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GEOMETRIC EXPANSION OF CONVEX PLANE
CURVES

BENNETT CHOW & DONG-HO TSAI

1. Introduction

In the last several years, there has been considerable interest in the
deformation of Euclidean hypersurfaces in the direction of their normal
vector field with speed various functions of the principal curvatures. In
particular, for contracting flows, Gage-Hamilton [12] and Grayson [14]
studied the curve shortening flow, Brakke [3] and Huisken [19] studied
the mean curvature flow and Tso [22] studied the Gauss curvature flow
(see also Chow [6], [7], Hamilton [17], [18] and Andrews [2]). For more
general homogeneous contracting flows, see Andrews [1]. Besides con-
tracting flows, there has also been recent interest in expanding flows.
Similar results have been proved by Urbas [23], [24], Huisken [19] and
Gerhardt [13]. More recently, Andrews [1] has studied more general
expanding flows, especially flows with anisotropic speeds.

In each of the above papers, the hypersurfaces are evolving with
speed a homogeneous increasing function of the principal radii. For
expanding flows, one generally assumes in addition that the function is
concave. In a series of papers, of which this is the first, we investigate
expanding flows with speed an increasing function of the principal radii.
In particular, we shall not assume the function is homogeneous. Our
results generalize most of the previous results on expanding flows.

In this paper we study the motion of a smooth, strictly convex, em-
bedded closed curve in R? expanding in the direction of its outward
normal vector with speed given by an arbitrary positive increasing func-
tion G of its principal radius of curvature. Our result is that there
exists a unique one-parameter family of smooth, strictly convex curves
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satisfying the above equation, which expand to infinity. Moreover, the
shapes of the curves become round asymptotically in the sense that
if one rescales the equation appropriately, the support function of the
rescaled curves converge uniformly to the constant 1 in C2-norm. Under
additional hypotheses on the function G, we prove that the convergence
is in C*°-norm.

In later papers we shall study expanding convex compact hypersur-
faces of dimension at least two. In Chow-Tsai [11] we study the case
where the speed is a non-homogeneous function of the principal radii.
Under certain assumptions on the curvature function analogous to those
considered by Urbas, etal., we prove that hypersurfaces remain smooth,
strictly convex and expand to infinity while their shapes asymptoti-
cally become round. In particular, after an appropriate rescaling, their
support functions converge to the constant 1 in Cl-norm. In Chow-
Liou-Tsai [10] we consider the equation u; = F(Au + nu) on S™ which
corresponds to deforming a hypersurface M™ C R**! in the direction
of its outward normal with speed a function of the harmonic mean cur-
vature.

2. Main result

Let v be a convex embedded closed curve in R?> parametrized by a
smooth embedding Xj : S — R2. We consider the initial value problem

(1) o =GN,
@) X(@0) =Xo(a), €S

where k(z,t) is the curvature of the curve given by X(:,t) at the point
z, G : Ry — Ry is a positive smooth function with G’ > 0 everywhere,
and N(-,t) is the outward unit normal vector field to X (-, ).

Without loss of generality, we can assume that 7 encloses the origin
of R? initially. Similar to Tso [22] and Urbas [24], we can reduce the
initial value problem (1)-(2) to an initial value problem for the support
function. The support function ug of +y is defined by

'U'O(x) = ((E,F(x)), S Sla

where F : S' - 4 C R? is the inverse Gauss map of . Since F is
smooth, ug(z) will be a smooth function on S!, and if y is a circle of
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radius r centered at (c;,cz) € R?, then ug(z) = r+¢; cosz + ¢y sinz for
all z € St

We compute the curvature of v in terms of its support function
ug(z). The principal radius of vy is given as

ﬁ = (u0)os() + uo(z), z €S,

and equations (1)-(2) are equivalent to

(3) %’lti =G (uzz + 'U/),
(4) u(z,0) =uo(z), z€S,

together with the condition
(5) Ugg(Z,t) + u(z,t) >0,

whenever the solution exists. The main result of this paper is the fol-
lowing.

