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CURVATURE VARIFOLDS
WITH BOUNDARY

CARLO MANTEGAZZA

Abstract

We introduce a new class of nonoriented sets in M.k endowed with a general-
ized notion of the second fundamental form and boundary, proving several
compactness and structure properties. Our work extends the definition and
some results of J. E. Hutchinson [25] and can be applied to variational
problems involving surfaces with boundary.

1. Introduction

Some problems in the calculus of variations are concerned with the
existence of minima for functional defined on smooth manifolds em-
bedded in Rk and involving quantities related to the geometry of the
manifolds. The functional which we are interested in depend on the
curvature tensor of the manifolds. As usual, in order to get the existence
of minimizers by the so called direct methods of calculus of variations
it is necessary to enlarge the space where the functional is defined and
to work out a compactness-semicontinuity theorem in the enlarged do-
main.

The aim of this paper is to introduce a new class of n-dimensional
sets endowed with a weak notion of the second fundamental form and
boundary. We prove that this class has good compactness and structure
properties.

Our work is based on the theory of integer rectifiable varifolds de-
veloped by Allard in [15], [16] (see section 2). Roughly speaking, an
integer n-varifold is an n-dimensional set in Ml* endowed with an inte-
ger multiplicity; smooth n-dimensional manifolds can be considered as
unit density varifolds.
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Inspired by the classical divergence formula on manifolds and by the
first variation of the area functional, Allard gave a weak definition of the
mean curvature (see also [22]) and boundary for varifolds. The Allard's
definition is strong enough to guarantee compactness and rectifiability
properties. However Allard's varifolds do not share strong local regular-
ity properties, because of multiplicity (see the example in [18, p. 162])
and because the mean curvature does not "see" some singularity points,
for instance the triple junction with equal angles of three halflines in
τπ>2
IK. .

Using a suitable integration by parts formula involving functions of
the tangent space, Hutchinson introduced in [25] the so called curvature
varifolds with the second fundamental form in Lp and proved several
compactness, semicontinuity and regularity results (see [26], [27]). The
theory of Hutchinson provides a weak formulation of variational prob-
lems involving surfaces without boundary and functionals depending on
the second fundamental form.

Motivated by variational problems involving piecewise smooth sur-
faces (see for instance, [2]) we extend the theory of Hutchinson in order
to include smooth manifolds with boundary.

We give here a brief outline of the paper.
Section 2. This is an introductory section about varifolds and basic

facts which we will need in the sequel.
Section 3. We give the definition of curvature varifolds with bound-

ary, explaining the similarities and the differences with the definitions of
Allard and Hutchinson. We also prove that the generalized second fun-
damental form and the generalized boundary are uniquely determined
and have the same formal properties of the smooth case.

Section 4. In this section we prove that the class of curvature vari-
folds with boundary is stable under localization in the ambient space and
in the Grassmannian. This provides a weak, local orientability property
of these varifolds, which is very useful from the analytic viewpoint.

Section 5. The section is devoted to the study of the tangent space
function P(x) of a curvature varifold with boundary, defined Ήn-almost
everywhere on the support of the varifold. We prove that P(x) is ap-
proximately differentiate Ήn-almost everywhere and its approximate
differential is the (weak) second fundamental form. This property was
not known even for Hutchinson's curvature varifolds.

Section 6. We prove in this section a compactness result in the class
of varifolds with the second fundamental form in Lp. We also give some
examples showing the utility of curvature varifolds with boundary in the
study of some variational problems involving piecewise smooth surfaces.
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Section 7. Using the local orientability property of section 4 and the
approximate differentiability of the tangent space function we extend the
Boundary Rectifiability Theorem of Federer-Fleming to the curvature
varifolds with boundary. This provides at the end a complete description
of the boundary measure.

2. Notation and preliminaries

Standard reference for the theory and the notation of this section is
[22].

The ambient space containing all the objects which we deal with is
always an open set Ω in Rk, and we will denote with Br(x) the open ball
centred at x with radius r. T-Ln is the n-dimensional Hausdorίf measure
onIR*.

Given an n-dimensional vector subspace P of IRfc, we can consider the
k x A -matrix {Pij} of the orthogonal projection over the subspace P.
So we can think of the Grassmannian Gn,k of n-spaces in Rk, endowed
with the relative metric, as a compact subset of R* this identification
is used throughout the paper. Moreover given a subset A of Rh, we
define the product space

Gn(A) =Ax Gn<k.

If {/i*;} and μ are Radon measure on a locally compact and separable
space X we write

βk -> μ

to denote the weak* convergence as elements of the dual space of C°(X).
Given a Radon measure μ on X and a measurable function / : X —> Y

we canonically define the image measure /#/i on 7 by setting,

Uμ(B)=μ(Γ1{B))

for every B Borel subset of Y.
We define a special subclass TZn(Ω) of Radon measures on the open

set Ω C Kfc to be the set of signed Radon measures μ on Ω with the
following properties:

• μ is supported in a countably n-rectifiable set JV;
• \μ\ is absolutely continuous with respect to the measure Ή.n L N.

Now we introduce the terminology and some basic facts about vari-
folds.

A general n-varifold V in an open set Ω C RMs simply a Radon
measure on Gn(Ω). The varifold convergence is the weak* convergence
of measures on Gn(Ω).
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We can associate to any varifold V a Radon measure μy on the open
Ω projecting the measure V on the first factor of the product space

μv =

where π : Gn(Ω) —> Ω is the projection. This measure is called the
weight measure of the varifold V.

Consider now a countably n-rectifiable, Ήn-measurable set M in Ω
and a non-negative function θ : M —» R, locally integrable with respect
to T-ίn L M. We give the following definition:

Definition 2.1. Let us assume that for some x° e M there exists an
n-dimensional vector subspace T of Rk such that

M

dΉn(x) = θ(x°)Jφ(y)dΉn(y)

Then we say that T is the approximate tangent space to the countably
n-rectifiable set M at x° with respect to the function θ.

It is a well known fact that for Ήn-a.e. x G M there exists the ap-
proximate tangent space apTxM to M at x with respect to the function
θ and that if we choose a different function θ1 the tangent spaces are
the same 7ΐn-almost everywhere in M.

Then we can define the rectifiable varifold V = VM,Θ associated to the
pair (M, θ) as above, to be the Radon measure characterized by

/ φ(x,P)dV(x,P)= f θ(x)φ{x,apTxM)dHn(x)

Gn(Ω) M

for every function φ = φ(x,P) G C°(Gn(Ω)). We say that apTxM is
the approximate space tangent to the rectifiable varifold V.

Note 2.2. It can be proved that the function apTxM defined before
is Ήn-measurable and so are its components when we use the identifi-
cation subspace-matrix of projection. Hence the formula above defines
a measure on Gn(Ω), or on the larger space ί ί x ί containing Gn(Ω).
Usually in the sequel we write P{x) = {Pij(x)} for the tangent space
function apTxM of M.

With these definitions, the weight measure of a rectifiable varifold
VM,Θ is Ήn L θ (extending θ to zero outside the set M). Commonly M
and θ are called respectively the support and the density function of the
rectifiable varifold V.

If the density function of a rectifiable varifold V is integer valued, we
say that V is an integer varifold.
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In the following we are concerned only with this special class, so when
we will write varifold we will always mean integer υarifold.

Now we come to the definition of curvature. Usually the curvature
tensor of an embedded manifold M is described by its second funda-
mental form which is a symmetric bilinear form defined at every x E M
by (see for instance [23], [24], [25])

B : TXM x TXM -> NXM,

where NXM is the normal space to M at x, and Dυw denotes covariant
differentiation in the Euclidean space Rfc. We can naturally extend B
to a symmetric bilinear form on all Rk with values in Rfc setting

B(υ,w) =B(υτ,wτ),

where the symbol τ indicates the projection on the tangent space to M.
The components of the form B are defined by

B£. = < B ( e i , e i ) , β f c > .

