6.24) and (6.25) say that the blow-up by Ej, of
a subsequence of the sequence {Py} is a transverse pair of planes. So
let PO = PO U PY~ be a subsequential limit of { P} and consider the

blow-up v = (v*,v™) of My, by E,. We have directly from the defining
condition of case (a) and the identity (5.4) that

(6.26)
/ dist?((z, v (x)), P°) + dist?((z,v™ (2)), PY)
By/3(0)

+ / dist?((z, p (), V) + dist?((r, 0~ (), V) < OC
B1/2(0)\Spo(1/8)
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where V = graphv™ U graphv™ and C = C(n,d). In view of the lower
bound of (6.25), we then have by Lemma 6.2 that for any given n €

(0,1),
(6.27) / (W =p" )P+ (v =p")* <
By/3(0)

provided ¢ = ((n,d,n) € (0,1) is sufficiently small.
We now separate the analysis of case (a) into two further possibilities
depending on the nature of PY. Precisely one of the following must hold:
(a)(i) P°T NP~ N (By(0) x R) =0 or
(a)(ii) PO°* NP~ N (By(0) x R) # 0.
Suppose first that (a)(i) holds. Taking n = n(n,d0,0) > 0 in (6.27)
sufficiently small, we see by the estimate of Proposition 3.10, part (b)
and the fact that P°T N P°~ N (By(0) x R) = ) that (6.27) implies,
provided only that ¢ = ((n,d,0) is chosen sufficiently small, that we
have Z, N Bsp4(0) = 0, where w = $(vT —v7) and Z, is the zero
set of w. By the remark following Lemma 3.9, this means that M N
(Bp2(0) x R) are embedded for all sufficiently large k, and hence by
Schoen-Simon regularity theorem ([SS81], Theorem 1), My N (Bg,4(0) x

R) decomposes as the disjoint union of minimal graphs Z/{Igl), 152) (over

the affine hyperplanes Pk1 and P,f) By standard elliptic estimates, we
then have that

(6.28) (c0)" "2 / dist? (z, Py)
M0(Byg(0)xR)

< Co?f7"2 / dist? (z, Py,)
MiN(Bg(0)xR)

for all o € (0,1/4), where C = C(n) and Py is the union of the tangent
planes ﬁkl, ﬁ,f to Z/llgl), Z/l,?) respectively at points Zlil) € U,gl), Z,?) € u}?)
with 7 (Z,iz)) =0 for ¢ = 1,2. Taking 0 = (3/6 in this, we conclude that
(6.29)

ﬁ_"_z/ dist? (z, ]Sk) < 02,82/ dist? (x, Py)
Mkﬁ(Bg(O)XR) Mkﬁ(Bl(O)XR)

where Cy = Cy(n,0). Note that by the definition of ﬁ]g and elliptic
estimates again, it follows that (6/8)2dist3, (P N (Bgss(0) x R), P N
(By/s(0) x R)) < CO~"2 fMj (Boya(0)<R) dist? (x, Py) where C' = C(n),
which implies that dist3, (P, N (B (0) x R), P, N (B1(0) x R)) <
Ckam(Bl(O)xR) dist? (z, P) there C =C(n,0). ) ~
Now for each k, take any Ly € A(My, 3) and any ty, € R(My, Lk, 3).
Since 372 kaﬂ(Bg(O)XR) |z" 1|2 — 0 as k — oo (by szusdorﬂ;conver—
gence), it follows from the definition of A(Mj, B) that Ep, (5, Li) — 0
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as k — oo, which in turn implies that dists; (L N (B1(0) x R), B1(0) x
{0}) — 0 as k — oo. Thus, we have in the present case (i.e., case

(a)(1) that G5 (8) 1 (Bs(0) x R) = U Uu®) 1 (Bs(0) x R). Tt

we write L{ki) N (Bg(0) x R) = graphut, where u} : Bg(0) — R, we
have by (6.27) that provided ¢ = ¢ (n,d,0) is sufficiently small, for each
x = (z',2"*) € (P))* (= PN (Bs(0) x R)),

dist (2, GE-9(8)) < o™ — (o) < 2dist (2, uh())), B)

(6.30) = 2dist ((«', ul(2)), Pp)
for ¢ = 1,2. This implies that
(6.31)
: dist? (2, G5 (3)) < 4 / dist? (z, By).
Prn(Bs(0)xR) » MN(B3(0)xR)

Thus, we conclude in case (a)(i) that for infinitely many k, the conclu-

sions of the lemma hold with option (3)(B), with My, Py, Lg, tk, ]Bk, Ly

and 7, in place of M, P, L, t, ]3, L and tNrespectively, and with A = 2.
If (a)(ii) holds for infinitely many &, then we have

/ dist? (2, P,) < ¢ E?

MypN(B1(0)xR)

for infinitely many k, where Py is as in (6.24) with P) = graph p2+ U
graph pg_ equal to a transverse pair of affine hyperplanes satisfying
(6.25) and P)T NP N (B3g/2(0) x R) # 0. Thus m —a > ZP) > @
for some fixed angle @ = @(n,0) € (0,7). Let 7 € (0,1) be arbitrary
for the moment. Choosing the constant ¢ = ((n,6,d,7) > 0 so that, in
addition to the restrictions already imposed upon (, we also have

n+2
(6.32) ¢ < @) 0

where €y = €y(n,d, @, 660, 7) is as in Lemma 4.1, we have by Lemma 4.1
(with @ in place of ag, 60 in place of ¢ and 1y 5/3 My in place of M)

that for infinitely many k, either there exists a pair of hyperplanes ]Af’k
with

dy (Py 0 (B1(0) X R), Py N (B1(0) x R) < C dist? (2, Py,
Mkﬁ(Bl(O)XR)

satisfying
(6.33)

g2 dist? (z, Pp) < 092/ dist? (x, Py),
Mkﬂ(Bg(O)XR) Mkm(Bl(O)XR)
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where C' = C(n), or that

(6.34) dist? (z, L},) < 7E?

/Mkﬂ(Bl/Q(O)XR)
for some affine hyperplane L) with dy (L) N (B1(0) x R), L N (B1(0) x
R)) < CEj, C = Cn). However, if (6.34) holds for infinitely many k,
we must have that

(6.35) / (W= (o — PR <r
By /5(0)

for some affine function ¢ : R™ x {0} — R, which contradicts (6.27)
provided we choose n =n(c1) € (0,1) and 7 = 7(c1) € (0,1) sufficiently
small depending only on ¢; (hence only on n and §), where ¢; is as
in (6.25). Thus, provided ¢ = ((n,0,9) € (0,1) is sufficiently small de-
pending only on n, § and §, we must have the option (6.33) for infinitely
many k.

