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RATIONAL BLOWDOWNS OF SMOOTH
4-MANIFOLDS

RONALD FINTUSHEL & RONALD J. STERN

1. Introduction

The invariants of Donaldson and of Seiberg and Witten are power-
ful tools for studying smooth 4-manifolds. A fundamental problem is to
determine procedures which relate smooth 4-manifolds in such a fashion
that their effect on both the Donaldson and Seiberg-Witten invariants
can be computed. The purpose of this paper is to initiate this study
by introducing a surgical procedure, called rational blowdown, and to
determine how this procedure affects these two sets of invariants. The
technique of rationally blowing down and its effect on the the Don-
aldson invariant were first announced at the 1993 Georgia International
Topology Conference and represents the bulk of the mathematics in this
paper. We fell upon this surgical procedure while we were investigating
the behavior of the Donaldson invariant in the presence of embedded
spheres and while investigating methods for producing a topological
logarithmic transform. The rational blowdown procedure completes the
full computation of the Donaldson series (and Seiberg-Witten invari-
ants) of all elliptic surfaces with p, > 1 by showing that the Donaldson
series of elliptic surfaces is that conjectured by Kronheimer and Mrowka
in [23]:

Theorem 1.1. Let F(n;p,q), n > 2, be the simply connected ellip-
tic surface with p, = n —1 and multiple fibers of relatively prime orders
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p,q> 1. Then

sinh™(f)
sinh(f,) sinh(f,)"

Thus, the diffeomorphism type of the elliptic surfaces E(n;p,q), n >
2, is determined by the integer n and the unordered pair of integers
{p,q}. This diffeomorphism classification is also established in [12],
[26], [27], [30], [31], [35]. The advantage to our proof is that, at bottom,
it only requires as input the 0 degree Donaldson invariant of the K3
surface F/(2). This diffeomorphism classification of elliptic surfaces is
now most easily established by computing the Seiberg-Witten invariants
of the E(n;p,q) (cf. [42] or §8). However, as we will demonstrate, this
rational blowdown procedure goes further and routinely computes the
Donaldson series and Seiberg-Witten invariants for many 4-manifolds
and for most of the currently known examples of 4-manifolds which are
not even homotopy equivalent to complex surfaces.

The ideas presented in this paper have led to rather easy proofs of
the blowup formulas for the Donaldson invariants for arbitrary smooth
4-manifolds [9] and alternate proofs and generalizations (to spheres of
negative self-intersections) [10] of some of the results of Kronheimer
and Mrowka ([23],[24]). While we chose to first write up these later
results, another major delay in the appearance of this paper was the
introduction of the Seiberg-Witten invariants.

From the beginning, Witten has conjectured how the Seiberg-Witten
invariants and the Donaldson invariants determine each other (cf. [42]).
Some progress in proving this relationship has been announced by Pid-
strigach and Tyurin [34] and also by Feehan and Leness [7]. Our tech-
niques verify Witten’s conjecture for elliptic surfaces and for a large
class of manifolds obtained from them by rational blowdowns. (See §8.)

Here is an outline of the paper: In §2 we introduce the concept of
a rational blowdown and discuss relevant topological issues. Our main
analytical result, Theorem 5.1, gives a universal formula which relates
the Donaldson invariants of a manifold with those of its rational blow-
down. Three examples of the effect of a rational blowdown are given
in §3 and these examples are used in subsequent sections to compute
the universal quantities given in Theorem 5.1. In §4 we give the fun-
damental definitions of the Donaldson series, and §5 presents our key
analytical results. Here we shall take advantage of our later results and
techniques ([9],[10]) to streamline our earlier arguments. In particular,
we will utilize the ¢ pullback — pushforward ’ point of view introduced

Dgnp,g) = exp(Q/2)
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and developed by CIliff Taubes in [36], [37], [38], [39] (or, alternatively
the thesis of Wieczorek [41]) to prove our basic universal formula (The-
orem 5.1) and show that the formula takes on a particularly simple
form (Theorem 5.11). Starting with the computations of the Donaldson
series for elliptic surfaces without multiple fibers given in [23],[10] and
[26], we apply Theorem 5.11 and some of the examples presented in §3
to compute the Donaldson series of the elliptic surfaces with multiple
fibers in §6. Under the assumption of simple type and the additional as-
sumption that the configuration of curves that is blown down is ‘taut’,
Theorem 5.11 yields a very simple formula relating the basic classes
of X with those of its rational blowdowns (cf. Theorem 7.1). This,
as well as applications to the computations of the Donaldson series of
other manifolds, is discussed in §7. Theorem 5.11 has a straightforward
analogue relating the Seiberg-Witten invariants of X and those of its
rational blowdowns. We conclude this paper with a statement and proof
of this relationship in §8.

2. The topology of rational blowdowns

In this section we define what is meant by a rational blowdown.
Let ', denote the simply connected smooth 4-manifold obtained by
plumbing the (p — 1) disk bundles over the 2-sphere according to the
linear diagram:

—(p+2) -2 2
Up—1 Up—2 (1

Here, each node denotes a disk bundle over S? with Euler class indi-
cated by the label; an interval indicates that the endpoint disk bundles
are plumbed, i.e., identified fiber to base over the upper hemisphere
of each S%. Label the homology classes represented by the spheres in
Cp by uy,...,up_1 so that the self-intersections are u?)_l = —(p+2)
and u? = —2for j =1,...,p— 2. Further, orient the spheres so that
uj - uj41 = 1. Then C), is a 4-manifold with negative definite intersec-
tion form and with boundary the lens space L(p?, 1 — p).

Lemma 2.1. The lens space L(p?,1 — p) = 9C, bounds a rational
ball B, with m(B,) = Z, and a surjective inclusion-induced homomor-
phism 7 (L(p*,1 = p) = Z,2 — w1 (By).
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Proof. There are several constructions of B,; we present three here.
The first construction is perhaps amenable to showing that if the con-
figuration of spheres C', are symplectically embedded in a symplectic
4-manifold X, then the rational blowdown X, is also symplectic (cf.
[16]). For this construction let F,_;, p > 2, be the simply connected
ruled surface whose negative section s_ has square —(p — 1). Let s4
be a positive section (with square (p — 1)) and f a fiber. Then the
homology classes sy 4 f and s_ are represented by embedded 2-spheres
which intersect each other once and have intersection matrix

(ler 1 —(pl— 1)) '

It follows that the regular neighborhood of this pair of 2-spheres has
boundary L(p* p—1). Its complement in F,_; is the rational ball B,.

The second construction begins with the configuration of (p — 1)
2-spheres

p+2 2 2

in #£(p — 1)CP? where the spheres (from left to right) represent
2hy —hy+---Lthy_1, hy+ho, ho+hs, ... hp_g+ hp_1,

h; being the hyperplane class in the ith copy of CP 2. The boundary
of the regular neighborhood of the configuration is L(p?, p— 1), and the
classes of the configuration span Hy(CP?; Q). The complement is the
rational ball B,,.

The third construction is due to Casson and Harer [3]. It utilizes
the fact that any lens space is the double cover of $3 branched over
a 2-bridge knot. The 2-bridge knot K((1 — p)/p?) corresponding to
L(p*,1 — p) is slice, and B, is the double cover of the 4-ball branched
over the slice disk.  q.e.d.

That all these constructions produce the same rational ball B, is an
exercise in Kirby calculus. However, for the purposes of this paper, it
is the third construction that is the most useful, since it allows us to
quickly prove:

Corollary 2.2. Each diffeomorphism of L(p?, 1 — p) extends over
the rational ball B,,.
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Proof. 1t is a theorem of Bonahon [2] that mo(Diff(L(p?, 1—p)) = Zo,
and is generated by the deck transformation 7 of the double branched
cover of K((1— p)/p*). The extension of T to B, is given by the deck
transformation of the double cover of B* branched over the slice disk.

q.e.d.

Suppose that €, embeds in a closed smooth 4-manifold X. Then let
X, be the smooth 4-manifold obtained by removing the interior of C),
and replacing it with B,,. Corollary 2.2 implies that this construction is
well-defined. We call this procedure a rational blowdown and say that
X, is obtained by rationally blowing down X. Note that b} = b}p
so that rationally blowing down increases the signature while keeping
bT fixed. An algebro-geometric analogue of rationally blowing down is
discussed in [21].

With respect to the basis {uq,...,u,—1} for Hy(C)), the plumbing
matrix for (', is given by the symmetric (p — 1) x (p — 1) matrix

-2 1
1 -2 1 0
0 1 -2 1
P =
0 -2 1

1 —(p+2)

with inverse given by (P™1);; = —j + (ij)(p+ 1)/p* for j < 4.

Let @ : Hy(C), 0C,; Z) X Hyo(Cpi Z) — Z be the (relative) intersec-
tion form of C), and let {vy,...,v,—1} be the basis of Hy(C),,dC,;Z)
dual to the basis {u1,...,up_1} of Hy(Cp;Z) with respect to @, i.e.,
Yk - ue = Ope. Let i, 0 Ho(Cp3Z) — Hy(Cp, 0CH; Z) be the inclusion-
induced homomorphism. Then the intersection form of Hy(C,, 0C,; Q)
is defined by

1 !
Ve Ve = 5Tk Yo,
p2

where v, € Hy(C)p; Z) is chosen such that i.(y)) = p*vy,. Since 7, =
p* P71 (v,), the intersection matrix for Ha(Cp, dC,; Q) is (yx-ve) = P71,
Note also that using the sequence

0= Hy(CpiZ) —2— Hy(C,,0C,:Z) —2— H{(L(p* 1—p;Z) — 0

we may identify Hy(L(p*, 1—p; Z) with Z, so that d is given by d(y;) =
7.
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There is an alternative choice of dual bases for Hy(C);Z) and
H;y(Cp, 0C,; Z) that we shall find useful because of its symmetry. Define
the basis {v;} of Hy(C)p; Z) by

Vi = Up—1 et U UGV Ui,

so v} = —(p+ 2) for each 4, and if ¢ # j then v; - v; = —(p+ 1). The
dual basis {é;} of Hy(C,, 0C,; Z) is given in terms of {v;} by

&% = vi—Yi-1, t#£ 1

o = M-
Thus
50 = (p;;l)7 i
52 = ——(pQ_p§_1)7
and

8(2 a;0;) = Z a;.

Let the character variety of SO(3) representations of
71(L(p*, 1 —p)) mod conjugacy be denoted by XSO(B)(L(p27 1—p)). Let
7 be the generator of XSO(B)(L(p27 1 — p)) satisfying

cos(2m/p*)  sin(2x/p?) 0
n(1) = [ —sin(27/p?) cos(27/p?) 0
0 0 1

If we identify 71 (L(p?,1— p)) with Z,> as above, then we have an iden-
tification

XSO(S)(L(p27 1 - p)) = Zp2/{j:1}

W = Hy(L(p* 1 - p): Z)/{£1}.

Fix a metric on C}, which gives a Riemannian collar L(p?, 1 — p) x
[0,00) with a flat metric on the lens space. Let e € Hy(C,, dC,; Z);
so de is some n. € Z,. Since bgp = 0, it is a standard fact that e
defines an anti-self-dual connection A. on the complex line bundle L.
over (', whose first Chern class is the Poincaré dual of e. (E.g. see [6].)
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Throughout this paper we shall identify H(C,, dCp;Z) = H*(C); Z);
so we may write ¢1(L.) = e. The connection A, has an asymptotic value
as t — oo, and this is a flat connection on L(p?, 1 — p). Dividing out
by gauge equivalence, we obtain the element 0A. € X50(3)(L(p2, 1—1p))
which is identified with de via (1). For later use, we define

d': H2(0p7 80]); Z) —X50(3) (L(pzvp - 1))
—Z,0/{£1} = {0,1,.... [p/2]}

by 0'(e) = n., the equivalence class of de.

3. Examples of rational blowdowns

In this section we present four examples of the effect of rational
blowdowns. These are essential for our later computations.

Example 1. Logarithmic transform as a rational blowdown.

