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Abstract 

A version of the Atiyah-Patodi-Singer index theorem is proved for general 
families of Dirac operators on compact manifolds with boundary. The van­
ishing of the analytic index of the boundary family, in K of the base, allows 
us to define, through an explicit trivialization, a smooth family of bound­
ary conditions of generalized Atiyah-Patodi-Singer type. The calculus of 
b-pseudodifferential operators is then employed to establish the family in­
dex formula. A relative index formula, describing the effect of changing the 
choice of the trivialization, is also given. In case the boundary family is 
invertible the form of the index theorem obtained by Bismut and Cheeger 
is recovered. 

Introduct ion 

Let (f> : M —> B be a smooth fibration of a manifold with boundary, 
M, with compact fibres diffeomorphic to a fixed manifold with boundary, 
X. In case the fibres are even-dimensional, carry smoothly varying spin 
structures and metrics which are of product type near the boundary 
and the Dirac operators induced on the fibres of the boundary fibration 
are all invertible, Bismut and Cheeger [9] obtained a family version of 
the Atiyah-Patodi-Singer index theorem: 

(1) Ch(Ind) = ^ ( A ) - ^ . 

Here Ch(Ind) is the Chern character, in H ev(B), of the virtual bundle 
formed by the Z2-graded null spaces of the family of Dirac operators, 
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3, with Atiyah-Patodi-Singer boundary condition, (j)*(A) is the push-
forward (i.e., fibre integral) of the A-genus of M/B, and rj is a form 
on B determined by the family of Dirac operators on the boundary. In 
[11] a similar formula is presented, without proof, when the boundary 
family has a null space of constant dimension. Although this applies to 
the interesting case of the signature operator, it is inadequate for many 
potential applications, for example to gauge theory. As an example con­
sider the family of Dirac operator parametrized by the space of unitary 
connections on a Hermitian vector bundle over a punctured Riemann 
surface; this case has been studied in the context of determinant bun­
dles by Chang [14] where generalized Atiyah-Patodi-Singer boundary 
conditions were introduced. 

In this paper a general family index theorem of Atiyah-Patodi-Singer 
type is derived with no assumptions placed on the family of Dirac op­
erators induced on the boundaries of the fibres. Namely we show that 

(2) Ch(Ind P) = < k ( A S ) - ì j 7 P in H*(B). 

Here the virtual index bundle, Ind P, arises from a smooth family of 
boundary conditions of generalized Atiyah-Patodi-Singer type, repre­
sented by the spectral section P. By this we mean that P is a smooth 
family of projections acting on the spaces of square-integrable sections 
over each of the fibres of the boundary fibration with each projection 
annihilating the eigenspaces of the corresponding boundary Dirac op­
erators of sufficiently negative eigenvalues and acting as the identity 
on eigenspaces of sufficiently positive eigenvalues. Let D be an arbi­
trary family of self-adjoint elliptic operators associated to a fibration 
tp : M' —> B with compact fibres diffeomorphic to the manifold Y, 
dY = 0. The existence of a spectral section for D is shown below to be 
equivalent to the vanishing of the K M n d e x of the family in the sense of 
Atiyah and Singer [7]. A spectral section can exist without the family 
D having a spectral gap; if one spectral section exists then there are 
infinitely many. If the family D arises as the boundary of a family of 
Dirac operators, as in the case of main interest here, then the K M n d e x 
is always zero and therefore a spectral section P exists. In case the 
boundary family is invertible, P can be taken as the projection onto the 
positive part of the spectrum and this gives the Atiyah-Patodi-Singer 
boundary condition on each fibre; then (2) reduces to (1). The eta form 
on the right in (2) is defined by global integrals on the boundary fibres, 
see (14.5), essentially as given by Bismut and Cheeger in [9], of a per-
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turbation of the boundary superconnection induced by Bismut's form 
of the Levi-Civita superconnection. The spectral section, P, is involved 
since it determines which perturbations are admissible; as a result rP is 
determined only up to an exact form. There is a second, more minor, 
sense in which (2) is more general than (1) in that we treat the Dirac 
operators corresponding to Z2-graded Hermitian Clifford modules over 
the fibres, with graded unitary connections. The Atiyah-Singer class 
AS is then a product of A with a characteristic class arising from the 
non-Clifford part of the bundle. 

Bismut in [8] carried out the program, initiated by Quillen [22], of 
deriving the family index theorem for Dirac operators using the notion 
of a superconnection. Here we construct the Bismut superconnection 
in the setting of b-geometry relying heavily on the treatment of the 
boundaryless case by Berline, Getzler and Vergne in [13, Chapter 10] 
including the analysis of the long-time behaviour of the supertrace given 
by Berline and Vergne [12]. We also make considerable use of the dis­
cussion in [20] of the single-operator case. Our proof of (2) uses heat 
equation methods, as do most proofs of related results starting with 
[4]. As in [20] we take the position (as noted there, already implicit 
in [4]) that Atiyah-Patodi-Singer index theorems are best viewed, and 
directly proved, in terms of the index theory of operators on complete 
Riemannian manifolds with (asymptotically) cylindrical ends. This is 
to be contrasted with the explicit approach in [4] that these are index 
theorems on incomplete manifolds, with metrics which are of product 
type near the boundary, with only the proofs using extension across the 
boundary to a complete metric with cylindrical end. On the other hand 
Bismut and Cheeger, in [9], use a somewhat different method of proof 
in which the incomplete manifold is extended to a singular (still incom­
plete) space and then the formula is recovered by an 'adiabatic limit' 
to the complete case. Although these various points of view are largely 
interchangable our carrying out the proof in the context of the exact 
b-metrics, discussed in [20], is not only because these are slightly more 
general than product cylindrical ends. More significantly we use the 
analysis which arises naturally in the context of b-metrics, as recalled 
in the Appendix, both to perturb the boundary operator to make the 
family Fredholm and also to regularize the virtual index bundle of null 
spaces to a true bundle on these complete manifolds. The eta forms 
then arise as the trace anomaly for the extensions of the trace to the 
algebra of b-pseudodifferential operators and to exploit this we need to 
show that the heat kernel of the perturbed operator is of this type. 
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In Section 1 the geometry of fibrations with fibres which are even-
dimensional manifolds with boundary is described in the context of b-
geometry, in the sense of [20]. In Section 2 the existence of a spectral 
section for a family of first-order self-adjoint elliptic differential oper­
ators is shown to be equivalent to the vanishing of the index as a K1 

class on the base; the cobordism invariance of this class is then proved 
showing the existence of one spectral section (and therefore infinitely 
many) of our boundary family. 

In the conventional setting of a family of metrics with product de­
composition near the boundary the notion a generalized Atiyah-Patodi-
Singer boundary condition, determined by a spectral section of the 
boundary family, is described in Section 3. The related boundary condi­
tions for Dirac operators associated to metrics with cylindrical ends are 
introduced in Section 4 and in Section 5 for the general case of a fam­
ily of exact b-metrics. This leads to the definition of the index bundle 
and its stabilization in Section 6. The regularization of the boundary 
problem, by the addition of smoothing terms, is discussed in Section 8. 
For two spectral sections for the same family the relative index theorem 
in Section 7 expresses the difference of the index classes in terms of the 
Chern character of a virtual bundle over the boundary. The Bismut su­
perconnection, in this b-setting, is described in Section 9. For the odd-
dimensional case Cl(l)-superconnections in the sense of Quillen, [22], 
are introduced in Section 10 and related to the boundary behaviour of 
the Bismut superconnection. The properties of heat kernels related to 
the superconnection are discussed in Section 11, using results from [20]. 
In particular the b-trace and its supertrace analogue are described and 
in Section 12 the defect formula for the b-supertrace is derived. This 
is used in Section 13 to analyze the Chern character of the rescaled 
Bismut superconnection, the variation formula for which involves the 
rj form. Normalization of the eta form with respect to a spectral sec­
tion is described in Section 14 and the family index formula, for Dirac 
operators on even-dimensional fibres, is proved in Section 15. The de­
pendence of the eta forms on the spectral section is discussed in general 
in Section 16 and used to relate the formula (2) to the special case of 
a boundary family with constant rank null space from [11]. In the ap­
pendix a more technical discussion of the b-pseudodifferential calculus, 
and the corresponding heat calculus, is presented. 

The authors are happy to acknowledge helpful discussions on various 
parts of the material below with Iz Singer, Ezra Getzler, Sheldon Chang 
and John Lott. 
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1. Geometr i c prel iminaries 

Let (f> : M —> B be a smooth fibration of a manifold with boundary, 
M, with compact fibres diffeomorphic to the even-dimensional compact 
manifold with boundary X. Let TM be the b-tangent bundle over the 
total space; see [20]. The differential of (f> extends by continuity from 
the interior to the b-differential <f>* : TM —> TB. This also follows 
from the fact that <f> is a b-map; see [18]. The null space of bç!>* is a 
subbundle 

(1.1) b T(M/B) C b TM, 

which restricts to each fibre M z = <f)~l(z) to be canonically isomorphic 
to TM z. By a family of exact b-metrics on M, g M/Bi we mean a met­
ric on T(M/B) which restricts to each fibre to an exact b-metric. In 
particular there is a defining function p G C°°(M) for the boundary of 
M such that 

dp2 ! 
(1-2) g M/B = —a- + g M/Bi 

where g'M/B is a smooth 2-cotensor on T(M/B), the null space of the 
differential <j)* in the usual sense. The defining function p is fixed by 
(1.2) up to a transformation 

(1.3) p= (^*a)p + O(p2), 0 < a e C ( B ) 

near each component of dM; see [20, §2.3]. 
Let b T*(M/B) be the dual bundle to b T{M/B). The Clifford alge­

bras of these Euclidean bundles forms a bundle over M, Clcf,(M), which 
is Z2-graded: 

(1.4) C l 4 M ) = C l + ( M ) e C l ( M ) , 

and the induced Levi-Civita connection preserves the grading (see [20, 
§3.4]. Our convention for the Clifford algebra is that £77+77^ = 2(£, 77). 
A superbundle E —> M, 

(1.5) E=E+®E~ 

is a family of graded Clifford modules if it has a non-trivial smooth fibre 
action of Clcf,(M). If the bundle is Hermitian and the action is unitary, 
E is said to be an Hermitian (fibre) Clifford module. 
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When E has a fibre b-connection, r , which distributes over the 
Clifford action, with respect to the Levi-Civita connection, the bundle 
has a family of Dirac operators acting on the fibres. Our convention 
for the associated Dirac operator is slightly different from that of [13], 
rather follows [20], in that with respect to an orthonormal basis e k of 
b T(M/B), with dual basis e k of b T*(M/B), 

(1.6) gu=-iJ2cl(e k)-bVE k u. 
k 

As in [20, x3.10] it follows that g is a family of elliptic b-differential op­
erators on the fibres; in terms of the notation explained in the Appendix 

(1.7) g G D i f f ^ ( M ; E ) . 

In fact g is formally self-adjoint and odd with respect to the Z2 grading: 

(1.8) g=(g°+ g ) . 

In this paper, unless otherwise stated, we will assume that 

(1.9) b r = 0 at dM. 
P Öp 

This property is shown in [20, x2.13] to be equivalent to requiring that 
r be induced by a true connection. Thus (1.9) implies that the 

curvature tensor is an ordinary smooth (vertical) form with values in 
the bundle of endomorphisms of E; this, in turn, implies the smoothness 
of any characteristic class associated to b r E via Chern-Weil theory. The 
Levi-Civita connection associated to an exact b-metric satisfies (1.9). 

The fibration, (f>, restricts to a fibration d(f> : dM —> B, with fibres 
diffeomorphic to dX. The exact b-metric induces a metric gQMIB on 
the fibres of d(f>. Let C l g ^ ô M ) be the Clifford bundle for the metric 
on T*{dM/B). The orthogonal embedding T*{dM/B) ^ b T*M{M/B) 
gives rise to a map 

(1.10) T*(dM/B) 9 £ _ M d . £ G C l 4 M ) , 

which extends to an isomorphism of algebras 

(1.11) C l 9 4 9 M ) ^ C l + 9 M ( M ) . 
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In particular (1.10) gives an action of C l g ^ ö M ) on E° = EgM. As in 
[20] we denote this identification (here by definition) M+ : Ef)M —> E°. 
Then we identify the negative part of the superbundle with E° by 

(1.12) M~ = M+ o cl(i-) : EgM —> E°. 

The combined identification is then 

(1.13) M :EdM ^E0®E0. 

The indicial homomorphism for b-differential operators (discussed in 
[20]) defines, using p to trivialize the normal bundle to the boundary, 
the indicial family of g, I (g , A) G Diff9 , (pM; E). By the identification 
(1.13) and the boundary behaviour of the Levi-Civita connection this 
becomes 

(1.14) M - I ( g , A ) - M " 1 = (ig + 7A, 

where (see [20]) g is the Dirac operator on E° defined by the Clifford 
action (1.10) on E°, and a and y are the 2 x 2 matrices 

^ '= (Î Ì ) and - = (° oi • 

2. Spectral sect ions 

For a single elliptic operator, in the usual sense, on a compact man­
ifold with boundary there is an obstruction in K-theory to the existence 
of a local elliptic boundary condition [2]. This indeed underlies the 
global nature of the Atiyah-Patodi-Singer boundary condition. For a 
family of Dirac operators there is no analogous obstruction to the ex­
istence of a boundary condition of 'generalized Atiyah-Patodi-Singer' 
type, varying smoothly with the parameter. Boundary conditions in 
this sense are considered in the next three sections. 

Let tp : M' —> B be a fibration with compact fibres diffeomorphic 
to the manifold Y, dY = 0. Let D G D i f f ^ M ' ; E°) be a family of self-
adjoint elliptic operators on the fibres of tp. In [7] Atiyah and Singer 
associate to D an element of Kl(B) in two ways. First the principal 
symbol, a(D), of D defines an element [a(D)] G Kl{T*{M'/B)) which, 
via the Thom isomorphism, fixes an element t-Ind[<r(D)] = t-Ind(D) G 
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Kl(B). Secondly Kl(B) is realized in [7] as the space of homotopy 
classes of maps from B into F(H), the self-adjoint Fredholm operators 
on a separable Hilbert space H : 

(2.1) K\B) ^ [B,F(H)]. 

A Hilbert bundle, such as that with fibre L2(M'z; E°) over z G B, is 
always trivial, so D fixes an element a-Ind(D) by applying (2.1) to 

(2.2) Q = (D2 + l)-^De^l(M';E°) 

as a Fredholm family. The Atiyah-Singer index theorem becomes 

(2.3) a-Ind(D) = t - Ind(D). 

We shall now give an alternative characterization of the vanishing of 
a-Ind(D) in terms of the existence of a spectral section in the following 
sense. 

Definit ion 1. A spectral section for a family of self-adjoint elliptic 
operators D G DifL^M7 ; E°) is a family of self-adjoint projections P G 
VPS, (M1; E°) such that for some smooth function R : B —> R (depending 
on P) and every z G B 

P z u = u if A > R(z), 

P z u = 0if A < -R{z). 

The definition can be extended to general families of self-adjoint Fred-
holm operators by dropping the differential and pseudodifferential re­
quirements. 

If (2.4) holds for R(z) it holds for any larger function. In particular 
if B is compact R(z) can be taken to be constant. Similarly, notice 
that R(z) < 0 in (2.4) implies that there are no eigenvalues of D z in 
the interval (R(z), — R(z)); in general we shall take R(z) > 0. The most 
obvious case in which a spectral section exists is when the family has 
a spectral gap, i.e., there is a smooth function r : B —> R such that 
T(z) is not an eigenvalue of D z for any z G B. Then P z can be taken 
to be orthogonal projection onto the span of the eigenspaces for D z 
with eigenvalues greater than T(z); (2.4) holds provided R(z) > \T(z)\. 
That the resulting family of projections is in \P3,(M', E°) follows from 
its representation as a contour integral in terms of the resolvent of D, 
as in the work of Seeley [23]. 

From now on we will assume the base B of the fibration to be com­
pact. 

(2.4) Du = Au 
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Propos i t ion 1. For a family, D G D i f f ^ M ' ; E°), of elliptic self-
adjoint operators the existence of a spectral section is equivalent to the 
vanishing ofa-Ind(D) in Kl(B). 

Proof. Suppose first tha t the family has a spectral section and con­
sider the normalized family Q in (2.2). Using the family of projections 
write 

(2.5) Q z = P z Q z P z + (Id -P z)Q z(Id -P z) + Q'z. 

The condition (2.4) on P z implies that Q'z is a self-adjoint family of 
finite rank. Thus Q is homotopic to Q — Q' in F(H). It follows that , 
for any r G IR, Q is homotopic in F(H) to 

Q z =P z(Q z + rG)P z + (Id -P z){Q z - rG) (Id -P z), 

(2.6) G={D2 + Id)- l2. 

Again using (2.4) the first term is strictly positive on the range of P z and 
the second is strictly negative on its orthocomplement provided r > 0 
is taken large enough. In particular Q z is then invertible and hence its 
index vanishes, see [7]. q.e.d. 

To prove the converse we start with the following simple result deal­
ing with operators which are projections up to finite rank. 

L e m m a 1. Let J be a bounded self-adjoint operator on a Hilbert 
space H with J2 — J of finite rank, and suppose that there is a self-
adjoint projection Q with image H Q, such that \\Q — J\\ < ^. Then 
J : H Q —> H P is an isomorphism onto a closed subspace of H ; if P is 
the orthogonal projection onto H P then J — P has finite rank. 

Proof. For u G H Q writing Ju = Qu + ( J — Q)u = u + ( J — Q)u it 
follows that || Ju\\ > ^\\u\\ so J is an isomorphism from H Q to its image, 
H P. Certainly for u' G H P, u' = Ju with u G H Q so Ju = J2u = 
Ju + Fu where F has finite rank. Thus J = Id -\-F' on H P with F' of 
finite rank. Consider the operator T = Id —J-\-JQ = Id -\-F — J{J — Q). 
Our assumptions imply that | | J ( J — Q)\\ < 1 so T — F is a bijection 
mapping the range of J into the sum of H P and the range of F. Since F 
has finite rank it follows that the range of J is the sum H P®G for some 
finite dimensional space G. Thus if u' _L H P and u' _L G then Ju' = 0 
by the assumed self-adjointness. Hence indeed J — P is an operator of 
finite rank. q.e.d. 
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So now suppose that a-Ind(D) = 0. The L2 spaces on the fibres can 
be identified so that all operators act on a fixed Hilbert space, H. The 
family (2.2) is therefore homotopic to a constant through self-adjoint 
Fredholm families Q ztt- In particular all operators in these families have 
discrete spectrum in some fixed open interval ( —e,e), e > 0. Choose 
X e C°°(R) with x(A) = 0 in A < 0 and x(A) = 1 in A > \e. Using the 
spectral theorem consider the operators 

(2-7) J z)t = x(Q z)t). 