Next in this case, we check that

(6.36) dist? (z, G2 (6))

/ISI:H((Be/z(O)\Sﬁk (0/16))xR)

< 4/ dist? (z, Py)
Mkﬂ(Bg(O)XR)

for arbitrary choices of Ly € A(Mjy, 6) and 1y € R(My, Ek, 0). Reasoning
as in case (a)(i) (see paragraph preceding inequalities (6.30)), we see
that Ey, (0, Ly,) — 0 as k — oo, and by Lemma 4.1, part (b)(iii), that

Gg\ff':’tk)(e) N ((Bg/2(0) \ Sﬁk(9/16)) x R) = graph u; U graphu,

where uif € C?(By2(0) \ Sp, (0/16)) (in fact ui solve the minimal sur-
face equation), u; > u;, and dist (', uf(az’)),ﬁk) = dist ((2', uj (2")),
ﬁ,;t) > %|uf(x’) — pi(2")] for every 2’ € By/2(0) \ Sp, (0/16), where
E,;t = graphpi. Hence we have in this case for any z = (z', 2" €
P 01 ((Byj2(0) \ S5, (6/16)) x R)(= By 1\ ((Byya(0) \ S5, (0/16) x R).
provided ¢ = {(n,0,0) € (0,1) is chosen sufficiently small (so as to en-
sure that dist (z, graph uf) < dist (z, graphu;) whenever z € ﬁ,:i N
((B/2(0) \ Sp, (0/16)) x R)), that

(6.37) dist (z, G\E4™)(0)) < 2dist (o, u (2')), Py)

for z € ﬁ,: N ((Bgy2(0) \ Sﬁk(0/16)) x R), where the sign + is chosen

according to whether x € ﬁki This of course implies (6.36). We thus
have in case (a)(ii), for infinitely many k, the conclusions of the lemma
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with option (3)(A), with My, Py, Ly, ts, P, Ly, ), in place of M, P,
L,t, ]5, E, tNrespectively and with A = 2.

It now remains to analyze possibility (b). We shall take { = ((n,6,0) €
(0,1) to be fixed (chosen as specified above) for the remainder of the
proof. If possibility (b) holds for infinitely many &, consider the blow-up
v=(v",v7) of {Mj} by the excess Ej, off Ly, as described in Section 3.
(To be precise, since the excess Ey. is at scale 1 here, we are in fact
applying the analysis of Section 3 with 7y /3 My in place of My.) Thus
vt v~ € L2(B1(0)) N W22 (B1(0)) satisfy the asymptotic decay prop-
erties as given by Theorem 5.1. Let w = (vt —v7), and Z, be the
zero set of w. One of the following 2 possibilities must occur:

(b)(i) v has no branch point in Byg(0).
(b)(ii) v has a branch point z € Byg(0).

If (b)(i) occurs, then the union of the graphs of v, v~ over Bag(0)
is, locally near every point of Byg(0), the union of the graphs of two
harmonic functions. Hence, since Byg(0) is simply connected, the union
of the graphs of v, v~ over Byg(0) is globally the union of the graphs
of two harmonic functions v!, v? : Byg(0) — R. Let I’, i = 1,2 be
the affine part of the Taylor series of v around 0 (i.e., I*(z) = v*(0) +
x - Dv(0) for z € Bgg(0)), let P,gl) = graph (¢r + Exl?) where L, =
graph ¢ and set P, = P]gl) U P]§2). Then

(6.38) "2 / dist? (X, Py)
M;,N(B.(0)xR)

=y 2 / dist? (X, P
G N(By(0)xR)

+ 72 / dist? (X, By
G; N(B,(0)xR)

+,yn2/
(n0, 2/3 ME\(GF UG, ))N(B~ (0)xR)

< 07—”—2/ dist? ((z, pr(z) + Ekuz(x)), ﬁk‘)
B(0)

dist? (X, P

oy / dist? (2, pu(x) + Dy (2)), By)
B, (0)
+ C,y—n—QEAviJr,u

< ey / (Bt — Brot)?
0

+(0)

+ C’Y_n_Q/ (Yruy, — Exo™)?
B,(0)
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+ c'y_”_z / dist? ((x, pr(z) + Ekv+(x)), ﬁk)
B+(0)

4oy 2 / dist® ((z, i(2) + Exv™(2)), Py)
B(0)

+ c,yfanEsz-Ht

=y / (@t — B)?
B,(0)

- 2/ (@B — Bro)?
B

’Y

2 / dist? ((z, px(z) + Byl (z)), Py

By (0

+ c'y_”_Q / dist? ((x, pr(z) + E’kvz(m)), ]Bk)
B+(0)

—n—2 {2+p
+cy "R,

< ey (B ER 4 o 2R / (0! — 112
B, (0)
+C,}/—n—2E}%/ (02— )% + C,y—n—zEng
B (0)

< ey " 2B ER + BT ER ( /B (vF)* + @)2)

1/2(0)
+ CV*”*QE,?F“

< cB (’Y‘"_Zq(Ek) +287 T+ 7‘”‘2192‘)
where ¢(t) — 0 as t — 0 and ¢ depends only on n and 4. It follows from
this that for all sufficiently large k,

(6.39) yn2 / dist? (X, P,) < Cy?3 " L7
MiN(B,(0)xR)

< 0372(/ dist? (z, Py,)
My (B (0)xR)

+ / dist? (x, Gk)>
PEN((B1/2(0)\Sp, (1/16))xR)

where C' = C(n) > 0 and we have set C5 = 052%4, with ¢ = ((n,6,9)
as in the definitions of cases (a) and (b), so that Cs = Cs(n, 0,6, 3).
Notice next that by the definition of Py, we see that

d2, (Py N (B1(0) x R), L, N (B1(0) x R)) < CE?
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where C' = C(n). On the other hand, it follows from the inequality

CE? g/ distg(x,Pk)—l—/ dist*(z, Gi)
MyN(B1(0)xR) PEN((B1/2(0)\Sp, (1/16))xR)
and the triangle inequality that

3 (Le N (B1(0) x R), P N (B1(0) x R))
< C(/ dist? (z, Py,)
Mkﬂ(Bl(O)XR)

+/ dist? (x,Gk)>
PEN((B1/2(0)\Sp,, (1/16)) xR)

with C' = C(n,0,0), and therefore, by the triangle inequality again, we
have that

(6.40)  d3; (PN (B1(0) x R), PN (B1(0) x R))
ist? (z
SC(/Mkﬂ(Bl(O)XR)d v B

o).
PEN((B1/2(0)\S5p, (1/16))xR)

where C'= C(n, 6,0). _
We next show in case (b)(i) that for any choice of Ly € A(Mjy,~) and
tk S R(Mka Lk’fY))

(6.41) N2 /~ dist? (&, G ()
Bn(B, 2(0\Sp, (v/16) xR)