This first example, whose discovery motivated our interest in this
procedure, shows that a logarithmic transform of order p can be ob-
tained by a sequence of (p — 1) blowups (i.e., connected sum with
(p — 1) copies of @2) and one rational blowdown of a natural em-
bedding of the configuration C). First, we need some terminology. Re-
call that simply connected elliptic surfaces without multiple fibers are
classified up to diffeomorphism by their holomorphic Euler character-
istic n = e(X)/12 = py(X) 4+ 1. The underlying smooth 4-manifold is
denoted F(n). The tubular neighborhood of a torus fiber is a copy of
T? x D? = St x (S x D?). By a log transform on F(n) we mean
the result of removing this 72 x D? from E(n) and regluing it by a
diffeomorphism

0:T* x0D* - T* x 0D,

The order of the log transform is the absolute value of the degree of
Prapz2 0 @ : pt x dD* — D2,

Let F(n), denote the result of this operation on F(n). It follows from
work of Moishezon [28] that if ¢ and ¢’ have the same order, there is
a diffeomorphism from F(n), to E(n),. What is needed here is the
existence of a cusp neighborhood (cf.[8]). Let E(n;p) denote any F(n),
where the multiplicity of ¢ is p.
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In E(n;p) there is again a copy of the fiber I, but there is also a
new torus fiber, the multiple fiber. Denote its homology class by f;
so in Ho(E(n;p);Z) we have f = p f,. We can continue this process
on other torus fibers; to insure that the resulting manifold is simply
connected we can take at most two log transforms with orders that are
pairwise relatively prime. Let the orders be p and ¢ and denote the
result by F(n;p,q). We sometimes write F(n;p,q) in general, letting
p or q equal 1 if there are fewer than 2 multiple fibers. Of course one
can take arbitrarily many log transforms (which we shall sometimes do),
and we denote the result of taking r log transforms of orders py, ..., p,
by E(n;pi,...,pr).

The homology class f of the fiber of E(n) can be represented by an
immersed sphere with one positive double point (a nodal fiber). Figure
1 represents a handlebody (Kirby calculus) picture for a cusp neighbor-
hood N which contains this nodal fiber. (See [20] for an explanation of
such pictures and how to manipulate them.) Blow up this double point
(i.e., take the proper transform of f) so that the class f — 2e; (where
e1 is the homology class of the exceptional divisor) is represented by an
embedded sphere with square —4 (cf. Figure 2). This is just the con-
figuration C3. Now the exceptional divisor intersects this sphere in two
positive points. Blow up one of these points, i.e., again take a proper
transform. One obtains the homology classes uy = f — 2e; — €3 and
1y = €1 — e which form the configuration C'5. Continuing in this fash-
ion, C, naturally embeds in N#p_lwz C E(n)#p_1@2 as in Figure
3. Our first important example of a rational blowdown is:

Theorem 3.1. The rational blowdown of the above configuration

— =2

C, CE(n)#(p—-1)CP

is diffeomorphic E(n;p).

Proof. As proof, we offer a sequence of Kirby calculus moves in
Figures 4 through 8. In Figure 4 we add to Figure 3 the handle (with
framing —1) which has the property that when added to dC), one obtains
5% x S (so that when a further 3 and 4-handle are attached B, is
obtained). Then we blow down the added handle, keeping track of the
dual 2-handle (which is labelled in Figure 5 with 0-framing), to obtain
Figure 6. Blow down the leftmost —1 curve in Figure 6; so the —2
curve becomes a —1 curve. Continue this process p — 2 times to obtain
Figure 7. In this picture replace a (unknotted) handle with O-framing
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by a 1-handle to obtain Figure 8. This is handlebody picture given by
Gompf in [15] for N,, the order p log-transformed cusp neighborhood.
q.e.d.

For the case p = 2, this theorem was first observed by Gompf [16].

Here is a useful observation: To perform a log transform of order
pq, first perform a log transform of order p and then perform a log
transform of order ¢ on the resulting multiple fiber f,. This can also be
obtained via a rational blowdown procedure. Figure 9 is a handlebody
decomposition of Np#q_lwz with an easily identified copy of C,. The
proof that the result of blowing down C), results in E(n;pq) is to again
follow through the steps of the proof of Theorem 3.1.

Proposition 3.2. Let f, be the multiple fiber in E(n;p). Then there
is an immersed (nodal) 2-sphere S C E(n;p) representing the homology
class of f,. Let q be a positive integer relatively prime to p. If the process
of Theorem 3.1 is applied to S, i.e., if Y is the rational blowdown of the
configuration Cy in E(n;p)#(q — 1)@2 obtained from blowing up S,
then Y = F(n;pq), the result of a multiplicity pq log transform on F.

Example 2. In F/(2) there is an embedded sphere with self-intersec-
tion —4 such that its blowdown is diffeomorphic to SCP2#18@2.

For this, any —4 curve suffices; however, to verify that the ra-
tional blowdown decomposes, requires more Kirby calculus manipula-
tions. The Milnor fiber M (2,3,5) for the Poincaré homology 3-sphere
P =3(2,3,5) embeds in F(2) so that F(2) = M(2,3,5)U W for some
4-manifold W (cf. [8]). Now 0M(2,3,5) = P also bounds another
negative definite 4-manifold S which is the trace of —1 surgery on the
left hand trefoil knot. It is known that S U W is diffeomorphic to
SCPQ#HWZ. Thus, to construct the example, it suffices to find a —4
curve in M (2,3,5) whose rational blowdown produces 5#7@2. Re-
call that M (2,3,5) is just the Fs plumbing manifold given in Figure 10.
Slide the handle labeled h over the handle labeled k to obtain the —4
curve h + k in Figure 11. Blow down this —4 curve to obtain Figure
12. Now slide the handle labeled A’ over the handle labeled &’ to obtain
Figure 13. Now succesively blow down the —1 curves to obtain Figure
14. Cancelling the 1— handle with the 2—handle with framing —2 yields
SH#TCP".

Example 3. Given any smooth 4-manifold X, there is an em-
bedding of the configuration C, C X#(p — 1)@2 =Y with v, =

189
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€p—(i41) — €p—i for i =1,...,p—2, and up_1 = —2€1 —e2 — -+ — €y
such that the rational blowdown Y, of Y is diffeomorphic to X#H,
where H, is the homology 4-sphere with 7; = Z, which is the double of
the rational ball B,,.

In fact C), C #(p— 1)@2 =Y, and, from the proof of Lemma 2.1,
the result of blowing down this configuration is just the double of B,.

Note that Example 3 points out that although a smooth 4-manifold
Y may have a symplectic structure, it need not be the case that a ra-
tional blowdown Y, of ¥ must also have a symplectic structure. For
in this example X# H, will never have a symplectic structure since its
p—fold cover can be written as a connected sum of two 4-manifolds with
positive bT so has vanishing Seiberg-Witten invariants and hence, by
Taubes [40], is not symplectic. Of course, in this example, the configu-
ration C), is not symplectically embedded. This brings up the possibility
that any smooth 4-manifold can be rationally blown up to a symplec-
tic 4-manifold. For other examples of (nonsimply connected) smooth
4-manifolds with nontrivial Seiberg-Witten invariants but without sym-
plectic structures see [22]. 1

4. The Donaldson series

In this section we outline the definition of the Donaldson invariant.
We refer the reader to [5] and [6] for a more complete treatment. Given
an oriented simply connected 4-manifold with b} > 1 and with a generic
Riemannian metric and an SU(2) or SO(3) bundle P over X, the moduli
space of gauge equivalence classes of anti-self-dual connections on P is
a manifold M x (P) of dimension

8cy(P) —3(1+0%)
if Pis an SU(2) bundle, and
—2py(P) = 3 (1+0b%)

if P is an SO(3) bundle. It will often be convenient to treat these two
cases together by identifying M x(P) and Mx(ad(P)) for an SU(2)

'For more recent, simply connected, examples, see the preprints, ‘Simply-
connected irreducible 4-manifolds with no symplectic structures’ and ‘Exotic 4-
manifolds with b;’ = 1’, by Z. Szabo, and also the authors’ preprint, ‘Knots, links,
and 4-manifolds’.
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bundle P. Over the product Mx(P) x X there is a universal SO(3)
bundle P which gives rise to a homomorphism

p: Hy(X;R) — H* (Mx(P);R)

obtained by decomposing the class —1p;(P) € H*(Mx x X).

The moduli space M x(P) is orientable, and a specific orientation
is determined by a choice of homology orientation of X, that is, an ori-
entation of the vector space Ho(X;R) @ HJ (X;R) [5]. When either
w2 (P) # 0 or when wy(P) = 0 and —p1(P) > 3(1 + b%), the Uhlen-
beck compactification M x (P) of the moduli space carries a fundamental
class. In practice, one is able to get around the restriction on py (P) by

blowing up X and considering bundles over X#@2 which are nontriv-
ial when restricted to the exceptional divisor [29]. In [14] it is shown that
for v € Ha(X;Z), the classes () € H*(Mx (P)) extend over My (P).
When b} is odd, dim M x (P) is even, say equal to 2d. In fact, a class
¢ € Hy(X;Z) and a nonnegative integer d = —c?+3(14b") (mod 4) de-
termine an SO(3) bundle P. 4 over X with wy(F,4) = ¢ (mod 2) and for-
mal dimension dim My (P, ) = 2d. For & = (ay,...,a4) € Hy(X;Z)%,
write (@) = p(ay) U---U p(ag). Then one has

Mx (P, q4)

(). [y (alh = [ )

when p(a@) is viewed as a 2d-form. Alternatively, Donaldson has de-
scribed a method for obtaining codimension-2 divisors V,, in Mx (F. )
so that {u(@), [Mx (P.4)]) is the signed number of points in the inter-
section V,,, N---NV,,.

If [1] € Ho(X;Z) is the generator, set v = pu([1]) = —Ipi(B) €
H*(Mx(P)) where § is the basepoint fibration My (P) — Mx(P)
with Mx (P) the manifold of anti-self-dual connections on P modulo
based gauge transformations, i.e., those that are the identity on the
fiber over a fixed basepoint. The class v extends over the Uhlenbeck
compactification My (P) if wy(P) # 0, and in case P is an SU(2)
bundle, the class will extend under certain dimension restrictions. Once
again, these restrictions can be done away with via the tricks mentioned
above [29].

Consider the graded algebra

A(X) = Sym.(Ho(X) & Ha(X)),

191



192 RONALD FINTUSHEL & RONALD J. STERN

where H;(X) has degree £(4 — 7). The Donaldson invariant D. = Dx .
is then an element of the dual algebra A*(X), i.e., a linear function D, :
A(X)— R. This is a homology orientation-preserving diffeomorphism
invariant for manifolds X satisfying b} > 3.

Throughout the rest of this paper we assume b} > 3 and
odd.

We let @ be the degree-2 element of A(X) corresponding to [1] €
Ho(X;Z). In case a +2b=d > 3(1+b%) and @ € Hy(X), we have

De(a®a") = (u(a) ™’ [Mx (Pea)]) -

We may extend p over A(X), and write for z € A(X) of degree d,
D.(2) = (u(2), [Mx(P.q)]). Since such moduli spaces Mx (P, ) exist
only for d = —c* + 3(1 4 b%) (mod 4), the Donaldson invariant D is
defined only on elements of A(X) whose total degree is congruent to

¢ +1(1+b%) (mod 4). By definition, D, is 0 on all elements of other
degrees. When P is an SU(2) bundle, one simply writes D or Dx.

If YV is a simply connected 4-manifold with boundary a lens space

L(p,q), one can similarly construct relative Donaldson invariants (see

[41])
DY,c[/\i] : A(Y) — R

corresponding to each A; € xso3)(L(p; q))-
Following [23], one considers the invariant

Dyt Sym.(Hy(X)) - R

defined by Dy .(u) = Dx ((14+5)u). Whereas Dx . can be nonzero only
in degrees congruent to —c? + 1(1+4 bT) (mod 4), Dx.. can be nonzero

in degrees congruent to —c*41(145%) (mod 2). The Donaldson series,
D.=Dx, is defined by

DX,C( ) DXc eXP ZDXC d'

for all & € Hy(X). This is a formal power series on Hy(X).

A simply connected 4-manifold X is said to have simple type if the
relation Dy .(2?z) = 4 Dx .(z) is satisfied by its Donaldson invariant
for all z € A(X) and all ¢ € Hy(X;Z). This important definition is
due to Kronheimer and Mrowka [23] and was observed to hold for many
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4-manifolds [24], [10]. In terms of lA))QC7 the simple type condition is
that Dy .(22) = 2Dx.(z) for all 2 € A(X) and all ¢ € Hy(X;Z).
The assumption of simple type assures that for each ¢, the complete
Donaldson invariant Dy . is determined by the Donaldson series Dx ..
It is still an open question whether all 4-manifolds with 6T > 1 are of
simple type.