These form a homotopy of bounded self-adjoint families, with J z<Q con­
stant in z. Moreover all elements are projections up to finite rank in 
the sense that J zt — J zt = F zt is an operator of finite rank depending 
smoothly on t and z. 

In fact for each t there is a smooth family of projections, P ztt, with 
P z,t — J z,t of finite rank. This is certainly the case for t = 0. Moreover 
we can divide the t-interval into subintervals on which \\J ztt — J z,t'\\ < \-
Proceeding inductively suppose that P z<t exists for t the lower limit of 
such an interval. Then for any fixed t' in the interval apply Lemma 1 to 
J't, = J ztt' + P z,t — J z,t for each z. This is a projection up to finite rank, 
in the sense that (J'zt,)2 — J'zt, has finite rank and \\J'zti — P z,t\\ < \-
Thus H' = J' t,P ztt H is a Hilbert bundle over B, and the orthogonal 
projection, P zt', onto H' differs from J' ti, and hence from J zt', by an 
operator of finite rank. Therefore P z<t exists for each t. 

Writing J z for J zti we have found a smooth family of projections P z 
such that J z — P z has finite rank. We can further modify the projec­
tions so that J z — P z = H z has values in a finite span of eigenspaces of 
D z. It can certainly be uniformly approximated by such finite rank op­
erators, H'z, simply by smoothly truncating the eigenvector expansion. 
Then P z can be replaced by orthogonal projection onto the image of 
(J z — H'z)P z = (P z + H z — H'z)P z. The resulting projection differs from 
J z by an operator in the span of a finite number of eigenfunctions of Q z 
for each z, and so defines a spectral section. Since J G ^^(M', E°) it 
follows that P e ^ (M', E°). q.e.d. 

As an example consider the family of operators on S J given by 

(2.8) D z = -id/dO + z/2TT, z G [ 0 , 2 T T ] . 

Let E+ be the line bundle over S j X S ̂  z = M' with global sections the 
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smooth functions over R satisfying 

, , u(0 + 2TT, z) = u(0,z), 
{ ' and u(0, z + 2TT) = e-i6u(0,z). 

Then D z , acting on E z = E + j i x / z A , defines a family of self-adjoint 

elliptic operators D+ G Diff i (M'; E+) associated to the fibration 

(2.10) V : M ' = S j x S z — • S z = B . 

Since the eigenvalues of D z are given by Xn(z) = n + z/2ir, we see 
that the spectral flow (see [5]) of the family D + is equal to one. It is 
known ([5]) that for a periodic one-parameter family Q of self-adjoint 
Fredholm operators, i.e. parametrized by the circle, the analytic index 
a-Ind(Q) G K1(S) = Z is equal to the spectral flow. Thus our family 
D+ has a non-trivial analytic index and hence cannot have a spectral 
section. Let E~ and D~ be obtained by changing the sign of z. Then 
D z = D z ($D~ acting on E° = E+®E~ is self-adjoint and has vanishing 
spectral flow (and hence index); it has no spectral gap. Define P z to 
be the identity on eigenspaces with eigenvalues 1 or greater, and 0 on 
eigenspaces with non-positive eigenvalues. This fixes P z for z = 0, 2ir 

and for z G (0, 2ir) off the eigenspaces corresponding to eigenvalues z/2ir 

for D z and l — z/2irforD~. If u z and u~ are orthonormal eigenfunctions 
for these eigenvalues, choose \ £ Coo([0,27r]) with x(z) = 0 in z < 1/4 
and x(z) = 7 r /2 in z > 2ir — 1/4, and define P z on the span of these two 
vectors as the othogonal projection onto the one dimensional subspace 
spanned by w z = acosx(z)u z + bsinx(z)u z . Then P z is easily seen to 
be a spectral section. 

Not only does the vanishing of the index of a family imply that it 
has a spectral section but there are then many such projections: 

Propos i t ion 2. Ifthe self-adjoint elliptic family D G Diff i (M'; E°) 

has a spectral section, then the set SP(D) of such spectral sections is 

infinite, and if P,Q G SP(D) there exists R, R' G SP(D) such that 

R • P = R, R • Q = R, R' • P = P and R' • Q = Q. Given any s G R, 
sufficiently large, the spectral sections R and R' can be chosen to be the 

identity on all eigenfunctions of D corresponding to eigenvalues X > s 

and A > — s respectively. 

Proof. Let P be a spectral section for the family, and consider the 
family of operators PDP acting on the Hilbert bundle which is the 
range of P. These are self-adjoint operators and from (2.4) there is 
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some integer N\ such that all but the first N\ eigenfunctions of PDP 
are eigenfunctions of D. For any fixed integer N > N\ and some integer 
M = M(N) we can find a smooth subbundle of the range of P which 
contains the first N eigenfunctions at each point and is contained in the 
span of the first M eigenfunctions. Let R be the orthogonal projection 
onto the orthocomplement of this subbundle extended to be zero on the 
range of Id —P. Then R is a spectral section. If the integer N is chosen 
large enough, then the projection R will have range contained in the 
intersection of the ranges of any two given spectral sections P and Q. 
A similar argument using the range of Id — P allows the construction 
of a spectral section R'. The last part of the statement also follows by 
choosing N sufficiently large. q.e.d. 

Suppose that P and R are two spectral sections for the family D 
such that R- P = R. Then they define a C°° vector bundle over B with 
fibre at z 

F z(P,R) = {ueC°°(M'z;E0);Uz u = u}, 
[ ] Tlz= P z-(Id-R z). 

That these spaces form a smooth bundle over B follows directly from 
the fact that II is a smooth family of finite rank projections over B. We 
shall later consider natural connections on these vector bundles. 

Let us now assume that M' is equal to the boundary of a fibration 
M with compact fibres diffeomorphic to a fixed manifold with boundary 
X as in Section 1. Let D = g be the boundary family associated to 
the given family of Dirac operators. In this case we have the following 
well-known result (stated already in [24]). 

Propos i t ion 3 . The analytic index of the boundary family g is 
always zero in Kl(B) : 

(2.12) a - Ind (g ) = 0. 

Proof. By the Atiyah-Singer family index theorem for self-adjoint 
families ([5]) it suffices to show that t - I n d ( g ) = t-Ind[<r(g)] = 0 in 
Kl(B). To see this consider the long exact sequence associated to the 
pair of locally compact spaces (T*(M/B),TgM(M/B)): 

K°(T*(M/B)) - ^ K^T^dM/B)) - ^ K1(T*(M/B),T ^M(M/B)), 
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where r is obtained by restriction to the boundary followed by the iden­
tification 

K-l{T*{dM/B)) <-> Kl{T*{dM/B)) 

given in [5] and 8 is the connecting homomorphism. Trivializing the 
normal bundle to the boundary gives an inclusion of dM into the interior 

o 

of the collar neighbourhood, thus fixing a map j : dM -̂> M. It follows 
from the definitions that S = j \ . Since the self-adjoint symbols defining 
the classes in K1(T*(M/B),T ^M(M/B)) are trivial when restricted to 
the boundary, there is a well defined topological index homomorphism 

t-Ind : Kl{T*{M/B),T M{M/B)) —> Kl{B), 

and it follows from the transitivity of the Thom homomorphism that 

t-Ind (a) = t-Ind (j.a) in KX(B) 

for each a G K^T^dM/B)). Thus 

t-Ind[(i(g0)] = t-Ind(j,[a(g)]) = t-Ind (j,r\a (g+)]) = 0, 

which, together with (2.3), proves the proposition. q.e.d. 

Corollary 1. Given a family of Dirac operators g as in Section 1 
there always exists a spectral section P for the boundary family g . 

3. Elliptic boundary problems 

The metrically incomplete setting in which the Atiyah-Patodi-Singer 
boundary condition appears is geometrically the same as that discussed 
in Section 1 except that the family of complete metrics, (1.2), is re­
placed by a family of smooth metrics with product decomposition near 
the boundary. Let M be the total space in this case. Thus for some 
decomposition of a neighbourhood Q = [0, e)xi X dM, 0 < e < 1, of the 
boundary the family of fibre metrics takes the form 

(3.1) g M /B = (dx')2 + h, 

where h is a family of fibre metrics for the boundary fibration dM —> 
B. With the b-tangent bundle replaced by the ordinary tangent bundle 
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throughout the discussion in Section 1 still applies provided the super-
bundle E, now denoted E, has a product connection near the boundary. 
The Dirac operator, fixed by the same formula (1.6), becomes 

(3.2) MoboM"1
 =1-JL + (Tg 

i ox' 

near the boundary, with g the boundary Dirac operator for the bundle 
E°. 

If P is a spectral section for g as introduced in Section 2 the bound­
ary problem 

(3.3) b+u = f , P(u \ dM c = 0 

is an elliptic boundary problem varying smoothly with the base pa­
rameters. Let C2(M; E+) be the space of sections of E+ which are 
square-integrable over each leaf and depend continuously on the base 
point. Thus, extended as a map on each leaf: 

(b+, P) : Dom(b+, P) —> £ 2 ( M ; E~) with 

(3.4) Dom(b+,P) = n u G £ 2 ( M ; E c ; b+u G £ 2 ( M ; E~), 

P(u \ dM c = oo 

to the natural Sobolev spaces this defines a continuous family of Fred-
holm operators. Since the boundary conditions differ from the Atiyah-
Patodi-Singer boundary conditions by finite rank operators this follows 
as in [4]; the crucial property is the continuity of the boundary condi­
tions in the parameters. The virtual bundle formed by the difference 
of the null spaces of these operators and the null spaces of the adjoint 
family defines an element which we shall denote 

(3.5) Ind(b ,P) G K°(B). 

The family Atiyah-Patodi-Singer index theorem proved below ex­
presses the Chern character of this element of K°(B) in terms of char­
acteristic classes and eta invariants. As in [4] the proof follows by adding 
a 'cylindrical end' to the total space of the fibration and passing to the 
complete space. This can be done explicitly by introducing as new co­
ordinate x = exp(x'), which transforms the collar Ci = [0, e)xi X dM to 
[1, ee) X dM. Attaching the infinite collar to the original manifold then 
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amounts to extending the variable x down to 0, let M be the resulting 
compact manifold with boundary: 

(3.6) M = M U [0,1) x dM, dM = dM. 

Since dx/x = dx' the original manifold c with metric, is identified with 
the region x > 1 in M, a compact manifold with boundary, with bound­
ary defining function x and family of exact b-metrics as in (1.2). Note 
that M and M are diffeomorphic as compact manifolds with boundary, 
but not in any natural way whereas their boundary are naturally diffeo­
morphic. The bundle E and its connection can also be extended using 
the product trivialization near the boundary, giving a bundle E with 
b-connection induced by a true (product) connection. Let g + denote the 
Dirac operator for the extended manifold with b-metric. After discussing 
boundary conditions for the exact b-metrics we show, in Lemma 2, how 
the null space of the boundary problem (3.4) can be identified with the 
null space of g + acting on an appropriate domain on the fibres of M. 

4. b-boundary problems 

Next we discuss the assignment of boundary conditions of gener­
alized Atiyah-Patodi-Singer type in the complete case. In general the 
'principal symbol' of these boundary conditions is given by a spectral 
section of the boundary family. Consider first the case of a single oper­
ator on a fixed manifold with boundary X, and suppose that the metric 
has a product decomposition near the boundary, g = (dx/x)2 -\-h where 
h is the pull-back of a metric form dX. In this case the boundary con­
dition, in the form of the selection of a domain, is quite direct. 

Since the metric g is assumed to have a product decomposition near 
the boundary, the operator g + can be identified with its indicial operator 
in a collar neighbourhood of the boundary, i.e., in x < e, for some e > 0, 
g + corresponds to (1.14): 

(4.1) M - g + - M " 1 = g + x A 
ox 

In this case any element of the formal null space 

(4.2) null Fo(g+) = n ueC-^iX-E^-g+ueC ^iX-E-)o, 

where C~°° denotes the space of all extendible-distributional sections, 
has a rather simple complete asymptotic expansion at the boundary of 
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the form 

(4.3) u~ Y. x~Xe+^ 
Aespec(3°) 

where ge^~ = Ae+; necessarily A is bounded from above in the sum. 
Let <£>A be the eigenspace of g with eigenvalue A, and let ^ be the 

direct sum of the <£>A as A —> oo and the direct product as A —> — oo. Thus 
elements of ^ are sequences of eigenfunctions fe^~g with e+ G ^ A and 
with e+ = 0 for A sufficiently large and positive, but with the sequence 
unconstrained as A —> — oo. The asymptotic expansion (4.3) gives a 
map, b_|_, into SÎJ_, by setting x = 1. In fact the existence of asymptotic 
sums (E. Borel's lemma) shows that 

(4.4) 0 — • C°°{X; E+) -+ null Fo(g+) b E° — • 0 

is an exact sequence, where Cco(X;E+) C Cco(X;E+) is the space of 
sections vanishing to infinite order at the boundary. This sequence does 
not split linearly. We call b+ a boundary map, of course one can get such 
a boundary map by evaluating the series at any other point x = x > 0. 

Let P be a spectral section, still for a single operator. Then P acts 
on EÏj_, and the boundary condition we impose on g + is 

(4.5) Pb+u = 0, u e null Fo(g+). 

L e m m a 2. If g + is the Dirac operator obtained by extension to a 
cylindrical end, as discussed in Section 3, then the solutions of the orig­
inal boundary problem (3.4) are precisely the restrictions to M C M of 
the solutions to g+u = 0 which are tempered and satisfy (4-5) for the 
boundary map arising from evaluation of (4-3) at x = 1. 

Proof. The Dirac operator takes the form (3.2), so any solution of 
g+u = 0 in the collar [0, e) X dM can be expanded in the eigenfunctions 
of g in the form 

(4.6) u= J2 a ̂  e~Xx'^ 
Aespec(3°) 

with the coefficients, a\e~ , rapidly decreasing in A for x' G [0, e). Each 
term extends to an element of the null space of g + , and the boundary 
condition P(u \ fx' = 0g) = 0 ensures that there are only a finite 
number of exponentially increasing terms in x' < 0. Thus the series (5.5) 
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converges rapidly in x' < 0, and the change of variable to x = e x reduces 
it to the form (4.3) with (4.5) valid. This shows that any solution of the 
incomplete problem extends. The converse is even more obvious, since 
(4.5) just reduces to the boundary condition in (3.3). q.e.d. 

The discussion for g~ is the same with some sign reversal. Thus the 
expansion (4.3) is replaced by 

(4.7) u_ ~ Yl xXe^ 
Aespec(3°) 

where now A is bounded below in the sum. Thus we take T,°_ to be the 
direct product of the <£>A as A —> oo and the direct sum as A —> — oo. 
This gives an exact sequence as in (4.4) with all signs reversed. Notice 
that ^ and TP. have a non-degenerate pairing, given by the L2 inner 
product on the eigenspaces: 

(4.8) S 0
+ x S 0 _ G ( { e + } , { e - } ) ^ J2 heAeÄ>-

Aespec(3°) 

We naturally take the boundary condition on g~ to be the adjoint con­
dition 

(4.9) (Id -P)b~v = 0, v G null Fo(g~). 

There is another description of these boundary conditions. Namely 
by a boundary condition for the Dirac operator we shall mean a subspace 
of the formal null space G C null Fo(g+)/C°°(X; E+) which lies between 
weights in the sense that 

] s G R such that 

u e x s H b°(X; E+), g + u G C°°(X; E~) => [u] G G, 

(4.10) ueC-°°(X;E+),g+ueC°°(X;E-), 

[u]eG^ue x~s H b { X - E + ) . 

L e m m a 3 . Any boundary condition for the Dirac operator, in the 
sense of (Jh10), is given by (4-5) for a unique spectral section and con­
versely. 

Proof. The conditions in (4.10) mean exactly that the image of 
G under the boundary map b+, contains all the <£>A for A < — s and 
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does not intersect the &\ for A > s. Thus if Id — P is the unique self-
adjoint projection onto b+G, then P is a spectral section and conversely. 
q.e.d. 

In Section 8 a general boundary condition of this type is reduced 
to the usual Atiyah-Patodi-Singer boundary condition, in this case just 
making the domain L2. To do so the operator g + is perturbed to a 
b-pseudodifferential operator. To show that the K-class of the index 
bundle is not changed in the process we need to follow the perturbation 
with a smooth family of boundary conditions. 

Let P be a spectral section for g . The perturbation in Section 8 
replaces the indicial family, g + iX, of g + by 

(4.11) g + i\ + Tpe(\)A°. 

Here A0 is a finite rank smoothing operator with kernel expressible as a 
quadratic form, with coefficients smooth on the base, in the eigenforms 
of g with eigenvalues in some finite range [—s,s]. Working locally in 
the base we can assume that ± s are not eigenvalues of g . The matrix 
A0 is such that 

g + A0 is invertible with 
(4.12) P given by projection onto 

the positive eigenspaces. 

The function jJe(X) is entire in A. Indeed we choose jJe(X) = /o(Ae) where 
/Mis the Fourier transform of p G C£°(R) which is real-valued, has integral 
1 and is even. Thus /Te(A) is an even entire function which approaches 
1 uniformly on compact sets as e J, 0 and satisfies estimates 

(4.13) jp t{\)j <C N{l + j\je)-N in jImAj < C/e. 

L e m m a 4. For e > 0 sufficiently small the only singular values 
of the family (Jhll), i.e., values of A G C for which the null space is 
non-trivial, in j Im Aj < s are points at which the inverse of the family 
has a simple pole with finite rank residue; the sum of the ranges of 
these residues is equal to the sum of the eigenspaces of g in [—s,s], 
provided ± s are not eigenvalues of g . As e J, 0 the singular values 
and the associated null spaces uniformly approach the eigenvalues and 
eigenspaces of g + TA°. 

Proof. The operator (4.11) is diagonal for the decomposition into the 
eigenspaces of g with eigenvalues in [—s, s] and the complement. On the 
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latter A = 0. Thus it suffices to consider the first, finite dimensional, 
part . The singular values are then just the zeros of the determinant. The 
estimate (4.13) shows that there can be no singular values in j Im Aj < C 
with large real part . As e \. 0 the zeros of this determinant in j Im Aj < s 
must approach eigenvalues of g + TA°. The fact that all singular values 
are algebraically simple, i.e., the inverse has only a simple pole, follows 
from the fact that the derivative in A approaches i Id as e J, 0. q.e.d. 