The mean curvature vector H has then the components

summing on the repeated indexes from I to k.
We observe this convention on repeated indexes throughout all the

paper.
There is another way to express the second fundamental form that is

useful in our context. We define for an arbitrary function φ E Cι(M) its
tangential gradient, denoted by VMφ, as the projection on the tangent
space of the gradient of the function φ. It is clear that to compute the
derivatives we have to extend the function in a neighbourhood of the
manifold M, but it is easy to see that the tangential part of the gradient
is independent of the extension.

We can consider the tangential gradients of the tangent space func-
tions

(2.1) Aijk = VfPjk.

The interesting fact is that the functions Aijk are univocally related to
the components of the second fundamental form B (see [25]).

Proposition 2.3. For every x E M the following hold:
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After this classical introduction we can show the way in which Allard
defined a distributional notion of the mean curvature for a varifold V =
VM,Θ in an open Ω C Rk.

Consider the linear functional <JV, defined on the space of vector fields
X in M* with compact support in Ω,

δV(X) = /divM X(x)dμv(x),
M

where divM X is the tangential divergence of the vector field X with
respect to the countably rectifiable M and is defined by

di\M X(x) =

where Pij(x) are the approximate tangent space functions.
If δV is a locally bounded functional it can be represented, by the

Riesz Theorem, by a Radon measure that we still denote by δV. Hence,
using the Radon-Nikodym Theorem, we split δV in its absolutely con-
tinuous and singular part with respect to the measure μy, obtaining

[divMXdμv = - ί <X,H> dμv - f <X,v> dσ
M M Ω

for a certain Radon measure σ on Ω and functions H G L}oc(μv,

Considering the analogy with the classical case (the tangential di-
vergence formula, see [23]), Allard defined H, v_, σ respectively to be
the generalized mean curvature, the generalized inner normal and the
generalized boundary.

The class of varifolds such that this property holds are called varifolds
with locally bounded first variation.

This class of sets is endowed with a distributional notion of the mean
curvature and the boundary that generalizes the classical case of smooth
manifolds. The basic compactness result in this class is the following
theorem.

Theorem A (Allard's Compactness Theorem). Given for every
open set Ω' CC Ω a positive constant c(Ω'), the class of integer n-
varifolds V in an open set Ω C R* such that

is sequentially compact with respect to varifold convergence. Moreover
in the same class the mapping V ι-4 δV is weakly* continuous.

For a proof, see [22].
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Finally we need a theorem of Brakke (see [18, Chapter 5]) concern-
ing the orthogonality of the generalized mean curvature vector and a
"flattening property" for integer varifolds.

Theorem B (Brakke's Orthogonality Theorem). If V is an
integer varifold with locally bounded first variation, then the vector H(a )
is orthogonal to the tangent space P{x), for μy-almost all points x £ Ω.
Moreover,

limp"71"1 / \P{x) - P{x°)\2 dμv = 0
p—>0 J

Bp(χθ)

for μv-a.e.x° G Ω.
Before going on we have to introduce some tools from the theory of

currents.
An n-current in Ω is a continuous linear functional on the vector

space of n-differential forms with compact support in Ω, endowed with
the usually locally convex topology of distributions.

An integral n-current T in Ω is defined by a countably n-rectifiable,
Ήn-measurable set M C Ω, an integer function θ G L]oc(Hn L M) and
a Ήn-measurable field η of n-vectors defined on M. We denote this
current with T = (M,0,τ/).

T acts as a linear functional on n-differential forms with compact
support in Ω, by integration:

T(w) =<T,ω>= ίθ{x) <ω{x),η{x) > dUn{x).
M

The boundary of an n-current T is the (n — l)-current dT acting as
follows:

<dT,ω> = <T,dω> .

We define the norm of a differential form ω(x) with compact support in
Ω as

IMI = Σ s u p | < ω ( x ) , e i l Λ . . .Λe i n > I
0<<l<...<tn<Λ a : e Ω

(compare with [8]) and the mass of a current T in an open Ωr C Ω by
duality as

MQ>(T)= sup ' < T ^ >

Now we can state the famous theorem of Federer and Fleming.
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Theorem C (Boundary Rectiflability Theorem). If T is an
integral n-current in Ω and for every open Ω'CCΩ

+00,

then dT is an integral (n — 1)-current in Ω.

For a proof, see [22].

3. Curvature varifolds with boundary and basic properties

In this section we introduce the idea of Hutchinson and our generaliza-
tion. We work out the same calculation of [25] to get an integration by
parts formula. The only difference is that we consider an n-dimensional
smooth manifold M with smooth boundary dM, embedded in an open
set ΩcR f c , while Hutchinson assumed the boundary to be empty.

Suppose that φ = φ(x, P) : Ω x Rfc2 —> R is a C\ function. Then we
write respectively

Diψ and D* ̂ φ

for the derivatives of φ with respect to the variables Xι and Pjk.
Let {ej be the canonical basis of Rk, and P(x) = {Pij(x)} the tan-

gent space function of the manifold M. Let us consider in the classical
divergence formula the smooth vector field X(x) = φ(x,P{x))ττPi<x)ei
that is the orthogonal projection of the vector field φ(x,P(x))ei on the
tangent space.

As the mean curvature is a normal vector to the manifold,

fdivMXdHn = - ί <X,E τ-l

M dM

where v_ is the inner normal to dM. Working out the calculation of the
tangential divergence (see [25]) we obtain

J [PMDM^PW)
M

+ Aijk{x)D*kφ{x,P{x)) + Anipήφ&Pix))] dUn{x)

= - J' φ(y,P(y))vi(y)<mn-ι(v)
dM

where the functions Aijk(x) are defined by the formula (2.1) of the
previous section.
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Representing the manifold as a varifold V = VM,i and introducing a
Radon boundary measure dV on Gn(Ω) with values in Rfc, we can write
the above formula as

J φ ddV\

Gn(Ω) Gn(Ω)

with

i = {Id x P)Φ{p{Hn-1 L dM).

This is the motivation for the following definition.

Definition 3.1. Let V = VM,Θ be an n-dimensional varifold in
ί l C i * , with 0 < n < k. We say that V is a curvature varifold with
boundary if there exist functions Aijk G L}OC{V) and a Radon vector
measure dV on Gn(Ω) with values in K* such that

j PijDjφix^P)

Gn(Ω)

(3.1) + D*kφ(x, P)Aijk (x, P) + φ{x, P)Aάij (x, P) dV(x, P)

φ(x,P)ddVi(x,P)

Gn(Ω)

for every index i.
In the extreme cases n = 0, k for the sake of coherence we define

Aijk(x,P) = 0 and we look for a measure dV such that the formula
above is true. We call dV the boundary measure of the varifold V,
and denote with AV^Ω) the class of n-dimensional curvature varifolds
with boundary in Ω. Moreover we introduce the subclasses AVξ(Ω)
consisting of those varifolds in AVn(Ω) such that Aijk G LP(V).

Remark 3.2. We point out that the extreme cases are not so inter-
esting because in dimension zero the varifold consists of a discrete set
of points and the measure dV is the zero measure. In codimension zero
[n = fc)? the theory is included in the theory of sets with locally finite
perimeter (developed by E. De Giorgi in [5] and [6]) because the den-
sity function turns out to be an integer BV function, and the boundary
measure is essentially its distributional derivative.

Note 3.3. Hutchinson's definition of the curvature varifolds is anal-
ogous to ours, but assumes that the right-hand side of the formula (3.1)
is identically zero. It is so clear that the curvature varifolds in the sense
of Hutchinson are the elements of AVn(Ω) with zero boundary measure.
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We define the generalized second fundamental form B from the func-
tions Aijk, using the relations in Proposition 2.3. It is then easy to see
that the Lp summability of B and of the functions Aijk are equivalent.

Now we prove a theorem asserting that there are essentially unique
second fundamental form and boundary.

Proposition 3.4 (Uniqueness). The functions Aijk and the mea-
sure dV are uniquely determined by formula (3.1).

Proof Suppose there are two pairs (A]jk, dV1) and (A2

jk, dV2) that

satisfy the definition. Setting Aijk = A]jk - A2

ijk and dV = dV1 - dV2,

for every function φ G C* (Ω x R1*2) we have

D*jkφ{x,P)Aijk(x,P)+φ(x,P)Ajij(x,P)dV(x,P)

φ(x,P)ddVi(x,P).