The structure theorem is:

Theorem 4.1. (Kronheimer and Mrowka [24], [10]) Let X be
a simply connected 4-manifold of simple type with b} > 1. Then, there
exist finitely many ‘basic’ classes ky,...,k, € Ho(X,Z) and nonzero
rational numbers ay, ..., a, such that

Dx = exp(Q/2) Zase’“

s=1

as analytic functions on Hy(X). Fach of the ‘basic classes’ kg is char-
acteristic, i.e., ks - = - & (mod 2)for all x € Hy(X;Z).
Further, suppose ¢ € Hy(X;Z). Then

p 2
c“trsC P
Dy = exp(@/2) Y (1) "F a,e™.

s=1

Here, the homology class ks acts by intersection, i.e.,
Ks(u) = ks - u. The basic classes k; satisfy certain inequalities anal-
ogous to the adjunction formula in a complex surface [24], [10]. We

shall need

Theorem 4.2. ([10]) Let X be a simply connected J-manifold of
stmple type with b} > 1, and let {ks} be the set of basic classes as
above. If u € Hy(X;Z) is represented by an immersed 2-sphere with
p > 1 positive double points, then for each s

(2) 2p—2 > ut + |k - ul.

Theorem 4.3. ([10]) Let X be a simply connected J-manifold of
stmple type with b} > 1 and with basic classes {ks} as above. For the
nontrivial class w € Hy(X; Z) represented by an immersed 2-sphere with
no positive double points, let

{ks|s=1,...,2m}
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be the collection of basic classes which violate the inequality (2). Then
ks -u = u? for each such k,. Order these classes so that

Ke = —u® (> 0)

fors=1,...,m. Then

m
Zase’“‘"“ —(-1)™= ase” T = 0.
s=1

5. The Basic Computational Theorem

Recall that for v € Hy(X) and F € A(X), interior product
L F'(v) = (deg(v) + 1) F(uv)

defines a derivation which we denote by d, and call ‘partial derivation’.
Our basic theorem is:

Theorem 5.1. Let X be a simply connected 4-manifold of simple
type with b} > 1. Suppose that X contains the configuration C)p, and
let X, be the result of rationally blowing down C,. Then, restricted to
X =X, \B, =X\

m(p)

Dy, = Y ai(p)d" "Dy ),

=1

where o;(p) € Q, ci(p) € Ho(CpiZ), 3P is an nith order partial
derivative with respect to classes in Hy(Cp; Z), and these quantities de-
pend only on p, not on X.

As motivation, and for use in the next section, we begin with a ‘by
hand’ calculation.

Lemma 5.2. Let X be a simply connected 4-manifold with b+ > 1
containing an embedded 2-sphere Y of square —4 representing the ho-
mology class . Let Xy be the result of rationally blowing down 2. Then

Dx,|x» =Dx — Dx,.
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Proof. For the definition of D it is important to have the Donaldson
invariant defined without restriction on p;. As we mentioned in the
previous section, this is accomplished by blowing up X at a point of
X*, and using the fact that for e, the exceptional class of the blowup
and for z € A(X), that DX#@276(Z€) = Dx(z), whenever the latter

invariant is defined. This is proved in [29].

Hence we work with SO(3) connections over Y, = XL#CP~ =
Y*U By and Y = X#@2 = YY" U (5 with wy = e. Suppose that
z is an element of degree d in A(X*). Let My, (P;g) denote the 2d + 2-
dimensional moduli space of anti-self-dual connections on Y5 correspond-
ing to the SO(3) bundle P in question. Consider a collar neighborhood
(neck) L(4,—-1) x [-1,1] in Y3, and suppose that we have a sequence
of generic metrics {g,} on Y5 which stretch the length of the neck to
infinity, and whose limit is the disjoint union of generic metrics g* on
X7 =X"U(L(4,1) x [0,00)), gp on By y = By U (L(4,-1) x [0,00)),
and a product metric on L(—4,1) x R, restricting to the standard flat
metric on each L(4, —1) x {t}.

Corresponding to ze, there is a divisor V,. in the space of gauge
equivalence classes of connections on Y;. By the Uhlenbeck compact-
ness theorem, any sequence {4, € My, (P;g,) N V..} has a weak limit,
A*TT Ar 1] Ap, in the disjoint union of moduli spaces for Y, for L(4, 1) x
R and for B;. The anti-self-dual connection A* limits exponentially
to some boundary value A\* € xso(3)(L(4,1)), and similarly, Ap has
a boundary value Ag. We write A* € My«[\*], Ap € Mp,[AB]
and A7 € Mpuxr[A",AB]. We note that the conjugacy classes
of SO(3) representations of L(4,1) are {n'|0 < ¢ < 2}. We denote
dim(stabgps)(A)) by d(A). Then 6(1) =3 and §(i) =1, ¢ # 0.

The Atiyah-Patodi-Singer Theorem allows the calculation of the for-
mal dimensions of the moduli spaces My=«[A*] and Mp,[Ag]. If P(A*)
and P(Apg) are the bundles over Y* and By on which the connections
A* and Ap live, then they have Pontryagin numbers in iZ and

dim My« [\ = — 2p; (P(AY)) — ;(e(Y*) +sign(Y)

1

= SO + (X))

— —2p1(P(A") = 3(1 +b}) +

(B(A%) 4+ p(A7)),

DN |
N | —
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dim M, V5] = = 21(P(AB)) — 3 (e(By) + sian(By)

—5(608) ~ p(8)
=~ 251 (P(A5)) — 5 — 2(5(0s) — p(\5))

If there are bubble instantons occuring in the limit process
A, = A*[]Ar ] A, then denote the points at which they occur by
X1yeey Ty € Y™ and y1,...,y, € By. Furthermore, let T denote the
dimension of My, 4 1)xr[A*, AB]. Then

2d > dim My« [X"] + dim Mp,[Ag]+ 4(m+ n) + T + §(AX") + 6(AB).

Suppose that ze = aq -+ - - ©° where each «; € Hy(Y*;Z). Represent
the a; by oriented surfaces X; in general position in Y*; then no z;
lies on more than two of the ;. It is a basic fact that for any of the
surfaces X;, either 3; contains one of the z; or Ay« € V,,. (See [6].) Let
2= oy - -0, - 2® where X, ..., Y;, are the surfaces containing none
of the z;. Since no z; lies on more than two of the 3;, it follows that
2m > r —b.

Since wo (P(A*)) = €, we have p;(P(A*)) # 0. This means that A* is
not a flat connection. Also, since bg';* = b} > 0, the only reducible anti-
self-dual connections with respect to ¢* are flat; so there are none. It is
then a consequence of the fact that ¢* is a generic metric that My «[A*]
and V., intersect transversely at A*. Hence dim My«[A*] > 2b+4s, and
we get the dimension estimate

A ) §
2d > (2b+ 4s) + 8(7«7 + 1) + dim Mg, [Ag] + T + 5(\) + 5(A5).
Since r+2s=d and r — b > 0,
0> 8n + dim Mp,[Ag] + 6(AB) + T+ 6(\¥).

Because we are working with generic metrics, if the connection Ay is
irreducible, then 7' > 0, and if Ap is irreducible, then dim M p,[Ag] > 0.
However, the only possible values for §(A*) and §(Ag) are 1 and 3. Thus
if A7 is irreducible, then Ap is reducible, hence flat. Since wy(P4,) = 0,
this means that Ap is trivial, dim Mp,[Ag] = —3 and §(AB) = 3. Hence
0 > 8n+ T 4 §(A*), which implies that n = 0 and A7 is also reducible,
a contradiction.
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Thus A7 is flat; so Ap = A and T = —§(A\*), which gives that
0 > 8n+dim Mp,[AB]+ é(Ap). Therefore again we see that Ap is flat,
hence trivial, and n = 0.

Each occurrence of an instanton bubble increases the Pontryagin
number by 4. Since Ap and A7 are flat, and n = 0, we have p; (P(A*)) =
p1(P) 4+ 4m. Now §(1) = 3 and p(1) = 0; so from the index calculation
above it follows that

dim My+[1] = —=2p; (P) — 8m — 3(1 + b, ) = 2d — 8m.

Since ¢* is a generic metric, and A* € My«[1] N V.., transversality
implies that dim(My=[1] N V) > 0, i.e., 2d — 8m — (2b 4 4s) > 0.
Because d = r + 2s and b > r — 2m, this implies in turn that m = 0.

The upshot of this dimension counting argument is that for generic
metrics on Y2 with a long enough neck, each connection 4 € My, (P)nN
V,e has the form of a perturbed glued-up connection A*#Ap where A*
is an irreducible connection in My« (P*)[1]N V.., P* being the restric-
tion of P over Y*, and Ap is the trivial SO(3) connection over Bs.
Conversely, this construction always builds elements of My, (P) N V...
Thus we have

Dy, .(ze) = £ Dy« [1](ze).

The invariant Dy« [1](%') is the relative Donaldson invariant of Y* with
the trivial boundary value.

Each A* € My« (P*)[1] restricts to a trivial connection over L(4, 1),
thus framing the R3-bundle P|L(471), and it is easily seen that there are
two such framings. If we we use these framings to glue together the
bundle P* over Y* with the trivial bundle over 'y, we get two different
bundles over Y. Each has ws|y+ equal to the Poincaré dual of e mod 2,
and ws|c, = 0 (mod 2). The Mayer-Vietoris sequence shows that the
first has wy equal to the Poincaré dual of e mod 2, and the second
has ws equal to the Poincaré dual of e + o mod 2. (Note that the
Mayer-Vietoris sequence for Y, = Y™ U By shows that there is just one
class in H?(Y3; Zy) which restricts to e on Y* and to 0 on By. This is
why all the connections A*# Ap above lie in the same bundle.) It now
follows that

Dy, ¢(z€) = Dy (z€) & Dy 15 (2€).

This is almost obvious by applying an argument like the one above. We
need to know that there are no nontrivial reducible connections on the
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neighborhood C'5 of ¥ with boundary value 1 and in a moduli space of
negative dimension. This follows simply from the fact that if £ is the
complex line bundle whose first Chern class generates H?*(Cy; Z), then
the moduli space of anti-self-dual connections on £ +R has dimension
4m — 3 (see [10]). Thus (by definition) we have

(3) Dx,(z) =+Dx(z) £ Dx »(2).

Finally, we need to determine signs. A key point following from our
discussion is that they are independent of X. Recall from Example 2
that there is a sphere ¥ of square —4 in the K3-surface X which has a
rational blowdown Xy with Dx, = 0. Since Dy, = exp(Q/2) = Dy,
our formula must read

Dx,(2) = £(Dx(2) = Dx 4 (2))-

To compute the overall sign, we must compare the way that signs are
attached to A*#Ap, and A*#As where A* is an anti-self-dual con-
nection on X* with boundary value 1, and Ag and A are the trivial
connections on By and (5. This is done in a way similar to the proof of
[9, Theorem 2.1], and the sign is easily seen to be ‘“+’.  q.e.d.

The first step in the proof of Theorem 5.1 is to understand reducible
connections over C,. It will be convenient here to use the symmetric
dual bases {v;} and {4;} of §2. Using these coordinates, we express
elements of Hy(C), 0C,; Z) as

B = Zti& = (ty,. .ty ).

Classes of the form (¢,...,¢,s,...,s) will play a special role. We shall
use the abbreviation

(t,...,t,s,...,8) = (t,s;b)

if the number of s’sis 1 < b < p— 1. If e € Hy(C,, 0C,; Z), write
M, for the SO(3)-moduli space of anti-self-dual connections on C,
which contains the reducible connection in the bundle L. @& R where
c1(Le) = e, and which are asymptotically flat with boundary value

d'e € xso()(L(p*, 1= p)). Note that d(t, 1+ 1;b) = (p — 1)t + b.