For a family with indicial operator (4.11) a generalized boundary 
condition is given by the projection P for all values of r G [0,1] and all 
small e. Consider 

(4.14) e+ = g+ + T<f>(x)pb(xD x)A0<f)(x). 

Here jb(xD x) is properly an operator on the infinite collar [0,00)x, but 
is well-defined on the manifold M since the cut-off function (f>(x) is 
assumed to have support in x < 1 and to be identically equal to 1 in 
x < i . Then, as shown in [20], any formal solution of e + with growth 
at worst O(x~s), i.e., any u G x~s H bOD(M; E+) which satisfies e + u G 
C°°(M; E~) has a complete asymptotic expansion just as in (4.7) with 
the sum over those A in Im A < s which are singular values of the 
family (4.11) with the e\ elements of the null space at the point A. The 
association of a boundary map b+ to a projection which annihilates all 
the null spaces for singular values in Im A < — s and acts as the identity 
on all null spaces for singular values in Im A > s extends immediately. 
Thus the one projection, P, a spectral section for g fixes boundary 
conditions for the whole family (4.14) for r G [0,1] and e G [0, eo], eo > 0 
sufficiently small. The assumption (4.12) means that at r = 1, for e > 0 
sufficiently small, this boundary condition is just the requirement that 
the solution be square-integrable. 

5. T h e non-product case 

In this section we discuss the formulation of boundary conditions, 
corresponding to a choice of spectral section, without demanding that 
the exact b-metric be a strict product near the boundary. 

The boundary condition (4.5), for elements of the formal null space, 
makes sense under the assumption that the metric is a product near 
the boundary. If we consider the general case of an exact b-metric, 
then the asymptotic expansion of elements of the formal null space can 
be somewhat more complicated than (4.3). In this case we use the 
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construction of formal solutions, see [20, §5.19], to produce quantization 
maps 

(5.1) q+ : S ^ — • null Fo(g+)/C0 0(X; E+). 

We can define such a map in terms of any local product decomposition 
near the boundary, X = dX X [0, e)x, e > 0, where x is a boundary defin­
ing function corresponding to the exact b-metric. Indeed the differential 
operator has Taylor series at the boundary 

oo 

(5.2) D = I{D) + Y^x j D{j\ 
j = 1 

where I(D) and the D j> are R - i n v a r i a n t operators in terms of this 
decomposition. For the Dirac operator associated to a product metric 
these D j ' s are all zero. As discussed in [20] the indicial operator I(D) 
has a natural (formal) inverse on asymptotic expansions, given in terms 
of the Mellin transform. Using this we define q+ recursively: 

q+(ex) ~ q f (eA) + £ q ) ( e A ) , q f ( e A ) = x~xex 

(5.3) 
OO 

q^(ex) = -'£I(D)-1 (x p D ( p ) q - 1 ) ( e A ) ) , j > 1. 
p=I 

This has the property 

(5.4) q+(e\) ~ x~xex + ^ ^ x ( l o g x ) j u,r 
respec(g)-N 0 0<j<N(r) 

r<X-S 

for some 5 > 0. Thus the error term, compared to the product case, 
is of strictly lower order than the leading part . In fact one can always 
arrange that 6 = 1. 

Such a quantization map induces an isomorphism 

q + : ^ ^ n u l l Fo(g+)/C°°(X;E+) , 

the inverse will be written b+ and called again a boundary map. There 
is in general no completely natural choice of such an isomorphism but 
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note that , because of (5.4), if q+' are quantization maps for i = 1,2 
(i) 

with inverses bx
+ , then the difference has the property that 

h i) = b i . (q(2) _ q(_i)} 

is a self-map of ^ which is of negative order in the sense that 

(5.5) h i : < i > A ^ 0 $r. 
rGspec(5°),r<A — 5 

In fact we have associated each quantization map to a choice of prod­
uct decomposition with boundary defining function consistent with the 
metric. Any two quantization maps are therefore homotopic through 
quantization maps with S > 0 fixed. 

Once a boundary map has been chosen we can impose a boundary 
condition on g + as in Section 4 by requiring that 

(5.6) Pb+u = 0, ue null Fo(g+). 

The alternative description (4.10) in terms of a subspace G of the 
formal null space can be given again and the following extension of 
Lemma (3) holds 

L e m m a 5. Any boundary condition for the Dirac operator, in the 

sense of (4-6), is given by (Jh10), with respect to a choice of boundary 

map, for a unique spectral section and conversely. For a fixed bound­

ary condition different choices of boundary map give homotopic spectral 

sections. 

Proof. Once a boundary map associated to a product decomposi­
tion has been chosen, the argument in the proof of Lemma 3 giving 
the identification of the two boundary conditions applies unchanged. 
The homotopy arises from the fact that the boundary maps are them­
selves homotopic under changes of product decomposition and admissi­
ble boundary defining function. q.e.d. 

To discuss the boundary condition for g~ we point out that the 
non-degenerate pairing (4.8) arises from a pairing of the formal null 
spaces, which persists in the non-product case. This is discussed in 
[20, Chapter 6]. The pairing is defined by 

hu, v) = hg+u, v) — hu, g~v) 

(5-7) = Z (g+uv - ug v) dg. 

X 
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It is always non-degenerate (see [20, Chapter 6]). We use it to relate 
quantization maps for g + and g~. Thus q+ and q_ are dual quantization 
maps if in terms of these inner products 

(5.8) (q+e, v) = (e, b_v), b_ = qZ1. 

This identifies the boundary map for g + which is the adjoint of a given 
boundary map for g~ and the boundary condition for g~ is 

(5.9) (Id -P)b~v = 0, v G null Fo(g~). 

In summary by a boundary condition of generalized Atiyah-Patodi-
Singer type on the Dirac operator g on an exact b-manifold we shall 
mean the conditions (5.6) and (5.9) on the formal null space of g + and 
g~ where P is a spectral section of the boundary operator and b± are 
adjoint boundary maps. 

6. Index bundle 

We now turn to families of Dirac operators, the first question being 
smoothness in the parameter space. Changes of multiplicity mean that 
the eigenspaces, <&\(z), do not really vary smoothly with z. However 
there is a natural local bundle structure on the spaces 

(6.1) J2 *A(z) 
|A-A' |<e 

for e > 0 so small tha t A' is the only eigenvalue of g , in the interval 
[A' — e, A' + e] and then for z in a sufficiently small neighbourhood of 
z' G B. Namely if e j for j = 1 , . . . , m(X', z') are a basis of <&\i(z'), then 
the contour integrals 

j ( g - c r e dc 
|C-A' |= e 

give a basis of (6.1) varying smoothly with z. In general it is not a basis 
of eigenvectors. Since this notion of smoothness is independent of the 
choices made it shows that the YP+{ z) and Ti°_(z), associated to g for 
each z G B, form C°° bundles over B, at least in the sense that we 
have defined the space of smooth sections. By assumption a spectral 
section is a smooth family of pseudodifferential operators so it preserves 
the smoothness of sections of these bundles. 
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This smooth structure on the bundles E± induces in a natural way a 
notion of smoothness for sections of the quotient spaces 
null Fo(g+) (z) /C°° (M z; E+). Namely if the product decomposition is cho­
sen to be smooth, then the resulting boundary maps b+(z) on each fibre 
will be considered smooth in z. This notion of smoothness is again in­
dependent of the choices made. Thus a smooth boundary condition 
of generalized Atiyah-Patodi-Singer type for a family g is a choice of 
smoothly varying subspaces G z G null Fo(g+)(z)/C°°(M z; E+) satisfying 
(4.10) for each z, with s smooth in z, corresponding to a spectral section 
for the family g under one (hence any) family of admissible boundary 
maps. By Corollary 1 such a boundary condition always exists. 

In [6] (see also [1, Appendix]) Atiyah and Singer show that the kernel 
and cokernel of a continuous family of Fredholm operators always define 
a virtual bundle, i.e., an element of the K-theory of the parameter space. 
Here we need to extend this construction slightly to the case where 
there is everywhere locally a Fredholm family with the given kernel and 
cokernel: 

null(g+, P){z) = {u G C~°°(M z; E+); g+u = 0, Pb+u = 0} , 

(6.2) 

nu l l ( g - , P ) ( z ) = ueC-co(M z;E-);g-u = 0, (Id-P)b_u = 0 

The families we define do not, in general, extend globally. In Section 8 
we show how to deform the virtual bundle to one which is defined glob­
ally by a Fredholm family. 

Consider the setting of Section 4, where b± are dual boundary maps 
for g ̂ , and P is a spectral section for the boundary family. We proceed 
to define Fredholm families associated to these data. Consider an open 
set U C B and s G R such that s > R(z) and g + s is invertible for all 
z G U. Here R(z) is the function in (2.4). Define 

f 6 3 ) H sX+{z)=x s H b{M z;E+) 

' ' + {u G null Fo(g+); Pb+u = 0} , z G U. 

The boundary map projects to 

b+(s) : H s:h+(z) —> D+(s, z), 

D+(s,z)=\ve 0 <S>x;Pv = 0 

{ -s<X<R(z) 
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Indeed b+ (s) on the second summand in (6.3) is just the truncation of 
b_l_ obtained by dropping the components corresponding to the eigen­
values less than — s; it therefore vanishes on the intersection of the 
two summands and so can be extended by demanding that it van­
ish on x s H ̂ (M z, E+). In fact b+(s), so defined, vanishes precisely on 
x s H ̂ (M z, E+) C H s)i)+(z) and hence defines a short exact sequence 

0 —> x s H b(M zlE+) —> H sX+(z) 

( 6 - 5 ) b^) i i ^ n 
—> D+{s,z) —>0. 

The dimension of D+(s, z) is constant and it inherits a Euclidean struc­
ture from the L2 inner product on E+ over the boundary. We choose a 
linear quantization map 

(6.6) q+ (s) : D+ (s, z) — • H sX+ (z), b+ (s) • q+ (s) = Id 

and declare q+(s) to be an isometry, so give H stit+(z) the unique Hilbert 
space structure for which (6.5) splits orthogonally: 

(6.7) H sX+(z) = x s Hlb{M z; E+) 0 q+(s) (D+(s, z)). 

There are completely analogous constructions for the adjoint opera­
tor, under the assumption that s > R(z) and g — s is invertible for all 
zeU 

H sX_{z)=x s Hlb{M z-E-) 

(6.8) + {u e null Fo(g~); (Id -P)b_u = 0} , 

zeU 

with a truncated boundary map 

b _ ( s ) : f s i l , _ ( z ) — • D _ ( s , z ) , 
( 6 '9 ) D_(s, z) = n ve ®s>X>_R{z) $A; (Id -P)v = o 

By definition D+(s,z) C £+(z ) and D_(s,z) C ^°-{z) are orthogonal 
with respect to the pairing (4.8) and 

(6.10) D-(s,z)®D+(s,z) = 0 $A. 
-s<A<s 

We can therefore choose the quantization map 

(6.11) q_(s) : D-(s,z) ^ H sX-(z), b_(s) • q_(s) = Id 
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such that 

hg+q+(s)u,q_(s)vi = hq+(s)u, g"q_ (s)vi 

V u G D+(s,z), v G D-(s,z) 

in terms of the L2 pairing. With such a choice of quantization map 
there is a splitting, as in (6.7), 

(6.13) H sX_{z) = x s Hlb{M z-E-)®q-{s){D-{s,z)). 

In either case these spaces decrease with increasing s : 

(6.14) H s,x±(z) C H s,i,±(z), s'ys, 

provided both are defined, and there are natural (dense) inclusions: 

(6.15) f s ^ z C x - H f M z ; ^ ) . 

L e m m a 6. IfUcBisan open set and s £R is such that s > R(z) 
and both g + s and g — s are invertible for all z dU, then 

((]W) %P:H sX+{z)^x s H°{M z,E-), 
[ ' 3P : H sX-{z) — • x s H ̂ (M zlE+)1 

defined by the action of g on these Hilbert spaces, are smooth families 
of Fredholm operators with null spaces independent of s, given by (6.2) 
and with ranges the annihilators of the other's null space under the 
inclusion (6.15). 

Proof. Basic results on the Fredholm properties of elliptic b-differential 
operators ([21], [20]) show that under the assumption that g ± s is in­
vertible, 

(6.17) g ± : x s H b(M z; E±) — • x s H°b{M z, E*) 

is Fredholm. Since g + maps the second summand in (6.3) into 
Cca{M z]E~), and similarly for g~, the operators in (6.16) are well de­
fined. Moreover they are finite extensions of (6.17), so are Fredholm and 
clearly smooth in z. The independence of the null space of the parameter 
s follows from the identifications with the null spaces in (6.2). 

To see these identifications note that an element of the first of the 
spaces in (6.2) is contained in the second summand in (6.3) and is cer­
tainly in the null space of the operator. Conversely the action of g + 
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is consistent with the inclusion (6.15), so any element of the null space 
is contained in null Fo(g+) and satisfies the generalized Atiyah-Patodi-
Singer boundary condition for the spectral section P. 

It remains to identify the ranges of these Fredholm operators. Con­
sider the adjoint of 3P as a map 

(6.18) V P' b z ' 
-^x-s H-1(M z;E+)(Bq+(s)(D+(s,z)). 

This is just the sum of the adjoints of g + as a map from each of the two 
summands in (6.7), using the L2 pairings of the weighted Sobolev spaces. 
Thus the first term in (6.18) is just g~. By definition the splitting (6.7) 
corresponds to the right inverse, q+(s), of b+(s) so the second part of 
(6.18) is determined by: 

(6.19) hb+(s)(g+)*v1wi = hv1g+q+(s)wi VweD+(s,z). 

By definition the pairing on the left is the L2 inner product from the 
boundary and that on the right is the continuous extension of the L2 

pairing on M z. Thus an element of the null space of (6.18) is an element 
v G x~s H ̂ {M z; E~) such that g"v = 0 and 

(6.20) hv,dP q+(s)wi = 0 V w G D+(s,z). 

Since 

(6.21) hg-v,gi-hv,g+gi = hb_v,b+gi, 

for elements of the formal null spaces (see (5.7) (5.8)), it follows that 

(6.22) hb-v,wi = 0 V w eD+(s,z). 

Thus b_(s)v G D-(s,z). This identifies an element of the null space of 
(6.18) with an element of the null space of dP. The map is obviously 
injective and the argument can be reversed, completing the proof of the 
proposition. q.e.d. 

In view of this result if, for z G U, the dimensions of null(3P ) and 
null(3P ) do not vary, then these vector spaces define smooth vector 
bundles over U. The proof given in [1] or [6] only covers continuous 
families of Fredholm operators but the same argument gives smoothness 
whenever the family is assumed to be smooth (see also [9, x5]). For 
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example if for each z G U the operator (5Pz is surjective, then the 
dimension of null(3P ) does not vary (since it is equal to the index of 
the operator) and we obtain a smooth vector bundle over U. 

We shall apply Lemma 6 to show that the formal difference of the 
null spaces in (6.2) defines an element of K°(B). This is a standard 
procedure which applies to any continuous family of Fredholm operators, 
as in [6]. 

Propos i t ion 4. If P is a spectral section for g and so > R(z) is 
given, then there is a trivial bundle, i.e., injective linear map depending 
smoothly on z, with values in the sections having compact support in the 
interior, 

(6.23) G z:C N -^C c { M z; E~), 

which complements the range of 3P for any s < s which is admissible, 
i.e., 

(6.24) g+z © G z : H sX+(z) © C — • x s H b(M z; E~) 

is surjective for every z G B and R(z) < s < so with g + s invertible. 

Proof. We simply choose the trivial bundle defined by G z to have 
range always including a complement to the range of 3Pz. To do so the 
range of G z need only have pairing of maximal rank with the null space 
of g ^ under the duality between x s H ̂ {M z;E-) and x~s H ̂ (M z;E-). 
This can certainly be arranged for any fixed value z G U. Any basis of 
the null space of 3Pz , and thus of the range of G z , can be approximated 
uniformly in the L2 — norm by smooth sections with compact support in 
the interior. Since the condition that 3Pz © G z be surjective is an 
open one, we conclude that it is indeed possible to find G z such that 
(6.23) and (6.24) hold for the fixed value z G U. A standard argument 
from [1] then shows that 

(6.25) g+z 0 G z : H sX+(z) © C —> x s H°{M z; E~) 

is still surjective for z in an open neighbourhood of z . From the com­
pactness of B and a partition of unity the result follows. q.e.d. 

By Lemma 6 the null spaces of 3Pz © G z are independent of the 
chosen s for each z in an open set on which s is admissible. Thus to every 
finite covering f£ i g of B by open sets on which s i < so is admissible 
we can associate a local smooth family of surjective Fredholm operators 
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(3P ® G)U with U = f (£ i , s i)g. The null spaces of such a family always 
define a smooth vector bundle null(3P ® G)U, and it is clear from the 
remark just made that 

nul l (g+®G)U = nul l (g+®G)V 

for a different choice of V = f(V j,s j)g as above. We will denote this 
bundle by n u l l ( g + ® G ) . 

Definit ion 2. Let P be a spectral section for the boundary family 
g . The formal difference of null spaces in (6.2) defines a class Ind P(g) G 
K°{B) as follows 

(6.26) Ind P(g) = [null (g+ ® G)} - [ B x C N]. 

The class (6.26) does not depend on the choice of the family of linear 
maps G, since if 

G~z:C N -^C c { M z;E-) 

is another such family, then there are exact sequences of vector bundles 

0 ^ n u l l ( g + ® G ) - + n u l l ( a £ e G 0 G ) — • (B x C N) — • 0, 
0 ^ n u l l ( g P ® G ) ^ null(g P(B G (BG) — • (B xC N) —)• 0, 

so 

[null(g+ ® G)] - [(B x C N)] = [null(g+ ® G)] - [(B x C N)] 

as required. By homotopy invariance, the index bundle is also inde­
pendent of the choice of boundary maps used in the definition of the 
boundary condition. 

7. Re lat ive index t h e o r e m 

If P and Q are both spectral sections for the family g , then their 
difference defines a K-class on the parameter space: 

(7.1) [ran(P) - ran(Q)] G K°(B). 

This needs to be justified, since the ranges of P and Q are both infinite 
dimensional. If P • Q = Q, so the range of Q is contained in the range of 
P, then the difference bundle should be taken as the orthocomplement 
of ran(Q) in r an (P) . This is the range of the projection (Id —Q) • P on 
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ran(P) so is certainly a smooth subbundle. In the general case we can 
use Proposition 2 and choose a third spectral projection R such that 
R • P = R and R • Q = R and set 

(7.2) [P - Q] = [P - R] - [Q - R] e K°{B). 