Gn(Ω)

Then we can write

(3.2) / D*jkφAijkdV= ί φdσ{ V ^ G ^ ί l x ^ ) ,

Gn(Ω) Gn(Ω)

where σ̂  = —dVi — A^V is a Radon measure on Gn(Ω).

Prom this formula we deduce that, for every φ(x) G C^Ω), the func-

tional

LΦ(Φ)= I φ(x)Aijk(x,P)D*jkψ(P)dV
Gn(Ω)

is a bounded linear functional from Cι(Gn,k) to M, in the relative topol-
ogy induced by C°(Gn,fc).

If Aijk ^ 0 we can find a Lebesgue point x° for the functions P(x)
and Aijk(x,P(x)) such that Aijk(x°,P(x0)) φ 0, at x° the density and
the tangent space P(x°) to the varifold V exist and

ωnp
n

Choose now χ(t) 6 C^(K), x > 0 not identically zero and set

X(h\x-χ°\)
Φh(x) =

ω.
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The functionals Lφh pointwise converge as h -> +00 to the functional

(3.4) L(φ) = θ(xo)Aijk(x°,P(x°))D;kφ(P(x0)) J χ(\y\)dHn(y)

P(x°)

on Cι(Gn,k). Moreover we can extend Lφh to equibounded functionals
defined in all C°(£?n)fc), because of (3.2), (3.3) and the upper estimate

\\Lφh\\< jφhd<κφ\σi\.
Ω

Hence the functional L is continuous in Cι(Gn^) with respect to conver-
gent sequences in C°(Gn^k), in evident contradiction to (3.4). It follows
that A = 0 and σ = 0. The definition of σ implies that dV = 0 too.

We state now some propositions about the formal and geometric prop-
erties of the tensor Aijk and the boundary measure dV. The proofs are
postponed until after Theorem 5.4.

Proposition 3.5 (Singularity of \dV\). If the pair (Aijk,dV)
satisfy Definition 3.1, then the measure dV has support included in the
support of the measure V, and the projection of its total variation \dV\
is singular with respect to the weight measure μv of the υarifold V.

Proposition 3.6 (Formal Properties). For V — a.e. (x, P) G
Gn(Ω) the following are true:

• Aijk{x,P) =Aikj{x,P);

• ΣjAijj(x,P)=0;
• Aijk{x,P) = PjrAirk{x,P) + PrkAijr{x,P).

Proposition 3.7 (Tangential Properties). The boundary measure

dV is tangential, in the sense that for every index i G {1,... , k)

PildVι(x,P)=dVi(x,P)

as measures on Gn(Ω).

The functions Aijk(x,P) satisfy the relations:

PuAljk(x,P) = Aijk{x,P), PuHfaP) = 0

for V - a.e. (x,P) G Gn(Ω), where HfaP) - Σ,Aάij{x,P); that is,
3

the functions Aijk are tangential and the (formal) mean curvature vector
is normal to the varifold.

Note 3.8. These propositions extend to our class of varifolds the
formal and geometric results that hold in the classical case of a smooth
manifold.
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Remark 3.9. We wrote "formal" mean curvature vector because this
is only the trace of the generalized second fundamental form and, at this
point, has nothing in common with Allard's definition. The connection
between these notions will be shown below.

We want to describe now the differences between our class of varifolds
and Allard's varifolds with locally bounded first variation. First of all
it is obvious that a curvature varifold with boundary has first variation
given by the Radon measure

where π is as usual the projection from Gn(Ω) on Ω. This can be seen
by considering in the formula (3.1) the functions φ depending only on
the x variable. More precisely we can write respectively "Allard's mean
curvature" and "boundary", as we could expect, using the functions
Aijk and the boundary measure dV.

Proposition 3.10. A curvature varifold with boundary is a varifold
with locally bounded first variation. The generalized mean curvature
vector is given by

and the generalized boundary by

σ = π#dV,

where P(x) is the approximate tangent space at x.
One of the advantages of our definition is that dV carries much more

information on the local structure of V, while Allard's boundary, being
the projection of 9V, can be even equal to zero.

Example 3.11. Consider the varifold in R2 formed by three halflines
from the origin, forming three angles of 120°. According to Allard's
definition this varifold has mean curvature and boundary measure equal
to zero, because at the origin the sum of the three inner normals is zero.
For our definition the boundary measure is the sum of three Dirac deltas
supported at the points (0, Pi) in Gn(Ω), where Pi denote the 1-spaces
determined by the halflines in M2.

Another difference, as we will see in section 7, is concerned with the
set where the boundary measure is supported. The only thing we can
say about Allard's boundary measure is that it is singular with respect
to μy. We will show that the projection of \dV\ is supported in a
countably (n — l)-rectifiable subset of Ω for every n-curvature varifold
with boundary V.
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4. Localization

In this section we introduce a basic tool for the study of our class of
varifolds that could be interesting by itself. We prove that curvature
varifolds are stable under localization in (x,P).

Lemma 4.1 (Localization Lemma). Let V be an n-dimensional
curvature varifold with boundary in ΩcR f c , and let x° £ Ω, Po £ Gnyk

and p', δ' > 0. Then there exist p'/2 < p < p1, δ1/2 < δ < δ1 such
that Vδ

p = V L Bp

δ is a curvature varifold with boundary, where Bδ =
Bp(x°) x Bδ(P0) C Gn(Ω).

Proof. Let be given x°, Pθ 5 ί'5 p' as in the statement.
We study the localization in the x variable. Consider in the formula

(3.1) a function φ(x, P) = φ(x, P)χ(x), where φ is an arbitrary function
in Cjfίl x Rfc ), and χ is a cut-off function defined by χ(x) = h(r),
r = \x — x°|, and h(t) is a function in C°°(E), with the properties,
h{t) = 1 for t < p/2, h(t) = 0 for ί > p, Λ'(t) < 0.

Computing the derivatives we get

y χ{x)PijDjφ(x,P) +χ{x)D*jkφ{x,P)Aijk{x,P)

+ χ(x)φ(x,P)Ajij(x,P)dV(x,P)

= - I χ(x)ψ(x,P)ddVi(x,P)-Jψ(x,P(x))PίjDjχ(x)dμv(x)
Gn(Ω) Ω

Gn(Ω)

C?n(Ω)

We take a sequence of functions /ιm(ί) with the above properties such
that hm(t) — 1 for t < p — 1/ra and \h'(t)\ < 4m. The sequence hm

pointwise converges to the characteristic function of (—oo, p) as m —> oo.
Defining the Radon measures on Gn(Ω)

we can see that σm is supported in the set Gn(Bp(x°) \ βp_1/m(x0)), so
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we have the following estimate for its total variation:

\σm\(Gn(Q)) = \σm\(Gn(Bp(x°)\Bp_1/πι(x0)))

(4.1) <4mμv(Bp(x°)\Bp_1/m(x0))

= Am [μv(Bp(x0)) - μv(Bp_1/rn(x0))] .

Now we note that the real function f(p) = μv(Bp(x0)) is monotone
and hence diίferentiable for almost every p E R At any differentiability
point it follows that the total variations of the measures σm are equi-
bounded. We use the Banach-Alaoglu Theorem to infer that there ex-
ists a subsequence weakly* converging to a Radon measure σ on Gn(Ω).
For these values of p the restricted varifold V L Bp(x°) x GUik is again
a curvature varifold with boundary.

The study of localization in the P variable is quite similar: using a
cut-off function χ(P) = h(\P — Po\) we get an extra boundary measure
σ given by the weak* limit of a subsequence of the family:

(4.2) σm = VL {h'm(\P-P0\)Aijk(x,P)D;k\P-P0\}.

Remark 4-2. Note that this stability property under localization is
not true in the context of Hutchinson's curvature varifolds, not even if
we assume that the varifolds correspond to smooth embedded manifolds
without boundary.

5. Approximate differentiability of the tangent
space functions

In this section we are going to show that the functions Pjk(x) are
approximately differentiate and that their approximate gradients are
precisely the functions Aijk(x,P) of Definition 3.1, in accordance with
the classical case of a regular manifold. This result implies all the formal
properties of Aijk stated in Proposition 3.6 and leads to an estimate of
the extra boundary created by the localization in Lemma 4.1.

