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DISCRETE SURFACES WITH CONSTANT
NEGATIVE GAUSSIAN CURVATURE
AND THE HIROTA EQUATION

ALEXANDER BOBENKO & ULRICH PINKALL

1. Introduction

Surfaces with constant curvature (especially, with constant negative
curvature K = —1, which we will call shortly K-surfaces) were one of
the favorite objects of investigation in differential geometry in the 19th
century (see [2], [10]). During this classical period many properties,
which nowadays might be called integrable were discovered and many
explicit examples of surfaces were constructed.

Later on the fashion of constructing explicit examples changed to
proving that certain examples do not exist. The structure of the spaces
of surfaces with constant curvature was partially clarified. Typical
examples of the results were theorems proving that the only surface
satisfying some prescribed assumptions is a round sphere.

A modern period of interest in this theory started with the paper [24]
by Wente, where the simplest tori with constant mean curvature (ab-
breviated to CMC) were constructed. This turned out to be an inter-
esting alternative to the theorems mentioned above. Further progress
is mostly due to the theory of integrable equations - theory of solitons,
which appeared in 1960’s. Though this theory was oriented basically
towards problems of mathematical physics, it deals in many cases with
the same equations as differential geometry. The sine-Gordon equation

(1.1) $gt —sing =0,
which is the Gauss equation for the K-surfaces, is one of the fundamen-
tal examples in this theory [11]. A characteristic result obtained with
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the help of this theory is the classification and explicit description of
all CMC tori [21],[5].

One should mention also the role of calculations in this theory. Of
course, people were always interested in seeing appearances of the sur-
faces described by explicit formulas, or differential equations or vari-
ational principles which they have. In the pre-computer era this was
really a difficult problem (see, for example, the impressive calculation
tables in [23]). Often these explicit formulas involve complicated func-
tions, and differential equations and variational principles usually allow
to investigate surfaces only locally. Computers simplify these problems
a lot, but solve completely the problem with explicit formulas only. As
a top achievment in this area one should probably consider the soft-
ware for calculations on hyperelliptic Riemann surfaces, developed by
M.Heil for SFB 288, which makes visible, in particular, all the CMC
tori, by visualizing the theta functional formulas of [4],[5].

On the other hand the question of proper discretization, which is
of the main importance for numerical solution of differential equations
or variational problems describing the surfaces, can hardly be consid-
ered as completely solved. One can suggest various discrete problems,
which locally have the same continuous limit and nevertheless have
quite different global properties. For example, taking a proper discrete
variational principle for the minimal surfaces one can speed up the
area-minimizing process a lot [20].

Taking into account the connection between surfaces with constant
curvature and integrable systems one can suggest two approaches to
define proper discrete analogues to the K-surfaces:

(i) to postulate natural discrete analogues of some geometrical prop-
erties,

(ii) to construct a discrete integrable system, corresponding to a con-
tinous one. Schematically these two mechanisms are shown in a
diagram below.

In the present paper we show that these two approaches yield the same

definition of the discrete surfaces with constant negative curvature,

which we call discrete K-surfaces.
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Surfaces with constant curvature

description

Geometrical properties Integrable systems

discretization

Discrete surfaces

Actually both methods mentioned above were already applied to
the problem under consideration. Let F(z,y) be an asymptotic line
parametrization of a K-surface, forming a Chebyshev net (see for details
§2). It means that the images of the straight lines z = const or y =
const under the map F : R> — R? are asymptotic lines and

(12) FzzyFny-Na IF:EI:leIZ]"

where N is the Gauss map. The angle ¢(z,y) between the asymptotic
lines satisfies the sine-Gordon equation (1.1).

Waunderlich in [25] suggested the following natural geometrical dis-
cretization F : Z° — R? (see §3):

1) Every point F,, ,, and its 4 neighbors Fy,_; m, Frum—1, Fr+1,ms Frmi1
belong to one plane P, .

2) All edges of the net F,, ,, are of the same length. In [25] important
geometrical properties of discrete K-surfaces were established and a
discrete analogue of the Bicklund transformation was constructed, but
a discrete analogue of equation (1.1) was not discussed.