Theorem 1. Let G be an arbitrary positive function with G' > 0
everywhere. For any smooth function ug : S* = R with (uo)zz(z) +
ug(z) > 0 for all z € S, there ezists a unique solution u € C*®(S* x
[0,T)) of equations (3)-(4) satisfying (5), where 0 < T < oo, such that
limy 7 Umin(t) = 00. Moreover, there exists a constant C' depending
only on ug such that

|uge(z,t)| < C

for allz € S' and t € [0,T). As a consequence, there exists a solution
R(t) to the ODE dR/dt = G(R) on [0,T) such that

“min(t) < R(t) < uma.x(t)v
and the support functions @ of the rescaled curves ¥ = v/R satisfy
- C
I5,6) = lexsn < g
forallt €[0,T).

In the rest of the paper, we will consider equations (3)-(4), and prove
the long time existence of a solution satisfying condition (5).
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3. A lower bound for the principal radius

Standard parabolic theory guarantees the existence of a unique
smooth solution u(z,t) of (3)-(4) on S* x [0,T) for some small T > 0.
Because our initial curve v is uniformly convex and encloses the origin,
we have (ug)zz + (uo) > 6 and ug > 6 on S! for some § > 0. Geomet-
rically, if our initial curve + is convex, it will remain convex during the
evolution. Therefore, we prove

Lemma 1. Let u(z,t) be solution to (8)-(4) with (ug)zz+uo > 6 >0
for all z € S1. Then

(7) Ugz(z,t) + u(z,t) > 6 >0

for all (z,t) € S* x [0,T).

Proof. By continuity, we have uz; +u > 0 on S* x [0,¢] for some
€ > 0. Let v(z,t) = G(ugz +u) on S x[0,T). Then v > 0 on S! x [0, €]
and v(z,0) > G(8) > 0.

We compute

% = G'(ugz + u) - (vzz +v), on S* x [0,¢].

Since G' > 0, by the weak maximum principle we have
v(z,t) > G() >0 on S'x|0,¢].

and hence

uzz(z,t) +u(z,t) >8>0  on S! x[0,¢].

Repeating the same process implies the above inequality in S x [0,T).
q.e.d.

4. The gradient estimate

The next result concerns the uniform estimate of the gradient of u,
which was proved in a previous paper as a special case of a more general
theorem based upon a variant of the Aleksandrov reflection method.
See Chow-Gulliver [8, Theorem 2.1]. However, for completeness, a brief
proof is given below.

Proposition 1. Let u(z,t) be a smooth solution to (3)-(4) on S* x
[0,T) where G : Ry — Ry is a smooth function with G' > 0 everywhere.
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Then there ezists a constant A\ > 0 depending only on ug such that

. Iy — T2
i (257)

for all z1,75 € S* = R/27Z and t € [0,T).

Proof. Given 8 € S, define wg(x) = uo(z) —uo(20—z). Then wy is a
Lipschitz function on the half circle [0 —, 8] with wg(0—7) = wg(8) = 0.
This implies that there exists a A(f) € R such that A(6)sin(0 — z) >
wg(z) for all 6—7 < z < 6. Define u*® (z,t) = u(20—1x,t)+A(6) sin(6—
). Then u*®) is a solution to (3) with initial condition

(8) |u(z1,t) — u(ze,t)] < A

A ()]
u ( )|t=0 - 'U:O ’

where qu(o) :

S! - R is given by
wr® (g = ug(20 — z) + \(0) sin(f — z).
0

Since both u*®) and u are solutions to (3) with G’ > 0, v*®) = v on
({6—7}u{8})x[0,T), and u*® > ug on [§—, 8], by the weak maximum
principle for parabolic equations of the second order, we conclude that
u*® —u > 0in [§—m, 0] x [0, T). Therefore there exists A > 0 depending
only on ug such that

(26 — z,t) + Asin(0 — z) > u(z,t)

forall @ € S', z € [§ — 7,60], t € [0,T). Setting z = z; and § =
(z1 + z2)/2. We conclude that

T

(9) u(z2,t) + Asin (a:z ; ) > u(z,t)

for all z1,z € S, t € [0,T). Proposition 1 follows easily. q.e.d.
As an immediate consequence of Proposition 1, we have the following

uniform gradient estimate for u (Chow-Gulliver [8, Corollary 2.3].)
Corollary 1. Suppose u : S' x [0,T) — R satisfies the hypotheses

of Proposition 1, and let A > 0 be the constant given in the conclusion

of Proposition 1. Then

(10) luz| < % in S x [0, 7).
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For each t € [0,T), let

Umax(t) = maxu(z,t), Umin(t) = min u(z,t).
zes! zeS!