Lemma 5.3. Let e = (t,t+ 1;b) with 0 <t < p. Then dim M, =
2t — 1.
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Proof. With respect to the basis {§;}, the intersection form of
H2 (Cp, 8) is

2
pr—p—1 p+1
(1 Y Lt It e JPY i o
p p i<j
and
2
—p-1
= 0+ 1+ (p - b - ey (- ==
-b-1 b 1
+2((p—b-1)bt(t+ 1)+ (p 5 )t2 + (2) (t+ 1)2)]’;; :
Hence
(5) e = iz(b2 +b%p — bp* — 20t + t* — pt?).
p
By hypothesis, de = (p — 1)t + b # 0. From [25] we have

N

1
(D) = == (=2b" — 20%p — p* + 2bp” + 4bt — 2p*t — 2t% + 2pt?)
P
and by the index theorem [1]:
: 2 3 1 2 P
dim M, = —2¢” - 3 §(h—|—p)(86) = -2 —-2— 5(86) =2t—1.
q.e.d.

Lemma 5.4. Lete = (t,t+1;b) witht > 0 and (p—1)t+b < p*/2.
Suppose also that € = (a1, ...,0p_1) with > o; = (p — 1)t + b+ rp?,
r#0,—1. Then dim M. > dim M..

Proof. Using (4), it follows from symmetry that for fixed s = > z;,
the minimum absolute value of Q(zy,...,z,_1) occurs at

p(s) =(s/(p+1),....8/(p+1)),

and
2 _1) 82
82:_(17 p p—1
e == oy
_I_Qp—l—l(p—l) s 8
P\ 2 J(p-1)2 p?-p¥
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On the other hand by (5), €2 = p%(b2 +b%p — bp? — 20t + 1% — pt?).
Set s=(p—1)t+b+ rp?. Then

1
p(s)? —e* = —pTl(b—l— b* 4 2br + p*r? 4 2rt(p — 1) — bp).

Since 1 < b < p— 1, we have bpgpz—pgpQrz. So
1
p(s)? —e* < ——1(b—|— b* + 2br + 2rt(p — 1)),
p_

and if we assume r > 1, then u(s)? < e?( < 0). By the index theorem,
we obtain

dim Mo = — 26> = 2 — Z(h 4 p)(d¢)

N o
No| =

> —2u(s)? —
>dim M.,

(h+p)(de)

DN |
N | —

since (h + p)(0€¢’) = (h + p)(0e). Notice that we have not yet used the
hypothesis that (p — 1)t +b < p*/2.
If r < —1,set €= (t',t' 4+ 1;¢) with ¢/, ¢ chosen such that

(p— Dt +c=p* = ((p— )t +0b) > p*/2.

By Lemma 5.3, dim M; > dim M. with equality only if ¢ = ¢t. Note
that dim M_. = dim M, and =3 a; = (p—1)t' +c— (r+1)p*. Since
—(r+1) > 1, the case we have already handled shows that dim M_. >
dim Mz. q.ed.

Lemma 5.5. Let e = (t,t + 1;b) with t > 0. Suppose that ¢ =
(o1, .. 0p_1) Febut Y o = (p— 1)t +b. Then dim Mo > dim M,

unless €' is a permutation of e.

Proof. 1t suffices to show that ¢ < 2. Write ¢’ = e + v where
V="(N1, oy M1y Mp—by -3 Np_1).

Since the sum of the coordinates of e and €’ is the same, " n; = 0. Let

p—b—1 p—1

N = Z N, Ngp = Z ;.
=1 ;
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¢ =6+ 2ANL((p ~ 2t + )+ Nal(p = 2t + = D) (T
9Nt + Nalt + 1))(1’2_])#) b2

=¢? —2NR+1/2

since Ny, + Nr = 0. Hence

(dim M, — dim M,) = €2 — ¢'> = =1 4+ 2Np.

No| =

However, if y is the result of adding +1 to z;, and —1 to z;, in 2 =
(1,...,25-1), then y* — 2? = 2(x;, — x;, — 1). Starting with z =
(0,...,0) and making these +1 moves with constant sign in each coor-
dinate until reaching v, we see that the minimum change in the square
is —2. This is achieved only if each coordinate operated on is origi-
nally 0. Thus, if Ny is the sum of the positive coordinates n;, we have
—v? > 2N,. Equality occurs only if each n; is &1 or 0. In this case
there are Ny such —1’s. If | Ng| < Ny then

—v? + 2N > 2(Ny — |[Ng|) > 0.

If [INg| = N4 then each —1 occurs in a coordinate n;, i = p—b,...,p—1,
and so €’ is a permutation of e. If =12 > 2N, then we have —v242Np >
0 since |[Np| < Ny.  q.ed.

Proposition 5.6. Let e = (t,t + 1;b) with t > 0 and (p — 1)t +
b < p*/2. If e = {a1,...,a,_1) with ¢ = e (mod 2) and dim M. <
dim M., then d¢' < de as elements of Z 2.

Proof. Let € = (s,s+ 1;¢) with s > 0 be the unique class of this
form with 0 < de < p?/2 satisfying de’ = Jé. Lemmas 5.4 and 5.5 imply
that unless —p?/2 < Y a; < 0, we have dim M; < dim M.; so s < t.
This holds in any case, since we can always work with —¢’. If s = ¢ then
€ = e since no class (¢t,t+ 1;b") with 0’ # b is congruent to e (mod 2).
This means that de’ < de.  q.e.d.

Corollary 5.7. Lete = {(t,t+1;b) witht > 0 and (p—1)t+b < p*/2.
Suppose that ¢ = (o, ..., ap_1) with &'’ = e € xs0(3)(L(p*,1 - p))
and ¢ = e (mod 2). Then dim M., = dim M. + 4k, k > 0.

201
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Proof. As above, dim M. < dim M.. But € = e (mod 2) implies
that ¢’> = €2 (mod 4); so the corollary follows from the index theorem.
q.e.d.

We need one more simple fact. Let ¢ : (C),0) — (C)p,d) be the
inclusion.

Lemma 5.8. Let e € Hy(C)p, 0;Z), and suppose de =0 (mod 2) in
case p is even.  Then there is a ¢ € Hy(CyZ) such that
te(c) = e (mod 2).

Proof. This follows directly from the exact sequence
0= Hy(CpsZ) = Hy(Cp,01Z) = Zyp — 0. qeed.

We now proceed toward the proof of Theorem 5.1. We shall work
always with structure group SO(3) and identify SU(2) connections with
SO(3) connections on wy = 0 bundles. We wish to calculate Dy, (z) for
z € A(X™). The basic outline of our argument is the same as the proof
of Lemma 5.2. The only extra bit of information we need to point out is
that of the characters 0/ € )(50(3)(L(pz7 1 —p)), only the p-powers, n"?
extend over the rational ball B,. Furthermore, since the only reducible
connections on B, are flat, we get in the same fashion as (3):

p/2

/2]
(6) Dx,(z) =Y £Dx«["*)(2).

n=0

The notation Dyx«[n"?] stands for the relative Donaldson invariant on
X* constructed from the moduli space of anti-self-dual connections over
X* (with a cylindrical end) which decay exponentially to a flat connec-
tion whose gauge equivalence class corresponds to the conjugacy class
of the representation n™?.

To calculate the terms Dx«[""](z), we must utilize techniques of
Taubes [36], [37], [38], [39] or Wieczorek [41] as in [10, §4]. Consider
the calculation of Dx(zy), where z € A(X™) has degree d, and y €
A (C)) has degree t. Following the proof of Lemma 5.2, a neck-stretching
argument shows that any connection in My (P) NV, NV, is obtained
by gluing together a connection A* on X* with a reducible connection
Ac on Cp. Now let L, denote the SO(2) bundle over €}, with Euler
class ¢, and let ./\;lcpgg be the based moduli space of exponentially
decaying asymptotically flat anti-self-dual connections on the SO(3)
bundle E., which is obtained from the reducible bundle L. @ R by
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grafting in ¢ instanton bundles. By letting de = j, there are SO(3)-
equivariant boundary value maps

80;7,5,( : MCP,E,Z — G[]]7 8X*[]] : MX*[U]] - G[]]7

where G[j] C SO(3) is the conjugacy class 7’ of representations of
71 (L(p?, 1 —p)) to SO(3). If j # 0,p?/2, then G[j] is a 2-sphere, G[0] =
{I}, and, in case p is even, G[p?/2] = RP?. We thus have the fibered
product

(7) Mxe[’] X; Mcy e

constructed by means of the boundary value maps dg,, ¢ and dx«[j]. Let
T denote a 3-form which integrates to 1 over the fibers of the basepoint
fibration fx«; : Mx«['] = Mx«[’]. The principal SO(3) bundle
Bx+; has a reduction to a bundle with structure group S'. As in [10,
§4], we let ¢ € H?*(M x+[1]) denote the Euler class of this ST bundle.
Taubes’ theory implies that Dx(zy) is a sum of terms of the form

[ Y Yyt
Mxx[n?]x My, e

where ji(z) and ji(y) come from lifts of p(z) and p(y) to the based moduli
spaces. The form ji(y) is supported near the orbit of the reducible
connection corresponding to e. (If ¢ > 0, this reducible connection
lies in the Uhlenbeck compactification of Mcwgg.) In the terms of
(7), the Euler classes ¢ must be congruent to wy(P|c,) mod 2, and
dim ./\/lcpgg = dim MCP,E,O + 80 <2t — 1.

Taubes has shown further that there is a form fi(y) representing a
class figo(s)(y) in the SO(3)-equivariant cohomology of an enlargement
of ./\;lcwgg. The lift fi(z) defines an element of the equivariant cohomol-
ogy Hgé(?)) (Mx=[7']), and furthermore, the push-forward (Jc, )~ is
well-defined, and

Y IE Yt
Mxx[nI]x; My, e

(8)
= /~ TAR(2) A (3)(*[j])*(acp,e,é)*(ﬂ(y))v
Mxx[n’]

where (9x+[j])* denotes the pullback in equivariant cohomology.
The pushforward defines a cohomology class

[(Oc,.c0)<(A)] € HIGE (GLLR),
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where f = f(p,¢,{) is the fiber dimension of Jg,.¢. For j = 0,
f(p,e,0) = dim ./\;lcwgg = —2¢2 4+ 8(. Thus

[0, c)<(iy))] € H254 ({1}:R) = H¥ I (BSO(3): R),

and H*(BSO(3);R) is a polynomial algebra on the 4-dimensional class
©, which pulls back over M x«[1] as p;(Bx»0). For j # 0,p?/2,

Let v be the 2-dimensional generator of H*(CP*;R). The pullback
(Ox+[1])*(v) = ¢, and £ = p1(Bx= ;).

The simplest application of this technology is the calculation of the
term Dx=+[n°](z) = Dx+[1](z) in (6). Consider Dx(z). The standard
counting argument shows that the terms (8) that contribute (with y = 1)
must have dim(Mg, () < 0. Furthermore, since wy(P|C,) = 0, any
such € must have the form e = 2(. It then follows from Lemma 5.5 that
dim (M cpggg) > 0. This means that the only contribution is from j = 0.
We must have ¢ = 0, £ = 0, and f(p,¢,{) = 0. Thus (dg,c0)«(i(1)) =
+1 € H°(BSO(3); R). By integrating out 7 in (7), we get Dx(z) =
+Dx+[1](2), and the sign is independent of X.

Now our plan is to evaluate all the Dx«[n™](z) inductively. (In
case p is even, we only need to calculate this for m even.) First, for
each positive integer j, define ¢; and b; by j = (p — 1)t; + b;. We
evaluate Dy«[n™](z) by computing Dx ., (z wy,,) where ¢,, € Hy(X;Z)
is supported in €}, and w,, € Sym,, (Hy(Cp;Z)) depending only on m
and p. First we obtain ¢,,. Let e,, € H*(C); Z) be the Poincaré dual of
(tm,tm +1;by). By Lemma 5.8 we can find ¢, € Hy(Cp; Z) C Ho (X Z)
such that t.(cp) = (tm, tm + 15 b5,) (mod 2). Thus the Poincaré dual of
cm in H*(X;Z) restricts to C), congruent to e, (mod 2) and restricts
trivially to X™.