< C37? (/ dist? (z, Py,)
M;,N(B1(0)xR)

dist? (z, Gk)>

dist? (x, Gk)>

+
Prn((B12(0)\Sp, (1/16)) xR)

where C3 = C3(n, 6,0, 3). For this, recall first that since v’ are harmonic
in Bsg(0), we have the estimates

sup |Ui . lz‘Q < C’)’4ﬂn4/ |vz"27
Byg(0

B4’y(0)
C = C(n), so that by Proposition 3.3, part (2), we have that
(6.42) sup |of — 1Y < F725_712_4
B47(0)

for i = 1,2, where I' = I'(n). Consider first the case when

(6.43) sup |It — 1% > aP’yzﬁw{‘l,
Bay(0)
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where a > 1 is to be chosen depending only on n. In this case, if
a > 68, the estimates (6.42) say that for each k, there is no point
z € Byy(0)\ Sp (7/32) such that v!(x) = v?(z), and hence by the argu-
ment of Lemma 3.9, it follows that for infinitely many k, M N ((Bs(0)\
Sp,(7/28)) x R) must be embedded. But then by Schoen-Simon regu-
larity theorem ([SS81], Theorem 1), My, N ((B2y(0)\ S5, (7/24)) xR) =
graph @ Ugraph @, where 4y : By, (0)\ S 5. (1/24) — R are smooth so-
lutions of the minimal surface equation in their domain, with 17: > Uy .

Hence we have by elliptic theory the pointwise estimates
(6.44)

swp [ < o0 i~ P+l B
By (0)\Sp, (7/16) Bsy/2(0)\Sp, (7/20)

where C' = C(n). Recall our notation that pi : Bi(0) — R are
such that graph fﬁf = ]5,:,5 Note also that by elliptic estimates again,
SUPB,. /4 (0\Sp, (7/22) |Dﬂf| — 0 as k — oo (since M N (B1(0) x R) —
B1(0) x {0} in Hausdorff distance), and hence

M;, 1 ((Bs2(0) \ S5, (7/20)) x R) € Gy

for infinitely many k. (This follows from the way G is defined.) Hence,
E@E — ¢r) — vF in L?(B3,2(0) \ 5%(v/18)), where ¢}, : R™ X
{0} — R, graphpp = Li and SY(v/18) denotes the set {x € B1(0) :
dist (x, A) < v/18} with A = {I}(z) = [?(x)}. Hence, by the estimates
(6.42) and (6.44), we have that

(6.45) sup Wf ,f;ﬂ? < 20w, Iy 4E2
B+ (0)\Sp, (7/16)

where C' = C(n) is as in (6.44). Thus, if @« = a(n) in (6.43) is chosen
sufficiently large, the estimates (6.45) imply, by exactly the same rea-
soning used to justify inequality (6.37), that for each x = (2/,2"*!) €

B 01 (B, a(0) \ S5, (7/16)) x R),
(6.46) dist (z, GT1) (1)) < 2dist (o, 75 ('), By)
. >~ M, Y)) > » Yk y Ik
where the sign =+ is chosen according to whether x € ﬁki In view of the
estimate (6.39), this gives (6.41).
Suppose the condition (6.43) fails to hold. Note that we have

(6.47) G () = graph @i} U graph

where @ 1 7 (Gg\f[:’t’“) (7)) — R are Lipschitz with Lipschitz constant
< 3/2 and 4} > ;. From this we see that for z = (2/,2""!) € ﬁ,: N
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((By/2(0) \ S5, (7/16)) x R),

dist (. G\ (7)) < min 2™ — T ()], |" T~ @ ()]}
< adist (2, U5 (2)), Pe) + 2B (2) — 1P(2)]
(6.48) < 2dist (o, @t (2')), By) + 207928 E,

where in the second of the inequalities here we have used the fact that

ﬂzt are Lipschitz functions with Lipschitz constants < 3/2, and the sign

=+ there is chosen according to whether z € ]Bl;t By the estimate (6.39)
and the defining property of case (b)(i), we again have from this the
required estimate (6.41). We have thus shown that in case (b)(i), for
infinitely many k, the conclusions of the lemma with option (3)(C) hold,
with My, Py, Lg, tg, ]Sk, Ek and t;, in place of M, P, L, t, ﬁ, Land
respectively and with A = 2.

Finally, suppose (b)(ii) occurs. Then v*(z) = v~ (z) and by Lemma
5.8, we have that

049 p7 2 [t ol P <O [ @)
By(2) B1(0)

for some affine function I, and all p € (0,1/64). Here C' = C(n,0) > 0
and v = v(n,d) > 0. Now fix this z. We obtain from (6.49) that

©50) p2 [ 0 LR LY
B,(0)

n+2
< <1 T 'Z) e G & e
p Byyz(2)
|Z’ 2 ’Z’ v v 2 —\2
<C|(1+— 1+ — P (v)+(v),
p p B1(0)

provided p + |z| < 1/64. In particular, taking p = [ in this and using
the fact that z € Byg(0) (so that 1+ % < 3), and since 33 < 1/64, we
have that

(6.51) ﬁ“/

(" — 1) + (" — 1) < OB / ()2 + (v7)?
Bgs(0)

B1(0)
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where C' = C(n,d). With this, we can estimate as in (6.38) to conclude
that if possibility (b)(ii) occurs, then we must have that

(6.52) g2 / dist? (X, P,) < CBYE}
Mkﬂ(Bﬂ(O) xR)

< Cyp” (/ dist? (x, Py)
My(B1(0)xR)

+/ dist? (w,Gk)>
PrN((B1/2(0)\Sp, (1/16)) xR)

for all sufficiently large k, where ﬁk = graph (¢x + Eklz) Here C' =
C(n,d) is as in the estimate (6.51) and we have set Cy = % where
¢ = ((n,d,0) is as in the definition of cases (a) and (b), so that Cy =
Cy(n,6,0).

Arguing exactly as in the proof of the estimate (6.40), we also have
in this case that

(6.53) d2, (Py N (B1(0) x R), P, N (B1(0) x R))
ist? (z
<C</Mkﬁ(B1(0)><R)d (@ B)

+
PrN((B1/2(0)\Sp, (1/16)) xR)

where C' = C(n,0,9).
To complete the proof of the lemma, we now check in case (b)(ii) that
for any choice of Ly, € A(My, 3) and t, € R(My, Ly, ),

N aist? (2, G (9))

PEN(Bg/2(0\Sp, (6/16))xR)

< Cyp” ( / dist? (, Py
Mkﬂ(Bl (0) XR)

dist? (z, Gk)>

dist? (z, Gk)>

+
Prn((By2(0)\Sp, (1/16))xR)

where Cy = C3(n,d,0) is as in the estimate (6.52). But this follows
directly from the pointwise estimate that for each x = (2/,2""1) €

P 1 (Bgya(0) \ Sp,(8/16)) x R),
(655)  dist (z, G ()
< min {[z"* = @f (2)], [«"T — @ (o)}
< 2min {dist ((«', @ (")), Py), dist (', @}, (2')), Py)}

where ﬂf are defined exactly as in (6.47) with § in place of v. In the
second of the inequalities above, we have used the fact that Ef are
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Lipschitz functions with Lipschitz constants < 3/2; and that ]3k is a
single affine hyperplane. The required estimate (6.54) follows from this
and the estimate (6.52). We have thus shown that in case (b)(ii), for
infinitely many k, the conclusions of the lemma with option (3)(B) hold,
with My, Py, Ly, t, Pk, Lk and tk in place of M, P, L, t, P L and
respectively and with A = v. This completes the proof of the lemma.
q.e.d.