Since G is a positive function, umax(t) and upin(t) are increasing on
[0 T) and umin(t) < umax(t) for all ¢ € [0,T) unless we are in the trivial
case u(z,t) = f(t) with f(t) = G(f(¢)) on [0,T). Proposition 1 implies

(11) Umax(t) — Umin(t) < C  on [0,T),

where C is a constant depending only on ug.

5. The second derivative estimate

In this section we shall show that the second derivative of u is uni-
formly bounded, independent of time. This is the main estimate, which,
together with certain standard results, implies the long time existence
of a solution to (3)-(4). Before proceeding, we need some results on
functions which are not necessarily differentiable. The following discus-
sion on Lipschitz functions is based on Hamilton (1986) (see also Urbas
(1991)). Let f(t) be a Lipschitz function on some interval [a,b]. Then
we define

TS e it lmeuplltM =IO ¢

dt — R\O h
+ —

s o it lmintlCHP O S o
dt h\0 h

af <C if limsup f_@;fiﬂ <C,
dt R\ h

ﬂ >C if lim inff_(i);M > C.
dt AN h

Lemma 2. Let f(t) be a Lipschitz function on [a,b).

(1) If f(a) < 0 and d—;t-i < 0 whenever f > 0 on [a,b], then
f(b) <0.

(1) If f(a) > 0 and %ﬁ > 0 whenever f < 0 on [a,b], then
f(b) = 0.
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(1i1) If f(b) = 0 and %L < 0 whenever f < 0 on [a,b], then

f(a) > 0.
() If f(b) = 0 and %ﬁ > 0 whenever f > 0 on [a,b], then
f(a) <0.

Proof. For (i) and (ii) see Hamilton [16, Lemma 3.1]. Parts (iii) and
(iv) are analogous, so we omit the details of the proof. q.e.d.

Let Y be a compact set in Euclidean space and g : [a,b] XY — R
be a smooth function. Define f(t) = sup{g(¢,y) : y € Y} and h(t) =
inf{g(t,y) : y € Y}. Both f(t) and h(t) are Lipschitz functions on [a, b],
and we have the following estimate on their derivatives.

Lemma 3. Let Yi(t) = {y : g(t,y) = f(t)} and Ya(?)
={y:9(t,y) = h(t)}. Then:

(i) G (t) < sup{Fg(t,y) 1y € Yi(t)}, for all t € [a,b).
(ii) L) < sup{Zg(t,y) : y € i(1)}, for all t € (a,b).
(i15) Sh(t) > inf{2g(t,y) : y € Ya(t)}, for all t € [a,b).
(iv) SE(t) > inf{Zg(t,y) : y € Ya(t)}, for all t € (a,b].

Proof. The proof of (i) is given in Hamilton [16, Lemma 3.5]. The
proof of the rest is similar. q.e.d.

We are now ready to estimate the second derivative of u(z,t). The
right quantity to estimate is w = (u? + u2;), which is a constant
independent of space and time when initial curve < is a round circle.

Lemma 4. Let u(z,t) be a smooth solution to (3)-(4) on S* x[0,T).
Then

lugz(z,t)| < C on S x [0,T),

where C is a constant depending only on ug.
Proof. Set w = £(u2 + u2,). We compute

0
‘a—t:‘ Ugy - (3tu)zz + ug - (atu)x

=Ugy * [G(Umz + U)]zz + ug - [G(U:c:c + 'U')]z

=Ugg - [G’(uzz + u) . (Ua::c + 'U')a:z + G”(uxm + U) : ('U'mz + u)g]