On the other hand, Hirota in [14] without using any relation to
geometry constructed a discrete integrable analogue to equation (1.1):

1
Sln(i(hn—kl,m + hn,m+1 - hn+l,m+1 - hn,m))

.1
(13) = kSln(i(hn+l,m+1 + hn,m + hn+l,m + hn,m+1))'

In the present paper we show that the papers [25] and [14] stud-
ied essentially the same mathematical problem. Using a quaternionic
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description of surfaces in R® we formulate geometrical properties of
the discrete K-surfaces in a modern language of integrable systems and
show that the angles between the edges of discrete K-surfaces satisfy
the equation

(1.4) ¢n+1,m+1 + ¢n,m — ¢n+1,m - ¢n,m+1
= 2arg(l — ke ¥n+1m) + 2arg(l — ke ™),

or in our notation of the diagonally oriented lattice (see (6.2))
by + dg — & — ¢ = 2arg(l — ke™*) + 2arg(l — ke™*%"),

which is natural to be called a discrete sine-Gordon equation. §§3-6
are devoted to the description of geometrical properties of the discrete
K-surfaces, in particular, the relation between equations (1.3) and (1.4)
is established in §6. It turns out that the discrete sine-Gordon equation
arises by averaging from the Hirota equation.

As in the smooth case the discrete K-surfaces are closely related to
the Lorentz-harmonic maps. The Gauss map N(z,y) of the K-surface,
parametrized as above, comprises a Lorentz-harmonic Chebyshev net
in S%, which means

(1-5) |NZ| = |Ny| =1, Nmy " N.

The first condition in the definition of a discrete K-surface allows us to
define the Gauss map naturally in the discrete case as a unit normal
to the plane P, ,,,. In §3 we show that this map is a Lorentz-harmonic
discrete Chebyshev net in S2. This means that all the scalar products

(1.6) < Npmy Npgim >=< Npmi1, Npm >=cos A
are independent of n,m, and

(1 7) Nn+1,m+1 _Nn+1,m - Nn,m+1 + Nn,m
” Nn+1,m+1 + Nn+1,m + Nn,m+1 + Nn,m-

The properties (1.6) and (1.7) are clearly natural discrete analogues of
(1.5).

§5 makes this geometrical picture familiar for specialists in the the-
ory of integrable systems. We introduce a “spectral parameter” ), in-
terpret it as describing deformations preserving geometrical properties
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and prove the Sym formula

(1.8) Fom=ut 2

n,m B_A\I’n,m

for the discrete K-map F : Z* = R? in terms of the corresponding
extended (i.e., depending on \) quaternionic frame U, ,,()\) € SU(2).

A simple mechanism to solve the Cauchy problem and to reconstruct
step by step a discrete K-surface starting from Cauchy data

(1.9) Noms Nog1,ms Nogimats -+ s N Nomasm = Noym

is presented at the end of §6. In the next section it is used to describe
discrete K-surfaces with two straight asymptotic lines, which in turn
leads to a discrete analogue of the Painlevé III equation.

Unfortunately, this simple geometrical method does not allow us to
control the global behavior of the surface (for example, to control the
periodicity of the evolution of the initial broken loop (1.9)). A typical
discrete K-cylinder, obtained in this way is shown in Figure 1:

For this reason, starting in §8, we use methods from the theory of
integrable equations, which are based on an analytic solution of the
problem. We calculate explicitly the solutions to the Hirota equation
and the correponding extended frame ¥, ,,()\). We determine in this
way the discrete K-surface F;, ,, and its Gauss map N, .

FIGURE 1. A typical discrete K-cylinder.

In §8 the Backlund transformation for discrete K-surfaces is pre-
sented. If some solution h2'%, of the Hirota equation together with the
corresponding function \Ilff,‘,’n()\) is known, this procedure allows us to
construct new hp%%, Wrew(}), which solve the same equations and de-

scribe a new discrete K-surface. Applying this transformation to the
trivial solution h2'¢ = 0 we construct the discrete pseudospheres.
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The rest of the paper is devoted to the finite-gap integration of
the Hirota equation. Geometrically, we are interested in discrete K-
surfaces, whose Gauss map N,, ,, is periodic with some period (N, M)
(1.9). In §9 it is shown how multiplying the rotations of the frame along
the loop (1.9) one associates a transfer matrix 775 (\) and a spectral
curve

det(Tym(A) —p) =0

to such a surface. The spectral curve is an invariant of the discrete
K-surface and is a hyperelliptic Riemann surface of finite genus.