7. Main regularity theorems

We are now ready to prove Theorems 1.1, 1.2 and 1.4.

Proof of Theorem 1.1. First choose § = 6(n,d) € (0,1/16) such that
C16* < 1/4, then choose 3 = ((n, ) € (0,0/16) such that CoB* < 1/4,
and finally choose v = (n, ) € (0,3/16) such that C3y* < 1/4, where
C1, Cy, C3 and )\ are as in Lemma 6.3.

Suppose M satisfies the hypotheses of Theorem 1.1. Note first that
since L? closeness of M to a hyperplane implies closeness in Hausdorff
distance, the hypothesis [ MA(B |:1:”+1\2 < e implies that dp (Lo N

(B1(0) x R), B1(0)) < 7(¢) and jB o dist? (z, G (1)) < 7(e) for

any Lo € A(M,1) and any to € R(M Lo, 1), where 7(¢) | 0 as € | 0.
Fix such Ly and .
In what follows, let us use the notation

Qe PLt=p" dist?(z, P) + p~"
MN(B,(0)xR)

. / dist? (z, GL 0 ().

P*0((B,/2(0)\Sp(p/16))xR)

If € = ¢(n,d) € (0,1) is sufficiently small, by iterating Lemma 6.3
starting with P = Py = R" x {0}, L = L and t = ¢y, we get a sequence
of pairs of affine hyperplanes P;, a sequence of affine hyperplanes L; €
A (M, 0% Blig™mi) and a sequence of numbers t; € R (M, L;, 0% gliy™mi)
satisfying at the jth iteration either

QUM o™, Py, Listy) < A71QUOM Y™, Py Ly, ty 1)

IN |

(7.1) 477 Qy
or

Q8% 8", Py, Ly t5) < 47'Q(O% 85y, Py_y, Ly, tj-1)
(7.2) < 47
or

Q8% Blin™i, Py, Lj,t;) < 471Q(0% 89y™ ™Y Pyoy, Lj-1,tj-1)
(7.3) < 479Qq,
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where kj, [;, m; are non-negative integers with k; +[; +m; = j and

Q1 = / a2 / dist? (z, GO (1)),
MA(B1(0)xR) B1(0)

Let us denote the sequence of scales so generated {s;}. Thus, for each
7=0,1,2,..., 8 = %3 3lin™i for some non-negative integers kj, L, m;
with k; +1; + m; = j, and, sj41 = 0s; or (Bs; or vsj. Then (7.1)-(7.4)
may be rewritten as

(7.4) Q(Sja pj, Lj, tj) < 4! Q(ijla Pj_1,Lj, tjfl)
<477Q;.

The lemma also gives us that

(7.5) dist?, (P; N (B1(0) x R), Pj_1 N (B1(0) x R))
<CQ(sj-1,Pj-1,Lj-1,tj-1)
<C477Q,

and that

(7.6) disty, (P} N (B1(0) x R), P N (B1(0) x R))
<C0Q(sj-1,Pj-1,Lj-1,tj-1)
<C47Q,

where C' depends only on n and 6. Thus, {P;} is a Cauchy sequence
of pairs of affine hyperplanes, and hence there exists a pair of affine
hyperplanes P such that P; — P. By (7.5), (7.6) and (7.1) respectively,
we have that

(7.7)  dist}, (PN (B1(0) x R), Pj_1 N (B1(0) x R)) < C477Qy,

(7.8) dist3, (PT N (B1(0) x R), Pl N (B1(0) x R)) < C477Q1, and

(7.9) 52

’ dist? (z, P) < C477Q

/ MN(Bs, (0)xR)

where C depends only on n and 6. Note that (7.7) and (7.8) in particular
say that

(7.10) dist?, (P N (B1(0) x R), B1(0)) < CQ; and

(7.11) dist?, (PT N (B1(0) x R), B1(0)) < CQ;.

Now, given any p € (0,1/8), there exists a unique j with s;11 < p <
sj. Since v < 3 < 6, this implies that 4T < p < 67, or, equivalently,
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that {225 > 5 > iggf{ — 1. Hence, by (7.9), we conclude that

(7.12) p 2 / dist? (z, P)
MN(B,(0)xR)

< 3,7”72

1 dist? (z, P)

/Mﬂ(st (0)xR)

. n+2
= <$J) sj”Q/ dist? (x, P)
Sj+1 MnN(Bs,; (0)xR)
<Cp*@r

for all p € (0,1/8), where k = —log4/log~y and C' depends only on n.
Next observe that we can move the base point and repeat the entire
argument leading to the estimates (7.10), (7.11) and (7.12). Specifically,

for any given X € M N Bg/zl (0), we have

H™ (M N BEE (X))
wn(7/8)"
RGN BIRNX)) + HY(M\ G) N BREH(X)

7/8
wn(7/8)"

1 .
< — 1+ [Dut|2++\/1+ |Du—|2 + CE*™
7y VI PP+ /T D]

< 2V2 4+ CE*HH
<3-6/16

(7.13)

provided € = €(n,d) € (0,1) is sufficiently small. Here G denotes the
graphical part of M N (B7/5(0) x R) as described in Section 3, Q C
Bz/3(0), ut : Q — R are such that G = graphu® U graphu™ and
E? = fMﬂ(Bl(O)XR) |z" 2, C = C(n,§) and pu = pu(n).

Thus, provided e is sufficiently small, we can repeat the argument
leading to the estimates (7.10), (7.11) and (7.12), iteratively apply-
ing Lemma 6.3 with nx 7,16 M in place of M and starting with
P = nx716 (R" x {0}) and arbitrary L € A(nx7/16 M,1) and t €
R (nx7/16 M, L, 1) to conclude that for every X € M N Bg/zl (0), there
exists a pair of affine hyperplanes Px such that

(7.14) df, (Px — X N (B1(0) x R), B1(0)) < CQ1,

(7.15) d3, (P¥ N (B1(0) x R), B1(0)) < CQ; and

(7.16) p_"_Q/ dist? (z, Px) < Cp"Q
MN(B,(X")xR)
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for all p € (0,1/8), where X’ = 7 (X). It follows from this that provided
€ = €(n,d) is sufficiently small, M N (B;/2(0) x R) is the graph of a
2-valued C'* function. The proof of this claim is as follows:

First note that by choosing ¢ = ¢(n,d) sufficiently small, we may
assume that Mﬁ(Bl/z(O) xR) C MﬂBg/Zl(O). For X € MﬂBg/zl(O), let
Px be as in (7.14)—(7.16). Note that by (7.14), Px N7~ (X’) consists
precisely of two (possibly coinciding) points X and X. Multiplying the
inequality (7.16) by p? and letting p — 0, we see that for each X €
MN(By2(0)xR), MNa~! (X') = PxNa—! (X) so that M N7t (X')
consists of (possibly coinciding) two points. Furthermore, (7.16) says

that the two tangent planes to M at X and X are the two hyperplanes
whose union is Px. Thus, in view of (7.15), we have that for each X €
MO (By2(0) x R), [11(X) = ental, [12(X) — ens1| < CQ1, where vy, 1o
denote the (locally defined) upward pointing unit normals to M. (Thus,
in case X = X, v1(X), 2(X) are the two upward pointing unit normals
at X to the respective smooth sheets whose union is M N B?T!(X) for
some o > 0.) This means that

(7.17) M N (By5(0) x R) = graphu™ U graphu™

where u* : B9\ 7 (sing M) — R are Lipschitz functions with ut >u”
and Lipschitz constants < CQ;. The functions u™, u~ then extend
uniquely as Lipschitz functions wt, u~ : B; /2(0) — R respectively,
with the same Lipschitz constants, and we have that

(7.18) M N (By2(0) x R) = graphw* U graphu™.

Now note that since M N (By/2(0) x R) is a Lipschitz graph with
Lipschitz constant < 1, it follows that @1 < C E?2 for some fixed constant
C = C(n): where F = fMﬁ(Bl(O)xR) |z"T1|2) and hence we may replﬁe
Q1 with E? in all of the above estimates. Note also that since 0 € M,
the estimate for the Lipschitz constant implies the height bound
(7.19) @)} Ju(2)| < CE. 2 € Bi(0)

It now remains to show that the union of the two Lipschitz graphs
in (7.18) is the graph of a single 2-valued C''* function, with its C1*
norm bounded by a constant times E. We proceed as follows:

Take any two points X1, Xo € M N (By/2(0) x R) with X7 # X5 and
let r = | X| — X}|. By (7.16), we have that

(7.20) (2r) -2 / dist? (z, Py, ) < Cr*E2
MA(Ban(X4)<R)
and hence, since B, (X]) C Ba,(X3) it follows that

(7.21) P2 / dist? (z, Px,) < Cr*E?.
MN(B-(X{)xR)
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Also by (7.14) and (7.15) we have
(7.22) &, (P, 0 (B1(X}) x R), By(X})) < CE

This means that provided € = €(n, §) is sufficiently small, we may use
Lemma 6.3 exactly as it was used in the argument leading to (7.10),
(7.11) and (7.12), with nx, » M in place of M, nx, » Px, in place of
P of the lemma (which was taken to be the multiplicity 2 hyperplane
corresponding to R™ x {0} in the argument leading to (7.10), (7.11) and
(7.12) above) to conclude that there exists a pair of affine hyperplanes
Py, such that

(7.23) (pr) "2 / dist? (z, Pl)
MOBp(X})xR)

< Cp”r_”_Q/ dist? (x, Px,)
MA(B(X})xR)

for all p € (0,1/8) and
(724)  d(PEN(BiI(0) x R), PE, N (Bi(0) x R))

< C’r_"_Q/ dist? (z, Px,).
MA(B(X])xR)

In view of (7.16) (with X = X1), (7.23) implies that Py = Px,, and
hence, (7.24) combined with (7.21) gives that

(725) 3 (PE N (Bi(0) x R), PE, N (B1(0) x R))
< CE?|X] — X"
for all X1, Xo € M N (B,/4(0) x R). This says that, in the notation

introduced in Section 2, the 2-valued function u : Bj/5(0) — Qz(R)
defined by u(z) = {u™(x),u ()} satisfies

(7.26) G (Du(z1), Du(x2)) < CE|z; — x]"/?

for all z1,22 € By/3(0). i.e., that u is a Cl’”/Q(Bl/Q(O)) function with
[ul1, x/2; By 1o (0) < CE. This together with the estimates (7.11) and (7.19)
imply the HuHCLH/z(Bl/Z(D)) < CE. The theorem is thus proved. q.e.d.

Proof of Theorem 1.2. By Theorem 1.1, M N (B1/2(0) x R) is either
the graph of a single C1® function u° or the graph of a 2-valued C'h*
function u, with the appropriate estimate for the C»® norm in either
case. In case M N (Bj5(0) x R) is the graph of a 2-valued function
u, we have that locally in a neighborhood 2, of any point z of the
open set Bj/y(0) \ m(sing M), u is given by two functions, each sat-
isfying the minimal surface equation in €2,. Since H" 2 (sing M) = 0
by assumption, Bj/5(0) \ 7 (sing M) is simply connected, and hence
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MN((B1/2(0)\7 (sing M)) xR) is equal to the union of the graphs of two
functions w1, uz : By/s(0) \ 7 (sing M) — R, each satisfying the mini-
mal surface equation. But then by the removable singularity theorem
of L. Simon [Sim77], 1, uz extend as functions u1, uz : By/5(0) — R,
satisfying the minimal surface equation. q.e.d.

Proof of Theorem 1.4. Were the assertion false, there would exist a se-
quence of hypersurfaces My, € Zp,, k = 1,2,3,..., with 0 € My, O, (0)
> 2 and

H™ (My,)

o2n <2+1/k
such that for each k, the conclusion of the theorem fails with M}, in place
of M and with any choice of hyperplanes P, P(), P2 of R*t1. By
Allard’s integer varifold compactness theorem, we obtain, possibly after
passing to a subsequence of {k} which we continue to denote {k}, that
M, — V as varifolds for some integer multiplicity stationary varifold of
BY(0). By (7.27), upper semicontinuity of density, and the continuity

of mass under varifold convergence, it follows that 2 < © (||[V||, (0)) <

n n+1
n (Sptl‘:}/@B 2~ () < 2, so that by the monotonicity formula, V' must

be a cone with © ([[V]], (0)) = 2. By Lemma 8.1, part (b) below, V' must
either be a pair of transverse multiplicity 1 hyperplanes or a hyperplane
with multiplicity 2. Thus for infinitely many & of the original sequence,
the conclusions of the theorem hold, by Theorem 1.1 or Theorem 1 of
[Wic], with M}, in place of M. This proves the theorem. q.e.d.

(7.27)

8. Compactness and decomposition theorems

In this section we prove Theorems 1.3 and 1.5. First we need the
following lemma, in which we shall use the following notation. Given
a p dimensional rectifiable varifold V = (X,6) in RPT!, where 0 is the
multiplicity of V' (see [Sim83], Chapter 4 for an exposition of the the
theory of rectifiable varifolds), we let V' x R"™P denote the rectifiable
varifold (X x R"P,6;) of R"! where 0;(z,y) = 0(x) for (z,y) € ¥ x
R"7P.