+ 'U:a; ° G’('UIzm + u) ¢ (sz + u)z.
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Using
Wz = Ugg * ('U-m: + u)z
and
Wgy = Ugz * (uzz + U)zz + Uggy - (U:c:c + 'U'):c
we can rewrite the above equation as

ow

(12) 5t =G (ugg + ) - Wz + G (Ugz + 1) (Ugg + U)z - Wy

+ G'(ugz + u) - (Ugz + u) (U — Uzz)s

In the argument below, we shall apply the maximum principle to equa-
tion (12) in a slightly unconventional way to obtain a uniform bound
for w. Initially, we have

w(z,0) = 3[(u0)2 + (u0)2,] < C1 on S,

where 01 is a constant depending only on ug such that ( )2 < Ch.
Here 2 5 is the constant given in the conclusion of Corollary 1. For each
t € [0,T), define f(t) = max,cg1 w(z,t) = w(p:,t) for some p; € St.
At (p,t), we have wy; = 0 and wy; < 0, which imply either ugz = 0
or (ugg +u)z = 0 at (pg,t). We now have f(0) < C; and whenever
f(t) > Cj for some t € (0,T), ugy ca.n not be zero at (pt,t) since if

Uze = 0 at (ps,t) we will have f(t) = 2u2(p,t) < 2(3)? < Ci, which
is a contradiction. This in turn implles (u;,nc +u); = 0 at (pt,t). As a
consequence of this, we obtain, from (12), that

ow
a’ S 0 at (ptat)a

whenever f(t) > C,. By Lemma 2 (i) and Lemma 3 (i) we obtain
f(t) <Cy foranytel0,T).
Therefore
w(z,t) = $(u2 +u2)<Cr on St x [0,T),

and the conclusion of Lemma 4 follows. q.e.d

6. Higher derivatives

In this section we prove time-dependent estimates for the higher
derivatives of u. These estimates also follow from the standard results,
given the C2-estimate for u of the previous section.
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Lemma 5. Ifu < M on S' x [0,T) for some positive constant M,
then

(13) |uzes(z,t)| < C on St x [0,T),

where C < 0o is a constant depending only on M, G, ug and t.
Proof. We shall let C' denote any constant depending only on M,
G, up and t, where C may change from line to line. Let w = Gu =
G(ugg +u). Then
Sw = H(w) - (wgg + w),
where H = G'- G~! and H(w) = G'(uzz + u) > 0. We compute

O(wg) = H(w)(wz)ez + H (w)wg - (wz)g
(14) t +[H(w) + H'(w) - wlw,.

Since 0 < & < w < C, we have H(w) + H'(w)w < C and hence the
maximum principle implies

wy < C.
Therefore
TTT r = G’(uz_—,; + 'U:)’
and
<= - <C.
Uzzz = G (ugg + u) Uz =
The proof that ugyz; > —C is similar and Lemma 5 follows. q.e.d.
Lemma 6. Under the same assumption as in Lemma 5, we have
(15) [u®(z,t)| < C on S x[0,T),

where u®) = uzzz., and C is a constant depending only on M, G, ug
and t.
Proof. Since

Wyz = GI(Uzz + u) (U(4) + Ugg) + G”(uzz + 'U') (Ua:z:r + Ua:)2

by Lemma 5, it suffices to show w;, < C. We compute
O(wez) =[0(wz)]z
=[H(w)(wz)zz + Hl(w)wz('wz)z + (H(w) + Hl(w)w)wx]z
(16) =H(w)(Wez)ze + 2H' (w)wz|(Wez)z + H' (w) (wzz)2
+ [H" (w) (wz)? + H(w) + H' (w)w)wz,
+ [2H' (w) + H" (w)w](w;)?.
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Since w < C and w; < C, the only bad term in (16) is H'(w) - (wgz)?,
which is not bounded above by C - w;,. To cancel off the bad term,
consider the evolution equation

at[%(wz)2] =H(w)[%(wz)2]x:c - H(w)(wzz)2 + Hl(w) . (’w:c)2 * Wy
+ [H(w) + H' (w)w](w)?,

and estimate

Btwez + §(wz)?]
=H (w)[wzz + %(wz)z]mz + [H'(w) — aH(w)](wm)2
+ 2H'(w) * wy * [wez + %(wz)z]z
+ [H" (w)(wz)? + H(w) + H'(w)w — oH'(w) (wz)?|wes
+ [H" (w) - w + 2H' (w) + oH'(w)w + oH (w)](wz)?,
where « is a positive constant.

We can choose constant o large enough, depending on M, G, uo,
such that

H'(w) —aH(w) <0 on S*x[0,7).
Let B = wyy + %(wz)2. We conclude that
0B < H(w)Bgz + 2H' (w)wg - By + C wzg + C,

whenever B > 0. Here we have used the estimate |w;| < C from Lemma
5. Again, by the maximum principle we obtain B < C and hence

Wez < C.