L e m m a 7. The class in (7.2) is independent of the choice of aux­
iliary spectral section R. 

Proof. If R' is another spectral section with R' • P = R' and R' -Q = 
R', i.e., with range contained in the intersection of the ranges of P and 
Q, then again by Proposition 2 there is a spectral section T with range 
contained in the intersection of the ranges of R and R'. It follows that 
if the various orthocomplements are defined by 

ran(P) = ran(R) © A, ran(Q) = ran(R) © B, 
ran(P) = r a n ( ' ) © A', ran(Q) = ran(R) © B', 
ran(R) = ran(R) © C, ran(R) = ran(T) © C", 

then 

A®C = A'®C, B@C = B'@C, 

which shows that A — B and A' — B' do indeed define the same K-class. 

q.e.d. 

In Section 6 we have defined the class of the index bundle for the gen­
eralized Atiyah-Patodi-Singer boundary problem associated to a spec­
tral section P for the boundary family. Next we shall prove the relative 
index theorem which relates the index classes of two spectral sections. 
For the Chern character this result can also be deduced directly from 
the family index formula (2) and the main result in Section 16, but is 
much more elementary, so we give a direct proof. 

Propos i t ion 5. If P and Q are spectral sections for the boundary 
family, then 

(7.3) Ind Q (9) - Ind P (9) = [P - Q] G K° (B). 

Proof. By Lemma 7 and Proposition 2 it suffices to prove (7.3) under 
the assumption that P • Q = Q, so the range of Q is contained in the 
range of P. Consider the families of operators, D P and D Q, defined by 
(6.24) for the two boundary conditions. Provided s and N are large 
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enough these are both surjective and have null spaces independent of s. 
Thus we can write the difference of the index bundles in the form 

(7.4) Ind Q(g) - Ind P(g) = null(D Q) G null(D P) . 

The choice of a boundary map gives a sequence 

( W null(D P) ^ n u l l ( D Q) 
(7.5) b 

- ^ C ° ° ( B ; [ P - Q ] ) — > 0 . 

The exactness of this sequence reduces to the surjectivity of the bound­
ary map. Let v be a smooth section of the quotient [P — Q]. Certainly 
there exists u\ G null Fo(g), the formal null space, with b+{u\) = v. 
From the definition of the bundle [P — Q] it follows that U\ = (ui ,0) 
is in the domain of the modified operator D Q; clearly D Q U\ = g G 
C°°(M; E~). By the surjectivity of D P there exists U2 with D P U2 = g. 
Then U\ — U2 G null(D Q) has v as its boundary data modulo ran(Q). 
Thus (7.5) is exact and the Proposition follows. 

8. Regularizat ion 

In the regularization of the index bundle it is very useful to re­
place the given family of Dirac operators by one which has an invertible 
boundary family. As a first step towards this we use Proposition 1 to 
show that a self-adjoint family with trivial index has a finite rank homo-
topy to an invertible family. It is in this sense that we consider a spectral 
section as fixing an explicit trivialization of the K ̂ -class associated to 
the given self-adjoint family. 

L e m m a 8. If D G Diff i (M'; E°) has a spectral section P, over a 
compact base, then there is a family of self-adjoint smoothing operators 
A P G ty~°° (M', E°) with range in a finite sum of eigenspaces of D such 
that 

(8.1) D = D + A Pe%{M'-E°) 

is invertible and P is the Atiyah-Patodi-Singer projection onto the pos­
itive part of the spectrum of D. 

Proof. For the given spectral section, P, of D choose 0 < s G R such 
that P acts as the identity on all eigenfunctions of D with eigenvalues 



f a m i l i e s o f d i r a c o p e r a t o r s 129 

greater than or equal to s and annihilates all eigenfunctions correspond­
ing to eigenvalues less than or equal to — s. Using Proposition 2 choose 
a second spectral section Q which annihilates all eigenfunctions corre­
sponding to eigenvalues less than or equal to s. Again using Proposi­
tion 2 choose a third spectral section R which acts as the identity on 
all eigenfunctions corresponding to eigenvalues greater than or equal to 
— s. It follows that 

(8.2) PQ = QP = Q, PR = RP = P1 QR = RQ = Q. 

Thus the four operators Q, Id -R, PR(Id -Q) and (Id -P)R{Id -Q) are 
commuting self-adjoint projections, the second two having finite rank 
ranges. Moreover 

R(Id -Q) = PR(Id -Q) + (Id -P)R(Id -Q) 

is the orthogonal projection onto the orthocomplement of the sum of 
the ranges of Q and (Id —R). Thus the ranges of these four projections 
give an orthogonal decomposition of L2. Consider the following operator 
which is block diagonal for this decomposition of L2 : 

D=QoDoQ + sPR(Id -Q) 

(8.3) + (Id -R) o D o (Id -R) 

- s(Id-P)R(Id-Q). 

From the properties of P and R the first two terms are strictly pos­
itive on the ranges of Q and PR(Id —Q) respectively, and similarly 
the last two terms are strictly negative on the ranges of Id — R and 
(Id-P)R(Id-Q). Thus D is invertible. Defining A°P = D - D gives 
(8.1), and this self-adjoint operator has range in a finite span of eigen­
functions of D, since P, Q and R are spectral sections of D. From (8.2) 
it follows that 

DP =PD = QoDoQ + sPR(Id -Q), 

D(Id-P)=(Id-P)D 

= (Id-R)oDo(Id-R) 

- s(Id-P)R(Id-Q) 

are respectively the positive and negative parts of D. Thus P is the 
Atiyah-Patodi-Singer projection for D. q.e.d. 
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Corollary 2. If D, P and A P are as in Lemma 8, then P is a 

spectral section of DT = D + TA P for all T G R and is equal to the 

Atiyah-Patodi-Singer projection for D = D\. 

When applied to the family of boundary Dirac operators, the result­
ing homotopy is within the space of pseudodifferential operators. How­
ever it does not give, directly, a suitable homotopy of operators in the 
interior, since the resulting family will be 'differential-pseudodifferential' 
and hence not pseudodifferential in the strict sense. Treating such a fam­
ily complicates the analysis unnecessarily, so instead we further refine 
the homotopy. 

L e m m a 9. Let P be a spectral section for the boundary family of a 
family of Dirac operators, g. Then on the fibres of (f> : M —> B there is 
a family e + G ^ b AM; E+, E~) for which 0 is never the imaginary part 

of an indicial root and such that if A P' = e+ - g+ G \Pb~?°(M; E+, E~)) 

then M_ o I (A P, z) o M^ has kernel spanned by the eigenfunctions of 

g for eigenvalues in a fixed range [-R, R]. 

Proof. We first construct the indicial family of the operator A~P. 
Let p G C c°(R) be non-negative, even and have integral 1, so pe(t) = 
e _ 1 p(t/e) approximates S(t) as e \, 0. The Fourier-Laplace transform 

Pb(z)= Z e-itzPe(t)dt 

is therefore entire, even, real for real z and has pb(0) = 1. Then consider 

(8.5) I(A+1z) = MZ1opb(z)A PoM+ 

where A P is the finite rank operator from Lemma 8, and e > 0 will be 
chosen small. 

Certainly the kernel is spanned by a fixed range of the eigenfunctions 
of g . Consider the operator I ( g + , z) + I{A~P, z), where the first term is 
given by (1.14). Reducing this to an operator on E° gives 

(8.6) iz + g + pb(z)A°P. 

If z is real this operator is invertible. For z / 0 this follows from the self-
adjointness of the second part . By construction g + A P is invertible, so 
0 is not an indicial root; thus 0 is not the imaginary part of any indicial 
root. 
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To construct the full operator A P~ we simply choose a product de­
composition near the boundary; if (A P)' is the unique R - i n v a r i a n t 
operator with indicial family I(A P,z) simply choose 

(8.7) A+ = f(x)(A+)'f(x'), 

where f(x) localizes near the boundary. q.e.d. 

As e J, 0 in (8.5) the factor pb(z) approaches 1 uniformly on any 
compact subset of C and is rapidly decreasing as j Rezj —> oo provided 
j Im zj stays bounded. Choosing e > 0 small enough allows us to arrange 
that the indicial roots are very close to the eigenvalues of g + A in any 
preassigned strip j Imzj < N as shown in Lemma 4. This in turn allows 
smoothly varying boundary conditions to be specified for the homotopy 

(8.8) e + ' r = g+ + TA+ 

by the fixed projection P as described at the end of Section 4. 
Finally we modify the family of operators e + further by adding a 

family of finite rank operators, as in Section 6 to give a surjective family 
for which the index bundle arises simply from the smooth family of null 
spaces. Thus we have 

Propos i t ion 6. The (virtual) index bundle of g + with generalized 
Atiyah-Patodi-Singer boundary condition corresponding to a spectral sec­
tion P for g and the index bundle of e + = g + + A P~ with A P~ given by 
(8.7) represent the same class in K°(B). 

Proof. As T varies the virtual index bundles correspond to a smooth 
homotopy of locally Fredholm problems, so the K-class of the bundle 
remains unchanged. q.e.d. 

9. B i smut superconnect ion 

The idea of using a superconnection to derive a local form of the 
family index theorem is due to Quillen [22]. Bismut in [8] carried out the 
program and it was extended to the family version of the Atiyah-Patodi-
Singer index theorem by Bismut and Cheeger [9]. Here we construct the 
Bismut superconnection in the setting of b-geometry relying heavily on 
the treatment of the boundaryless case by Berline, Getzler and Vergne 
in [13, Chapter 10]. 

Consider a family of exact b-manifolds as in Section 1. Suppose 
that the fibration is given a connection, which is to say the choice of a 
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splitting: 

(9.1) b TM = T H MQ)b T(M/B), 

so projection gives an identification T H M = (f>*TB. Let TTH and iV be 
the projections onto the horizontal and vertical parts, i.e., the first and 
second summands. 

This decomposition and the fibre metric together yield a degenerate 
inner product on TM, vanishing identically on T H M : 

(9.2) hX1Yi = hTTV X1TV Yi. 

Similarly the dual splitting 

(9.3) b T*M = T*H M 0 b T* (M/B). 

and the dual fibre metric define a degenerate inner product on T*M : 

(9.4) hu, 7/i = hTTV ̂ , KVT]i. 

The Levi-Civita connection on the fibres extends to a full connection 
on b T(M/B), r M/B1 such that the metric is covariant-constant; it is 
determined by 

2hVM/B Y,Zi=h[X,Y],Zi + h[Z,X],Yi 

(9-5) - h [ Y , Z ] , X i + X h Y , Z i 

+ YhZ,Xi-ZhX,Yi 

for each X G V b(M), Y, Z G C°°(M; b T{M/B)). 
The two basic tensors associated to the connection and fibre metric 

are the second fundamental form and the curvature. As 3-tensors on M 
they are defined by 

2S{X,Y){Z) = 2 h r / B T V X - [irH Z,V X},Yi 

(9.6) =(TTH Z)hX1Yi - h[irH Z,V X},Yi 

-h[TrH Z,TTV Y],Xi 

and 

(9.7) Q(X1Y)(Z) = -h[TTH X1TrH Y]1Zi. 
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It follows easily from the definitions that 

S G C ° ° ( M ; b T*(M/B) ® b T*(M/B) ® <f>*TB), 

neCco(M;cl)*T*B®(l)*T*B®b T*(M/B)) 

are respectively even and odd in the first two arguments. The mean 
curvature k G C°°(M; (f>*T*B) is the trace of S in the first two variables, 
with respect to the fibre metric. The 3-cotensor 

u(X)(Y,Z) =S(X,Z)(Y) - S(X,Y)(Z) 

(9.9) +\n{X,Z){Y)-\n{X,Y){Z) 

+
 l-Çl(Y,Z){X) 

is particularly important because it occurs below in the limiting Levi-
Civita connection. 

Next we look at the boundary behaviour of these tensors. Since the 
family of metrics g MIB is exact we have 

(9.10) r = 0 atdM. 
Qx 

There is a naturally induced connection on T(pM/B), r ' , which 
coincides with the analogue of (9.5) for the family of Riemannian man­
ifolds, d(f> : dM —> BjgdM/Bi with connection 

T(dM) = (T H M)aM®T(dM/B). 

We denote by Q and k the curvature tensor and the mean curva­
ture associated to this fibration. Then (9.10) implies that 

j —c)M 
krjM —k , 

d 
n(X,Y)(xT-)=0 at dM, 

t 9 ' 1 1 ) Ü(X, Y) (Z) =QdM(X, Y) (Z) at 8M, 

V X , Y G C 0 0 ( M ; T H M ) , 

Z G C 0 O ( 9 M ; T ( 9 M / B ) ) . 

If r B is the Levi-Civita connection of some Riemann metric g B on B, 
a connection can be defined on T*M using the decomposition (9.1): 

(9.12) r® = (f>*r B 0 r M/B. 
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The degenerate inner products (9.4) is simply the limit as u tends 
to zero of the family of b-metrics g u = ug B (&g M'B. Let Vu be the Levi-
Civita connection on T*M associated to g u. The limiting Levi-Civita 
connection, r = lim Vu, (see [13, §10.3]) is related to r ® by: 

u—»0 

(9.13) r = r ® + ^ r H , 

where r : bA2M —> hom(b T*M) is defined by 

(9.14) -T(Ç/\T])II= ( £ , / / ) O » 7 - (V,»)<£, 

so T(U) is a 1-form with values in hom( T*M). Let Clo(M) be the Clif­
ford algebra defined by the degenerate inner product (, )o, the quotient 
of the tensor algebra of T*M by the relations 

(9.15) Ç-C + C-? = 2(Ç,C)o. 

Clearly Clo(M) is the graded tensor product 

(9.16) Clo(M) = (<j>*A*B) ® Cl ^(M) 

of the lift of the exterior algebra of B and the non-degenerate Clifford al­
gebra Cl<f,(M). The connection r in (9.9) preserves the relations (9.15) 
and so induces a connection on Clo(M). The original fibre connection 
on E can be extended to a full connection which is still unitary and con­
sistent with the Clifford action by C l ^ M ) . It suffices to do this locally 
and then use a partition of unity. Since the fibres are even-dimensional 
locally the bundle decomposes as a tensor product S <S> G where S is 
the spinor bundle of a local spin structure, with its Hermitian Clifford 
action, and on G the Clifford action is trivial. The fibre connection on S 
is necessarily that induced by the Levi-Civita connection on b T(M/B); 
the extension of the fibre Levi-Civita connection on T(M/B) to r 
therefore induces an Hermitian Clifford connection on S. Taking any 
Hermitian extension of the connection on G yields a local unitary Clif­
ford connection on E. By a partition of unity this gives a choice of 
connection on E which will be denoted r E . 

Assuming that E is a C l ^ M ) module the superbundle 

(9.17) E = <j>*A*B ® E, 
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where we are again considering the graded tensor product, has a natural 
structure as a Clo(M) module coming from the tensor product decom­
position (9.16); a differential form a on the first factor of (9.16) acts 
by exterior multiplication on the first factor of (9.17) whereas a ver­
tical Clifford element acts on the second factor of (9.17) according to 
the Cl?i(M)-module structure of E. We denote this Clifford action of 
Clo(M) on E by m0. 

Definit ion 3 . A b-superconnection on E is a b-differential operator 

(9.18) A : C°°(M; E) — • C°°(M; E) 

of odd parity such that 

( , A((<f>*a)u) = (<f>*(da)) u + (-l)k(<f>*a)Au 
( ' V a G C°°(B; Ak), u G C°°(M; E). 

From (9.19) it follows that A is determined by its action on Cco(M; E), 
which decomposes into 

dimB 

(9.20) A = J2 A j> A j -C ̂ iM-E) —> C°° (M; <j>*Aj (B) ® E). 
j=o 

It follows that AMI is a B-connection on E, tha t is, 

Afi] :C°°(M;E) —> C°° (M; <f>*A1 (B) ® E) 

satisfies (9.19) but with a G C°°(B), u G C°°(M;E). Initially we shall 
also demand that A G Diffb(M; E) from which it also follows that 

(9.21) A j G Di fb^ (M; E, (f>*Aj(B) ® E) for j / 1. 

The superconnection is said to extend the B-connection AMI and to be 
adapted to the operator Ar0i. 

Bismut's superconnection is a (degenerate) Dirac operator on the 
bundle E associated to a connection which is Clifford with respect to the 
Clo(M)-module structure on E and the limiting Levi-Civita connection 
r on Clo(M). The connection on E is: 

(9.22) r E'0 = ^*(r B)®Id + Id®r E + -mo(w) . 

Here r is the Levi-Civita connection on A*B, and r is the above 
unitary connection on E which is Clifford for the Cl ̂ -action. The ten-
sorial term m ( W ) is the 1-form defined in (9.9) with values in b 2 ( M ) 
acting through Clifford multiplication on E. 
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Definit ion 4. The Bismut superconnection A is denned as the Dirac 
operator on E associated to the Clo(M) action m and the Clifford con­
nection (9.22). 

The Bismut superconnection is independent of the choice of hori­
zontal metric g B used in its definition. There is an explicit formula for 
A acting on C°°(M;E) : 

(9.23) A = g + Afi] + A[2] 

with 

A [ i ] = - i £ ( f a ) ( r + k f ) > 
a 

(9-24) At^-^EEfMf cleW-ffe))-

In these formulae f f„g , fe j g are orthonormal frames in TB, T(M/B) 
with dual frames f f " g , e j g ; e(fa) denotes as usual exterior multipli­
cation by the one-form f f . 

The main feature of the Bismut superconnection is that its curva­
ture A2 G Difb J , ( M ; E ) can be computed via a Lichnerowicz formula. 

For each z G B let Az be the Laplacian on M z associated to the 
connection r E'°j M z, and let à.MlB G Difb ^ M ; E) be the correspond­
ing family of operators. Let R ' be the curvature of the connection 
r ' ; we denote by S M/B the associated scalar curvature. Finally let 
hom Cl,(E) be the bundle of endomorphisms of E commuting with the 
vertical Clifford action, and let K'E G C°°(M; bA2M <g) hom Cl ̂ (E)) be 
the twisting curvature of the bundle E with respect to the connection 
r E [cf. [13], [20]). For the square of the Bismut superconnection the 
following extension of Lichnerowicz' formula holds 

=^ MIB + \S M/B 

(9.25) 
e 

a.b 

-J2mo(e a)m0(e b)K'E(e a, 

where the sum is over both vertical and horizontal tangent vectors. 
We conclude this section by pointing out that if 

Ae*b7>(M;E), 
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then the perturbed Bismut superconnection 

(9.26) e = (g + A) + A{l] + A[2] 

with AMI, Ar2] given by (9.24) is such that its square 

(9.27) e 2 G * ^ ( M , E ) 

is the sum of A2 and an element in \Pr/?° (M, E). 