Lemma 8.1.

(a) Suppose C is a cone with © (||C||,0) < 3 belonging to the varifold
closure of immersed, stable minimal hypersurfaces M of B;"H(O)
with H" =2 (sing M) = 0. If C has the form C = Cy x R"P for
some p < 6 (which holds automatically if n < 6), then C must be
the sum of at most 3 multiplicity 1 hyperplanes of R* 1.

(b) There exists a fized number € € (0,1) such that if C is a cone with
O (||CJ],0) < 2+€ belonging to the varifold closure of immersed sta-
ble minimal hypersurfaces M of BSH(O) satisfying H" 2 (sing M)
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< 00, and if C has the form C = Cg x R"™P for some p < 6
(which holds automatically if n < 6), then C is equal to the sum
of at most 2 multiplicity 1 hyperplanes of R" 1.

Proof. First recall the following standard facts about any stationary
cone W; namely, that © (||W||,X) < © (]|W]|,0) for any X € spt ||W||
and, that if © (||W]|,X) = © (]|IW|],0) for some X € spt ||W||\{0}, then
spt ||W]| is invariant under translations by elements of the line {tX :
t € R}. Furthermore, the set S(W) = {X e spt|W]| : ©(|W],X) =
O (]|W]],0)} is a linear subspace of R"*! and spt || W || is invariant under
translations by the elements of S (W). In view of these facts, by rotating
we may assume (in both parts (a) and (b)) that C = C’ x R"~¢ for some
d € {1,2,...,6}, where C’ is a d-dimensional stationary cone in R*!
with ©(||C'||, X) < ©(||C'||,0) < 3 for every X € spt|C'|| \ {0}.

Suppose C satisfies the hypotheses of part (a). We first consider the
case d = 1. In this case, spt||C’|| must be a union of at most 6 rays.
Since C is the limit of a sequence of minimal hypersurfaces M} having
no current boundary in ByT1(0), it follows that © (||C|,0) € {1,2,3},
and since M, are stable, by the argument of Lemma 6.19 of [Wic04a],
it follows that C is the sum of hyperplanes.

Suppose now that d > 2. If spt||C’|| \ {0} is a regular (i.e., prop-
erly immersed) submanifold of R, then, since C is the limit of sta-
ble minimal hypersurfaces, spt ||C’|| \ {0} is a stable minimal hypersur-
face of R4 (in the sense that the stability inequality (2.2) holds with
spt ||C’|| \ {0} in place of M) so J. Simons’ theorem ([SJ68], see also
[Sim8&3], appendix B) concerning the non-existence of non-trivial stable
minimal hypercones of dimension < 6 implies that C must be a union
of at most 3 hyperplanes.

We now rule out the possibility that spt ||C’|| \ {0} is not immersed
at some point X7 € spt ||C’|| \ {0}. If this were the case, we may take
a tangent cone C to C at (X1,0) and C after rotating must then have
the form C = C’ x R" %! where C' is a (d — 1)-dimensional stationary
cone in R Applying the previous reasoning to the cone (~3, and keeping
in mind that © (||C||,0) = © (||C]||, (X1,0)) < 3, we conclude that either
spt ||C|| is the union of at most 2 (not necessarily distinct) hyperplanes,
or spt||C’| \ {0} is not immersed at some point X; € spt ||C/|| \ {0}.
The former is not possible, since if it were the case, by Allard’s regu-
larity theorem (applied to suitably translated and rescaled C) or Theo-
rem 1 of [Wic] or Theorem 1.2 of the present paper (applied, in either
case, to suitably translated and rescaled members of the sequence of sta-
ble minimal hypersurfaces approximating C), depending respectively on
whether C is the multiplicity 1 varifold associated with a hyperplane or
the multiplicity 1 varifold associated with the union of 2 distinct hyper-
planes or the multiplicity 2 varifold associated with a hyperplane, we see
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that C would have to be immersed at (X7,0) contrary to our assump-
tion concerning X;. Thus, there must be a point X; € spt|C/|| \ {0}
at which spt [|C’|| \ {0} is not immersed, so we may take a tangent cone
to C at ()~( 1,0) and repeat the argument. After doing this a finite num-
ber of times, we produce a cylindrical stationary cone not equal to the
union of hyperplanes but having cross sectional dimension 1 and equal
to the limit of a sequence stable minimal hypersurfaces with singular
sets of vanishing (n — 2)-dimensional Hausdorff measure. But we have
established above that such a cone does not exist. This concludes the
proof of part (a).

To see the assertion in part (b), first consider the case when © (||C||,0)
< 2. In this case, © (]|C'||,0) < 2 and O (||C'||, X) < 2 for every X €
spt ||C'|| \ {0}, and hence if spt|C’|| \ {0} is regular (in which case
it would be embedded), J. Simons’ theorem says that C must be a
multiplicity 1 hyperplane unless d = 1, in which case, since © (||C||,0) =
2, the desired conclusion follows from the same argument as for the case
d =1 in part (a) above. We can rule out the possibility that d > 2 and
there is a point X; € spt|/C’|| where spt||C’|| is not immersed, by
arguing exactly as before.

To show the existence of an € as asserted in the lemma, we argue
by contradiction. If there were no such ¢, then there would exist a
sequence of cones Ci, k = 1,2,... in R*"!, each arising as the vari-
fold limit of a sequence of immersed stable minimal hypersurfaces M ,z,
j=1,2,...0f By (0) with H"~2 (sing M}) < oo for each k and j, such
that © (||Ckl,0) < 2+k~! and each Cy, has the form C;, = C{") x Rn—r+
for some pi < 6; yet Cyg, is not a union of hyperplanes for any k. In view
of the uniform mass bound (implied by the density hypothesis), we may
extract a subsequence, which we will continue to denote Cp, such that
Cj — C for some cone C where the convergence is as varifolds. By con-
tinuity of mass under varifold convergence, we have that © (||C||,0) < 2.
Furthermore, C has the form C = Cy x R" P for some p < 6, so by the
discussion of the previous paragraph we see that C is either a multiplic-
ity 1 hyperplane or the sum of two multiplicity 1 hyperplanes. Hence
by Allard’s regularity theorem, Theorem 1.1 of [Wic] or Theorem 1.1
of the present paper, we must have that for each sufficiently large k and
each sufficiently large j (depending on k) Mj N Bf™(0) must either
be a (single valued) C1® graph over a hyperplane, or the union of two
(single valued) C® graphs over a pair of hyperplanes, or a 2 valued
C1® graph over a hyperplane, with an interior estimate, in each case,
for the C1® norm of the function(s) defining the graph(s) over a ball
in terms of the L? norm of the function(s) over a larger ball. But this
means that for all sufficiently large k, spt |Cy|| N By (0) must either
be immersed or equal to a 2 valued C1® graph. In all cases, by taking
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the tangent cone at the origin (which on the one hand must be equal to
the tangent plane(s) to the graph at the origin and on the other hand
coincide with Cy since Cy, is already a cone), we see that spt || Cg || must
be the union of at most 2 hyperplanes, contrary to the assumption. The
lemma is thus proved. q.e.d.