The proof of the lower bound is similar and Lemma 6 follows. q.e.d.
Lemma 7. Let u(z,t) be a solution to (3)-(4) on S* x [0,T), for
n > 5 we have

(17) S(u™) =H - uM)y+ H- (u™), +H -u™ +H

on S x [0,T),
where each H is some ezpression involving only G, u, v, ... ju(*=1,
Proof. For n = 5, this follows from a straightforward computation.
The case n > 5 can be proved by an induction argument. q.e.d.

Remark. Lemma, 7 does not hold for n < 4.
Based on Lemma 7, we now have
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Lemma 8. Under the same assumption as in Lemma 5, we have

8 &
ott Oxk

where C is a constant depending only on M, G, uo, t, k, £.

Proof. Apply the maximum principle to (17) and use Lemma 6, an
induction argument, and the equation d;u = G(uz; +u). Lemma 8 then
follows. q.e.d.

As an immediate consequence of Lemma 8, we infer the following
existence and uniqueness result.

Proposition 2. There ezxists a unique smooth solution u(z,t) to
equations (3)-(4) on some mazimal time interval [0,T) and

(18)

u(:z,t)’ <C onS'x|[0,T),

li in(t) = oo.
fimg tmin(t) = o0

Proof. We know umin(t) is increasing on [0,7"), and if lim;—,7 Umin(2)
is finite we will have u(z,t) < M on S! x [0,T) for some constant M
since Umax(t) — Umin(t) is uniformly bounded. By Lemma 8, we can
extend the solution u(z,t) smoothly up to ¢ = T and hence, by the
short-time existence theorem, extend u(z,t) beyond t = T, which is a
contradiction. This takes care of the case where T' < co. If T' = oo, we
note that

ou

5 = Gluzs +u) 2 G(9) >0,

where § is the constant in Lemma 1. We therefore have lim;_, oo Umin(t) =
00.

The uniqueness of the solution is standard and hence the proof of
Proposition 2 is complete. g.e.d.

7. Rescaling the equation and convergence in C?

In order to understand the asymptotic behavior of the solution it will
be convenient to work with the rescaled solution (z,t) defined below,
rather than u(z,t) itself. We shall see that the quantitative behavior of
u(z,t) is same as some solution R(t) to the ODE

(20) 2 _ a(re).

Lemma 9. There ezists a solution R(t) to (20) on [0,T) such that
(21) umin(t) <R() < 'U'max(t)’ Vte [Oa T),
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where u(z,t) is the unique solution to (8)-(4) on the mazimum time
interval [0,T).
Proof. First note that if umax(t) = u(p;,t) for some p; € S, then

(22 Fpi) = Oluisa + ) < Glumax(®) b (po,t)
for any t € [0,T). Similarly
(23) (40 t) > Glumin®)

where u(g¢,t) = Umin(t)-
Take an increasing sequence T; € (0,7) with lim; o, T; = T and let
R} (t) be the solution to

dR}
(24) ek G(R{),
(25) Rf(T3) = umax(T3).

The domain of R;-" (t) will be at least (T; —¢;, T;] for some €; > 0. Set
f(t) = umax(t) — B (t) on (T; —&;, T;). It will be Lipschitz on (T; —¢;, T3]
and f(T;) = 0. For any t € (T; — €;,T;], compute

df .\ f(t) - f(t—h)
AV
<limsup Umax(t) = Umax(t = 1) - G(R;-(t))v
RN\O h

and by Lemma 3 (ii) and (22) we know

(26) d—;i[(t) < G(umax(t)) — G(R;"- (t)) <0,

whenever f(t) <0.
Lemma 2 (iii) now implies that
(27) f(#) >0 forallte (T; —eiTi).

Similarly we consider g(t) = Umin(t) — R (t) and use Lemma 3 (iv), (23)
and Lemma 2 (iv) to conclude

(28) g(t) <0 forallte (T; —¢;, Tl
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Thus
(29) Umin(t) < R} (t) < umax(t) on (T; — &, Tj).