To calculate Dx ., (# wy,,) we must first consider the 2¢,,-form fi(w,,)
on moduli spaces ./\;lcwgg where € = e, (mod 2) and dim Mg, ., =
dim M¢, ¢ 0+80 < 2t,,—1. Lemmas 5.3 and 5.5 imply such an € = €;+2v
where j < m and v € H?(C,,dC,; Z) (so that de = j). We then have
dim Mc, .0 = 2t; + 2+ 8 — 4v* = 2t; + 2 + 8( + 4k, where ( > 0,
k> 0. If j # 0 the fiber dimension of d¢, ¢ is f(p, €, () = 2t; + 8( + 4k;
thus (9c, c0)<fi(w,,) € H2Im=ti)=8=4k(CP>*; R). Hence, if j # 0 then
(Ocy e,0)«ft (W) is a multiple of ptm=ti=4=2k Qimilarly, for j = 0, Octy e 0
has fiber dimension equal to dim ./\;lcpgg = 4k + 8¢ for some k > 0, and
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(00 e.0) i (W) is a multiple of ltm/2)=2k=4L " (Therefore t,, must be
even for such contributions.) Now (dx+[7])*(v) = € where 2 = p; (Bx+ ;)
and (9x+[0))*(p) = pi(Bx=0). However, f(z) = —gpi(Bx=;); so it
follows from (7) that

Dxep(zwn) = Y > P Dxe[n'](z27)
{ilt;=t(2)} ¢
0<y<m
T2 Dt Dxe )
Ll £t (2)) 9
1<g<m
The notation Dy«[n7](z29) is not standard, but its meaning is clear.
We emphasize that in order to obtain r,, ;, or r}, ;  # 0 we must have
an € € H*(Cy; Z) satisfying &'¢ = j, ¢ = e, (mod 2), and

dim Mc, co+ 8¢ <2t — 1.
Assume inductively that:

a) For each j < m (j = 0 (mod 2) if p is even) there are classes
w;; € Sym,(H2(Cp; Z)) and rational numbers a;; satisfying

(10) Dx+[')(2) = D a;iDx e, (2w),:).

=1

b) For each j with ¢t; < ¢, — 1 (and j = 0 (mod 2) if p is even)
there are classes w’, € Sym.(Hz2(Cp;Z)) and rational numbers
a’; ; satisfying

(11) Dyx-[)(ze) =) dl;Dx o, (2w];)

=1

for all z € A(X™), and the coefficients a;; and a ; are independent of »
and X.

Before defining w,, we first recall that m is even if p is even. Now
set

Wi = (Up—1 — (L — Dtp—1-p) - (up—l)tm_l € A(Cy).
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We wish to calculate Dx ., (2 wy,) using (9). For j = m in this
formula, we need to compute (Jg,.c,,,0)«(fi{wn)) € Hgo(?)) (GIm];R) =
R. In fact,

(0cy e ,0)x (A (W)
= "m,m,0
1 1 o1
= Rty — (b~ Dty ) (2 (s, )

= (—5)" @) (1 + 1) £0,

(cf. [6, p.187]). In (9), 7 m,0Dx+[n"](2) is the only term which involves
the boundary value n™.

Suppose that j is the boundary value of an € with € =¢,, (mod 2),
and dim M¢, .o+ 8¢ < 2t,, — 1. If ; = t,, — 1, then by Corollary 5.7
and Lemma 5.5, dim Mg, .o = 2(t,, — 1)+ 14+ 4k;s0 k=0, ¢ =0 and
€ is a permutation of (t,, — 1,,;0) = (ts — 1, ooyt — Loty oo oy tm)
which is congruent mod 2 to

em = (bt + 130m) = Gy ooty b + 1, ooyt + 1)

Thus b = p—1—b,,. This means that j = (t,, —1)(p— 1)+ (p—1=b),
and € = (L, by — 1505) = (t — 1)Yp—1 + Yp—1—b,, SO that

(tp—1 = (tm — Dup_1-p,€) = 0.

Hence, no such j occurs in the second sum of the expansion (9) for
Dx..,.(zwp,). (Le., for such j, necessarily ¢ = 0 and r;mj,q =0.) Ifpis
even, then we are assuming that m is also even, and if r, ; , or r;mm #0
then as above there is an € with Je = ¢ and € = ¢, (mod 2); so for

0o Hy(C\py 03 Zg) — Hy(L(p*, 1 — p); Za) = Zoy

Jj = 02(€) = 02¢,, = m (mod 2). Accordingly, all the other terms in
(9) are given inductively by (10) and (11), and the powers of z can
be removed using the hypothesis that X has simple type. Since the
coefficient of Dx«[n"](z) is nonzero, we may solve for it, completing
the induction step for (10).

For (11), we show how to compute

!

Dyx-[n")(z2) for m' = (t,, = )(p— 1) + (p— 1 - b)



RATIONAL BLOWDOWNS OF SMOOTH 4-MANIFOLDS 207

as required. Thus after completing the inductive step for each ¢, (p—1)+
¢, 1 <c<p—1, we will have completed the calculation of Dxx[n’](z¢)
for all j = (t, — )p4+a, 1 < a < p—1. So to calculate Dx«[1™](z<)
and therefore complete the induction, we calculate Dx ., (z w! ,) where

w;n’ = (up—l + (tm + 1)“17—1—6) ) (up—l + (b — 1)“17—1—6) ) (up—l)tm_z-

Using (9), we obtain

Dx (2 w;n’) = Z Zsm’,j,qDX*[nj](qu)
{ilt;=t(2)} ¢
0<y<m
2 D swadDxeln)(zat).

{ilt; £ (2)} ¢

1<g<m

(12)

Computing as above, we see that s,,/ ;v o = 0. What we need to see is
that S;n',m’,O # 0. By the argument of the above paragraph, m’ is the
only possible boundary value not covered by the induction step. Let
€ = (tym, — 1)vp—1 + Yp—1—p. This is the only Euler class that can give
boundary value m’ in (12). Then

(0c,,e0)(A(wy,)) € Hio) (9% R) = Hig (G, R) = R

and (¢, ,e0)«(f(w],)) = (=3)" 71260, (2t —2) (tn, — 1)~ ?v which pulls
back over M x«[17] as (—3)!m=3t(t,, — 1) (t,, — 1)~ 22. This means that
we can solve (12) for Dy«["™](z¢), completing the induction and the
proof of Theorem 5.1.

The argument above shows that all of the relative invariants D x«[n"?]
can be expressed in terms of absolute invariants of X. Since we are as-
suming that X has simple type, it follows that each of the relative
invariants satisfies the formula

Dx[)(z2%) = 4 Dx-[")(2).

Hence from (6) we have:

Corollary 5.9. Let X, be the result of rationally blowing down C', C
X. If X has simple type, then so does X,.

Now we shall make stronger use of the hypothesis that X has simple
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type. By [23], [10] we can write

n

Dx = exp(Qx/2) Zase’“,

s=1
n 1
2
DX,C — exp(QX/Q)Z(_l)E(C +C~Hs)aseﬁs
s=1
for nonzero rational numbers a; and basic classes K1, ..., K, € H2(X;Z).

Here Qx is the intersection form of X. Now

Ou(exp(Qx/2)e™) = exp(Qx/2)(u+ Kk - u)e”,

where @ : Hy(X) = R is @(o) = v -« and 0,4 = v - u. Apply Theorem
5.1: since all derivatives are taken with respect to classes u € Hy(C)p; Z),
after all derivatives are taken, the remaining @’s restricted to X™* vanish.
Hence,

Dy, |xe =exp(Qx+/2) Y asbse"|xn
(13) =

n

—exp(Qx+/2) 3 agbyett.

s=1

Here k! = ks|x» = PD(:*(PD(ks))) € Ho(X*, 0;Z), where PD denotes
Poincaré duality, ¢ is the inclusion X* C X, and by depends only on the
intersection numbers of x, with the generators u; of Hy(C)p; Z).

Lemma 5.10. If b; # 0 in (13), then

Okl € pZy> C Hi(L(p* 1 = p);Z) = Z,o.

Proof. Corollary 5.9 implies that X, has simple type. We thus have

m

(14) Dy, = exp(Qx,/2) Y _ e,
r=1
where the basic classes of X, are Ay,..., Ay, Restrict Dy, to X™ and

compare the restrictions of exp(Qx,/2) 'Dy, in (13) and (14). Since
for distinct o € Hy(X™*, 0;Z) the functions e : Hy(X*) — R are lin-
early independent, it follows that if b; # 0, then s, = A;|x+ for some 1.
Thus x| extends over By, and hence dx} € pZ,.. q.e.d.

As a result, we have the following restatement of Theorem 5.1.
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Theorem 5.11. Suppose that X has simple type and
Dx =exp(Qx/2) Zase’“.
s=1
Let C\, C X and let X, be its rational blowdown. Let {r4|t =1,...,m}
be the basic classes of X which satisfy Ok; € pZ,2, and for each t, let
Rt be the unique extension of kj. Then

m
DXP = eXP(QXp/Q) Z atbtemv
t=1
where by depend only on the intersection numbers u; -k, 1= 1,...,p—1.

6. The Donaldson invariant of elliptic surfaces

In this section we shall compute the effect on the Donaldson series
of performing log transforms. The Donaldson invariants of the elliptic
surfaces F/(n),n > 2, without multiple fibers have been known for some
time. There is a complete calculation in [23] and [10], for example. For
n > 2:

Dp(ny = exp(Q/2) sinh"~*(f),

where f is the class of a fiber. In this notation, the K3 surface is £/(2).

Asin Theorem 3.1, let X = E(Q)#(p—l)@z, and let X, be the rational
blowdown of €, C X, so that X, = E(2;p). Since Dpy) = exp(Q/2),
the blowup formula [9] yields

~1
1 p
(15) Dy = T exp(Q/2) zjzexp(z €1,i€i)s
=1
where the outer sum is taken over all J = (€j1,...,€5,-1) € {£1}P7L.

The basic classes of X are {kj =) € e;}, and applying Theorem 5.11
we get

1 R
(16) DXp:Fexp(QXp/Q)ZbJe 7,

J

where Ry € Hy(Xp;Z) is the unique extension of kj|y«. Recall that
the spheres of the configuration C!, represent homology classes u; =
€p—(it1) — Ep—i for1<i<p—-2,and up_1 =f—2e1 —e3— - —ep_1.
In X, we have the multiple fiber f, = f/p.
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Proposition 6.1. kj = |J| - f, where |J| = Zf:_ll €1

Proof. First we find a class ¢ € Hy(C)p; Q) so that (kyj+¢) -u; =0
for each ¢. This means that ky + ¢ € H3(X™;Q), and as dual forms:
Hy(X*Z) = Z, kj|y» = K5+ (. To find { we need to solve the linear
system

(I{J+Z$Z’Ui)'uj‘207 j=1,....,p—1.

We begin by rewriting these equations. Let {w;} be a standard basis for
QP! and let A be the (p—1) x (p — 1) matrix whose ith row vector is

A = Wp—(i+1) — Wp—is t=1,...,p—2,

Ap—l = —le — Wy = Wp—1-

We have u; = A'(w;) - e and u,—y = f+ A'(w,—1) - e, where e =

(€1,...,€p—1). Our linear system is equivalent to
Px = AGJ,
where x = (21,...,2,_1) and €7 = (¢51,...,€5p—1). (The matrix P is

the plumbing matrix for C,.) Hence x = P~ Ae.
We claim that P(AY)~! = —A. This can be checked on the basis

{WQ — Wiy .. .7wp_1 — wp_27wp_1}
using
A(wz) = TWp—1 T Wp_(i41) + wp_y,y 2<i<p-1 (WO = 0)7
A(wl) = _2wp—1 +wp—27
P(w)) = wig1 — 2w +wi—1, t #p—1,
P(wp-1) —(p+2)wp-1 + wp-a

It follows that A'P~1A = —1. Thus
Kr+¢ :HJ‘|‘Z$Z'UZ' = (eg + A'x) ceta,_1f
=(ej—€j)-eta,_1f=z,_1/f.
To compute z,_; note that

Aes = (€sp—2 — €Jp—1,€5p—3 — €Jp—2,...,€J1 —€J2,—2€51 —€J2 — +* — €Jp_1)



RATIONAL BLOWDOWNS OF SMOOTH 4-MANIFOLDS 211

so that if (P~!),_; denotes the bottom row of P!, then

vy =(P7),1 (Ae)

1
:—F(l,Q,...,p—l)-(AeJ)

1 1
==Y esi ==
p p

Thus k7| y» = ky+( = %|J|f as forms: Hy(X*;Z) — Z. The homology
class k4 ¢ is in fact an integral class Ky = |J|f, € Hy(X,; Z) which is
the unique extension of Kj|y. q.e.d.