10 . C l ( l ) - s u p e r c o n n e c t i o n s 

In the odd-dimensional case we define a superconnection which is 
associated with a Cl(l)-module, following the ideas of Quillen (see also 
Getzler [16] for a similar development). 

Let tp : M' —> B be a fibration with odd-dimensional fibres with 
fibre metric, and suppose E° is a bundle over M which is a unitary 
Clifford module for the fibre Clifford algebra and carries a unitary Clif­
ford connection. The bundle E° is not assumed to have a Z2 grading. 
Instead we give E = E° © E° a Cl(l) action by choosing a smooth, odd, 
self-adjoint involution a; we shall take 

Notice that if 

then 

(10.3) a = iRj. 

Thus C2 can be identified with the algebra, Cl( l ) , generated by a and 
Id, so E = E° <gi C2 = E° <gi Cl ( l ) . The bundle E is defined by (9.17) as 
before. The involution a acts on E as Id (ga. 

In general a homomorphism A, of E as a Clifford module, is a ho-
momorphism of E as a bundle which commutes with the action of a on 
the right, A(ua) = (Au)a. Such a homomorphism decomposes into 

(10.1) 

A = A' + a A", 
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where A1 and A" are homomorphisms of E° lifted to act diagonally on 
E. This makes the space of homomorphisms into a superalgebra, with 
the odd terms being those of the form a A". The supertrace functional 
is defined on these (Cl(l)-module) homomorphisms by 

(10.4) StrCT(A) = tr(A") . 

The supertrace functional extends to be form-valued on the space of 
yl*-linear homomorphisms of E as before. 

The definition of a superconnection on E can be applied, with the 
additional condition that it be a map of Cl(l)-modules; i.e., that it 
commutes with the right action of the involution a. We generally denote 
such Cl(l)-superconnections by B : 

B : C°° (M'; E) — • C°° (M'; E), 

B((<t>*(a)u) = (r(da))u+(-l)k^(a)Bu, 
(10.5) 

V a G C°°(B; Ak), ue C°°(M'; E), 

B(uO-) = (Bu) a. 

We still insist tha t B be odd. 

To see how Cl(l)-superconnections arise naturally in our problem 
consider the Bismut b-superconnection (9.23) for the original fibration 
with boundary (f> : M —> B. Let M' = dM and consider the boundary 
fibration d<f> : M' —> B. The restriction of r to the boundary induces 
through the identification (1.13) a connection on the bundle E° © E° 
over M' : 

r E°®E° =M-r E jdM-M-1. 

Let us consider the B-connection on E° © E°: 

(10.6) B[1] = - i e ( f ) ( r f E° + k M), 
a 

and let B[2] G C°°(M'; hom((d(/))*A*B ® E0)) be given by 

(10.7) B[2] = -^Y.<f<fß)cl^gWdM(fa,fß)(g j)) 
a<ß j 

with fg j g an orthonormal frame of T(dM/B) with respect to ggM/B-
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Propos i t ion 7. The indicial family of the Bismut b-superconnection 
is given by 

M • I(A, A) • M _ 1 = 7A + 0-g + B^j + CTB[2] 

= 7A + B 

with B a Cl(l)-superconnection for the boundary fibration 

d(f>:dM = M' —> B. 

Proof. It suffices to consider the individual terms in (9.24). The in­
dicial family of g is given by formula (1.14) whereas the indicial families 
of AMI and Ar2i are simply given by the restriction to the boundary; by 
the boundary behaviour of Q and k from formula (9.11) the proposition 
follows. q.e.d. 

11 . Heat kernels 

The structure of the heat kernel of the Laplacian of an exact b-metric 
is examined in detail in [20]. In the Appendix that discussion is extended 
to treat families of self-adjoint operators. Here it is further refined to 
deal with the somewhat more general case which arises for the operator 
A2 . Although we only consider the Bismut superconnection, there is no 
problem in generalizing the discussion. 

Our goal is to show the existence of an element 

e-tA? G C ° ° ( R ; * b - ^ ( M ; E ) ) , 

which, for each z G B, gives the unique solution to the heat equation 
along the fibre M z : 

; n . i ) dt 
l i m H z v=v V veC°°(M z:E)®Az B. 
4 0 

Formula (9.25) shows that A2 is the sum of a family of formally self-
adjoint elliptic second order b-differential operators, P G Diffb AM, E), 
with positive principal symbol acting as a multiple of the identity on 
forms on the base and an endomorphism, P+, of E with coefficients 
differential forms on the base of degree greater than 0. In the Appendix 
it is shown that the heat kernels of the P z G Diff2(M z; E) form a family 

expHP)G\irJ(M;E). 
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Since P+ is nilpotent, we can obtain the heat kernel of A2 from the 
expansion as the operator 

(11.2) e~tA" = e~tP z + X i - t k I . 

Here 

(11.3) I k = Z e~aotP z P+e~aitP*P+ • • • e-ak tP z d(j 

Ak 

with A = { ( t i , . . . , t k); 0 < t\ < ••• < t k < 1} parametrized by <7o = 
t i , . . . , ai = t-+i — t i,..., Gk = 1 — t k- The nilpotence of P+ means that 
the sum in (11.2) is finite. Moreover from the properties of the heat 
space described in the appendix each element is clearly in 

^ ( M z;E)<S>Az B, 

since P z G COD(M z; hom(E)) <8> A*z B. It is straightforward to show that 
(11.2) is a solution of the heat equation (11.1) so it follows that 

(11.4) e-tA2 G * - 2 ( M ; E ) . 

We need to further extend this result to cover the case of the per­
turbed Bismut superconnection 

(11.5) e = (g + A) + A{l] + A[2] 

with A G \ P ^ (M; E). In terms of the definition, (A.23), of the enlarged 

fibre heat calculus, p'q(M; E), we find 

Propos i t ion 8. For any A G \Pb~?°(M; E) there is a unique solution 

H(t) = e-t e2 G ^ 2 / ( M ; E ) 

to the heat equation 

d + eAH=O 
11.6) dt 

lim H (t) = I d . 
4 0 
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Proof. As in the discussion above, leading to (11.4), the main step 
is to analyze the heat kernel of Q = P + A with A G b™{M;E) . 

Let H ^0' = exp(—tP) G ^~AM;E). The composition formula in the 
Appendix, Proposition 20, shows that 

(11.7) R ( 0 ) =Ae~tP G C°°([0, oc); b^{M; E)). 

We proceed to remove the error term by modifying H ̂ °K 
The first step is to remove the Taylor series of R'°) at bf (M^ ,) (see 

the Appendix for the notation). We initially look for 

H(o) , etC°°([0,oc);^(M;E)) 

such that 

(11.8) ( d + Q H = R(°)(t) + R 0 ) ( t ) 

with R[ 0 ) G Cco([01oo)1pbf ^~^(M-1E)). This means that a solution to 
the indicial equation 

(11.9) ( d + I ( Q ) ) G = I ( R ( ° ) ) 

must be found in tC°°([0, oc), ^^(N+dM; E). The solution will be 
R - i n v a r i a n t along the normal fibres. Taking the Mellin transform, 

(11.9) and the requirement that the solution vanish at t = 0 amounts to 
a family of inhomogeneous Cauchy problems, depending parametrically 
on A, on the closed fibres of dM. Composition with the heat kernel of the 
indicial family exp(—tI(Q, A)) then provides the required solution as in 
[20]. This gives H[0) satisfying (11.8) and thus the element H^-H[0) G 
y~y(M;E) such that 

(11.10) (dt + QyH^-H^)eCoo([0ìoo)ìpbf^(M-ìE)). 

Proceeding inductively in the usual fashion we can reconstruct the whole 
Taylor series of R(°> at bf(M^ ,), obtaining an element 

H™ eC°°{[0,<x>);bJ>(M;E)) 
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such that for H = H(°) - HW 

d 
11.11) - + Q H = R e C°°([0, oo), tt-°°'°°(M; E)). 

Since this error term is a family of Volterra operators with kernel van­
ishing rapidly at the boundary, a parametrix H for the heat equation 
(11.6) has been found. 

Following the standard procedure we can obtain the heat kernel by 
iteration: 

(11.12) e"t? = H + X Z H(t - t k)R(t k - t k-i) • • • R(t)dt 

with tAk = {(ti,.. .,t k); 0 < ti < ••• < t k < t}. Each element in 
the series belongs to the residual calculus tC°°([0, oo), ^'7°°'°°(M; E)), 
and the usual Volterra estimates show that the series converges in each 
C -norm, l > 0, to an element in the same space. 

The same argument applies to A2 = A2 + A with A G * ^ ( M ; E). 
Thus we have constructed the heat kernel associated to the square of 
the perturbed Bismut superconnection and 

-tA2 -tA 11.13) e~tA - e~tA e tC°°([0, oo);%^(M; E)) 

q.e.d. 

12. Supertrace defect 

Let E be a superbundle on a manifold with boundary X. The op­
erators in ty^°° (X; E) are not trace class on L%(X;E) (they are not 
even compact). Notice however that the restriction of their Schwartz 
kernel to the lifted diagonal A& in X 2 is in a natural way an element in 
C°°(X; hom(E) 0 Q) under the obvious identifications 

X <—> A <—> A . 

Following [20] we can thus extend the (super)trace functional to these 
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operators by defining 

b-STr(A)=Z str E(A\Ab) 

X 

(12.1) 

Z str E(A\Ab) d= lim I Z str E(A\Ab) + loge • Z str E(A\dAb 

X x>e dX 

for each Schwartz kernel A G b°°{X;E) . Here v G C°°(dX, N+dX) 
is a fixed trivialization of the positive normal bundle to the boundary, 
and x G C00(X) a boundary defining function with dx{y) = 1 at dX. 

If E is a superbundle on a C°° fibration (f> : M —> B, then (12.1) 
gives a map 

b-STr(A)(z) = b -STr (A) . 

As in [22] we can extend (12.2) to any element r]<3 A = i]A G * ^ ( M ; E) 

by 

(12.3) b-STr(r]A)(z) = r](z)( b-STr(A z)). 

Since locally in the base the general element of ^ b ^ ( M j E ) is a finite 
sum of such terms, (12.3) fixes a map 

(12.4) b-STr : * b - J ( M ; E ) -^C00 (B, A*B). 

The b-supertrace is not a supertrace in the strict sense, i.e., does 
not always vanish on supercommutators. The following defect formula 
is a straightforward consequence of the corresponding identity for the 
b-trace of a commutator of b-pseudodifferential operators in [20]; cf. also 
[16, Corollary 5.5]. 

Propos i t ion 9. If E is a superbundle over a C°° fibration (f> : 
M —> B, with compact manifolds with boundary as fibres and E = 
4>*A*B ® E, then for any A G * ^ ( M ; E) and B G *b"^°(M; E) 

(12.5) b-STr[A, B] = — Z STr (9AI(A, A) • I(B, A)) dA. 
2TT 
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Proof. It suffices to work locally in the base, so the operators can 
be taken to be of the forms TJA' and ^B' where r] and £ are C°° forms 
of degrees k and l, A' G * ^ ( M ; E) and B' G * 6 " ^ ( M ; E). Then 

(12.6) [A,B] = ( - l ) I ^ A £ [ A B 

the exterior algebra being supercommutative. Thus it suffices to suppose 
that 

A G * - (M; E) and B G * " - (M; E). 

If A and B have opposite parities, then [A, B] and d\I(A, A) -I(B, A) 
are both odd, so both sides of (12.5) vanish. Thus we can take both A 
and B to be either even or odd. If they are both even, i.e., 

B++ 0 " 

0 B— ' 

then 
b-STr[A,B]= b-Tr[A++, B++] - b - T r [ A ~ , B ~ ] . 

Applying [20] this reduces to (12.5). Similarly if A and B are both odd 

0 B+-~ 
B-+ 0 ' 

then 

b-STr[A,B]= b-Tr[A+~, B~+] - b-Tr[A~+, B+~]. 

Again this reduces to the right side of (12.5) on applying [20]. q.e.d. 

Integration by parts in (12.5) allows it to be written 

b-STr[A, B] = -— Z STr (I(A, A) • 9AI(B, A)) dA. 
2TT 

R 

Notice in particular that if either operator has indicial family indepen­
dent of A, i.e., a bundle map, then the b-supertrace of the commutator 
vanishes. 

13. b-Chern character 

The Chern character of a superconnection is the trace of its heat 
kernel, which includes the operator trace on the fibres in the case of 

A 
A++ 0 

0 A-
B 

A 
0 

A-+ 

A+ 
0 

B 
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a fibration. To define the Chern character of a b-superconnection we 
replace the fibre supertrace by the b-supertrace: 

(13.1) b-Ch(A) = b-STr(e-A2). 

From the properties of the heat kernels discussed in Section 11 it follows 
that b-Ch(A) is a smooth form on B. Since A2 is even with respect to 
the total Z2-grading, and the supertrace vanishes on odd elements of 
hom(E) , b-Ch(A) has only terms in even degrees. 

For a Cl(l)-superconnection, where we assume that the leaves of the 
fibration tp : M' —> B have no boundary, we similarly define 

(13.2) C h c l ( 1 ) ( B ) = S T r c l ( 1 ) ( e - B 2 ) . 

In this case Chcl(i)(B) has only terms of odd degree since the Cl( l ) -
supertrace vanishes on even elements of hom (E) , and B2 is even with 
respect to the total grading of E. 

As a first application of the defect formula (12.5) we compute the 
exterior derivative of the b-Chern character. 

Propos i t ion 10. For a b-superconnection adapted to the fibre Dirac 
operator of a graded Clifford module over a family of exact b-manifolds, 

(13.3) d B b-Ch(A) = p C h c l ( i ) ( B ) , 

where B is the induced Cl(l)-superconnection over the boundary. 

Proof. Since AMI is a B-connection on E, it is given in any local 
trivialization by d + y where 7 is a bundle map. Using the remark 
following Proposition 9 we have 

(13.4) d B b-Ch(A) = b-STrfAn^e-A2]. 

Since Am, for j > 2, are by assumption bundle maps and [A, e ] = 0, 

(13.5) d B b-Ch(A) = - b-STr[A [0],e-A2]. 

Applying (12.5) gives 

(13.6) d B b-Ch(A) = - ^ - Z STr(9A I (A [ 0 ] ,A)I(e-A 2 ,A))dA. 

R 

With cl(idx/x) used to identify E with E° <S> C2 over the boundary, 
the indicial family of the curvature operator becomes B2 + A2 Id and 
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d\I(Ai0i, X) = 7 where 7 is the matrix in (10.2). The A-integral in 
(13.6) can therefore be carried out, and hence we obtain (13.3), since 
iRj = a (see (10.2) and (10.3)) and STr(F) = Tr(RF). q.e.d. 

One of the basic properties of the heat kernel for the square of a 
generalized Dirac operator on a closed manifold is that it interpolates 
between the kernel of the projection onto the null space of g at t = 00, 
with supertrace equal to the index of g + , and a kernel whose supertrace 
at t = 0 is computable. Since the supertrace of the heat kernel is 
constant in t, the index theorem follows from simply equating these two 
terms. In the case of a manifold with boundary with an exact b-metric 
the contributions of the b-supertraces from t = 00 and t = 0 remain 
the same but their difference, i.e., the integral from 0 to infinity of the 
t-derivative of the b-supertrace of the heat kernel, is not zero but rather 
is the eta invariant. 

For a family of Dirac operators this fundamental interpolating prop­
erty is captured by the behaviour in t of the supertrace of the heat kernel 
exp(—A t ) of the rescaled Bismut superconnection 

(13.7) A t = t12g + A[1]+t12A[2]. 

This is true in both the closed case [13] and in the case of fibrations 
by b-manifolds as in Section 1. We will deal with such a question in 
Section 15. This property granted, it is clear that the boundary contri­
bution in the family index theorem is connected to the t-derivative of 
the b-supertrace of the heat kernel exp(—A t ) . The defect formula (12.5) 
can be applied to compute this derivative giving the basic identity un­
derlying the proof of the index formula. 

Propos i t ion 11 . The b-Chern character of the rescaled Bismut su­
perconnection for a Clifford module over a family of exact b-manifolds 
satisfies 

(13.8) d b-Ch(A t) = -d B b-STr (dA e " t ) - \rj{t), 

where the eta forms are defined by 

(13.9) W l S T r c , ( 1 ) (dB e - t ) • 
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Proof. By Duhamel's formula, the derivative of the heat kernel is 

l 

d e-A!= Z e - t - ^ - e - W t ds. 

o 

'13.10) 
' dt dt 

The indicial family of A t is even in A, so applying (12.5) to commute 
the leading term, from left to right, no boundary terms arise. Thus 

(13.11) d bChA , ) =-bSTr(dA e-

Since A t is odd and commutes with exp(—A t ) , this can be written as a 
supercommutator: 

(13.12) dt b-Ch(A t) = - b-STr[A t,dA e-A'] . 

Now, dA t/dt is a fibre operator so (12.5) can be applied to give 

dA t 

dt 
b - S T r ^ - A ^ dA e - A ] 

(13.13) 

= 7i Z STr(9AI(A t-A [1 ] ,A).I(dAÌ,A).exp tA2 

Since d\I(A t — AMI, A) is tïy, where y is the matrix in (10.2), and the 
even part, in A, of the middle term is dB t/dt, the A-integral in (13.13) 
becomes 

^ ^ S T r . ( d B - B ? ) -

Thus (13.13) is reduced to the eta term in (13.8), given by (13.9). The 
remaining term is 

bSTr[A.„ d A - A ] = -d.bSTr (dA e-A)• 

q.e.d. 

In order to prove the index formula we must extend this result to 
the perturbed Bismut superconnection 

(13.15) A t (e) =t(g + x(t)A P(e)) + A ^ + t A[2]. 
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Here A P(e) is the Z2-graded operator 

constructed from the operator A P' of Lemma 9 with A~ = {A+)*. It 
follows that 0 is never the imaginary part of an indicial root of g + A P (e). 
The cutoff function \ G C°°(R), with x(t) = 0 for t < 1 and x(t) = 1 
for t > 2 is inserted to ensure the regularity of the b-Chern character at 
t = 0. Using (1.13) to identify E with E° <g> C2 over the boundary and 
(8.5) we have, for A e R , 

I (A t (e), A) =t (7A + ag + aX(t)pe(\)A°P) 

(13.16) +B[1]+t-ï<rB[2]. 