The basic result leading to the approximate differentiability of Pjk is
the following:

Theorem 5.1. Let V = VM,Θ be a curvature varifold with boundary
and ψ G Cjfίl x M*2). Then there exists an Ή,n-negligible set Mo such
that

is countably n-rectifiable in Ω x t
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Proof. We first suppose that the support of the varifold V =
V(M,Θ) G AVn(Ω) is included in Ω x Bδ/2(P0), where Po is the n-
space generated by eu ..., en. If δ is small enough, then any P G ^ ( P Q )
can be oriented by the unit n-vector η defined by

V1 Λ Λ ηn <
7 7 = I ^ Λ Λ ^ Γ '

We take a nonnegative function ψ(x,P) G CJ(Ω x lRfc ), and consider
the (n + l)-integral current T = (T,θ',η') in the space Ω x R , where
T is the set {(x,y) \x G Af, 0 < y < ^(x,P(x))}, ^;(x,y) = θ(x), ε
the unit vertical vector, and η1 — ε /\η. It is clear that T is a Ή n + 1 -
measurable set, so that the current is well defined. Now we prove that
this current has a boundary of finite mass and hence can be represented
as an integral n-current.

To do this we have to test two kinds of differential forms:

y) = φι(x,y)dy Λdx12 Λ . . . Λ ώ l n ,

ω2{x, y) = φ<i(x > y) dxJ1 Λ . . . Λ dx3n.

For multi-indexes / = ( i 2 , . . . , in) and J = ( jΊ,.. . ,jn) we define the
functions

(5.1) ?^|^ί

(5.2)

that belong, by our choice of ί, to C°°(Bδ(P0)).

Then for ωι we have,

dT(ω1) = T{dωλ) = - f τ (^{x,y) dy Λ dx* Λ dz*2 Λ ... Λ
~[ \ OX

ψ(x,P(x))

( ^
1 = 1 M 0

• < dy A dxι Λ do;22 Λ . . . Λ drz; ln, ε Λ 7/ >
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Now we extend the functions βl{P) and βJ(P) to smooth functions
on Gnyk without modifying them in Bδ/2{Po) Taking the derivative out
of the integral, and using the formula (3.1) and the fact that the support
of V is contained in Bδ/2(Po), we obtain

1 s=l Gn(Ω)

k n

Gn(Ω)

G n (Ω)

k

Gn(Ω)

φ{x,P)

D* ( I ί
\ J

o

Φ(χ,P)

w
t(Ω) 0

+ / ^ί(^)( ί φi(x,y)dy>)ddVs(x,P)

β'8(P)( I φi(x,y)dy^ddVs(x,P)
0Gn(Ω)

^ r „ w,
i=1Gn(Ω)
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As the functions β\ and φ are bounded with their derivatives, it is
now clear that we can have an estimate

with c depending only on δ and φ.
Now we test the differential form ω2:

dT(ω2) =T(dω2) = ΣT (ir1^^) dχί Λ dxh Λ ... Λ dxjΛ
~i \dχi )

+ T \-7r-{x,y) dy A dxjl Λ . . . Λ dxjn)
\ oy )

-^-(x, y) dy A dxjl A . . . Λ dxjn J ,
oy )

because T has a vertical orientation. Hence

-ψ(x,P(x))

(5.3) < dy A dxjl A . . . Λ dxjn, ε A η > dμv(x)

= I (φ2(x,φ(x,P)) -ψ2(x,0))βJ(P)dV(x,P),
G«(Ω)

so, also in this case we have the estimate

By the Boundary Rectifiability Theorem this calculation shows that T
is an integral current with integral boundary <9T, so dT is represented
by (JV,τ,ξ), where N is a countably n-rectiίiable set, r is an integer
valued function defined on N and is ^{"-measurable, and ξ is a simple
unit n-vector field orienting N.

Now we consider the sets of points Nι = {(a;, y) G N \ ξ(x, y) A ε = 0}
and N2 = N \ Nι, that is, Nλ is the set of points of N where the
tangent space contains a vertical vector. We define the integral current
G = (N2,τ,ξ) + (M, θ,η). It is clear that G can be represented as an
integration on a countably n-rectifiable set. Now, by (5.3) we get

= j ψ2(x,φ{x,P(x)))βJ{P(x))dμv(x)
M

= ίτ(x,y)φ2(x,y) <dxjlΛ,...Λdxin,ξ{x,y) > dΉn(x,y).
N2



824 CARLO MANTEGAZZA

Since φ2 is arbitrary, arguing as in [3] we can show that

(5.4) {(x,ψ(x,P(x)))\x eM\M0}cN2

for a suitable Ήn-negligible set Mo C M.

Consider now a curvature varifold with boundary V = VM,Θ without
conditions on its support; we can apply the localization Lemma 4.1
to find out a countable family of curvature varifolds with boundary
V1 = VM. θ. satisfying (up to a rotation) the hypotheses at the beginning
of the proof and such that ^ V1 > V. Applying (5.4) to all the varifolds
Vi we infer the theorem.

Now we introduce the approximate differentiability property.

Definition 5.2. Suppose V = VM,Θ is an n-varifold with weight
measure μy, and / : M —> R is a //^-measurable function. We say that
/ is approximately differentiate at x° G M with approximate gradient
VM/(x°) = v if:

• at x° there exists the tangent space TxoM to the varifold and
v e TxoM;

• for every ε > 0 the set

X.= {*eM\{*°)|l/(*>-/(^-_y*-l0>l>

has zero density at x°:

— =0.

For this definition and basic properties we refer to [8].
It is not hard to show the following lemma.

Lemma 5.3. Let V = VM,Θ and f as in the definition above. Let us
assume that there exists an Ήn-negligible set Mo such that

{{x,f(x))\xeM\M0}

is countably n-rectifiable in ί ί x R . Then f is approximately differen-
tiable μv-almost everywhere in Ω.

The proof of the lemma basically follows covering the graph of / on
M \ Mo with C1 manifolds I\ of dimension n and taking the nonvertical
parts of IV

Now we can state the main result of this section.

Theorem 5.4 (Approximate Differentiability). IfV = VM,Θ is
a curvature varifold with boundary, then the components of the tangent
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space function Pjk(x) are approximately differentiate for μv -almost all
points x° G Mj with approximate gradients

Proof By Theorem 5.1 we know that f(x) = Pjk(x) satisfies the
assumptions of Lemma 5.3, so that the functions Pjk are approximately
differentiable //^-almost everywhere in Ω.

Let Bijk = V^Pjk] we will show that Bijk = A^k by a blow-up
argument.

We define as usual two cut-off functions χ, r G C\ (R) with the prop-
erties χ(ί), τ(t) = 1 for |ί| < 1/2, χ(ί), r(ί) = 0 for |ί| > 1. We consider
in (3.1) a function

P

+

so that

Pi ^l ^l I I V^ i I jk •^jky*' ) \ IT/-/ τ-»\

ιl I __ 0 | Λ I / V Λ / ^ ' ^
I I \ r"̂  ' \ r *

P J

Gn(Ω)

Dividing each side by p n - 1 , if x° is chosen as follows:

• a;0 is a point where the tangent space P{x) to the varifold V
exists.

• x° is a point of approximate differentiability of the function
Pjk(x) and the approximate gradient has components Bijk.

• x° is a Lebesgue point for all the functions Aijk(x,P(x)) with
respect to the measure μy.

• πΦ\dV\(Bp{x0)) tends to zero faster than pn~ι.
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We remark that this happens for /iy-almost all points x° G M. Under
these conditions,

lim i f f Papz±<
p->opn [ J \χ-χ°\ dV{x,P)

+ -L [Aiik(x,P(x))χ (\X~χ0\) τ> (PM*)-PM°?Λ dμv(x)\= o.

Ω

IAlltil,n,))x ( y ) , (
As x° is a Lebesgue point for the functions Aijk it is clear that we can

replace Aijk (x, P(x)) with Aijk (x°, P(x0)) in the second term of the limit
above. Moreover because of the existence of the approximate tangent
plane P(x°) and the fact that the function Pjk{x) is approximately
differentiate at x° with gradient Bijk we have

θ(x°) I Puix^χ'dxDτiB^xJdH^x)
J \X\

(5-5) P{X }

+ Aijk(x0,P(x°))θ(x°) / X(\x\)τ'(Bijkxi)dHn(x) = 0.