From (29) and the basic theory of ODE’s, we deduce that the domain
of R} (t) will be at least [0,T;], and for each i we have

(30) Umin(t) < Rf (t) < umax(t) on [0, T3)].

Consider the sequence { R} }$2,, on any compact subinterval [0, T—4]
of [0,T), the domain of R} will cover [0,T — 6] for ¢ large enough. We
may assume all R] are defined on [0,T — §]. Observe that each R} (t)
is convex on [0,T — 4] and

(31) Umin(t) < Rf (t) < R (t) < umax(t) on [0,T -4

for 7 > 1.

Define R*(t) = lim;o0 R} (), t € [0,T — 6]. Then R*(¢) is convex,
and hence continuous on [0, 7 —4], and R — R* uniformly on [0,T— 6]
We finally conclude that R*(t) is differentiable on [0, T — 4], and dR
G(R*). Let § = 0. Then (21) follows when T' < co. The case where
T = oo is also clear. q.e.d.

From now on we will choose one R(t) satisfying (21) and use it to
rescale the solution u(z,t). Define the rescaled solution i(z,t) as

o uat)
i(z,t) = R{t)

Then we have
Lemma 10. Let [0,T) be the mazimal time interval of ezistence for
u(z,t). Then

(i) lu(z,t) — 1| < WCES on S x [0,T),
(i4) lis(2,t)| < gy on S* x [0,T),
(iii) |isz(2,t)| < g5 on ' x [0, T),

where C is a constant depending only on uy and R(t) > o0 ast = T.
Proof. (i) By (11) we have

u(z,t) — R(t) Umax(t) — Umin(t) < C
R(t) ’ R(t) T R(t)

|a(z,t) - 1] =
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(ii) and (iii) are consequences of Corollary 1 and Lemma 4, respective-
ly. q.e.d.

Remark. The significance of Lemma 10 is that we get convergence
to the unit circle in the C?-norm, that is,

I.8) = Uoxsy < g5 Ve 0.7,

for an arbitrary positive function G with G’ > 0 everywhere.

8. The case where G is concave

So far we have only assumed that the function G is positive and
G’ > 0. We shall now consider the case where G is a concave function.
Under an additional hypothesis we shall prove that the rescaled support
functions @ converge in C' to the constant 1.

It is a simple exercise to verify that when G is concave, the solution
R(t) to the ODE 4& = G(R) with R(0) > 0 will not blow up in finite
time. Therefore the maximal time interval of existence for u(z,t) is
[0, 00).

Lemma 11. If G : Ry — Ry is concave with G' > 0 everywhere,
then

.\ Umax(t)

..\ Umin(?)
(1) “R@)

is decreasing on (0, 00),

is increasing on (0, 00),

(111) —

is decreasing on (0, 00).

Proof. (i) umax(t)/R(t) is Lipschitz on any compact interval [a,b] C
(0,00). Using Lemma 3 (i), we find

d+ umax(t) R(t)G(uma.x(t)) - umaX(t)G(R(t))
(32) ?17( 10 ) < 720 .

Since G is concave, we have

(33) AG(z) < G(\z)
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for all z € Ry = (0,00), 0 < A < 1. Applying (33) together with
R(t)/umax(t) <1 to (32), we get

dt (umax(t)
(34) = ( 0] ) <0 forallte (0,00),

which and Lemma 2 (i) imply (i). The proof of (ii) is analogous to that
of (i). (iii) is an easy consequence of (i) and (ii). q.e.d.

In the following discussion, we shall use the Banach spaces of k-
times (Holder) continuously differentiable functions on S! and S* x I,
Ck(S1), Cke(St), Ck(St x I), and C*2(S! x I), where I = [a,b] C R,
equipped with the standard norms. See, for example, Urbas [24] for
detailed definitions.