Introducing the family of Cl(l)-superconnections 

(13.17) B t(\,e) = t1ïaX(t)pe(\)A0P + B t, A e R 

we find 

(13.18) I(A2(e),A) = a 2 + B t(A,e)2 . 

Since pt is even in A, we can use the argument given in the proof of 
Proposition 11, namely Duhamel's formula and (12.5), to conclude that 
also in this case 

(13.19) dt b-Ch(A t( e)) = - b-STr[A t ( e ) , d A ^ e - A ^ ) ] . 

By applying (12.5) to the right-hand side we obtain 

__i Z STr(ti(T + ^(t)d|A P)) 
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Using again the fact that pt(X) is even in A, whereas dpt/dX is odd, the 
second term on the right-hand side reduces to —rP(t,e)/2 with 

P(M) =f ^ Z (STrt^(dB d t ) e - ( t ( V ) 2 A dX 

R 

(13.20) + i Z (STr i (a X ( t )A)( 7 A)e-( t Ä 2 +B t ^ ) 2 ) ) dX. 

R 

Thus for the perturbed Bismut superconnection (13.15) we have : 

d - C h ( A t ( e ) ) 

(13.21) =-d B b_STr(dAf±e-A^) 

The family index theorem will be obtained by integration in t, from 0 
to oo, of formula (13.21). 

14. Normal ized rj form 

In this section we analyze the eta form (13.20). First of all we must 
check that integration in t is permissible. 

Propos i t ion 12. The integral 

(14.1) rP(e)= rP(t,e)dt 

o 

converges in C°°(B, A*(B)). 

Proof. We can write rP(t, e) as 

P(t,e) =l- Z t S T r Cl(1) ( d B M e - B ( A , 0 ° ) e-t*dX 

- Z STr Cl(1) ( l a x m ^ A P e - B ^ ) e - ^ d A > : i 4 - 2 ) dA 

here we have used the fact that 717 = —177. Since null(g-\-p~e(X)(A P)z) 
0 for each À É R and each z G B, the heat kernel exp(—B t(A, e)2) 
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converges exponentially to 0 as t —> co, and uniformly in A G [-K, K]. It 
follows that rP(t, e) is integrable as t —> oo. The large time convergence 
of the integral over |A| > K can be shown by conjugation with an 
exponential factor. As far as the convergence as t —> 0 is concerned, 
the insertion of x(t) means that this is required only for the rescaled 
Bismut superconnection. By [10] (see also [13]) we therefore know that 
for t small 

l |STrc l ( 1 )(dB e - B ? ) | | k < C k t , 

where || • \\k denotes the C -norm. q.e.d. 

Next consider the Cl(l)-superconnection 

i o (14.3) B t=B t+tï<TX(t)A 

The argument used in the proof of Proposition 12 shows that the dif­
ferential form 

(14.4) ^ P W = _ L S T r c l ( 1 ) d t e 

is integrable in [0,oo). 
The eta form appearing in the final index formula is 

(14.5) b P= rP(t)dt, 

o 

which will be seen below to be the limit of rP(e) as e J, 0. In order to 
compare the two forms rP(e) and rP we will now compute the variation 
in e of rP(t, e). 

Propos i t ion 13 . The differential forms defined by (14-1) are smooth 
in e and t and 

R 

(14.6) +d Ba(t,e). 

Proof. Smoothness in e and t is clear from the definition. To simplify 
the notation set D = B t(A, e). Consider the vector field 

i d At d 
L = t2 

dt 2 9A 
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which is divergence-free with respect to the measure dtdX and annihi­
lates the function exp(—tX2). Moreover rP(t, A) can be written in terms 
of L as follows: 

P(t,e) = ì Z STrcl(i) ( ( L D ) e 2 " D 2 ) dX. 

The variation in e therefore becomes 

d ^ , . 

d ' P ( M ) 

i S T r o l ( I ) ( L , e 
iA2-D2 dx 

1 STrcl(1) f (LD)e-iA2 e - ^ ^ D + D dD e 1 - D du ) dA. 

Integrating by parts and using the properties of L the first term on the 
right can be written as 

d i Z STrcl(1)(tidD e — „a 

R 

+ Ì Z STrcl(i) j d D - f A 2 Z e-^-^D-LD + L D - D e - D du I dA. 

Commuting dD/de and exp(—(1 — u ) D ) to the right, and making use 
of the supercommutator property, give 
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d^ , d I 1 , l d D tX2 Ts. „ 
* P M ) = - I - STr Cl{1)(t^—e-tX -Di)dX de dt TT de 

+ 
i 

- STr Cl(1) ( e - t A 2 ( D - L D + LD-D)e -
de 

e t1-u)D2 dudA 

ì STr Cl(1) e-^LDe-uD2(dD D + D dD ) e - ( i -uD dudX. 

Since D and exp( —uD2) commute, we can rewrite the sum of the second 

and third terms on the right as 

1 
STr L D e - u D ̂  e - ( l - u ) D -tA2 dD 

d7 dudA. 

R 0 

Recalling that D = B t (A, e) we finally obtain 

d ^ , . d I 1 Z / i 

d P<t-E )=dtUSTr Cl , i)(t I 

R 

, ^ M e -
de 

tXi-B t(X,efdx 

;i4.7) 

where 

+ d Ba(t,e) 

a(t,e) = i Z Z STr Cl(i) ( e ^ L B t (A, 6 )e -uB(V) 2 

R 0 

:i4.8) 

x dB t(X,e) e_(1_u)B t(Xie)2 

de 
dudX. 

Hence (14.7) is precisely (14.6). q.e.d. 

C o r o l l a r y 3 . The difference rP(e) — rP is exact. 
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Proof. First observe that 

^ t a X ( t ) d b A P 
de de 

which is a smoothing operator. This implies that 

d B A , e ) e _ B t ( v ) 2 e Coo( [o^ ^ H / - - ( 9 M , E ® C 2)) , 

and vanishes in t < 1. 
Since null(g + /b(A P)z) = 0 for each z G B, it follows that the heat 

kernel exp(—B t (A, e)2) is exponentially converging to zero as t tends to 
infinity. Thus integration in t of the first term on the right-hand side 
of (14.6) gives zero. On the other hand by dominated convergence and 
the definition of pe we have lim rP (e) = rP. The corollary then follows 

t—»0 

by integration of formula (14.6) first in t then in e. The integral in t is 
absolutely convergent, since a(t, e) is smooth, vanishes near t = 0 and 
is exponentially decreasing as t —> oo. q.e.d. 

The eta form rP depends on the spectral section P through the 
regularizing finite rank operator A P of Lemma 8. We will show below 
that , up to an exact form, the definition of rP depends on only the 
spectral section P and not the particular choice of A. 

Let A' be a different regularization and let A(r),r G [0,1], be a 
smooth homotopy through operators as in Lemma 8. Consider the fam­
ily of Cl(l)-superconnections 

B t (r) = t ((7g + aX(t)A(r)) + B ^ + t 

and the differential forms 

V] 

:i4.9) ?P(t,r) = p = S T r CHl)d-tle-Brr 

First we have the analogue of Proposition 13: 

Propos i t ion 14. The differential forms rP(t,r) depend smoothly 
on r and 

i 

d b t•r>4 p S T r ^ , d A r - e ) 
(14.10) +d Bß(t,r). 
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Proof. Taking the derivative of (14.9) with respect to r, using 
Duhamel's formula, the vanishing of the supertrace on supercommu-

tators and the fact that ( r ^ e - u B t(r)2 
0 we obtain 

dr P(t, 

p S T r c l ( 1 ) ( ( d x t ) d A r e - e ) 2 ) 

STrcl(i) tï<rX(t) 
dA(r uB t ( r ) 2 dB r 

dr dt 
^-u)Br?du 

p S T r c l ( i ) t r ,e 
-uB t ( r ) 2 

<?x(t) 

dA[r) (1_u)B t(r)2(fe t ( r ) 

dr dt 
du . 

The right-hand side can be rewritten as 

-d p S T r c l ( 1 ) ( . x t d A r e-B r2) + d Bß(t,r), 
dt p K dr 

where 

ß(t,r) = - S T r c l ( 1 ) 
i 

t2 uB t ( r ) 2 

°x(t) 
dA(r) 

dr 

:i4.11) x e _ ( 1 _ u ) e t ( r ) 2 dB e r Jdu 

dt 

which gives (14.10). q.e.d. 

Integration in t and in r of formula (14.10) yields 

Corollary 4. The eta form rP is well defined, modulo an exact 
form, by the choice of a spectral section P for g . 



f a m i l i e s o f d i r a c o p e r a t o r s 155 

15. Family index t h e o r e m 

The main formula, (2), in the Introduction 

(15.1) Ch(Ind P(g)) = ^ ( A S ) - ì j 7 P , in H*(B) 

can now be proved. 

By Proposition 6 we have 

(15.2) Ind P(g) = Ind0(g + A P(e)), in K°(B) 

with 

(15.3) Ind0(g + A P(e)) = [null0(g+ + A+)] Q [null0(g- + A P)], 

the subscript referring to the fact that these are the null spaces on the 
metric (or b) L2 spaces 

(15.4) g± + {A P)z : H b{M z; E±) — • L2(M z; E*). 

In order to give a formula for the Chern character of Indo (g + A P (e) ) 
we shall initially assume the dimensions of the null spaces of (15.4) to 
be constant. Under this additional hypothesis the index bundle (15.3) 
is a smooth Z2-graded vector bundle. 

Let Ilo be the family of orthogonal projections onto the null spaces 
of g + A P(e) acting as in (15.4). Since this family is self-adjoint, Ilo is 
also the family of projections onto the null spaces of (g + A P(e))2. Let 
G be the family of generalized inverses of (g + A P(e))2. By construction, 

0 ^ I m s p e c b(3z + A P(e)z)2 V z e B , 

so from Corollary 5 in the Appendix it follows that 

(15.5) Lio e ^ ° ° ' 5 ( M ; E) and G G *b"J 5 (M; E) 

for some S > 0. 
Now consider the rescaled Bismut superconnection 

A t (e) = t ( g + x(t)A P(e)) + A^j + t A[2] 

adapted to the family (g + A P(e)). The operator 

(15.6) r ^ L V A J L I O 
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is a connection on the smooth Z2-graded vector bundle 

Indo = Ind0(g + A P(e)), 

and we consider its Chern character 

(15.7) Ch(Ind0 , r null) = STr(e-(vnull)2) G C°°(B, A*B). 

Propos i t ion 15. If Indo(g + A P(e)) is a smooth vector bundle, the 
limit 

lim b-Ch (A t (e) ) = Ch (Indo, r null) 
t—>oo 

holds with respect to each C -norm on B. 

Proof. For each t > 0 the heat kernel exp(—A t(e)2) is an element 
in \Pb?°(M; E). Following the proof given by Berline and Vergne in the 
boundaryless case ([12], [13]) consider for each S > 0 the spaces of 
operators 

(15.8) MS{B) = tfbj(M; E) and N s ( B ) = ^ ° ° ' 5 ( M ; E). 

We shall take S as in (15.5) and then by Theorem 4 the family G of 
generalized inverses of (g + A P(e))2 acts on the left and on the right on 
N S { B ) . Writing E i = (j)*Ai B ® E consider the filtration 

j>i 

and the analogous one for N 8 (B). 
The discussion in [20, Chapter 7] on the large time behaviour of the 

heat kernel of the square of a Dirac operator extends immediately to the 
family (g + A P(e))2, under the assumption that the small eigenvalues 
are of constant rank, and hence smooth with smooth eigenspaces. This 
gives, for each z G B, a decomposition 

(15.9) e-W*+Ap(e),r = J- e - i P i z + R ^ z ) 

\i{z)<& 

with the Xi(z) the small eigenvalues of (g z + A P(e)z)2, and P i(z) the 
associated eigenprojections. Moreover the remainder term is such that 
for some 8' > 0 exp(tó')R0 0(t) is uniformly bounded, with all its t-

derivatives, with values in ^'1°°' (M, E). Thus if Q = Id — PQ it follows 
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tha t for t large the kernel of Qexp(—t(g + A P(e))2)Q is exponentially 

decreasing as a function of t with values in ^ bT' (M, E). 

Let F = A(e)2 be the curvature of the superconnection and consider 
the decomposition 

n u n i F _ ( P o F P o P0Q\_(X Y\ 
[ b U j " QFP0 Q F Q - Z T ' 

where, again by (15.5) and Theorem 4, X,Y,Z e N 8 ( B ) . By applying 
the diagonalization lemma of Berline and Vergne we can find an element 
g e M5(B), of the form g=l + K with K G N ({B) such that 

F = g~x I 0 V g with 

(15.11) U = ( r null)2 + U+, U+ e N ( B ) and 

V = Q((g + A P(e))2)Q + V+,V+ e N ^ { B ) . 

Here the fact that G acts on the right and on the left of N (B) has been 
used. This decomposition, the large time behaviour of the heat kernel 
of exp (-tQ((g + A P(e))2)Q) discussed ab ove and the analogue of the 
Volterra series (11.2) for the heat kernels of U and V together show, as 
in [13], that 

b-STr(e-A2(£)) = b-STr(e-(vnull)2) + O ( t ) . 

Since Ilo is a family of finite rank, and thus trace class, and operators 
on L2 , it follows that 

b -STre v nu l l ) 2 =STre - ( v nu l l ) 2 . 

By taking the limit as t —> oo the proposition follows for the supremum 
norm on the base. Using Duhamel's formula the same type of argument 
gives the convergence in each C l. q.e.d. 

Next we analyze the behaviour of b-Ch(A t (e)) as t J, 0. First consider 
the rescaled, unperturbed Bismut superconnection A t. By definition 

(15.12) b-Ch(A t)(z) = Z str E(e-A")(x,x) 

M z 
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with (f>(x) = z. With St the automorphism ofC°°(B,A*B) which acts 

on C°°(B,Ai B) by multiplication by t~? we can rewrite (15.12) as 

(15.13) b-Ch(A t)(z) = Z St(str E(e-tA2)(x,x)). 

M z 

Let e h,<t> be the lift of the submanifold [0, oo) X A ^ C [0, oo) X M2 , 

to the heat space M2 ,. Directly from the definition of the heat calculus 

the kernel of exp(—tA2) restricted to e h^ must have an asymptotic 
expansion 

oo 

e-tA2 r e M ~ X A j t~ì+j as H O , 
j=o 

where n is the dimension of the fibres of (f> : M —> B, and the coef­
ficients A j are elements of C°°(M; <f)*A*B <g) hom(E) <8> bOfib) under the 
identification Ab^ -H- M. 

To investigate the asymptotic expansion of 

St(str E(e-tA2) r e M ) e t ? C ( [ 0 , c o ) x M ; f X B ® b f ì f i b ) 

recall formula (9.25) for the curvature A2 of the Bismut superconnection: 

A2 = AM/B + \S M/B - ^ X mo(e a)m0(e b)K'E(e a,e b). 
a,b 

In the boundaryless case this generalized Lichnerowicz formula allows 
the rescaling argument of Getzler ([15]) to be applied fiberwise to the 
family of heat kernels exp(—tA2). In [13] this method is used to prove 
Bismut's theorem, i.e., to show that 

St(str E(e-tA2 ) r e M ) G C°°([0, oo) X M; cp*A*B ® bQûb) 

and to compute its value at t = 0 in terms of the A b genus of the ver­
tical tangent bundle and the twisted Chern character of the bundle E. 
As explained in [20] Getzler's rescaling carries over to the b-setting un­
changed. 

To state the analogue of Bismut's theorem recall from Section 9 the 
connection r M'B on the vertical b-tangent bundle b T(M/B) . Formula 
(9.10) implies that the associated curvature tensor is an ordinary smooth 
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form, R MIB b G C ° ° ( M ; y l 2 M ® hom(b T(M/B))). Let A(M/B) be the 
associated A-genus 

A M / B ) = det* R R ' B j eC-iM^M), 

where we follow the convention of [13]. Let K'E be the twisting curvature 
of the bundle E introduced in Section 9. As this curvature is computed 
in terms of the given fibre connection on E, assumption (1.9) implies 
that K'E G C ° ° ( M ; y l 2 M ® hom C l ^ E ) ) . Denote by str ' the supertrace 
induced on hom Cl,(E) and let 

Ch'(E) = str'(exp(-K'E)) G COD(M;A*M) 

be the twisted Chern character of the bundle E. Finally let E v ( M / B ) n 
be the evaluation of a differential form on M to its component of max­
imal vertical degree according to the decomposition A*M = cj)*A*B <g> 
A*(M/B), so 

Ev(M/B)n : C°°(M; A*M) —> C°°(M; <f>*A*B ® An(M/B). 

We can now state the extension of Bismut's theorem to the b-setting. 
Let A be the Bismut superconnection introduced in Section 9. 

P r o p o s i t i o n 16. The section ^ ( s t r E ̂ e - ) restricts to e h^ to an 
element of the space C°°([0, oo) X M; cf)*A*B 0 fifib) and has a limit as 
t \. 0 equal to 

(15.14) Ev(M/B)n (—Ln A(M/B) Ch(E)) , 

hence the differential form b-Ch(A t) has the limit as t \. 0 

(15.15) lim b-Ch(A t) = —^—n Z A(M/B) Ch'(E). 
40 (2iri)2 M/B 

Since the perturbation, A t(e) — A t, vanishes near t = 0 it also follows 
that 

(15.16) lim b-Ch(A t(e)) = — n Z A(M/B) Ch'(E). 
40 (2iri)2 M/B 

If we drop assumption (1.9) and consider an arbitrary Clifford Her-
mitian fibre b-connection on E, then Ch'(E) G C°°(M;bA*M) and the 
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integral on the right-hand side of (15.15) must be regularized as in 
(12.1). 

This result can be used as in [13] to show that 

(15.17) b _ S T r ( d A ^ e - A t M 2 ) = O ( t ) as U 0. 

Similarly, if the dimensions of the null spaces in (15.4) do not vary, 
Proposition 15 and its proof imply that 

(15.18) b _ S T r ( d A ^ e - A tM2) = O ( t ) as t f oo. 

Thus, under the assumption that dim(null(3z + A P{e)z)) is constant in 
z G B, integration of formula (13.21) from 0 to oo and the application 
of Corollary 3, (15.16) and (15.5), give the fundamental formula 

Ch(Ind0(g + A P(e))) =-^-n Z A{M/B) Ch'(E) 
(2iri)2 M/B 

(15.19) - -rP - d Ba(e) - d Bj(e) 

with a(e) obtained by integration in e and in t G [0, oo) of (14.18) and 

oo 

7 ( 6 ) = Z b-STr(dA e - t dt . 