The first term in (5.5) is equal to

u[x ) / i^uyx )T> \x\\x\)T\£>ijkXi)} art \x)

(5.6) "<•;

-θ(x°) J Puix^xilxDr'iB^x^B^dH^x).
P(x°)

We note that being a divergence on the tangent space the first term in
(5.6) is zero. In the second term Pu(x°)Bιjk = Bijk because the Bijk-
vector is tangent to the varifold, hence substituting in (5.5) and adding
gives

χ(\x\)r'(Bijkxi)dnn(x)=0.
P(χθ)

We can always choose χ and r in such a way that the integral is different
from zero, therefore Aijk(x0,P(x0)) = Bijk.

We remark that this also proves that the functions Aijk(x,P) are
tangential.

Now we can prove the propositions stated in section 3.
Proof of Proposition 3.6. The proposition follows immediately from

the linear properties of the approximate gradient.
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Proof of Proposition 3.7. The tangential properties of the functions
Aijk are in the final part of the proof of the Theorem 5.4.

We now see that the "formal" mean curvature vector Hi(x) =
Ajij(x, P(x)) is orthogonal to the tangent space P(x) for μv—a.e. x G Ω.
As we know that

Aijk(x,P(x))=Pil(x)VfίPjk(x)

for μv — a.e. x G Ω, by using the linear properties of the approximate
gradient the following holds:

= Ajhj(x,P(x)) - Aihi(x,P{x)) = 0

summing over the indexes i and j. That is, the projection on P(x) of
the (formal) mean curvature vector H(x) is zero for μy — α.e. x G Ω,
hence the assertion.

The fact that dV is tangent is a consequence of the orthogonality of
H and the uniqueness Theorem 3.4. Indeed, considering in the formula
(3.1) a function ψ(x,P) = Psiφ(x,P) and summing over the index i we
obtain

PsjDjφ(x, P) + D)kφ{x, P)Asjk (x, P) + Aisiφ{x, P)

Gn(Ω)

(5.7) +φ(x,P)PsiHi(x,P)dV

φ(x1P)PisddVi(x,P).

Gn(Ω)

because of the orthogonality of H we see that dV = Σ8 PisdVs is a
measure satisfying the definition too. Applying the uniqueness theorem
we have the conclusion.

Proof of Propositions 3.5 and 3.10. The fact that supp dV C supp V
is obvious.

Setting λ = 7Γ#|0V|, it is well known that there exist suitable vector
measures σx with values in Rk such that \σx\(Gnik) = 1 and

x,P)ddV = j[j φ{x,P) dσx(P)) dλ(x)
Ω GG n ( Ω ) Ω G n, f c
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for every bounded Borel function φ(x,P). The result that dV is tan-
gential implies that

(5.8) Pi,iσ*)i = (°*)i

as measures, for λ-almost every x G Ω. Now let λ L A be the absolutely
continuous part of λ with respect to μv. Using test functions depending
only on the x variable we see that the varifold V has generalized mean
curvature vector given by

(5.9) Hi(x)μv = Aiiά{x,P{x))μv + {σx)i(Gn,k)\LA

and generalized boundary

(5.10) (σχ)i(Gn,*)λL(Ω\Λ).

The orthogonality of Ajij (see 3.7) and Brakke's Theorem B give that

Pij(x)(σx)j(GnΛ) = 0

for λLA-almost all points x G Ω. If \σx\ were supported in {P(x)}
for λ L A-almost every x G Ω (or equivalently for μy-almost all points
x G Ω) then the equation above would be in contradiction to (5.8)
yielding λ L A = 0.

To prove that \σx\ is an atomic measure we consider in the formula
(3.1) a function

φ(x,P) = \P-P(xO)

where ξ G C1(Gn,k)i X € C* W ι s positive and the following properties
hold:

• At x° the approximate tangent space P(x°) to the varifold exists.
• The flattening property holds at x°:

limp—1 I \P(x)-P(x°)\2dμv = 0.

• At x° the measure λ L (Ω \ A) has zero density with respect to

μv
• x° is a Lebesgue point with respect to the measure μy for all

the functions

x^ J φ(P)dσx(P), ψeC°(Gn,k).
Gn,k
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By Brakke's Theorem B these conditions hold for μv — a.e. x° G Ω.
Taking the limit as p -¥ 0 in (3.1) we find

θ(x°) I x(\y\)dHn(yή I \P-P(x°)\2ξ(P)dσxo(P)=0,
P(χ°) Gn,k

which implies that the support σxo is {P(x0)} since ζ(P) is an arbitrary
function.

Proposition 3.10 easily follows from formulas (5.9), (5.10) and the
fact that the measure λ is singular with respect to μv.

Using the approximate differentiability property and a Lipschitz ap-
proximation argument of Federer, we are now able to show that the
extra boundary created by the localization is an (n — 1)-dimensional
measure.

Proposition 5.5. In Lemma 4-1, the extra boundary measure σ

σ = d{VL(Bp(x°) x Bs(P0))) - dVL (Bp(x°) x BS(PO))

has the property that

Proof. We need two lemmas.
Lemma 5.6. Let μ = Hn L τ be a Radon measure, and f : M —>•

Rm be μ-apdifferentiable and μ-almost everywhere. Then there exists a
sequence of pairwise disjoint, compact subsets Kh of M such that

Hn(M\{JKh)=0,
h

and f\Kh is Lipschitz for every index h.
The proof can be found in the book of Federer [8, Chapter 3].
Now given a finite positive measure μ on Ω, a Borel function / : Ω —>

K m , p E i + and a generic point y0 G Rm, we define θp(μ,f,y°) as the
class of weak* limits of the family of Radon measures

(5.11) ^ L Γ ^ y O A i W y 0 ) ) ]

as ε tends to zero.
Remark 5.7. It is clear that for Cι - a.e. p e R+ the set θp(μ, /, y°) is

not empty. In fact, this is true for every p such that the real monotone
function M(ρ) — μ{f~x[Bp{yςs))) is differentiate at p, because of the
fact that the family of Radon measures above is equibounded.

Now we consider the second lemma.
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Lemma 5.8. Given μ and f as in Lemma 5.6, let Kh be the compact
sets which we obtain. We set F(x) = \f(x) - y°\ with y° e Km. Then
for O -a.e.pe R+,

N = [jKhnf-1(dBp(y0))
h

is a countably (n — l)-rectifiable set and

(5.12) θp(\VMF\μjy) =

Proof. Firstly we suppose that / is a Lipschitz function. With an
abuse of notation we denote with θp(\VMF\μ,f1y°) one of the weak*
limits defined above (we have seen that we can suppose the existence of
at least one of them). The first part of the lemma follows immediately
from the general coarea formula (see [8]). Moreover it is clear that any
measure in θp(\VMF\μ,f, y°) is supported in iV, and in this case is a
relatively closed set in Ω. It remains to prove formula (5.12).

Applying the coarea formula to the Lipschitz function F we get that
for every positive Borel function φ : M -» R

j ψ{x)\VMF{x)\dHn{x) = ί ί φ(x)dnn-1(x)dn1{t).
M R F-1(t)ΠM

Considering φ(x) = φ(x)τ(x) if p — ε < F(x) < p, and zero otherwise,
we obtain

I φ(x)\VMF(x)\dμ(x)

P

(5.13) =ί f
p-e F~1(t)ΠM

where ψ is an arbitrary positive Borel function. In the above formula we
take a dense countable family {ψi} of nonnegative continuous functions
with compact support, and choose p to be a Lebesgue point for all the
real functions

i{t)= J9i

(the fact that the functions gι belongs to L1(IR) is given again by the
coarea formula). Dividing each side of (5.13) by ε and taking the limit
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as ε —> 0, we get

jψidθp(\VMF\μ,f,y«) = J

By a density argument we can conclude that

θp(\VMF\μ,f,y°) = rn^Lf

for C1 — α.e.p GR+. It is clear that this implies (5.12).
In the case of a function / which is only μ-apdifferentiable the lemma

similarly follows once we know (5.13).
To achieve this we use Lemma 5.6 and consider the measures μh =

μ L.Kh. Since they satisfy the hypotheses of the lemma, and adding
them together and using the linearity in (5.13), we can prove the lemma
for this case.