Proof of Theorem 1.3. First note that by Allard’s varifold compactness
theorem ([All72], [Sim83]), we obtain a stationary integral varifold V'
of BYT(0) such that for some subsequence of { My} which we continue
to denote {My}, we have M), — V as varifolds. Next we claim that
there exists o = o(n,d) € (0,1/2) such that

H™ (M 0 BT (X))

Wn

(8.1) <3-0/2

for all k and all X € My N B2 1(0). To see this, fix any k& and suppose
that X € M N B?/‘gl (0). Then by the monotonicity of mass ratio, we
have that

W (M0 By () T (MD BY! 5 (0))

(8.2)

Wp, Wn,

H™ (M, 0 By ,(0)
wn (1 + [X])"

2 H (M 0 By(0))

AL

— (1+1X])"

< (1+|X])

< (1+]X])"(3 - 9),
which readily implies (8.1) provided X € My N B2*1(0) for a suitable
choice of ¢ = o(n,d) € (0,1/2). It then follows that 7 (spt HVJL:B?H(X))
<3 —4§/2 for all X € spt||V|| N B2L(0), so that © (||[V]|,X) <3 —6/2
for all X € spt| V|| N B2*(0). Hence, if X € spt| V| N B2FY0) is
a singular point of spt ||[V|| N B?*1(0) and C is any tangent cone to
V at X having, after a rotation, the form C = Cy x R" P for some
p € {1,2,...,n}, then by Lemma 8.1, we must have, in case n > 7,
that p > 7; otherwise, Lemma 8.1 says that C must be a union of
hyperplanes, and since O (||CJ,0) = © (||V]|, X) < 3, it must either be
a multiplicity 1 hyperplane, a multiplicity 2 hyperplane or a transverse
pair of hyperplanes, in all of which cases, by Allard’s regularity theorem,
Theorem 1.2 of the present paper or Theorem 1 of [Wic], spt ||V|| would
be a regular immersed submanifold near X, contrary to the hypothesis
that X is a singular point. Hence, in case n > 7, Federer’s dimension
reducing principle implies that dimsingspt ||[V|| N B2T1(0) < n — 7.
In case 2 < n < 6, Lemma 8.1 says that any tangent cone at any
point X € spt ||[V|| N B2T1(0) is either a multiplicity 1 hyperplane, a
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multiplicity 2 hyperplane or a transverse pair of hyperlanes, so that X
must be a regular point of spt || V||.

It remains to show that when n = 7, sing spt ||V ||NB21(0) is discrete.
This follows from the standard argument. Were it not true, there exist
singular points X and X;, j = 1,2,..., of spt |V|| N B2*1(0) such that
X; # X for all j and X; — X. Let p; = |X — X,|. Then after passing
to a subsequence, nx ,, # V — C, where C is a cone with singularities

Xi € spt||C|| N S"~L. (This

at the origin and at a point ¥ = lim; .
last claim that Y is a singular point of C follows from the appropriate
regularity theorem—i.e., Allard’s theorem, Theorem 1.2 of the present
paper or Theorem 1 of [Wic].) But then since C is a cone, this means
that the entire ray defined by Y consists of singularities of C, which
is impossible since in dimension n = 7, we have just shown that the
singular set is 0-dimensional. This concludes the proof of the theorem.

q.e.d.

Proof of Theorem 1.5. Let € = €(n) € (0,1) be as in Lemma 8.1, part
(b), and choose 0 = o(n) € (0,1/2) as in the proof of Theorem 1.3
(i.e., via the estimate (8.2)), so that © (||V]|,X) <24 ¢/2 for all X €
spt ||V ||NB2+1(0). Let B be the set of branch points of spt |V || B2+1(0).
Thus

B={Z esingVNB"1(0) : V has
a (unique) multiplicity 2 tangent plane at Z}.

Set S = sing VN B?T1(0)\ B. Then sing VN B2+ (0) = BUS, BNS =)
by definition, and by Theorem 1.1, S is relatively closed in spt||V| N
B™1(0). By Theorem 1.2, it follows readily that if H" =2 (B) = 0, then
B = (). To estimate the Hausdorff dimension of S, we proceed as follows.
Consider an arbitrary point Z € S. Let C be any tangent cone to V'
at Z. Then by the definition of S and Theorem 1 of [Wic], C cannot
be equal to a pair of hyperplanes. Hence, if 2 < n < 6, it follows from
Lemma 8.1, part (b) that S = (. If n > 7, Lemma 8.1, part (b) says
that, after a rotation, C = Cy x R" P for some p > 7. It then follows
by the dimension reducing principle of Federer that

(8.3) HYTH(S) =0

for every v > 0.
It only remains to show that S is finite when n = 7. To see this,

suppose S is an infinite set. Then there exists a point Z € spt ||V N
EZH(O) and a sequence of points Z; € S with Z; # Z for each j,
such that Z; — Z as j — oo. Let rj = |Z; — Z| and Vj = 0z, 4 V.
Then, after passing to a subsequence, V; — C as varifolds, where C

is a cone. Let (; = rj_l(Zj — Z). Then ¢; € singV; N'S™, and hence,
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after passing to a further subsequence, (; — ¢ € sing CNS". Now write
sing C N B?*1(0) = Bc U Sc, where Bg is the set of branch points of
C in B"™1(0) (thus each point of Bg is a singular point of C where C
has a unique multiplicity 2 tangent plane) and S¢ is the complement of
Bg in sing C N BZ1(0). Similarly, write sing V; N B2t1(0) = By, U Sy,
with By, Sy, having analogous meaning. Then (; € Sy, since Z; € S.
By (8.3),

(8.4) MY (Sc) =0

for each v > 0. On the other hand, since C is a cone and { € sing CNS",
we have that {t( : t > 0} C sing C. In fact, we must have that

(8.5) {t¢ : t>0}NB"*0) C Sc.

For if not, ¢ € B¢ in which case C would have a (unique) multiplicity
2 tangent plane at ¢, and since V; — C, by Theorem 1.1, it follows
that for all sufficiently large j, spt ||V} is a 2-valued C%® graph in some
neighborhood of ¢. But this contradicts the fact that (; € Sy;. Hence
we must have (8.5), but this contradicts the dimension estimate (8.4).
This concludes the proof of the lemma. q.e.d.

9. Some further corollaries

Theorem 9.1. Let 6 € (0,1). There exist positive numbers I' and o
depending only on § such that if 2 < n <6 and M is a an immersed,
stable minimal hypersurface of BSH(O) satisfying H" 2(sing M) = 0

and 71””(2]\,{) <3 -6, then sing M N B**1(0) = 0 and

SUD /gt () |A| <T,

where A denotes the second fundamental form of M and |A| the length
of A.