In the general case where dim (null (3 z" + A P(e)z)) varies, we use the 
regularization of the index bundle in Section 6. Thus there exist N G N 

o 

and a smooth family of operators, G z : C —> C c°(M z-1 E~), with the 
property that 

@P,z + A P e ) z ) © G z • H b{M z; E+) (BC N ^ L2b(M z; E~) 

is surjective for each z G B. We can apply (13.21) to the rescaled, 
perturbed Bismut superconnection 

t 2 
((g+ + x(t)A+(e))ex(t)G)* 

g++x(t)A P(e))(Bx(t)G 0 

+ A[1] + t _ 2 A [ 2 ] . 
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Since nullo ( (g + + A P(e)) © G) is a vector bundle, Proposition 15 shows 
that %beginequation 

(15.20) lim b-Ch(A t(e)) = Ch(nul l 0((g+ + A+(e))®G),Vnul l ) , 
t—>oo 

whereas the analogue of (15.16) gives 

(15.21) lim b-Ch(A t(e)) = —^—n A(M/B) Ch'(E) + N. 
4 0 (2iri)2 M/B 

On the other hand since G has values in sections vanishing to infinite 
order at the boundary, there is no change in the boundary contribution 
in formula (13.21). Recall that , by definition, 

Ind0(g + A P(e)) 

(15.22) = [null0(g+ + A+(e)) ®G]e[Bx C N] 

in K°{B). 

Thus by Corollary 3, (15.20), (15.21) and the above remarks we 
obtain the main result of this paper 

T h e o r e m 1. Let g G Difb.\AM;E) be a family of generalized Dirac 
operators on manifolds with boundary as in Section 1 and let P be a 
spectral section for the boundary family g . If Ind P(g) G K°(B) is the 
index bundle associated to the family of generalized Atiyah-Patodi-Singer 
boundary problems defined by P as in Section 6, then the following for­
mula holds 

Ch(Ind P(g)) = - i - n Z A(M/B) Ch'(E) - \ b P 
(2lTi)2 MjB 2 

(15.23) in H*(B) 

where rP is the eta form defined in Section Uh 

Returning to the incomplete context of Section 3 we deduce 

T h e o r e m 2. Let b G Difb.\AM;E) be a family of generalized Dirac 
operators on manifolds with boundary as in Section 3 and let P be a 
spectral section for the boundary family g . I f Ind P(g) G K°(B) is the 
index bundle associated to the family of generalized Atiyah-Patodi-Singer 
boundary problems defined by P as in Section 3, then the following for­
mula holds: 

Ch(Ind P(b)) = - i - n Z A(M c B) Ch'(E) - \ b P 
(2lTi)2 M IB 2 

(15.24) inH*(B), 
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where rP is the eta form defined in Section lJh 

Proof. As already noted the index bundle over B can be realized as 
the index bundle for the corresponding complete problem, with cylin­
drical ends added, to which Theorem 1 applies. To deduce (15.24) from 
(15.23) it is only necessary to see that the part of the integral in (15.23) 
over the cylindrical end vanishes identically. This is a consequence of 
the local R- invar iance . q.e.d. 

16. J u m p s of rP 

The form rP, defined by a family of Dirac operators on the odd-
dimensional fibres of a fibration tp : M' —> B and a regularization 
determined by a choice of spectral section, is well-defined up to an ex­
act form as follows from Proposition 13. It is a consequence of the 
relative family index theorem that , assuming the family of Dirac oper­
ators arises as the boundary family from an even-dimensional fibration 
of manifolds with boundary, the difference rP1 — rP for two spectral 
sections is a closed form representing in cohomolgy the Chern character 
of the difference bundle 2[Pi — P2]. We shall show how this result can 
be deduced in general, without any cobordism assumption. 

Propos i t ion 17. If g is a family of Dirac operators arising from 
a bundle of Clifford modules with Hermitian Clifford connection on the 
fibres of a fibration, tp : M' —> B, with odd-dimensional, compact 
boundaryless fibres, and the index family o fg vanishes in Kl(B), then 
for any two spectral sections P\ and Pi of g 

(16.1) rjPl - VP2 = 2Ch( [P! - P2]) in H*(B). 

Proof. By Proposition 13 it suffices to consider any regularizations 
of g to an invertible family defined by the spectral sections Pi and P2. 
In fact the linearity of (16.1) and Proposition 2 mean that it is enough 
to suppose that Pi is the identity on the range of P2, so in particular 
Pi and P2 commute. Consider a regularization of g , relative to P i , as 
constructed in Lemma 8. In that construction it can be assumed that s 
is such that P2, and hence Pi , acts as the identity on all eigenspaces of 
g with eigenvalues greater than, or equal to, s. Then (8.2) holds with 
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P = P1 and P = P2 for the same Q and R. Let 

D i =QogoQ + sP i R(Id -Q) 

(16.2) + (Id -R) o g o (Id -R) 

- s(Id - P i)R(Id -Q), i = 1,2, 

be the corresponding regularizations given by (8.3). Then 

(16.3) e 1 = e 2 + 2 s ( P 1 - P 2 ) R ( I d - Q ) . 

Here (Pi — P2)R(Id —Q) = Pi — Pi is a self-adjoint projection of fi­
nite rank commuting with both D\ and D2, which are both invertible 
families. Thus the homotopy 

(16.4) D r = 1 (1 + r)D1 + 1 (1 - r ) D 2 , r G [-1,1] 

consists of invertible operators for r / 0 with fixed eigenvalues except 
for a fixed, finite dimensional, eigenspace with variable eigenvalue sr. 
Let Lio = Pi — P2 be the finite rank smoothing operator giving the 
orthogonal projection onto this eigenspace, so if LIi = Id —Lio then 

(16.5) I I 1 e I I 1 is independentof r. 

Thus it suffices to consider the variation of the form in (14.5) as 
r changes from —1 to 1. From Proposition 14 it varies smoothly, and 
exactly, except possibly at r = 0. We shall show that the jump across r = 
0 gives twice the Chern character for the bundle which is the range of the 
projection Pi (Id — P 2 ) . To do so we follow (with the simplification that 
there is no boundary) and slightly modify, the discussion in Section 15 in 
turn following [12] (see also [13, Chapter 9]), of the long-time behaviour 
of the Chern character of a rescaled superconnection adapted to a family 
of operators with null space of constant rank. 

Let tp' : M X I —> B X I be the product fibration with additional 
parameter r G I C [ -1 ,1] . We will take I to be an interval containing 
0. With B' = B X [ -1 ,1] , let E j denote now the lift to M X I of the 
bundle from M (so only with coefficient forms from B) and consider the 
filtration 

j X i 

of the space of smooth families of smoothing operators on the fibres 
which raise the form degree by at least i. Then if Ai(B') is the space 



164 r i c h a r d b . m e l r o s e & p a o l o p i a z z a 

of all smooth families of pseudodifferential operators on the fibres with 
similar filtration P %>(B'; E ( j ) ) , the N i(B') C M i(B') are two-sided 

j>i 
ideals over M (B') which satisfy 

l(B')nN(B')= N i{B'), 

(16.6) M i ( B ' ) o M j(B') C M i+j(B') and 
M i{B') = {0}, i > dim B . 

If B is the Cl(l)-superconnection adapted to g , the decomposition of 
the curvature, T(r) = B(r) 2 , of the Cl(l)-superconnection B(r) = B + 
d ( i ( l + r)D1 + | ( 1 - r)D2 - g ) as in (15.10) is 

(16.7) T r = { X Z T 

where now 

(16.8) 
X - r2s2 Id G N 2 (B'), Y,Z eNt (B') 

and Tr0i G M ( B ' ) is invertible. 

We shall consider successive conjugating matrices 

0 A r 
g(i)(r) = g i g i-i • • -gii g i = I d + B , , Q 

(16.9) i = l , . . . , d i m B 

with entries in N i(B'). We wish to arrange that 

;i6.10) g{i){r)T{r)g^{r)=Z^) T 
(i+l) T(i+1) 

with Yri+1\, Z(i+i) G M i-\-i{Br). Assuming this has been done at level 
i — 1, g i(r) is to be chosen so that 

(16-11) g i{r)(X) T ) g \ r ) = (X+1) T + 1 ) 

(16.12) with X - X{i), T - T{i) G Mi(B'). 

( 0 A i ( r ) \ 
Now (16.9) shows that g~ (r) = Id — I , , „ up to terms in 

i B i{r) 0 
N2i(B'), which can be absorbed on the right in (16.11). Moreover 
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(16.12) holds, and ignoring similar higher order terms A i(r) and B i(r) 
need only be chosen to satisfy 

(16.13) T [ 0 ] i - r s B - = Z i l 

A i T[0]-r
2s2A i = -Y{i), 

the zero-form components of X i\ and T i\ being independent of i. As 
Tr0i is invertible, (16.13) can certainly be solved for small r. We also see 
inductively that (16.12) can be extended to conclude that 

X{i) -X + Y i-G-Z ie r3M2{B') + M3{B'), 

(16.14) G = T^. 

Thus the diagonalization procedure of Berline and Vergne reduces 
the curvature to a form similar to (15.11): 

(16-15) • F = g " 1 ( o V ) g 

with 

U = r 2 s 2 + (Vnull)2 + U + , 

U+ eN(B') + r3N2(B'); 

V=u1((D r)2)u1 + V+1 

V+ GN(B ' ) , 

where (16.5) should also be recalled. 

The formula, (14.10), for the variation of the eta form gives 

CO 1 

/

/ d'ilit r) 
J dr drdt 

o - l 

l 

(16.17) = lim 4 = t* STr Cld) (adAr e-t r dr 
t ->œ ^/7T K ' dr 

(16.16) 

l 

oo 1 

+ d B ß{t, r)drdt, 
o - l 
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where we have used the fact that STr Clm drj(t, r)/dr vanishes in t < 1, 
ß(t,r) being given by (11.9). From (16.3) and (16.4) the limit in (16.17) 
can be written as 

i 

lim -^ p 2 s Z t T r ( n 0 e - B t r dr 
-»oo 7r 

Let St be the automorphism introduced in the previous section and 
set g t = 8t g. By (16.15) and (16.16) the heat kernel of the rescaled 
superconnection is such that 

g t e-B r g t 1 

is diagonal with the 111 term uniformly exponentially decreasing as t 
oo. Thus the limit can be replaced by 

lim -1=2s Z t tr f n 0 t " 1 n 0 e x p ( - t r 2 s 2 - ( r 
—>oo p i r 

n u l l 2 

(16.18) +rdH1 + t-2H2)U0g tU0 dr, 

where the trace is now finite dimensional, which is the image of Ilo on 
the bundle. Using the analogue of the Volterra series (11.2), setting 
R = t? sr and noting that uog tllo = I d + O ( t ~ 2 ) and similarly for its 
inverse, the limit evaluates to 

i 
s t? 

lim -^ p 2 Z trexp (-R2 - ( r null)2) dR. 
t—»oo TT 

1 
st2 

This is just twice the Chern character of the bundle, for the projected 
connection r nu . A similar analysis confirms that the exact term in 
(16.17) converges in C°°(B;A*) so (16.1) holds. q.e.d. 

One application of such a ' jump formula' is to the case of a family 
of Dirac operators as in Section 3 where the boundary family has null 
space of constant rank. Then the spectral section can be chosen as 
P = P+, the projection onto the eigenspaces of the boundary family 
with non-negative eigenvalues. In this case the unregularized eta form 

oo 

p Z STr C l ( I ) ( d e dt 
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converges, as is easily seen using the rescaling described above. Follow­
ing the proof of Proposition 17 we find that 

(16.19) îjP+ - Î 7 = Ch(nu l l (g ) ) . 

Inserting this in (15.24) gives the formula of Bismut and Cheeger from 

[11]: 

T h e o r e m 3. Let g G Difb.\AM;E) be a family of generalized Dirac 
operators on manifolds with boundary as in Section 3, and suppose that 
the family of self-adjoint Dirac operators induced on the boundary, g G 
Diffg . (9M, EßM), has null space of constant rank, IfInd (g) G K°(B) is 
the index bundle associated to the family of boundary problems defined by 
P+, then we have the Atiyah-Patodi-Singer projection, as in Section 3: 

Ch(Ind P(g)) = — î - â Z A(M/B) Ch ' (E) 
(2iri)2 M/B 

(16.20) - - ( ^ + C h ( n u l l ( g ) ) in H*(B). 

A p p e n d i x : Families of pseudodifferential operators 

Families of pseudodifferential operators 

The algebra of b-pseudodifferential operators on the fibres of a fi-
bration (f> : M —> B, with fibres which are compact manifolds with 
boundary, is just the calculus described in [20] with smooth dependence 
on the base variables. Nevertheless we shall briefly describe a direct 
definition of this fibre calculus, and subsequently extend it to the corre­
sponding heat calculus, since this provides a proof of the smoothness in 
the base variables of the constructions. Let V btCf,(M) be the Lie algebra of 
smooth vector fields on the fibres of M, which are tangent to the bound­
ary. Then Diffb . (M) , the enveloping algebra, is a local C°°(M)-module, 
and in consequence the space of b-differential operators, Difb AM; E), 
is defined for any smooth bundle E over M. 

The b-pseudodifferential operators, which include these b-differential 
operators, are defined by specifying their Schwartz kernels. Let cf)^2' : 
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M ^2' —> B be the fibre product of the fibration with itself. Thus 

M^={(q,q') GM2 ; <f>(q) = <t>(q')} , 

^(q,q>)=^q) = ^q>). 

Clearly this is a fibration with fibres M z2) = M2. The total space, 
is a manifold with corners of codimension two. Let B(2) C M(2) be the 
'diagonal corner,' namely 

i= i zeB 
i\z2 , dM z = Hhz t H2,z t • • • t f N z 

with the H itz the components of ÖM z. Thus if dM z is connected then 
(2) (2) 

B z ' is just the corner of M z '. The b-stretched product 

(A.2) M bo = [M(2); B(% ß : M 2 ^ — • M<2), 

is obtained by blowing up the N components of B ^2>. The notation for 
the blow-up of a submanifold is discussed in [20] and more generally in 
[19]; the construction just amounts to the introduction of polar coordi­
nates in the normal variables to the submanifold. The extra boundary 
hypersurfaces of M2 , produced by this blow-up are called the front faces 
(one for each component of dM z) and denoted bf (M 2 , ) . 

The fibre diagonal of M ' 2 ' , just the intersection of the diagonal of 

M2 with M(2) , lifts to an interior p-submanifold A ^ C M2 ,. By the 

lift is meant the closure in M ' 2 ' of the preimage of the complement of 

B^: 

(A.3) Ab^ = c l ( / 3 - 1 ( A \ B ( 2 ) ) É*M. 

That Ab^ is an interior p-submanifold means that each point of A ^ 
has a neighbourhood in M2 , of the form Qi X ÇI2 where the point is 
(pi>p2)> ^ i x {p2g is a neighbourhood in A ^ and the CIi are manifolds 
with corners. 

The calculus of b-pseudodifferential operators, acting on sections of 
the metric half-density bundle Qì, consists of three pieces correspond­
ing to various conormal singularities at the lifted diagonal and at the 
boundary. We shall use the following notation for conormal distribu­
tions. 
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If X is a manifold with corners and Y is an interior p-submanifold, 
the space of distributions, I m(X, Y), on X which are conormal to Y and 
of order m may be defined as the restriction to X of the corresponding 
space for a manifold without boundary and a closed embedded subman-
ifold, see for example [17, Chapter 18], by doubling across the boundary 
hypersurfaces. 

The closely related spaces, A (X) , of conormal functions with re­
spect to the boundary of a manifold with corners can be defined by it­
erative estimates. Recall tha t V b(X) is the Lie algebra of those smooth 
vector fields on X which are tangent to the boundary, and Difb ^(X) 
is the algebra of differential operators generated by it. Let />tb be a 
'total boundary defining function' which is to say the product over the 
boundary hypersurfaces of X of defining functions for the hypersurfaces. 
Then 

AS(X) = n ue psLco(X)-1Dirb(X)u C pSL°°(X)o , 

(A.4) A5-(X) = \jA5-e(X). 

Certainly A (X) C A (X) , and the effect of weakening the filtration 
in this way is that the same space results by replacing L(yo{X) by other 
spaces, such as L ^(X). 

We also need to consider hybrid spaces between these conormal 
spaces and C°°(X). Let H be a collection of boundary hypersurfaces 
of X. Then X can always be doubled across the elements of H, succes­
sively, and the resulting manifolds are diffeomorphic independently of 
the order chosen. Let X H be the result of this doubling. Then 

(A.5) A5H(X) = AS-(X H)\X 

is well-defined as a space of functions on the interior of X, and its 
elements are smooth up to the boundary hypersurfaces in H. 

Both spaces I m{X,Y) and ASH {X) are C°°(X) modules, so the cor­
responding sections of any C°° vector bundle, E, over X can be defined 
as a tensor product 

I m(X,Y;E)=I m(X,Y)®COo{X)C™(X;E), 

A8H{X-E)=A8H{X)®C~{X)Cco{X-E). 

The same spaces may be defined simply by localizing the definitions 
above to open sets on which the bundle is trivial. 
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The first part of the calculus, the small calculus, is defined in terms 
of the space of kernels with one-step polyhomogeneous conormal singu­
larity at the lifted diagonal: 

m M'to 

(A.7) = K G m(M b2^, A M ; bfì|b); K = 0 at d(M^ \ bf 

Here "gb is the bundle of fibre b-half-densities on M 2 , and can be 
naturally identified with 

(A.8) b n £ ( M ^ ) ® ( 0 ( 2 ) n n - * B ) . 

Since Ab^ only meets the boundary of M 2 , in the interior of b f (M 2 ,) , 
the elements of the conormal space I m(M 2 ,, A ^ ) are smooth up to 
the other boundary faces, so the vanishing of the Taylor series involved 
in the definition (A.7) is meaningful. The other two pieces of the full 
calculus (with bounds, which is all tha t we consider here) are defined 
similarly. The residual terms, for a given order S, are the kernels which 
are conormal up to the boundary: 

(A.9) * - ° ° ' 5 ( M ; b ^ ) =AS-(M{2)-1bQlb). 

The boundary terms are intermediate between the small calculus and 
the residual terms. They have conormal regularity of the given order, 
S, up to the boundary hypersurfaces of M 2 , except the front face, up 
to which they are smooth; 

(A.io) Vb~>*(M b ) = Ak-(M bv4b). 