Now we use the two lemmas to prove Proposition 5.5. We recall that
the localization in the x variable creates an extra boundary measure σ
given by the weak* limit of

a s m 4 +oo. We can suppose that the total variations of σm converge
to a Radon measure λ, hence |σ| < λ. Prom (5.11) we deduce that
π#λ <C θδ(μViIdM,x°), with the notation of Lemma 5.8. As the last
one belongs to TZn-ι(Ω.) the same holds for the measure π # |σ | .

The localization in P is a bit more involved. Let

σm = VL {h'm(\P - P0\)Aijk(x,P)D*jk\P - Po\}

be converging to σ and let us suppose that |σm | converge to a positive
Radon measure λ on Gn(Ω). It is then evident that π # | σ m | ->• π#λ and
\σ\ < λ. We prove the lemma showing that π#λ E 7£n

Indeed the equality we have

Since the tangent space function P : M —» Gn^ is μy-apdiίferentiable,
we can estimate

π#\σrn\<4m\VMF\μvLP-1(Bp(P0)\Bp.1/m(P0)),

where F(x) = \P(x) - Po\.
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It is now clear that applying Lemma 5.8 with f(x) = P(x), μ = μv
we get that for C1 — a.e. p the weak* limit of any subsequence of π # | σ m |
belongs to 7£n_i(Ω).

Remark 5.9. Performing the localizations in x and P at the same
time it turns out that for any (rr°,P0) € Gn(Ω) we have

VLBp(x°)xBp(P0)eAVn(Ω),

σ = d{VL(Bp(x°) x Bp(Po))) - dVL (Bp(x°) x BP{PO)) e 7^-1 (Ω)

for arbitrarily small p > 0.

6. Compactness properties

In this section we prove a compactness-semicontinuity theorem in
the class of curvature varifolds with boundary such that the generalized
second fundamental form belongs to Lfoc(V) with p > 1.

Theorem 6.1. Let Vt be a sequence of curvature varifolds with
boundary in AV£(Ω), with p > 1, such that for every open set W CC Ω

μvιiW)+ j WAWfdVt + idv^KGniwVKciw) vz,
Gn(W)

where c(W) is a real constant and \\A^ι)\\ = Σij,k\Afjk\' τ h e n t h e

following hold:

(1) There exists a subsequence Vιh converging to a curvature vari-
fold with boundary V', and with A1,*.^ L Vιh and dV^ weakly*
converging to Aiik L V and dV respectively.

(2) For every convex and lower semicontinuous function f : Rk —>
[0, +oo] we have the inequality

f(Aijk)dV <limmf J f{A{$)dVlh.
Gn(Ω) Gn(Ω)

Proof. We remark that the hypotheses imply that the first variations
of the varifolds V\ are locally equibounded. Hence we can use Allard's
compactness theorem to get a subsequence Vιh converging to an integer
rectifiable varifold V.

By the Banach-Alaoglu theorem we can suppose that the measures
dV^lh>) weakly* converge to a Radon measure dV', and the measures
Vιh L Alfy weakly* converge to Radon measures σijk.

We can conclude the proof by applying the following theorem (see
[4], compare with the measure function pairs of [25]).
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Definition 6.2. Let / : Rs -> [0, +00] be a convex lower semicon-
tinuous function with a more than linear growth at infinity, i.e.,

lim φ
|z|-H-oo \z\

We define a functional G on pairs of Radon measures (1/, μ) on the open
subset Ω of a locally Euclidean space, where μ is a positive measure,
and v a vector measure with values in Rs, setting

G{v,μ)= J

if 1/ <S μ and G(v,μ) = +00 otherwise, dv/dμ denoting the Radon-
Nikodym derivative.

Theorem 6.3. The functional G is sequentially lower semicontinu-
ous with respect to the weak* convergence of measures, that is,

vh-*v, μh -> μ = > G(v,μ) < liminf G(vh,μh).
h—>oo

By this theorem with f(z) = \z\p we infer the existence of functions
Mjk £ L\oSy) s u c h that σijk — V\-Aijk, so that V is a curvature
varifold with boundary.

The lower semicontinuity of the curvature depending functionals fol-
lows again from the theorem above if / is superlinear. In the general
case we approximate / by fε(z) = f(z) + ε\z\p.

This theorem can be used to find weak minima of several functionals
depending on the curvature of regular manifolds. We show an exam-
ple of application which explains how this approach can be applied to
study even more complex functionals, involving also the curvature of
the boundary.

Let K be a, compact subset of Ω C M3, pi,p2 > l Setting

Λ = {(VUV2) I Vi e AV?{tt), suppμVi C K, 3Vλ = 0, π#(|fll^|) < μVl]

we can consider the problem

^ | P 1 dμVl + ί |Λ 2 | P l dμV2 + \\μV2 - u\\
j

min / | ^ | μVl

Ω

for a fixed Radon measure i/onίί. Notice that if V2 is a C2 surface M
and Vι is its C2 boundary <9M, then the functional essentially takes into
account the difference between the measure v and the measure associ-
ated to the surface M, penalizing the curvatures of M and dM. Similar
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problems concerning stratified sets were considered by F. Morgan in [11]
and [12].

We want to use the compactness theorem to prove the existence of
minima. If (V/1, V£) is a minimizing sequence, then the masses and
the Lp integrals of the second fundamental forms of V£ are obviously
equibounded. Moreover by the isoperimetric inequality for varifolds
with equibounded supports (see [22]), the fact that dV" — 0 and the
curvatures of V" are equibounded in Lp gives, a uniform bound on μVn,
and hence on ||c?V^n||. This together with the compactness theorem,
imply that passing to a subsequence, we can suppose that V" -> VΊ and
V<? -ϊ V2 in the varifold sense. Every term of the functional is lower
semicontinuous, so the pair (Vί, V̂ ) yields a minimum (notice that this
pair belongs to the class Λ).

We remark that the condition π^ddV^I) < ÂVΊ is the weak formu-
lation of the relation holding between a manifold and its boundary,
applied to the two varifolds Vι and V2. Moreover it is simple to see that
we could study the problem also in the enlarged class of pairs (Vi, V2)
with dVi φ 0, adding to the functional a penalization depending on the
mass of the boundary of V\ This example can be obviously generalized
considering chains of varifolds longer than two.

Finally we notice here that the iteration of the operation of taking
the boundary, behaves particularly well when applied to polyhedral sets,
considered as curvature verifolds with zero second fundamental form.
Infact for a polyhedral set, if we take A -times the operation of boundary,
we get (with a suitable weight) the (n — &)-skeleton.

7. A boundary rectiflability result

In this section we prove that the boundary measure dV of a n-
dimensional curvature varifold V is supported in N x GUjk for a suitable
countably (n — l)-rectifiable set N. To this aim we fix a curvature
varifold V, and denote by σ the positive Radon measure π#\dV\ on Ω.

Theorem 7.1 (Boundary Rectifiability). The measure σ belongs
to 7£n_i(Ω), i.e., there exist a countably (n — l)-rectifiable set N in Ω
and a positive Borel function τ : N —» M such that σ = r Ή 7 1 " 1 L N.

Remark 7.2. This property of the boundary measure is not shared by
Allard's varifolds. For instance, if u : [0,1] —>• R is the Cantor function
and U is a primitive of w, then the unit density varifold associated to
the graph of U has a singular, non-atomic mean curvature in (0, l ) x R
supported in the part of the graph which projects on the Cantor set.