In an arbitrary smooth 4-manifold X, define a nodal fiber to be
an immersed 2-sphere S with one singularity, a positive double point,
such that the regular neighborhood of S is diffeomorphic to the regular
neighborhood of a nodal fiber in an elliptic surface. (There need not
be any associated ambient fibration of X.) Given such a nodal fiber
S, one can perform a ‘log transform’ of multiplicity p by blowing up to
get C, C X#(p— 1)@2 with u,—1 =5 —2¢; —eg — -+ — ep_1, and
then blowing down C,. (See Theorem 3.1.) We denote the result of this
process by X,,.

Throughout, we use the following notation. If X has simple type,
and

Dx = exp(Q/2) Zase’“,
then we write Kx = > age™.

Proposition 6.2. Let S be a nodal fiber which satisfies S-A; =0
for each basic class A\; of X. Then

p—1

=2 . .
exp(Qx, /2)Kx - (bpo+ 32 bpai(e*77 4 e725/r)) p odd,
DX — =1

p

P
exp(Qx,/2)Kx - (3 bpaict (el2-DS/p 4 = (Ri=1S/pY) ) cpen,
=1

where the coefficients b, ; depend only on p, not on X.

Proof. The Donaldson series of X#(p — 1)CP2 is

1 s

FDX . exp(Q(p_l)ﬁz /2) Zexp(z €1,i€i)-

J =1
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Theorem 5.1 states that Dy, is obtained from this by applying a dif-
ferential operator which by hypothesis evaluates trivially on Dx. The
proposition now follows from (16) and Propostion 6.1 by the Leibniz
rule. (That the coefficients of €”? and e™™? are equal follows from the
fact that Dp(y,, is an even function.)  q.e.d.

Proposition 6.3. The Donaldson series of the simply connected el-
liptic surface E(n;2) with p, = n—1 (> 0) and one multiple fiber of
multiplicity 2 is

sinh”~1(f)

Dgn2) = eXP(Q/Q)W-

Proof. According to Theorem 3.1, we obtain F/(n;2) from E(n)#@2
by blowing down the sphere of square —4 representing f — 2e. We have

DE(n)#ﬁz) = exp(Q/2) sinh"~?(f) cosh(e). Lemma 5.2 gives

DE(n;2)|X* :(DE(n)#ﬁ2 - DE(n)#ﬁ2,f—2e)|X*
—2exp(Q/2) sinh"(f) cosh(e) -
(cf.[24], [10, Thm.5.13]). By Proposition 6.1, we obtain

sinh”~1(f)
sinh(fy)

q.e.d.

Dg(ny2) = 2exp(Q/2) sinh™ ™2 (f) cosh(fy) = exp(Q/2)

Proposition 6.2 now implies:

Corollary 6.4. If .S is a nodal fiber in X orthogonal to all basic
classes, and Xq is the multiplicity 2 log transform of X formed from S,
then

Dx, = exp(Qx,/2)Kx - (65/2 + 6_5/2).

Lemma 6.5. Let X contain a nodal fiber S orthogonal to all basic
classes. Then the sum of the coefficients by ; in the expression for Dy,
in Proposition 6.2 is equal to p.

Proof. In Example 3 we showed that there is a configuration C}, C
X#(p - 1)@2 =Y where u} = e,_(i41) —ep—i fori=1,...,p—2,
and u;_l = —2e; — ez — --- — €,—1 such that the rational blowdown
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Y, = X#H, where H, is a rational homology 4-sphere with 7, = Z,,.
It follows easily that Dy, = p-Dy.
As above, we let k; =Y ejie;, J € {1}~ Then

1 K
Dy = FDX -exp(Q(p_l)ﬁz/Q) XJ:G 7.

All partial derivatives of D x with respect to classes in Hy (C’Z’)) are trivial;
S0

pDx = Dy, = Dx -ZbJeRJ.
J

The proof of Proposition 6.1 shows that each ;7 = 0; hence )~ ; by = p.

We can also form the configuration €}, C Y whose blowdown is the
p-log transform of the nodal fiber S C X. The configurations C, 7,
agree, u; = uf, except that w, 1 = w,_; + 5. However, since S is
orthogonal to all the basic classes of X, for all ¢, all intersections of
u; and u, with all basic classes of Y = X#(p — 1)@2 agree. Thus,
according to Theorem 5.11, the coefficients by are the same coefficients
that arise in the formula

Dx, = eXp(QXp/Q)KXZCJ€|J|S/p.
J

Hence the sum of the coefficients of the expression for Dy, in Proposi-
tion 6.21is Y ;by=p. q.ed.

We next invoke Proposition 3.2 to see that if p is any positive odd
integer, then a multiplicity 2p log transform can be obtained as the result
of either a multiplicity p log transform on a nodal fiber of multiplicity
2, or by a multiplicity 2 log transform on a nodal fiber of multiplicity
p. Therefore

(p—1)/2
Drnzp) = exp(Q/2)(e” + e 2)(byo+ Y bpai(e? /74 e722/n))
=1
(p—1)/2 ' '
=exp(Q/2)(bpo+ Y bpai(e®r 4 e72r)) (el 4 7 Ir/2)

=1

since we already know the formula for a log transform of multiplicity 2.
We compare the coefficients using fo = pfo, and f, = 2f5,.
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Assume for the sake of definiteness that p = 1 (mod 4) and let
r = (p—1)/4. In the top expansion, the coefficient of e¥P/2r is b, ,,
and by, o; is the coefficient of e +20)2p and e(P=2)f2p  In the second
expansion, the coefficient of e*/2r is bpo, and b, 9; is the coefficient
of eX4i=Dfp and e*W+D2p To simplify notation, let (m); be the
coefficient of ¢”/7 in the top expansion, and (m)z its coefficient in the
bottom expansion. Then,

bpo=(h1 = (P2=byar=(p—22=(p—2)
bpo=(p+2)1={(m+2):

bpoprny = P+ 4)2=(p+4)
bpa=(p—4)1=(p—4)2

= bpop_1)=(P—6)a=(p—6)1 =bps="--,

and we see inductively that when p is odd, all the b, 5; are equal. But
by Lemma 6.5

(p—1)/2
bp70 + 2 Z bp722' = P.
=1

It follows that each b, 2, =1,7=0,...,(p—1)/2.
Similarly, if p is even, let ¢ = p — 1. Expanding D,
all by 2,1, ¢t =1,...,p/2 are equal; and so again each b, 9;_1 = 1.

) We see that

Theorem 6.6. Let X be a 4-manifold of simple type and suppose
that X contains a nodal fiber S orthogonal to all its basic classes. Then

sinh(.5)

Dix, = exp(Qx, /2K - T S

Proof. 1f, e.g., p is odd, then
Dy, =exp(Qx,/2)Kx - (1 +2cosh(25/p)
+ 2cosh(4S/p) + - - -+ 2 cosh((p — 1)S/p))

=exp(Qx,/2)Kx - % '

q.e.d.

As a result we have the calculation of the Donaldson series for all
simply connected elliptic surfaces with p, > 1.
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Theorem 6.7. If n > 2, and p,q > 1 are relatively prime, then

sinh™(f)
sinh(f,) sinh(f,)

This formula was originally conjectured by Kronheimer and Mrowka
[23] and shows that the diffeomorphism type of the elliptic surfaces
FE(n;p,q) is determined by the integer n and the unordered pair of
integers {p, ¢}. This is also established in [12], [26], [27], [30], [31], [35].
The advantage to our proof is that, at bottom, it only requires as input
the 0 degree Donaldson invariant of I(2).

As an example of Theorem 6.6 consider £ (n). It follows from [17]
and [8] that in £/(n) there are 3 pairs of disjoint nodal fibers such that
the nodal fibers in each pair are homologous, but give three linearly
independent homology classes. Form FE(n;p1, q1; p2, ¢2; P, q3) by per-
forming log transforms with each pair {p;, ¢;} relatively prime. The
resulting manifold is simply connected, and we have

DE(n;p,q) = eXp(Q/Q)

Proposition 6.8.

3
D E(nip1 a1i02,00i08.,00) = €XP(Q/2) sinh"~?(f) H

=1

sinhz(fi)
sinh(fip;) sinh(f; )

Applying Theorem 6.7 and Proposition 6.8 to the manifolds
E(n;p1,q1;p2, q2; P, q3), we see that they do not admit complex struc-
tures with either orientation (cf.[17],[8, Theorem 8.3]). The manifolds
FE(2;p1, 15 p2, 425 3, ¢3) are the Gompf-Mrowka fake K3-surfaces [17].

7. Tautly embedded configurations

Consider a 4-manifold X of simple type containing the configuration
Cp. By Theorem 4.2 for each 2-sphere u; in €, and each basic class ~
of X, we have

(17) -2 > u? + |u; - K|

except in the special case described in Theorem 4.3 where 0 > u? +
|u; - k|. The only examples known where the special case arises are
in blowups. This was the situation in the previous section where we
studied log transforms. In this section, we assume that we are not in
the special case. We say that a configuration is tautly embedded if
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(17) is satisfied for each u; of the configuration and each basic class
k of X. Thus, if €}, is tautly embedded, then for every basic class &,
wi-k=0fore=1,...,p—2and |u,_1 - k| < p.

Theorem 7.1. Suppose that X is of simple type and contains the
tautly embedded configuration C),. If

Dx =exp(Qx/2) Zase’“,

then the rational blowdown X, satisfies

Dy, = exp(Qx,/2) Z(zsegs,
where

q. — 2p—1a57 |up—1 : ’{s| =P,
’ 07 |up—1 . ’{s| < P

Furthermore, if |uy—1 - ks| = p, then 52 = ks> + (p — 1).

Proof. If kg-up—1 # 0, £pthen a, = 0 by Lemma 5.10. For k5-up— =
0, ks # 0, note that since the k4 are characteristic, p must be even. But
then &5 cannot even be characteristic in X, since &2 = x? is not mod 4
congruent to (3sign+2e)(X,). Thus, Theorem 5.11 implies that a; = 0.

In case ks - up—1 = £p, we compare with the model for the order p
log transforms of E(2); C] C Y = E(2)#(p — 1)CP? which is blown
down to obtain Y, = F(2;p). Again let \g = £(ey + -+ €,—1); then
by Lemma 6.1, £Ag are the unique basic classes of Y, satisfying +Xo =
+(p—1)f, € Hy(Y,;Z). Now

1
Dy = Fexp(Q/Q)Zexp(j:elj:---:l:ep_l)

= ep(@/2) Y re,
J

Dy, = exp(Q/2) Z e = exp(Q/2) Z 2p1_1bJ€/\J.

lel<p—1
{=p (mod 2)

Since +\g are the unique A; with A\g = £(p — 1) f,,, the corresponding
coefficient is by = 2P~1. We may now apply Theorem 5.11 to obtain our
result since K, - u; = Ag - u/ for each i.
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In order to compute %2, we find z; € Q,7=1,...,p— 1, such that

p—1
Ks+C = ke + Y ziu; € Hy(X*5 Q)
=1
as in the proof of Proposition 6.1. We can solve for the z; using the
model €77 C Y", and €5 = £(1,...,1) in the proof of Proposition 6.1.
Referring there, we get

x= P Aes = —(AN) ey = £ 1(1,2,. . p—1).
p
SoC::l:Z%ui, and (2 =x-Px =1— p. Hence

R?: (HS—I—C)QZH?—I—QHS-C—I—CZ:H?—I—(p—l).
q.e.d.

Now consider the elliptic surface F(1). It can be constructed by
blowing up CP? at the nine intersection points of a generic pencil of
cubic curves. The fiber class of E/(1) is f = 3h —e; — - -eg where 3h is
the class of the cubic in Hy(CP?; Z). The nine exceptional curves are
disjoint sections of the elliptic fibration. The elliptic surface F(n) can
be obtained as the fiber sum of n copies of F/(1), and these sums can
be made so that the sections glue together to give nine disjoint sections
of F(n), each of square —n. In particular, consider £'(4) with 9 disjoint
sections of square —4. The basic classes of E(4) are 0 and 2f; so we
see that each of the 9 sections gives us a tautly embedded configuration
(5. Let W, be the rational blowdown of n of these sections, 1 <n <9.
For n < 8, W, is simply connected. Gompf has shown that all these
manifolds admit symplectic structures, and it is not hard to see that
Wy is the 2-fold branched cover of CP? branched over the octic curve
[16, §5.2].