An extended frame ¥, ,,()), which is also an eigenfunction of the
monodromy matrix, is called a Baker-Akhiezer function. For the usual
sine-Gordon equation (1.1) this function was first introduced by A.Its
(see [3]), who obtained a theta function formula for it. It is a function
with essential singularities and poles. In the discrete case the Baker-
Akhiezer function is a meromorphic function on the spectral curve X.
The analytical properties of ¥, ,,(\) established in §10 allow us to
reconstruct it in §11 by explicit formulas in terms of theta functions
and abelian differentials of X.

The Baker-Akhiezer function constructed in §11 is complex valued
and is parametrized by the following parameters: the spectral curve
X, singularities P,,, Py € X and vector D € Jac(X) in the Jacobi
variety of X. It has the geometrical meaning of a frame only if it lies
in SU(2) for real A. The corresponding specification of the parameters
X, Py, Py, D, which guaranties ¥, ,,(A € R) € SU(2) is obtained in
§12. §13 presents a final formula for the discrete K-surface generated
by the finite-gap solution.

Generally, this map is quasiperiodic. §14 contains the periodicity
conditions for F,, ,, to be periodic with the period (N, M), and also
the simples examples, generated by spectral curves of genus g = 1.
As in the smooth case [4] the periodicity conditions are formulated in
terms of the spectral curve X and do not involve the vector D € RY.
In contrast to the smooth case, a change of D induces a non-trivial
deformation of the corresponding discrete K-surface even in the case
where the spectral curve is of low genus g = 1, 2.

The simplest compact discrete K-surfaces are constructed in §15.
The spectral curve is of genus 2 in this case and is of the same symmetry
type as the curves generating the Wente tori.
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We hope that the remarkable similarity of the geometrical properties,
as well as of the analytical constructions and formulas, in the smooth
and the discrete cases, which is visible throughout the present whole
paper, convince the reader that the discretization which we study here
is a proper one.

In our paper [9] in a similar way we define discrete analogues of the
CMC surfaces. This case is more difficult for investigation since the
corresponding Gauss equation is an elliptic version

Au + sinhu = 0,

of the sine-Gordon equation, which is more difficult to discretize. Con-
cequently, the geometrical properties of the discrete CMC surfaces,
which we postulate, are not so transparent as in the case of discrete
K-surfaces and would not have been guessed without using the theory
of integrable systems.

We would like to mention here also two recent papers [7], [8], which
show that the applications of the discrete sine-Gordon equation (1.4)
extend beyond differential geometry. This equation, written in expo-
nential form (see §6 for notation)

Ql -k Qr -k
1- le 1- er,
can be considered over a finite field. An integrable cellular automaton

with a Lax representation was defined in this way in [7]. Another
interesting application is the quantum version of (1.10)

(1.10) QuQa =

e'Q—k €7Q, —k

which was obtained in [8], based on the results of [12]. Here the fields
Q's are unitary operators, which do not commute anymore. Actually
the commutation rules are such that among the operators Q's on a
horizontal zigzag line only the nearest neighbors do not commute:

Q4Q = GZWQle, Q4Q, = €2i7Qer-

The equation (1.11) determines an integrable quantum evolution and
is called the quantum discrete sine-Gordon equation. For the periodic
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solution of period 2 one gets the discrete quantum pendulum [8] - a
quantum mechanical system generalizing the Hofstadter hamiltonian.

2. Smooth surfaces with constant negative
Gaussian curvature

First we consider smooth surfaces with constant negative Gaussian
curvature and present here some fragments of their theory, most of
which are classical. A more detailed presentation of the theory is given
in [17], [6].

Let us consider a surface F with negative Gaussian curvature. For
each regular point of F there are 2 directions, called asymptotic direc-
tions, where the normal curvature vanishes. We use asymptotic line
parametrizations of F

F:(z,y) € R* - R

For such a parametrization the vectors F,, F;, F,,, F,, are orthogonal
to the normal vector N, i.e.,

(2.1) F;,F,,Fyz,Fyy L N.
The fundamental forms are as follows:

I = < dF,dF >= A*(dz)? + 2AB cos ¢dzdy + B*(dy)?,
Il = - <dF,dN >=2 < F;y, N > dzdy,

where ¢ is the angle between the asymptotic lines and
A=|F|, B=IFR|.
For the constant negative Gaussian curvature case:
K =detIl/detI = —1,

we get
II = 2AB sin ¢dzdy

and the following Gauss-Codazzi equations:

(2.2) oy — ABsing = 0,
(2.3) A, =B, =0.
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If A and B do not vanish we call this parametrization a weak Chebyshev
net.