Remark. If M is assumed to be embedded, this result holds with
mass bound arbitrary, and is due to R. Schoen and L. Simon [SS81].
In dimensions 2 < n < 5, provided we assume sing M = (), the result

(for M immersed) holds with mass bound arbitrary, and is due to R.
Schoen, L. Simon and S.-T. Yau [SSY75].

Proof. Set 01 = min{o(1,9),...,0(6,9)} and 0 = 01 /4, where o(n, J)
is as in Theorem 1.3. Then it follows directly by taking My = M in
Theorem 1.3 that sing M N B2 (0) = 0, so we only need to prove the
curvature estimate.

If there is no such I', then for some n with 2 < n < 6 and some
d € (0,1), there exists a sequence { My} of stable minimal hypersurfaces
immersed in By (0) with 0 € My, satisfying H"2(sing My) = 0 (or we
may assume sing M, N B?H(O) = () if we wish, in view of the preceding
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paragraph) and % < 3 — 9§ for each k; yet there exists a point
Z € My, 0 B"1(0) for each k with
(9.1) |Ak|(Zk) — oo,

where Ay denotes the second fundamental form of My and |Ag| its
length. By Theorem 1.3, there exists a stationary varifold V' of By1(0)
such that after passing to a subsequence, which we continue to denote
{M}}, we have that My, — V as varifolds, and that spt | V||NBZ(0) =
M where M is a smooth (i.e., having sing M = {)) stable minimal hy-
persurface of B;‘jl(O); since varifold convergence implies convergence

(of the supports of the weight measures) in Hausdorff distance, we also
—n+1

have that Z — Z for some Z € M N B, (0). But since M is a regular
immersed hypersurface, and the density of M at X is < 3 —§ for every
XecMn BZ;F/IQ(O), the tangent cone to M at Z is either a multiplicity
1 plane, or a multiplicity 2 plane, or a transversely intersecting pair of
hyperplanes. Applying respectively Allard’s regularity theorem, Theo-
rem 1.2 or Theorem 1 of [Wic|, we conclude that there exists a fixed
radius p > 0 independent of k such that in each of these cases, for all
sufficiently large k, we have that
C

SUP r, nBItL(2) [Ag| < —
for some fixed constant C' = C'(n) independent of k. But this contradicts
(9.1). The theorem is thus proved. q.e.d.

Theorem 9.2 (A Bernstein type theorem). Let 6 € (0,1). Suppose
2 <n <6, M is a complete, non-compact stable minimal hypersurface

n n+1
of Rt satisfying R MOBE" (0) <3-=9 for all R > 0. Then M must

wn R™
be a union of affine hyperplanes.

Remark. This is a slight generalization of the Bernstein type the-
orem in [Wic04c]|, which asserts the existence of a number € € (0, 1)
such that the conclusion of the theorem is true whenever 2 < n < 6 and

n n+1
w§2+eforallR>0-

wn R™

Proof. By Theorem 9.1, SUP gni1 ) |A] < % for all R > 0, where
o >0 and I' are independent of R. Let R — oo. q.e.d.

The following result is an improvement of Lemma 1 of [SS81]. Note
that our proof of it below uses the regularity theory; Lemma 1 of [SS81]
on the other hand was used in proving the regularity theorem of [SS81],
and it would be interesting to see if the result below has a proof inde-
pendent of the regularity theory.

Theorem 9.3. Let p € (0,4+ /8/n), A >0 and 6 € (0,1). There
exists a constant C' = C(n,p, A, 0) such that if M is an embedded, stable
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minimal hypersurface of B{LH(O) with 0 € M, H"2(sing M) < oo and
H"(M) < A, then

p/2
/ AP < C / 1—(v- 1/0)2
MnByt(0) MNBTTH0)

for any unit vector vy € R"1. Here A denotes the second fundamental
form of M and v the unit normal vector to M.

The estimate continues to hold if M is immersed provided A = wy(3—
§) for some 6 € (0,1) and H" 2 (sing M) = 0.

Proof. We argue by contradiction. If the estimate were not true for
some A, p € [4,4++/8/n) and 6 € (0, 1), then there exists a sequence of
stable minimal hypersurfaces My of B! (0) with 0 € My, H™(M;,) < A
and

p/2
(9.2) / |Ak|pzk/ L= 2]
MnBy 1 (0) MpnB? L (0)

where 1/(’)c are unit vectors in R™*1. Note that under the assumptions

of the theorem, H"~"*7 (sing M) = 0 for each v > 0 if n > 7 and
sing My, = 0 if 2 < n < 6, which follows from Theorem 3 of [SS81] if
My, are embedded, and from Theorem 1.3 above if M}, are immersed and
A = wyp(3—9). By the Schoen-Simon-Yau ([SSY75]) integral curvature
estimate (which was originally proved for smooth, stable minimal hy-
persurfaces but continues to hold for stable minimal hypersurfaces M
with singularities provided H" P (sing M) < oo, as can be seen using an
easy cut-off function argument), we have that

(9.3) / |[AxlP < C
MnBy 1 (0)

where C is a constant that depends only on n, p, A and 4. From (9.2)
and (9.3), it follows that

(9.4) / 1— (v -vh)?—0.
MpNBF+(0)

Since mass of M, is uniformly bounded, Allard’s compactness theorem
says that after passing to a subsequence, M — V for some stationary
varifold V' of B{LH(O), and (9.4) says that V must be a hyperplane
with some positive integer multiplicity. Let us assume without loss
of generality that this hyperplane is R"™ x {0}. Now in case M} are
embedded, by the Schoen-Simon regularity theorem, this means that for
all sufficiently large k, Mj N (B 10 (0) x R) decomposes as the (disjoint)

union of graphs of my, functions u¥ : B (0) — R, 1 <i < my, (with
2

my, bounded independently of k by a number depending on A), each
having small gradient and solving the minimal surface equation. In the
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immersed case under the stronger mass bound, by Theorem 1.2, the
same conclusion holds with m; < 2.

Now let Lj be the hyperplane determined by the unit vector 1/(’]“,
and [ : R™ x {0} — R be the linear function whose graph is L.
(Note that v} - e"*! — 1.) Then u¥ — I} solves a uniformly elliptic
equation over B 140 (0), and so by elliptic estimates, we have a constant

C = C(n,0) such that SUPRB, , 4, (0) |D2uF| < C||Duf — leHL2(31+e (0))
4 2
and supp_ (o) |Duf — DIy| < C||Duf — Dlk| z2(Bs,4(0)) for each i. But

1/2
this means that SuPMkﬂBngl(O)’Ak’ <C (kamB{L“(o) 1— (v - y§)2>
where C' = C(n, A, 6), which contradicts (9.2). q.e.d.
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