At the end of the section we will describe the complete structure of
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the measure dV.
Proof of Theorem 7.1. We first need a lemma.
Lemma 7.3. Let V = VM,Θ be a curvature varifold with boundary

supported in Ω x Bs{Po), where δ is smaller than a dimensional constant
C = C(n,k), and suppose that F : GUyk -> K is a C1 function in a
neighbourhood of Bs(Po). If we take an orthonormal basis {vi} of Po,
then the n-rectifiable current

T = T{M,θ{x)F{P{x)),η{x)),

where

η1{x)A...Aηn{x) ,

is well defined and has a boundary of locally finite mass.
Proof. We can suppose that P o = < βi, . . . ,e n >. Denote the

orthogonal projection on P by πP : R
k -> P. If C is small enough, then

\P — Po\ < C implies that the vectors rf(P) = πP(ei) i = 1,... , n from
a basis of P, and

<dx1Λ...Λdxn,η1(P)Λ...Ληn(P)> 1

2"

It is hence clear that for μv — a.e.x G Ω the vectors ryi(P(x)) form a
basis of P(x), so the current T is well defined.

We consider the differential forms

ω(x) — φ{x)dx12 Λ . . . Λ dxln.

Setting I = ( i 2 , . . . , in)
 w ^ have

', ω > = < T, dω > = < T, ^ V J dx{ Λ dx1 >

= Σ [ Θ(X)F(P(X)) ft < dxl Λdx\η{x) > dUn(x)
i = 1 M

-i i
_ Λ r ? n ( p ) |

s~1 i~1 ΩxBs(Po)
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where the functions β[ are denned in (5.1). As dxi(ηs(P)) = Pis we get

<dT,ω>

It is now simple to see that extending the functions βl(P) to C1

functions all over £?„*. without modifying them on Bc(Po) and using
formula (3.1) we can obtain the inequality

\<dT,ω>\<K\\φ\\oo,

where K is a positive constant dependent only on the support of the
form ω.

Take balls Bp

δ = Bp(x°) x Bδ(P0) in Gn(ίl) such that Vf = VLB%
are again curvature varifolds with boundary in Ω (by the localization
Lemma 4.1) and δ is smaller than the constant C in the lemma above.
We can suppose as usual that Po =< ex,... , en >, so the current Γ/ as-
sociated to Vf with F(P) = 1 is an integral current with boundary dT$
of locally finite mass. Applying the boundary rectifiability Theorem C,
dTξ is an (n - l)-integral current in Ω, dTξ = {N,τ,ξ).

Recall and continue the computation of Lemma 7.3. Starting from
(7.2) and using formula (3.1) yield

< dT^φdx1 >= Σ ί - l ) - 1 ! ί φ(x)Asjk(x,P)D;kβ
I

s(P)dV(x,P)
8=1

 B>

+ Jφ(x)βI

s(P)Ajsj(x,P)dV(x,P)

+ Jφ(x)βI

s(P)ddVs(x,P)

+ I φ(x)βI

s(P)dσs(x,pή

f / x / x , T - Λ , x

= / φ(x)τ(x) <dx\ξ > d% {x),
N

where σ is the extra boundary measure given by the localization Lem-
ma 4.1. Suppose that π # |σ | belongs to 7^n_i(Ω) (Proposition 5.5). Since
πφ\dV\ is singular with respect to μv (Proposition 3.5), the sum of the
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first two integrals is zero. Hence the formula reduces to

φ(x)βI

s(P)dσs(x,P)\
S=1 Bp

δ Gn(Ω)

= jφ{x)τ{x) < dx',ξ > dUn-ι{x).
N

Again since φ is arbitrary, we deduce that

π# ( Σ ( - l ) s # dVs L Bξ + β[σλ =r< dx*,i > 7Γ" 1 L N,

so that, in consequence of π # |σ | G 7^n_i(Ω),

(7-3) *J£(-lYftdV,\-BS) e

Thus we have proved that for any choice of (x°,P0) G Gn(Ω) formula
(7.3) holds for arbitrary small p and δ.

Denote the Radon-Nikodym derivative of dV with respect to its
total variation \dV\ by v(x,P). Then the fact that dV is tangential
(Lemma 3.7) implies that v(x,P) E P for |9V|-almost every {x,P) G
Grn(Ω), and hence

(7.4) έ l α . K^P) > 0, |<9F| - α.e. m Gn(Ω),

where α i , . . . , α n are the components of v(x,P) in the basis

Fix J G { 1 , . . . ,n} and choose / such that /U {j} = {1,... , n}. Since
n

dVs = 5Z αi7/J|c?V|, formula (7.3) can be written as

(7.5)

Notice that r/j = r/? and that

(7.6) Σ(-l)'tf tf = - < ώ* Λ

The only term different from zero in (7.6) is the one with i — j , and it
equals (—l)jβ(P) (see (7.1)). Hence we obtain
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By the next lemma, Remark 5.9 and the fact that β Φ 0 on Bδ(P0)
we deduce that π # | α j | | 5 F | G 7£n_i(Ω), and by (7.4) we get π# |<9F| G

L e m m a 7.4. If μ is a signed Radon measure on Gn(Ω) such that,
for every pair (x°,P0)

τr# (μ L Bp(x°) x Bp(Poή G ft^

/or arbitrarily small p. Then

Proo/. Let A C Gn(Ω) be a Borel set such that μ L i = /i+, and
let K C A be an arbitrary compact set. The family of balls Bp =
Bp(x°) x i?p(Po) °f the hypothesis is a fundamental covering of Gn(Ω),
so by the Besicovitch covering theorem (see [10, p. 14]) it is possible to
find, for every ε > 0, a sequence of pairwise disjoint balls Bp. included
in the ε-neighbourhood of K such that their union covers |μ|-almost all
K. Moreover, the measures

strongly converge to μ L K as ε -ϊ 0. Since π#μ ε G 7£n_i(Ω), it is
clear that π#μ L if belongs to 7£n_i(Ω) too. Since if C A is arbitrary,
the projection of the positive part of μ belongs to 7£n_i(Ω). A similar
argument for the negative part concludes the proof.

Let N and τ be given by Theorem 7.1. By standard measure theo-
retical arguments it is known that we can represent dV as

(7.7) f φ(x,P)dV =
N Gn,k

where rx are Radon measures on Gnjk, univocally defined Hn~ι LN-
almost everywhere such that \τx\(Gnik) = r(x). Our next goal is the
study of these measures; to this aim we have to analyse the density
properties of V.

L e m m a 7.5. IfV is a curvature n-varίfold with boundary in Ω, the
density ratios of V

pn
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are bounded for x G Ω \ L where L is an (n — 1)-purely unrectifiable set
in Ω (see [8, Chapter 3]). In the special case n = 1 the density ratio is
bounded every point ofΩ.

Proof. We suppose first that the varifold V = VM,Θ has support
contained in Bδ(x°) x Bs(Po) where δ is smaller than the constant C
of Lemma 7.3, and also that Po =< e l 7 . . . ,e n > for simplifying the
calculation.

Consider the rectifiable (not necessarily integral) current
T = T(M,θ(x)F(P(x)),η(x)) of Lemma 7.3. We have seen that this
current has a boundary of locally finite mass.

Let π : Rk —> Rn be the projection map on the first n coordinates
and S = π#T. So S is an n-current in Rn with compact support and
boundary of finite mass. We now study this current S.

Consider a differential form ω(y) — φ(y) dy1Λ,... , Λdyn on Rn and
recall that the function β(P), defined in formula (7.1), represents the
Jacobian of the projection map π. Then

< 5, ω > = < T, π # ω >

= J φ(x)θ(x)F(P(x))
M

<dx Λ,... ,ΛOX ,η WΛ,...,Λτ/_(£2_> ( ί Hn ( a . )

l^ί^Λ,... ,Aηn(x)\

= I φ(x)θ(x)F(P(x))β(P(x))dnn(x)
M

= f Ψ(y) ( I θ(x)F(P(x)) dU°(x)) dΉn(y)

= Jφ(y)ψ(y)dΉn(y),

by using the coarea formula and defining the function

Φ(y)= J θ(x)F(P(x))dH°(x).

The fact that the current S has a boundary of finite mass implies
that V is a function in BV(Rn). Choose F(P) = β{P)~ι. Then the
function

π-1(y)ΠM
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belongs to BV(Rn). We use this fact to give an upper estimate to the
density ratios: indeed

βv(Br(x°)) <f>v{π-'(B,(π(x°)))

- 1 ( 1 θlx)w
Bp(π(x°))

φ(y)dHn(y).