The blow-down map ß : M 2 , —> M ' 2 ' is an isomorphism of the 
interiors, so the kernels do indeed define maps and we have: 

Propos i t ion 18. For any fj, G R each element of\Pb , (X; E) defines 

a continuous operator on Aß(X;E), and if fj, + S > 0 the elements of 

^ b,4> — °o, S(X; E) and ^~°°' (X;E) define operators from Aß(X; E) to 

A min^'5\X;E) andA5{X;E) respectively. 

The full calculus of fibre b-pseudodifferential operators is the sum: 

mj(M; E) = * m ( M ; E) + « ^ ( M , E) 

+ %^8(M;E). 
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By Proposition 18 these can be regarded as operators from Aß(X;E) 
to Aß' (X;E) provided fi + S > 0 and / / = min (fi, 6). If S > 0 they 
operate on Aß(X; E) for any fj, Ç.R with \fj,\ < 5, and then these spaces 
do indeed form algebras. More precisely 

T h e o r e m 4. The spaces ^^T' (M; E) and \PI°°' (M; E) are two-
sided modules over the small calculus \P£ . (M; E ) and, for any S > 0, 

^ 7 ° ° ' (M;E) is a two-sided module over ^^T' (M;E). Furthermore 
\P£ , (M; E) is an algebra and for 8 > 0 

*ï~>\M;E)oV-~>\M;E) 

(A.12) C %J'8(M; E) + ^ ° ° ' 5 ( M ; E); 

* - ° ° ' 5 ( M ; E) o * - ° ° ' 5 ( M ; E) C *~°° ' 5 (M; E). 

For m < 0 and S > 0 all elements of ^™1 (M; E) are bounded on 

pßL%(M; E) for any \fi\ < 5, and the elements o f ^ , 0 0 ' (M;E) are of 
trace class. 

Proof. These are just smoothly parametrized version of composition 
results proved in [20]; alternative, more direct, proofs are given in [19]. 
We shall only outline the proof here; the same approach will be used 
below for composition with an element of the heat calculus. 

Consider the first part of (A.12). The composite kernel will be writ­
ten as the push-forward of the product of the kernels of the two factors. 
To do so consider the triple b-stretched fibre product, M3 ,. This is 
defined from the triple fibre product: 

MW = {(p,p',p") e M3^(p) = <l>{p') = <p(p")} 

with natural projection <f> : M ^3' —> B, by the blow-up of four subman-
ifolds. The first of these is B ' 3 ' , the union over boundary hypersurfaces 
H C M of the intersection with M ^3' of the products H3. The remain­
ing three are double diagonals of the same type. Thus B O ' C M ^3' is, 
for O = F, S or C the 'diagonal corner' in two of the three factors of M, 
respectively the second two factors for O = F, the first two for O = S 
and the outer two factors for O = C. The the triple b-stretched fibre 
product is 

(A.13) M3^ = [ M ( 3 ) ; B ( 3 ) ; B 2 ) ; B 2 ) ; B 2 ) ] . 
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This notation means that the submanifolds are blown up in order from 
the left. Once B ^3> is blown up, the other three submanifolds are dis­
joint, so the order amongst them is immaterial. Furthermore for any 
choice of O = F, S or C the order of blow-up of B ^3> and B O ' can be 
interchanged so that , for example, 

(A.14) MI+ = [M<3); B 2 ) ; B&; B&; B™]. 

Since B F is just the fibre product of M and B ^2' in M ^3\ this shows 
that there is a natural projection 

(A.15) 4O : Mfa —• Mfo 

for the three choices of O. These three stretched projections give a 
commutative diagramme: 

(A. 16) Mfa 

and over the interior this is just the obvious diagramme for the fibre 
products M(3) and M ( 2 ) . 

Using these maps the kernel of the composite operator C = A o B 
can be written 

(A.17) C=(4%[(tflrA.(tfFyB]. 

All three of the stretched projections in (A. 16) are b-fibrations in the 
sense explained in [18]. Thus the pull-back and push-forward results 
explained there apply and application of them leads to (A.12). q.e.d. 

The construction of the resolvent family of a family of self-adjoint 
elliptic differential operators of second order can be carried out very 
much as in [20]. We need the following extension involving the addition 
of a b-pseudodifferential term of order — oo. 
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Propos i t ion 19. If P G D i f f ^ ( M ; E)+%^{M; E) is elliptic, for­

mally self-adjoint with respect to some positive element of C<yo{M; 6f2fib) 

and inner product on E and has positive diagonal principal symbol, then 

it is self-adjoint and its resolvent extends to a meromorphic family 

(A.18) {P-z)-ie%^{M;E) 

in any open set Ci C C on which the indicial roots of P — z have imag­
inary parts greater than 8. The only poles in such a region are true L 
eigenvalues of finite multiplicity. 

Taking the regular value of the resolvent family at z = 0 gives: 

Corollary 5. With the assumptions of Proposition 19 and assum­
ing further that the indicial family of P has no singular values with 
imaginary part in the interval [—8,8\, the operator P has a generalized 

o r 

inverse Q G \P6 ± (M; E) such that 

(A.19) P o Q - I d = Q o P - I d = n 0 G V^°°'S(M; E) 

is the orthogonal projection onto the null space, in L2, of P. 

To prove these two results it is convenient (although by no means 
essential) to use the properties of the heat kernel, which in any case 
we need to discuss. Thus we shall turn to the fibre heat calculus cor­
responding to the fibre b-pseudodifferential operators. As in the single 
fibre case discussed extensively in [20] the space on which the heat ker­
nel takes a simple form for all finite times is obtained from the product 
[0, oo) X M2 , by the parabolic blow-up of B h = {0} X A ^ , with the 
parabolic direction being the time variable: 

Ml<t> = [[0ìOO)xMl<t>-ìB hìdt]ì 

ßh:Mlt^[0,<x>)xMfo. 

Such parabolic blow-up corresponds to the introduction of 'parabolic 
polar coordinates' in the normal variables to the submanifold blown up. 
In this case H h is locally fixed by t = 0, z = z' and appropriate polar 
coordinates are: 

The new boundary hypersurface produced by this blow-up will be 
denoted tf and that arising from the blow-up defining M2 , again as bf. 
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The main part of the fibre heat calculus can then be defined as in [20]. 

Thus, for operators on sections of b ̂ gb we consider the kernels 

pJM-b 

(A.21 

v,</>VM> " f i b 

K e p-^'CSiMlf, bî2|b); K = 0 at dM bo \ (tf U bf) 

p G 

i (n+3) -p 2 

with n the dimension of the fibres of (f> : M —> B. We refer to [20] 
for a discussion of the notion of odd and even Taylor series at tf. For 
p even this evenness condition can be replaced by the requirement that 
the operators defined by these kernels are maps 

( A 2 2 ) * p ( M ; b f i | b ) 9 A :C°°(M; bfi|b) 

- ^ C ° ° ( [ 0 , o c ) x M;bW fib) 

rather than the image being in the space of smooth functions of t?. As 
before the extension to a general bundle E can be accomplished either 
by use of a partition of unity to localize to open sets over which the 
bundles are trivial or else by taking tensor products, as in (A.6). 

In addition to these main terms we need to consider 'residual terms' 
which arise from the pseudodifferential perturbations (of order — oo). 
By this we mean the space 

t k Coo([0,^);b^(M;E))forkeN0 = {0,l,...}. 

These act as t-convolution operators, together with the fibre action of 
the b-pseudodifferential operators. The combination of the two terms, 
for any k > 0 and p < 0 : 

( A 2 3 ) pk(M-E)=pJM-E) 

+ k C°°([0 ,œ) ;H/b-J(M;E)) 

forms an algebra. For the discussion of the heat kernel of the perturbed 
superconnection we do not need to compose elements in the small cal­
culus, given by (A.21), so we shall simply show that the second part of 
(A.23) forms an ideal over the first part . 
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Propos i t ion 20. For any fibration with fibres which are compact 
manifolds with boundary, any p G — N and any k £ No 

(A.24) 

tt^(M; E) o t k C°°([0, 00); tt67>(M; E)) C t k-*C°°([0, oo); * 6 " ~ ( M ; E)), 

t k C°°([0, oo); * 6 - ~ ( M ; E)) o * ^ ( M ; E) C t k-*C°°([0, oo); * 6 " ~ ( M ; E)), 

* - - (M; E) o * ^ ( M ; E) C t " C ( [ O , oo); * 6 " J ( M ; E ) ) . 

Proof. It suffices to prove the last statement, in which the element 

of ^^T (M; E) acts with t as a parameter. This is equivalent to the con­

volution ofS(t) so behaves as an element of t_ 1C°°([0, oo); \ P ^ ( M ; E)). 

More precisely writing the convolution action of 

A e t k C°°([0,oo); t t 67>(M;E)) 

as 

t 

Au(t, •) = Z A t - s)u(s, -)ds 

o 

allows the composite C = Ao B, with B £ $ VAM; E) to be written as 

(A.25) C(t) = Z (s k A'(s) oB)(t- s)ds, 

where A' G t k C°°([0, oo); *6"^°(X; E ) ) . Given the continuity of the last 
composition formula in (A.24) we obtain the second formula. The first 
then follows from the second by taking adjoints. 

Thus we turn to the proof of the third formula. As with the com­
position formula for the small b-pseudodifferential calculus in [19], dis­
cussed briefly above, we formulate the composition law geometrically in 
the following diagramme of spaces and maps: 
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[0, oo) X M^ 

Sr/,C 

(A.26) M 3 
S,v,<t> 

The maps are all lifts of projections, with the central 'triple' space being 
defined by parabolic blow-up: 

/ , M S ^ = [ [ 0 , œ ) x M ^ ; B S,dt], 
A.27 ' 

Here t is the variable in the first factor, and B S is the product of {0} and 
b3 the lift to M 3 , of the diagonal in the second two factors of M. The map 

(3) 

"Sn F is then defined as the composite of the parabolic blow-down map, 

projection off the t-factor followed by the stretched projection from M 3 , 

to the space M b , corresponding to the left two factor of M : 

(A.28) S1F = bF° t o h 

The map ) S ' C is defined similarly, except without projection off the t 
factor and with the stretched projection corresponding to the outer two 
factors of M : 

(A.29) S{ilC = b C ° h 

The definition of the remaining map is a little more subtle, since it 
involves the commutation of blow-ups. The lifted partial diagonal blown 
up in (A.27) is disjoint from two of the four (sets of) hypersurfaces 
of M 3 , produced by blow-up, namely the two others arising from the 
blow-ups of the other two partial diagonals. These two hypersurfaces 
can therefore be blown down. While the triple front face of M 3 , is 
not disjoint from B S, it does meet B S transversally. Thus the blow­
up orders can be exchanged, which is to say that there is a natural 
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map iS ' S as in (A.26), given as a product of blow-down maps and a 
projection. This completes the definition of the diagramme (A.26). 

Next we note that the three maps in (A.26) are all b-fibrations, 
(3) 

although we only really need this for S ' C . This can be seen directly 
using the transversality theorems of [19], or the algebraic condition on 
the b-differential can be checked directly. 

From these facts the composition formula follows directly. The ker­
nel of the composite operator can be written 

(A.30) C = (SiCUiSiSTA • (SFyBl. 

The two lower maps in (A.26) are b-maps so the product in (A.30) is 
certainly polyhomogeneous conormal at all boundary hypersurfaces. It 
vanishes rapidly at any boundary hypersurface which is mapped into 
a boundary hypersurface at which the corresponding factor kernel van­
ishes rapidly, this gives rapid vanishing at all boundary hypersurfaces of 
M S , except that produced by the blow-up in (A.27) and that arising 
from the 'triple front face' of M b , . 

To compute the precise order of the resulting kernel we need to 
calculate Jacobian factors which arise on lifting the densities from the 

j_ 
factors. The kernel A is a smooth section of the "gb over M 2 ,. The 

j_ 
kernel B is of the form ptf f where f is a smooth section of "gb for 
the fibration M 2 ^ —> B and b = - n - 1 - 2p. Recalling that M 2 ^ 
is defined by the blow-up (A.20) and observing that the b-fibre density 
bundle for the fibration [0, oo) X M 2 , —> B lifts naturally under the 
blow-up as: 

ßh ^ f ib = n tf ^ f i b , 

we can write 

(A.31) B e Ptfl~2p h b4b-

Under the blow-up of a boundary face, as in the construction of M b ,, 
the lift of the b-density bundle is naturally isomorphic to the b-density 
bundle of the lift; the same is true for the fibre density bundles. This 

means that if we take a smooth positive element v G C°°(M b2 , ; "gb) and 
i ' i l 

multiply it by \dt\2 this can be regarded as a smooth section of t2bQ^b 
for the fibre half-densities bundle for the fibration [0, 00) X M 2 , —> B. 

file:///dt/2
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This means that the product is naturally a section 

(A 3 2 ) iSlSVA • (fSiFTB • ( f S C n i / • \dt\h) 

From the push-forward theorems of [18] (and taking into account the 
rapid vanishing at most faces which prevents the appearance of logarith­

ms) 
mic terms) it follows that this product pushes forward under TTS' C to a 
density of the form t~p gC^'([0, oo) X M b2 ,; bf2fib), where g is in principle 

only smooth as a function of t?. Taking into account the section v\dt\ï 

this is just the product of the kernel C and \dt\ï; so the resulting kernel 
ì 1 

is an element of \Pb~?°(X; b ̂ | b ) depending smoothly on t2 ç [0, 00) and 
vanishing to order — p — 1 at t = 0. That the composite is actually a 
smooth function of t is a consequence of the assumption that the Taylor 
series in (A.21) is even. It follows from the fact that the composite 
operator must preserve regularity in t since the factors do so. q.e.d. 

The 'small' heat calculus in (A.21) is defined so that if 

P G D i f b ^ ( M ; E ) 

is elliptic, formally self-adjoint and has positive diagonal symbol then 

(A.33) exp(-tP)e^(M;E). 

For the single fibre case this is shown in [20] and the proof there gives 
(A.33) with only notational changes. In Section 11 it is shown, using 
Proposition 20, that the addition of a self-adjoint b-pseudodifferential 
term of order —00 just means that heat calculus in (A.33) must be 
replaced by the larger spaces from (A.23) and then 

(A.34) exp(-tP)e%y(M;E). 

Using this we briefly describe the proof of Proposition 19, following the 
corresponding discussion from [20] closely. 

Cutting the heat kernel in (A.34) off smoothly near t = 1 and taking 
the Fourier-Laplace transform in t gives an entire parametrix for the 
resolvent of P : 

G(z) e *b"J(M; E) with (P - z)G(z) = Id -R(z), 

file:///dt/h
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where ||i2(z)|| < C/\z\ as \z\ —> oo in any sector away from [0,oo). To 
deduce from this that the resolvent is in the full ò-calculus it is only 
necessary to solve the indicial problem to remove the indicial operator 
of the error, using the assumption that there are no real indicial roots, 
and then to use the bi-ideal property of the residual part of the calculus 
and analytic Fredholm theory. 

References 

M. F . Atiyah, K-theory, Benjamin, New York, 1967. 

M. F . Atiyah & R. Bot t , The index theorem for manifolds with boundary, P roc . 
Sympos. Differential Anal. , Oxford, 1964, 175-186. 

M. F . Atiyah, V. K. Pa tod i & I. M. Singer, Spectral asymmetry and Riemannian 
geometry, Bull. London Math . Soc. 5 (1973) 229-234 . 

, Spectral asymmetry and Riemannian geometry. I, Ma th . Proc . Cambridge 
Philos. Soc. 77 (1975) 43-69 . 

[s; 

, Spectral asymmetry and Riemannian geometry. I I I , Ma th . Proc . Cam­
bridge Philos. Soc. 79 (1976) 71-99. 

M. F . Atiyah & I. M. Singer, The index of elliptic operators IV, Ann. of Math . 9 3 
(1971) 119-138. 

, Index theory of skew-adjoint Fredholm operators, Inst. Hautes E tudes Sci. 
Publ . Ma th . 37 (1969) 305-326. 

J . -M. Bismut, The index theorem for families of Dirac operators: two heat equation 

proofs, Invent. Ma th . 8 3 (1986) 91-151. 

J . -M. Bismut & J. Cheeger, Families index for manifolds with boundary, supercon­
nections and cones I and II , J. Funct . Anal. 89 (1990) 313-363, and 90 (1990) 
306-354 . 

[10] , r]-invariants and their adiabatic limits, J. Amer. Ma th . Soc. 2 (1989) 
33-70. 

[11] , Remarks on the index theorem for families of Dirac operators on manifolds 

with boundary, Differential Geom. (B. Lawson & K. Teneblat , eds.) Longman Sci., 
1992. 

[12] N. Berline & M. Vergne, A proof of the Bismut local theorem for a family of Dirac 

operators, Topology 26 (1987) 435-463. 

[13] N. Berline, E.Getzler & M. Vergne, Heat kernels and Dirac operator, Springer, 
New York, 1992. 



180 r i c h a r d b . m e l r o s e & p a o l o p i a z z a 

S. Chang, Personal communication. 

E. Getzler, A short proof of the Atiyah-Singer index theorem, Topology 25 (1986) 
111-117. 

, Cyclic homology and the Atiyah-Patodi-Singer index theorem, Index theory 
and operator algebras (Boulda C. O., 1991)???????. 

L. Hörmander , Analysis of linear partial differential operators. I I I , Springer, Berlin, 
1985. 

R. B. Melrose, Calculus of conormal distributions on manifolds with corners, In­
te rna t . Ma th . Res. Notices, 1992, 67-77. 

, Differential analysis on manifolds with corners, In preparat ion. 

, The Atiyah-Patodi-Singer index theorem, A. K. Peters , 1993, Wellesley, 
MA. 

R .B. Melrose & G.A. Mendoza, Elliptic pseudodifferential operators of totally char­

acteristic type, Ma th . Sci. Res. Inst., Prepr int , 1983 . 

D. Quillen, Superconnections and the Chern character , Topology 24 (1985) 89-95. 

R. T . Seeley, Complex powers of an elliptic operator, (Proc. Sympos. Pure Math . , 
Vol. X) Amer. Ma th . S o c , 1966, 288-307; See also Topics in pseudo differential 
operators, C IME Conf., 1968, edizioni Cremonese Roma, 1969, 169-305. 

[24] W. Shih, Fiber cobordism and the index of a family of elliptic differential operators, 

Bull. Amer. Ma th . Soc. 72 (1966) 984-991. 

Massachuset ts Ins t i tu te of Technology 
Universita di Roma "La Sapienza" 