The Gauss-Codazzi equations are invariant with respect to the trans-
formations

(2.4) A= M, B - \7'B, AeR.

This fact implies the following well known theorem.

Theorem 1. Fuvery surface with constant negative Gaussian cur-
vature posesses a one-parameter family of deformations preserving the
second fundamental form, the Gaussian curvature and the angle ¢ be-
tween the asymptotic lines. This deformation is described by the trans-
formation (2.4).

This one-parameter family of surfaces is called an associated family.

Equations (2.2, 2.3) can be represented as the compatibility condi-
tion

v, -V, +[U,V]=0
for the following system

(2.5) U, =U¥, U,=V7,

) bs/2 —Ade 9/
T2\ =AM —g /2 )

(2.6)

V= i —¢y/2 B>‘—16w/2
2 \ Bxte7 %2 g /2 "

Equations (2.5, 2.6) are the equations for the moving frame of the
asymptotically parametrized surface with K = —1,|F;| = A, |F,| =
A7!B in the su(2) representation. To show this (for more details see
[6]) let us identify a 3-dimensional vector space R?® with the space of
imaginary quaternions su(2)

3
X =(X1,X5,X3) ER* ¢+ X = —i ) X,00,

a=1

(o1 {0 (10
1=110)2%\io0 ) BT \0o-1)"

2.7)
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From now on we represent vectors in this matrix form. The scalar
product is written as follows

<X,Y >= —%trXY.

Let us remark that for A € R the matrices U()), V(A) € su(2), there-
fore there is a solution of (2.5): ¥(z,t,\) € SU(2).

It can be easily checked that the following formulas describe the
moving frame of a surface with K = -1, |F,| = M\, |F,| = A"'B:

g1 [ O e
(2.8) F, = —iAAT™! (eiw 0 ) o,
B__ 0 e/
(2.9) F, = _"X‘I’ ' <e——i¢/2 0 ) v,
(2.10) N = —i0 0,30,

where ¥ = U(z,t,\) € SU(2). Moreover, as was first observed by A.
Sym [22], the dependence on A allows us to integrate the formulas (2.8),
(2.9) for the moving frame.

Theorem 2. Let ¢(z,y),A(z), B(y) be a solution of (2.2). Then
the corresponding immersion with K = —1,|F,| = M, |F,| = A\™'B is
given by

ov
2.11 F=20"1— = ¢t
( ) at bl A € )
where Y (z,y, A = e*) € SU(2) is a solution of (2.5),(2.6). The Gauss
map s given by

(2.12) N = —iU g, 0.

To prove this theorem we note that F' determined by (2.11) lies in
su(2) and
ou ov
F,=20'"w F =202y
ot Y ot

following from (2.5), (2.11), coincide with (2.8), (2.9).
We consider not only immersions but more generally weakly regular
surfaces, i.e., the surfaces with A # 0, B # 0 for all z,y. In this case
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the change of coordinates z — Z(z),y — §(y), conformal with respect
to the second fundamental form, reparametrizes the surface so that the
asymptotic lines are parametrized by arc-lengths (generally different
for  and y directions)

(2.13) A =|F;| = const, B =|F,| = const.

We will call this parametrization an anisotropic Chebyshev net. In
this parametrization the Gauss equation and the system (2.5), (2.6)
become the sine-Gordon equation with the standard Lax representation
[11] (the deformation parameter A is called a spectral parameter in the
theory of integrable equations). If A = B then the parametrization
is called a Chebyshev net. The associated family of an anisotropic
Chebyshev net contains exactly one Chebyshev net.

At last we mention also a well known fact, which also can be easily
checked.

Proposition 1. The Gauss map N : R?* — S? of the surface with
K = —1 is Lorentz-harmonic, i.e.,

(2.14) N,,=pN, p:R* > R.

It forms in S* the same kind of Chebyshev net as the immersion func-
tion does in R3:

(2.15) IN,| = A, |N,|=X"1B.