Bp(π(x°))

So when at π(x°) the last term is bounded, we have an upper estimate
for the density ratios at x°.

We apply now the following theorem about BV functions in Rn.
Theorem D. /// : Rn -> R is a BV function, in Un~x -almost every

point x ERn the ratio

n j \f(y)\dHn(y)
Bp(x)

is bounded.

For a proof of this fact see [8, Theorem 4.5.9].
Going back to an arbitrary varifold F,we can choose a finite family

of sets Si = Ω x Bδi (P{) such that their union is Gn(Ω), V1 = V L Si is
again a curvature varifold with boundary in Ω and δ{ < C.

Let us suppose by contradiction that there exist an (n—1)-dimensional
embedded C 1 manifold M1 and a subset of positive ?ίn~1-measure M
where the density ratios are not bounded. There exists a restriction
varifold V% whose density ratios are not bounded in a subset A of pos-
itive measure of M. Varying possibly a little bit the projection space
Pi, B is mapped on a set of positive 7ίn~1 measure in Rn and this is a
contradiction. So we have proved the lemma.

Before going on we need a definition.
Definition 7.6. Given a point x° £ Ω we define the set

VarTan(V,x°) as the collection of the weak limits (as varifolds in Rk)
when p goes to zero of the family of rescaled varifolds
VxoiP = p-n(z=2- x Id)φV (see [22]). Sometimes, with an abuse of no-
tation, when VarTan(V, x) consists of an unique element T we denote
it with VarTan(V,x).

By this definition, Lemma 7.5 implies that VarTan(V,x) φ 0 for
x £ Ω\S. We can now describe the complete structure of the boundary
measure dV.
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Proposition 7.7. Recalling the formula (7.7) the measures τx are
described by

ΐ = l

where δP* is the Dirac delta measure supported in some n-subspace P*
on the Grassmannian Gnyk, m* are positive integers and v* are unit
vectors of Mk. Moreover the subspace Pf contains the tangent space to
N at x and it is generated by the linear combinations of its elements
with the vector v*.

Proof By the Lemma 7.5 for σ-a.e. x° E Ω the following conditions
hold:

• At x° there exist the density and the approximate tangent space
S to the (n — l)-varifold defined by σ with support N.

• The density ratios are bounded at a;0, so there exists a sequence
pi -» 0 such that Vxo,p. -> Γ, and T G VarTan(V,x°) is a
curvature varifold with boundary in Efc.

• The following limit holds:

lim ——{ I \A\ dμv = 0.

• Along the above sequence the measures dVxoiPi converge to the
measure dT of the form

Gn(Ω) S Gn

where S is the (n — l)-vector subspace of Rk defined above, and
τx are univocally defined at σ L iV-almost all x E Ω by

Gn(Ω) N Gn,fc

Considering T as a varifold in KΛ \ 5, T is a curvature varifold without
boundary with zero second fundamental form. By a result of Hutchinson
(see [26, p. 292]) T consists of an union (with multiplicities) of three kind
of sets: 1) affine n-subspaces not including the origin, 2) n-halfspaces
Hi with boundary S and 3) n-affine subspaces for the origin intersecting
transversally S.

It is simple to see that the subspaces of kinds 2) and 3) are finite
because of the upper bound of the density ratios.
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Prom this it follows that the boundary measure of T is described by

where P{ are the subspaces determined by the halfspaces H{, mi are
their integer multiplicities, and v{ are the inner normal vectors to S
with respect to H^ Thus

and hence the proposition.

Acknowledgement

I wish to thank Professor Luigi Ambrosio for his assistance in the
preparation of this paper. Moreover I am very grateful to Professor
Ennio De Giorgi for a lot of stimulating conversations.

References

[1] L. Ambrosio, A new proof of the SBV compactness theorem, Calc. Var. 3
(1995).

[2] , Variational problems in SBV, Acta Appl. Math. 17 (1989) 1-40.
[3] G. Anzellotti, S. Delladio &; G. Scianna, BV functions over rectifiable cur-

rents, Ann. Mat. Pura Appl., Dip. Mat. Univ. Firenze, to appear.
[4] G. Buttazzo& L. Fredd, Functionals defined on measures and applications

to non equi-uniformly elliptic problems, Ann. Mat. Pura Appl. (4), 159
(1991) 133-149.

[5] E. De Giorgi, Su una teoria generale della misura (r — \)-dimensionale in
uno spazio euclideo a r dimensioni, Ann. Mat. Pura Appl. (4), 36 (1954)
191-213.

[6] , Nuoυi teoremi relativi alle misure (r-l)-dimensionali in uno spazio
euclideo a r dimensioni, Ricerche Mat. 4 (1955) 95-113.

[7] L. C. Evans & R. F. Gariepy, Lectures notes on measure theory and fine
properties of functions, CRC Press, Ann Arbor, 1992.

[8] H. Federer, Geometric measure theory, Springer, New York, 1969.
[9] M. Giaquinta, G. Modica & J. Soucek, Cartesian currents, weak diffeo-

morphisms and existence theorems in nonlinear elesticity, Arch. Rational
Mech. Anal. 106 (1986) 97-159.

[10] F. Morgan, Geometric measure theory-a beginner's guide, Academic
Press, Boston, 1988.

[11] , Surfaces minimizing area plus lenght of singular curves, Proc.
Amer. Math. Soc. 122 (1994) 1153-1161.



CURVATURE VARIFOLDS WITH BOUNDARY 843

[12] , Clusters minimizing area plus lenght of singular curves, Math.
Ann., to appear.

[13] W. K. Allard & F. J. Almgren, The structure of stationary one-
dimensional varifolds with positive density, Invent. Math. 34 (1976) 83-97.

[14] Geometric measure theory and the calculus of variations, Proc. Sympos.
Pure Math. Amer. Math. Soc. (ed. W. K. Allard & F. J. Almgren) Vol.
44, 1985.

[15] W. K. Allard, First variation of a varifold, Ann. of Math. 95 (1972) 417-
491.

[16] , First variation of a varifold-boundary behaviour, Ann. of Math.
101 (1975) 418-446.

[17] F. J. Almgren, The theory of varifolds, Notes, Princeton Univ. Press,
Princeton, NJ, 1965.

[18] K. A. Brakke, The motion of a surface by its mean curvature, No. 20,
Math. Notes, Princeton Univ. Press, Princeton, NJ, 1978.

[19] J. Duggan, Regularity theorems for varifolds with mean curvature, Austral.
Nat. Univ., Canberra, 1984.

[20] R. Hardt & L. Simon, Seminar on geometric measure theory, Birkhauser,
Basel, 1986.

[21] J. Pitts, Existence and regularity of minimal submanifolds in Riemannian
manifolds, No. 27, Math. Notes, Princeton Univ. Press., Princeton, NJ,
1984.

[22] L. Simon, Lectures on geometric measure theory, Proc. Centre Math.
Anal., Austral. Nat. Univ., Vol. 3, 1983.

[23] W. M. Boothby, An introduction to differential manifolds and Riemannian
geometry, Academic Press, London, 1975.

[24] M. Do Carmo, Differential Geometry of Curves and Surfaces, Prenties-
Hall, Enylewood Cliffs, NJ, 1976.

[25] J. E. Hutchinson, Second fundamental form for varifolds and the existence
of surfaces minimizing curvature, Indiana Univ. Math. J. 35 (1986) 45-71.

[26] , C1)Q! multiple function regularity and tangent cone behaviour for
varifolds with second fundamental form in IP, Geometric Measure Theory
and the Calculus of Variations, Amer. Math. Soc, Proc. Sympos. Pure
Math. Vol.44, 1985, 281-306.

[27] , Some regularity theory for curvature varifolds, Miniconference on
geometry and partial differential equations, Proc. Centre Math. Analysis,
Austral. Nat. Univ., Vol. 12, 1987, 60-66.

[28] D. Mumford & J. Shah, Optimal approximation by piecewise smooth func-
tions and associated variational problems, Comm. Pure Appl. Math. 17
(1989) 577-685.

SCUOLA NORMALE SUPERIORE, PlSA, ITALY