Lemma 12. For any 0 < T < oo, we have

) C
(35) 12 = g2 (51 xzp,00)) < R(To)’

where C is a constant depending only on ug and G.
Proof. By Lemma 10 we have

~ C C
(36) lli(z,t) — 1llc2(s1y < 0] < e

for all t € [Ty, 00). Hence we only need to estimate the time-derivative
of 4 on S! x [Ty, 0). The equation for the rescaled solution i(z,t) is

o 1 .1 - .
(37) Frie —EG(R)u + EG(R(UH + 4)).
Applying (36) to (37) yields
o G(R(t)) C 1
?)-t-(m,t) <- 0] (1— R(t)) + R(t)G(R(t)+C)
_GE[#) +0C) —G(R{) |, GER)
R(t) R(t)? -

Since G is concave, G(y+C) —G(y) < C’' independent of y € [R(0), 00),
and G(y)/y is a decreasing function of y on (0,00). Therefore

ol C C

ot
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for all t € [T, 00), where C depends only on ug. Similarly, one can show

that 5% c
U
it >
at &Y 2 ~ R
for all t € [Ty, 00). This completes the proof of the lemma. q.e.d.

Unfortunately, the linearized equation of (37) will not be uniformly
parabolic on the domain S x [0,00). This makes us unable to quote
some standard theorems for parabolic differential equations. To remedy
this we need to rescale time also.

Let

7(t) = log G(R(t)) — log G(R(0))

for all t € [0,00). We have 7(0) = 0, dr/dt = G'(R(t)) > 0 and
limy_, o 7(¢) = 0o if we assume lim;_, o, G(z) = oo.

Set 4(z,7) = 4(z,t(7)). We have dg(z, ) = Ug(z, (7)), Ugz(z,7) =
Uge(z,t(7)) and

(38)

o4 0u ot 1 1 .1 - -
Hence

o 1 1 .1 . .
If we linearize the above equation at 4, we obtain the equation

ov 1 1 | R .

ot i) [_RG(R) v+ RG (R(tigg + 1)) - R(vgs +v)]
(40)

_G'(R(iss +0)) [G’(R(am +14)) G(R) ]
G'(R) o G'(R) RG'(R)

Lemma 13. If there exists a constant € > 0 such that y - G'(y) >
€ > 0 for y sufficiently large, then

(41) lla(z, T)||C'2(Slx[0,oo)) <G,

where C' is a constant depending only on ug, and €.

Proof. Since 4 differs from @ only by a change in the time variable,

by Lemma 12, it suffices to estimate |0i4/07|. Using Lemma 12 again
together with the hypothesis on G, we obtain

0t ot 0u 1 c c

—

| = 5 et < <

ot = G(R@®) RQ) a-ed.
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Remark. The hypothesis on G in Lemma 13 is equivalent to the
condition that there exists € > 0 such that G(y) —elogy is an increasing
function of y on some interval [T}, 00).

Lemma 14. Let C be a constant depending only on ug such that

R(t) — C < R(t)(tizz(2, 1) + u(z,t)) < R(¢) + C,

for all z € S', t > 0, as given by Lemma 12. If there ezists a constant
d > 0 such that ,

G'(y+0C)

————2>6>0

G'(y)
for y sufficiently large, then equation (40) is uniformly parabolic on
S! x [0,00), and the coefficient of v is uniformly bounded from aboue.
Proof. By our hypothesis, using the concavity of G, we have for ¢

sufficiently large

G'(R-C) | G'(Rliizs +1) | G'(R+C)

2Tem > G® > G[&

1
3 >6>0.

The upper bound for the coefficient of v also follows since
G(R)/(RG'(R)) > 0. q.e.d.

Remark. The hypothesis on G in Lemma 14 is equivalent to the
condition that there exists a constant § > 0 such that G(y+ C) — 6G(y)
is an increasing function of y on some interval [Tp, 00).

Now we are in a position to use the result of Krylov and Safonov [20]
and standard parabolic theory to conclude (see also Urbas[24], Lemmas
3.9 and 3.10).

Lemma 15. Suppose that there exist €,0 > 0 such that both G(y) —
elogy and G(y + C) — §G(y) are increasing functions of y for y suffi-
ciently large. Let 4(z,7) be the solution of (38) on S* x [0,00). Then
for any T € (0,00), any positive integer k, and any a € (0,1) we have

||'&||ék,a(slx[¢,°o)) <C,

where C is a constant depending only on k,a,¢,6,G,1/7 and
||ﬁl|éz(31x[o,oo))'

To obtain the convergence of i(z,7) to 1 in the C* norm, we follow
the arguments in Urbas [24], apply an interpolation inequality of Hamil-
ton [16] and the estimate in Lemma 10 (i) to Lemma 15, and conclude
(we refer to Urbas [24] for the details).