Proposition 7.2. Dy, = 2" !exp(Q/2) cosh(k,) where r% =n.
Proof. We have

Di(ay = exp(Q/2) sin?(f) = exp(@/2) (5 cosh(2f) + 3).

The basic classes £2 f intersect each section twice; so Theorem 7.1 im-
plies that each X, has only the basic classes, £x,,, and that each blow-
down multiplies its coefficient by 2 and increases its square by 1. (We
start with coeflicient % and square 0.)  q.e.d.
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To further illustrate the utility of Theorem 7.1 we compute the
Donaldson invariants of a family of Horikawa surfaces {H(n)} with
c1(H(n))? = 2n — 6. To obtain H(n), start with the simply connected
ruled surface F,,_3 whose negative section s_ has square —(n — 3). We
have seen in the proof of Lemma 2.1 that the classes s; 4 f and s_ form
a configuration in F,_3 whose regular neighborhood D,,_s has comple-
ment the rational ball B,_3. The Horikawa surface H(n) is defined
to be the 2-fold branched cover of F,,_3 branched over a smoothing of

A(sy+ f)+2s_.

Lemma 7.3. For n > 4, the elliptic surface E(n) contains a pair
of disjoint configurations Cp,_5 in which the spheres w,_1 are sections
of E(n) and for 1 < j < mn—2, u; - f = 0. Furthermore, the rational
blowdown of this pair of configurations is the Horikawa surface H(n).

Proof. 1t follows from our description of H(n) that there is a de-
composition

H(n) =B, U Bn_z U B, _a,

where Bn_z is the branched cover of D,_5. Rationally blow up each
B,,_o; this is then the 2—fold branched cover of F,,_3 with B,,_s blown
up. The result is the minimal complex surface X = Chr_a U Bn_z U
Ch—_2. By the Kodaira classification of surfaces and the computation of
characteristic numbers, X = E(n). q.e.d.

The first case, n = 4, gives the example H(4) = W3 above. The
Horikawa surfaces H(n) lie on the Noether line 5¢f — ¢ + 36 = 0, and
of course the elliptic surfaces F(n) lie on the line ¢# = 0 in the plane
of coordinates (c%,¢cy). Let Y(n) be the simply connected 4-manifold
obtained from FE(n) by blowing down just one of the configurations
Cr—s. Then ¢1(Y(n))? = n — 3 and c2(Y(n)) = 11n + 3; so Y(n) lies
on the bisecting line 110% — ¢3 + 36 = 0. The calculation of Donaldson
invariants of Y (n) and H (n) follows directly from Theorem 7.1.

Proposition 7.4. The Donaldson invariants of Y (n) and H(n) are:

D ~Jexp(Q/2)sinh()\,), n odd,
Yi) = exp(Q/2) cosh(A,), n even,

D 2P exp(Q/2) sinh(ky,), 7 odd,
Hlm) = gn-3 exp(Q/2) cosh(k,), n even,

where A2 = n — 3 and k% = 2n — 6.
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Corollary 7.5. The simply connected 4-manifolds Y (n) are not ho-
motopy equivalent to any complex surface.

Proof. 1f Y (n) were homeomorphic to a complex surface, this com-
putation shows that it would have to be minimal, since the formula
for Dy (,) does not contain a factor cosh(e) where e = —1. Certainly
the surface in question could not be elliptic since ¢;(Y (n))* # 0. But
neither could the surface be of general type since Y (n) violates the
Noether inequality. Thus Y (n) is not homeomorphic to any complex

surface. q.e.d.

D. Gomprecht [18] has computed the value of the Donaldson invari-
ant Dy (FF) for any Horikawa surface X and k large, where F is the
branched cover of the fiber f of F,,_3. Furthermore, F. Catanese [4]
has computed the zero degree Donaldson invariants for these Horikawa
surfaces.

8. Seiberg-Witten invariants of rational blowdowns

In this section we will determine the effect of a rational blowdown
on the Seiberg-Witten invariants. First we recall the definition of these
invariants. Suppose we are given a spin® structure on an oriented closed
Riemannian 4-manifold X. Let W and W~ be the associated spin®
bundles with L = det Wt = det W~ the associated determinant line
bundle. Since ¢;(L) € H*(X;Z) is a characteristic cohomology class,
i.e., has mod 2 reduction equal to wy(X) € H%*(X;Z2), we refer to L
as a characteristic line bundle. We will confuse a characteristic line
bundle L with its first Chern class ¢;(L) € H*(X;Z). For simplicity
we assume that H?(X;Z) has no 2-torsion so that the set Spin®(X) of
spin® structures on X is precisely the set of characteristic line bundles
on X.

Clifford multiplication, ¢, maps T* X into the skew adjoint endomor-
phisms of W+ & W~ and is determined by the requirement that c(v)?
is multiplication by —|v|?. Thus ¢ induces a map

c:T*X — Hom(W*, W™).

The 2-forms A2 = AT @ A~ of X then act on W leading to a map
p: AT — su(WT). A connection A on L together with the Levi-
Civita connection on the tangent bundle of X induces a connection V4 :

L(WT) = T(T*X @WT) on WT. This connection, followed by Clifford
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multiplication, induces the Dirac operator Dy : T(W*) — T(W™).
(Thus D 4 depends both on the connection A and the Riemannian metric
on X.) Given a pair (4,¢) € Ax (L) x (W), i.e., A aconnection in L
and 1 a section of W, the monopole equations of Seiberg and Witten
[42] are

DA¢ :07

(18) ;

p(FZ) :(¢®¢ )07

where (1) @ 1), is the trace-free part of the endomorphism 1 @ *.
The gauge group Aut(L) = Map(X,S!) acts on the space of so-

lutions, and its orbit space is the moduli space Mx (L) whose formal

dimension is

(19) dim My (L) = i(cl(L)Z — (3sign(X) + 2e(X)).

If this formal dimension is nonnegative and T > 0, then for a generic
metric on X the moduli space Mx (L) contains no reducible solutions
(solutions of the form (A, 0) where A is an anti-self-dual connection on
L), and for a generic perturbation of the second equation of (18) by
the addition of a self-dual 2-form of X, the moduli space Mx (L) is a
compact manifold of the given dimension ([42]).

The Seiberg-Witten invariant for X is the function

SWx : Spin®(X) — Z

defined as follows. Let L be a characteristic line bundle. If dim My (L)
is negative or odd, then SWx (L) is defined to be 0. If dim Mx (L) = 0,
the moduli space Mx (L) consists of a finite collection of points and
SWx (L) is defined to be the number of these points counted with signs.
These signs are determined by an orientation on Mx (L), which in turn is
determined by an orientation on the determinant line det(H°(X;R))®
det(H'(X;R)) @ det(HZ (X;R)). If dim Mx (L) > 0, then we consider

the basepoint map
My (L) = {solutions (A, 1)} /Aut®(L) — Mx (L),

where Aut®(L) consists of gauge transformations which are the identity
on the fiber of L over a fixed basepoint in X. If there are no reducible
solutions, the basepoint map is an S! fibration, and we denote its Euler
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class by 3 € H?*(Mx(L);Z). The moduli space Mx (L) represents an
integral cycle in the configuration space

Bx (L) = (Ax(L) x T(WT))/Aut(L),

and if dim Mx (L) = 2n, the Seiberg-Witten invariant is defined to be
the integer

SWx (L) = (8%, [Mx (L)]).
A fundamental result is that if b} > 2, the map

SWx : Spin®(X) — Z

is a diffeomorphism invariant ([42]); i.e., SWx (L) does not depend on
the (generic) choice of Riemannian metric on X nor the choice of generic
perturbation of the second equation of (18).

It is often convenient to observe that the space Ax (L) x ['(WT) is
contractible, and Aut(L) = Map(X, S!) acts freely on

Ax (L) x (W) \ {0}).

Since St is a K(Z,1), if we further assume that H'(X;R) = 0, then
the quotient

By (L) = (Ax (L) x (D(W*F)\{0})) /$*

of this action is homotopy equivalent to CP°°. So if there are no re-
ducible solutions, we may view My (L) C CP*. Under these identifi-
cations, the class 8 becomes the standard generator of H2(CP>; Z).

Call a characteristic line bundle with nontrivial Seiberg-Witten in-
variant a Seiberg-Witten class. The assumption in Seiberg-Witten
theory which is analogous to the assumption of simple type in Donaldson
theory is

e For each Seiberg-Witten class L, dim Mx (L) = 0.

If this condition is satisfied, X is said to have Seiberg-Witten simple
type. This condition often follows directly from the existence of an
embedding of €, as the next lemma indicates.

Lemma 8.1. Suppose that there is a class u € Hy(X;Z) with u* =
—2 which is represented by an embedded sphere. If L is a Seiberg- Witten
class such that L-u = 0 and neither of L £2u is a Seiberg- Witten class,
then dim Mx (L) = 0.
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Proof. According to [11, Theorem 1.3], if dim Mx (L) > 0, then
provided that neither of L 4+ 2u is a Seiberg-Witten class, L obeys an
enhanced adjunction inequality with respect to u; namely

—22u2—|—|u-L|—|—2r7
where r > 0. This gives an immediate contradiction. q.e.d.

Lemma 8.2. Let L' be any characteristic line bundle on B, and let
B];I_ = Bp U (L(p27 1 _p) X [0,00))

Then for each connection A" on L' which is asymptotically flat, the index
of the Dirac operator indD 4 = 0.

Proof. Let L) denote the restriction of L’ to L(p?, 1 — p). Then
c1(LY) is the restriction of ¢;(L') € H*(By;Z) = Zp,. Thus (L)) €
pZ,z2, which is the image of H*(B,;Z) in H*(L(p*,1 — p) = Z,2. Write
cl(L ) = mp. Then we identify ¢;(L) = m (mod p). If p is even then
B, is not spin, and since L’ is characteristic, m is odd. In case p is odd
an argument given shortly will also show that m is odd.

One computes from the index theorem [1] that

. B
lndDA = _% +€(p7 m)7

where

~ 1 k
(20) &(pym) = 4— Z —2 esc( ( 2])) Je mimk/p

The signature theorem gives

k 1
0 =sign(B,) = L - = Z COt(ﬂ-—2) Cot(7T

p1(B
:¥ - 4S(p - 17p2)7

where s(p — 1,p?) is the Dedekind sum (cf. [19]). From Dedekind reci-
procity and s(l,p — 1) = (=2)(p=3) ([19, p.93]) it follows that

12(p—1)
2
s(p—1,p%) = %. Thus

k=



RATIONAL BLOWDOWNS OF SMOOTH 4-MANIFOLDS 223

and py(B,) = p%(l - p?).
A simple calculation shows that

2

pe—1
2 T m(1—p)k T
# kz::l CSC(p—§)CSC( (p2p) )COS(Tk)7
p odd,
(21) &(p,ym) = £y
# 1+ CSC(;—k)CSC( (1-p) )COS(%) )
k=1
p even.

unless both p and m are odd, in which case the sum in (20) is purely
imaginary. Thus when p is odd, the ‘rotation number’ m is also odd.
By this last expression for £(p, m) it can be shown that for m odd, all
&(p, m) agree. (See the thesis of J. Park [33].) We compute £(p, 1) for p
odd. The calculation for p even is similar. Using

wk/p=7k/p* — (1 — p)rk/p*

we get
fp1) = %%csc(%)csc(”“pﬁ’“)
(cos( 25 cos( P2 i B i U, )
_ 2%)2“ (cot(_Q)cot(”( ;p)k)ﬂ)

From (21) it follows that for m = 1 (hence for all odd m)

. B,) 1—p? 1 [1—p* p*—-1
dD. = P1(Bp) 1) — 1 _o.
Haza o1 Tl =5 +2p2( 5 T 2 0

q.e.d.

Lemma 8.3. Let L” be any characteristic line bundle on C, and
let A” be any asymptotically flat connection on L”. Suppose that the
restriction LY to L(p?, 1 — p) extends to a characteristic line bundle L'
on B,. Then the index of the Dirac operator indD gn < 0. Furthermore,
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given a fired m € Z,, with m odd if p is even, there is a line bundle L,
on Cy, with ¢y (L" ) =mp € H*(L(p*,1— p); Z), and such that for any
connection A" on LI as above, indD 4u = 0.

Proof. We know from Lemma 2.1 that () = C,U—B,, is diffeomorphic

to (p — 1)@2. Let L be the characteristic line bundle on () obtained
from L" and —L', and let A be a connection on L which restricts to A”
on C,. Since L is characteristic, ¢1(L)* <1 — p, and

0l —sig@)

indDy4 =
But also
indD4 =indDyn +h +indD g = indDgn

by Lemma 8.2, since h is the dimension of the space of harmonic spinors
on L(p?,1 — p). This dimension is 0 since the lens space has positive
scalar curvature.

Now suppose that we are given m € Z, as above. In the proof
of Lemma 8.2 we have seen that m must be odd when p is even and
mp is to be the boundary value of a characteristic line bundle on B,.
When p is odd, we can assume that m is even and —p < m < p.
Let Fi,..., E,_1 be the exceptional classes generating H%(Q;Z) with
Poincaré duals e;...,e,—1. We can identify C) in () as consisting of
2-spheres representing u; = e,_;_1 —€p—j, j =1,...,p—2,and up,_; =
—(2e1 + €2+ -+ ep—1). Let j: L(p?,1 —p) C Cp. Then for each i,
J*(E;)=pe H*(L(p*,1 —p) = Z,2. Let

(m+p—1)/2 p=1
o= Y Bi- > B
=1 i=(m+p+1)/2
and let L,, be the line bundle over ) with ¢;(L,,) = A, Let LI =
Ly|c,. We have ¢1(L] ) = mp, and 0 = indD4 = ind D 4, as required.
q.e.d.

Note that dim M¢, (L") = 2indD 4» — 1 for an asymptotically flat
connection A”. Similarly dim Mp, (L") = 2indDy — 1= —1. If L is a
line bundle on X, and L is a line bundle on X satisfying L|x+ = L|x+,
we say that L is a lift of L.

Proposition 8.4. Let C), C X and let X, be its rational blowdown.
For each characteristic line bundle L on X, there is a lift L of L which
is characteristic on X and satisfies dim Mx (L) = Mx,(L).
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Proof. Let L|x» = L* and L|p, = L’. The index theorem implies
that

dim My, (L) = dim M« (L*) + h + dim Mg, (L').

Since L(p? 1 — p) has positive scalar curvature and ad(L) is a trivial
real line bundle, the term h is the sum of the dimensions:

h=dim(H® @ HY)(L(p* 1 = p)iad(L)) = (0" + b)) (L(p* 1 - p)) = L.
Thus dim Mx, (L) = dim Mx«(L*). Hence, by a similar calculation, it
suffices to produce a line bundle L” over C), satisfying

L. L"s¢, = —L*|ax,
2. L*U L" is characteristic, and
3. dim Mg, (L") = —1.

Since L*|L(p271_p) extends over By, ¢;(L*)|ax» = —mp for some m.
Let L be the line bundle over C), constructed in Lemma 8.3. If p is
odd, then any lift L of L is characteristic provided L” is characteristic
on C),. Hence L” satisfies (1) — (3).

Suppose that p is even, then the same argument works unless there
are lifts of L which are not characteristic. From the mod 2 Mayer-
Vietoris sequence for X = X*U (), it follows that this can happen only
if H'(X*;Z3) = 0, which we thus assume. Denote the nontrivial class
in HY(L(p*,1 — p); Z2) = Zo by 1. By the construction of Lemma 8.3,
a(Lh) —ei(L)_,) = 2pn for some p,, € H*(Cy;Z). Furthermore,
7 (um) = p?/2, where j : L(p*,1 —p) C Cp. Let 6 : H*(X;Z) —
H?*(X*Z) & H*(Cp; Z) in the Mayer-Vietoris sequence. Then there is
a v such that 8(v) = (0, 2p,).

We claim that the mod 2 reduction v(y) # 0. Otherwise v = 2y,
and 20(u) = (0,2pu,,). Since we are assuming that H'(X*;Zy) = 0,
it follows that H%*(X*;Z) has no 2-torsion, and the same is true for
H?*(Cp;Zy). Thus 6(u) = (0,4,,). This means that the restriction
J*(#m) = 0, a contradiction. Working mod 2, 63)(v(2)) = (0,0), and
therefore vy = d1. Hence if ¢/, ¢" € H?*(X;Z) are given by 6(c') =
(e1(L*),c1(Lm)), 6(") = (c1(L*),c1(=Ly—r)), then one of these two
classes is characteristic. Thus for one of the two choices L | —L,_,,
(1) — (3) are satisfied. q.e.d.



226 RONALD FINTUSHEL & RONALD J. STERN

Theorem 8.5. Let C), C X and let X, be its rational blowdown.
Let L be a characteristic line bundle on X, and let L be any lift of L
which is characteristic on X. Suppose that dim Mx (L) > 0. Then

SWx, (L) = SWx(L).

Proof. We study the solutions on X, for L by stretching the neck
between X* and B,. Consider the manifolds X* and B, with cylindrical
ends. We may assume that there is a positive scalar curvature metric
on the neck L(p? 1 — p) x R*. This means that any solution to the
Seiberg-Witten equations on these manifolds must be asymptotically
reducible. In a temporal gauge on the neck, the solutions have the form
(a,0) where a is a flat U(1)-connection on L(p?, 1 — p).

Using Lemma 8.2, dim Mp, (L) = 2indD 4 — (1 + b};p) = —1, and
since this dimension is negative, the only equivalence class of solutions
to the Seiberg-Witten equations on B, is the reducible one (A’ 0), where
A’ is an anti-self-dual connection on L. As above, the index theorem
implies that

dim My, (L) = dim Mx«(L) + 1+ dim Mg, (L') = dim My« (L"),

which we may assume is even, 2dy say. (If dim Mx, (L) is odd, there
is nothing to prove.) For metrics on X, with a long enough cylindrical
neck, all solutions to the Seiberg-Witten equations arise from gluing
together solutions on X* to (A’,0), and the fact that dim Mx«(L*) =
dim Mx, (L) means that there is no obstruction to perturbing to global
solutions on X,. Thus

SWx, (L) = (3%, [Mx, (L)]) = (3%, [Mx+(L")]).

Let L be a characteristic line bundle on X which is a lift of L, and
let dim Mx (L) = 2dy. Lemma 8.3 implies that dim Mg, (L") < 0 for
the restriction L” of L to C},. The discussion of the last paragraph
applies in this case to show that for metrics on X with a long enough
cylindrical neck, all solutions arise from gluing together solutions on X*
to (A”,0), where A” lies in the unique equivalence class of anti-self-dual
connections on L”. However, in this case we only have

2d; = dim Mx«(L*) > dim My (L) = 2d;.

If df is actually greater than dy, there is an obstruction to perturbing
glued-up pairs of solutions (A%, ¢¥*)#(A”,0) to a solution on X. As
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in Donaldson theory, there is an obstruction bundle 1 over My« (L*),
and it is the complex vector bundle of rank dy — d;, associated to the
basepoint fibration. The zero set of a generic section of 5 is homologous
to Mx (L) in Bx(L). Thus

SWx (L) =(8%, [Mx (L)]) = (8%, 5%~ 0 [Mx+ (L))
=(3%, [Mx+(L7)]) = SWx, (L)

q.e.d.

From this theorem and Proposition 8.4 it follows that the Seiberg-
Witten invariants of X, are completely determined by those of X and
the embedding of C/, in X. Furthermore, we have

Corollary 8.6. Let (', C X and let X, be its rational blowdown. If
X has Seiberg- Witten simple type, then so does X,,.

In a fashion similar to the proof of Theorem 8.5, one can prove a
blowup formula for Seiberg-Witten invariants (cf. [11]). The character-
istic line bundles of X#@2 are those of the form L @ EZ**1 where L
is characteristic on X and ¢;(&) = e, and dim M g pox+1 (X#@% =
dim My, (X) —k(k+1). It is shown in [11] that SWX#ﬁz(LQQE%"‘I) =
SWx (L) provided dim Mp,(X) — k(k + 1) > 0. It follows that if X has
Seiberg-Witten simple-type, then so does X#@z.

Recall from § 6 that a nodal fiber in a smooth 4-manifold X is
an immersed 2-sphere S with one singularity, a positive double point,
such that the regular neighborhood of S is diffeomorphic to the regular
neighborhood of a nodal fiber in an elliptic surface. (There need not
be any associated ambient fibration of X.) Also recall that given such
a nodal fiber S, one can perform a ‘log transform’ of multiplicity p by
blowing up to get €, C X#(p — 1)@2 with up_1 = 5 — 2e; — ey —
-+ —ep_1, and then blowing down C,. Now suppose that X contains
the nodal fiber S, and X, is the result of performing an order p log
transform on S. The characteristic line bundles on X, are obtained from
characteristic bundles L®E12k1+1®- . -®E§ﬁp{1+1 onY = X#(p—l)@2
by restricting to Y* = Y \ C}, and then extending over B,,. If we assume
that (¢y(L),S) = 0, then for each L ® Ff' @ ... @ E;t_ll = L(ey) with
c1(L(eg)) = c1(L) + >y €€, it follows from Proposition 6.1 that the
unique extension Lj over X, has ¢1(Ly) = ¢1(L) + |J|oy,, where o, is
the Poincaré dual of S/p. (Note that when p is even, |J| must be odd;



228 RONALD FINTUSHEL & RONALD J. STERN

so the extension L is characteristic.) Hence
dim My (X,) = dim ML (X),

and Theorem 8.5 implies:

Theorem 8.7. Suppose that X has Seiberg- Witten simple type and
contains the nodal fiber S. Let L be a characteristic line bundle on
X with {¢1(L),S) = 0. Let X, be the result of performing an order
p log transform on S. For each J € {£1}*~' we have SWx, (Lj) =
SWx (L). Suppose furthermore that (c1(L),S) =0 for each characteris-
tic L on X with SWx (L) # 0. Then X, also has Seiberg- Witten simple
type and each line bundle A on X, with SWx (A) # 0 is of the form
A=1Ljy.

By a nodal configuration we shall mean a configuration ), C

X#(p - 1)@2 as above, obtained from a nodal fiber S satisfying the
condition (¢q(L), S) = 0 for each characteristic L on X with SWx (L) #
0.

Witten [42] has conjectured that (for manifolds with b* > 1) the
Seiberg-Witten simple type condition is equivalent to the simple type
condition of Kronheimer and Mrowka for Donaldson theory. Further,
under this hypothess of simple type, Witten gives a precise conjecture
for relating the Seiberg-Witten invariants and the Donaldson series,
namely:

Conjecture 8.1. (Witten) The set of basic classes in the two the-
ories are the same, and

bt 3

Dy = 22025 ) exp(Q/2) Y SWix (k5)e™.

Theorem 8.8. Witten’s conjecture is true for simply connected el-
liptic surfaces.

Proof. Witten has given a recipe for calculating SWx for all Kahler
manifolds X. So one could prove this theorem simply by comparing the
answer obtained with that of Theorem 6.7. Alternatively, note that Wit-
ten’s recipe yields the result that the nonzero Seiberg-Witten invariants
of F(n) are:

(22)  SWrg((n—2—2)f) = (-1)7“("_ 2), P 0, n—2,

r
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where f is the fiber class. Suppose we define

pt

=) ZSWX(HS)e“S, SWx =exp(@x/2)Wx

Then (22) shows that Dg,) = SWg(,). Suppose that X, is the result
of an order p log transform on a nodal fiber which is orthogonal to
all classes in Ho(X) with nontrivial Seiberg-Witten invariants. Then
Theorem 8.7 implies that Wx, = W - (sinh(f)/sinh(f,)). It follows
that SW g = Dpg( q.e.d.

WX — 235ign—|—26—(

750,9) 7;p,q)

Furthermore we have,
Theorem 8.9. If X satisfies the Witten conjecture, then so do all

blowups and blowdowns and any rational blowdown X, of a nodal or
taut configuration.

V. Pidstrigach and A. Tyurin [34] have developed a technique which
shows how the Seiberg-Witten basic classes for arbitrary smooth 4-
manifolds determine the Donaldson invariants. Many of the requisite
details have been worked out by P. Feehan and T. Leness (cf. [7]). In
particular their work shows promise in proving this Witten conjecture.
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