GEOMETRIC EXPANSION OF CONVEX PLANE CURVES 329

Proposition 3. Under the same assumption as in Lemma 15, we
have

C
0 - < -

Jor any o < 1, where C is a constant depending only on k,0,G,ug.

Added in proof. Recently the second author generalized the re-
sults of this paper to starshaped plane curves (see Tsai [21]). Even more
recently the results have been further generalized to embedded plane
curves with turning angle greater than —n (see Chow-Liou-Tsai [9]).
See K. S. Chou and X. P. Zhu [4], [5] for recent results for anisotropic
flows of plane curves.

References

[1] B. Andrews, Evolving conver hypersurfaces, Thesis, Austral. National Univ.

2l

, Contraction of convez hypersurfaces by their affine normal, J. Differential
Geom. 43 (1996) 207-230.

(3] K. Brakke, The motion of a surface by its mean curvarure, Math. Notes 20, Prince-
ton University Press, Princeton, NJ, 1978.

[4] K. S. Chou & X. P. Zhu, A convezity theorem for a class of anisotropic flows of
plane curves, preprint.

(5]

[6] B. Chow, Defirming convez hypersurface by the n-th root of the Gaussian curvature,
J. Differential Geom. 22 (1985) 117-138.

, Anisotropic flows for convez plane curves, preprint.

, On Harnack,s inequality and entropy for the Gaussian curvature flow,
Comm. Pure Appl. Math. 44 (1991) 469-483.

(7l

[8] B. Chow & R. Gulliver, Aleksandrov reflection and nonlinear evolution equations,
I: The n-sphere and n-ball, Calculus Variations 4 (1996) 249-264.

[9] B. Chow, L. P. Liou & D. H. Tsai, Ezpansion of embedded curves with turning angle
greater than —m, Invent. Math. 123 (1996) 415-429.

[10] , On the nonlinear parabolic equation u; = F(Au + nu) on S™, Comm.

Anal. Geom., to appear.

[11] B. Chow & D. H. Tsai, Ezpansion of convezr hypersurfaces by nonhomogeneous
functions of curvature, in preparation.

[12] M. Gage & R. S. Hamilton, The heat equation shrinking convez plane curves, J.
Differential Geom. 23 (1986) 69-96.



330 BENNETT CHOW & DONG-HO TSAI

(13]

[14]

(15]

(16]

(17]

(18]
(19]

20]

[21)

(22]

23]

[24]

[25]

C. Gerhardt, Flow of nonconver hypersurfaces into spheres, J. Differential Geom.
32 (1990) 299-314.

M. Grayson, The heat equation shrinks embedded plane curves to round points, J.
Differential Geom. 26 (1987) 285-314.

R. S. Hamilton, Three-manifolds with positive Ricci curvature, J. Differential Geom.
17 (1982) 255-306.

, Four-manifolds with positive curvature tensor, J. Differential Geom. 24
(1986) 153-179.

, Remarks on the entropy and Harnack estimates for the Gauss curvature
flow, Comm. Anal. Geom. 2 (1995) 155-165.

—, Worn stones with flat sides, Discourses Math. Appl. 3 (1994).

G. Huisken, On the ezpansion of conver hypersurfaces by the inverse of symmetric
functions, preprint.

N. V. Krylov, & M.V. Safonov, Certain properties of parabolic equations with mea-
surable coefficients, Izv. Akad. Nauk SSSR Ser. Mat. 40 (1981) 161-175; English
transl., Math. USSR Izv. 16 (1981) 151-164.

D. H. Tsai, Geometric ezpansions of starshaped curves, Comm. Anal. Geom., to
appear.

K. Tso, Deforming a hypersurface by its Gauss-Kronecker curvature, Comm. Pure
Appl. Math. 38 (1985) 867-882.

J. 1. E. Urbas, On the ezpansion of starshaped hypersurfaces by symmetric functions
of their principal curvatures, Math. Z. 205 (1990) 355-372.

, An ezpansion of conver hypersurfaces, J. Differential Geom. 33 (1991)

91-125.

, Correction to “An exzpention of convezr hypersurfaces,” J. Differential
Geom. 35 (1992) 763-765.

UNIVERSITY OF MINNESOTA