3. Discrete weak Chebyshev net and its Gauss map

By a discrete surface we mean a map F : Z2 — R3. We use the
following notation for the elements of discrete surfaces (n, m are integer
labels):

F, - for the vertices,

[Frs1,ms Frm)s [Fom+1, Fnm) - for the edges,

(Frt1,m+1> Fat1,my Fnm, Famy1) - for the elementary quadrilaterals
comprised by the indicated vertices. We define a discrete weak Cheby-
shev net (discrete surface with constant Gaussian curvature) using nat-
ural discrete analogs of the properties (2.1), (2.3) in the smooth case.
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n-1,m+1

(2)
¢ n,m

n,m+1 n+l,m+1

(1)
0 am

n-1,m

3)
¢ n,m

‘ n-1,m-1

n+l,m

(
¢, 4)n,m

n+l,m-1

FIGURE 2. A piece of the surface with the indexes
of the vertices indicated.

Definition 1.

A discrete surface with constant Gaussian negative

curvature (we will call these surfaces discrete K-surfaces) is a map

F:7* 5 R?

possessing the following properties:
i) For each point F, ,, there is a plane P, , such that

Fn,m, Fn+l,m1 Fn—l,ma Fn,m+l7Fn,m—1 € Pn,m-

ii) The lenghts of the opposite edges of an elementary quadrilateral

are equal

I[Fn-}—l,m,Fn,m“ = |[Fn+1,m+1a Fn,m+1]| = An 7é 0)
I[Fn,m+17Fn,m]l = I[Fn+l,m+la Fn+l,m]| = Bm # Oa

where we have incorporated into the notation that A, does not depend

on m and B,, not on n.

Remark. The easiest example of the discrete K-surface is a map
F : Z? — R? possessing the property (ii). All these planar surfaces
are made out of parallelograms and can be easily reconstructed from
two broken lines F, o and Fj ,,; n,m € Z. We do not consider planar

surfaces here.
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FIGURE 3. An elementary quadrilateral.

Let us consider an elementary quadrilateral of a discrete K-surface
and denote the vectors forming its edges as in Figure 3. The definition
of a discrete K-surface yields

(3.1) la| = |a'|, |b]=|b’|, a+b'=b+a,

which implies the equality of the opposite angles of the quadrilateral.

First, we consider discrete K-immersions !, i.e., assume that in each
plane P, ,, the four edges are cyclically ordered as in Figure 2, and
quadrilaterals do not degenerate

(3.2) 0<a,B<m.

Let N, ,, denote a unit normal vector to P,, (Gauss map) whose
direction is chosen according to the orientation of the surface:

_ [axDb]
™™ |a||b|sina’
Morin = Gl T
"xXb
(33) Nn,m+1 = Ta_.Eial.—bT—Sil’]l_ﬁ,
Nn+1,m+1 = ;ﬁ%,

!later on a more general class of discrete K-surfaces will be considered
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where [x] denotes the vector product. The discrete analog of (2.13) is
given by the following proposition.

Proposition 2. The Gauss map of the discrete K-immersion com-
prises a discrete weak Chebyshev net in S?, i.e., the angles between the
normals associated with the opposite sides are equal:

(34) < Nn,maNn+l,m >=< Nn,m+1,Nn+1,m+1 >= CO0S AZ,
(35) < Nn,m, Nn,m+1 >=< Nn+1,m, Nn+1,m+l >= COS A:}n,

where <,> denotes the scalar product, and we have incorporated into
the notation that A% does not depend on m, and A}, not on n.

Proof. Two equalities (3.4), (3.5) are proved in the same way. We
present a proof of (3.4). Due to (3.3) it is equivalent to

(3.6) < [axDb],[axb]>=<[a"xb],[a"xb]>.
Introducing three vectors
A=a+a,B=b+b,C=a"-a=b'-b

and using (3.1), we see that

A-C , A+C B-C ., B+C
(3.7 a= 5 & = — , b= 5 , b= 5
and
(3.8) <A, C>=<B,C>=0.

Rewriting (3.6) in terms of A, B, C, we get

(3.9) <[AxB]+[B-A)xC][AxB]+[(B+A)xC]>

' <[AxB]-[(B+A)xC],[AxB]+[(A-B)xC]>.
The orthogonality (3.8) implies the proportionality
[AxB]=¢C, g€R,

which, combined with the trivial identity < C,[X x C] >= 0, proves
(3.9).
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Definition 1 of the discrete K-surface implies that if for some quadri-
lateral the directions of two normals coincide, then the whole surface
lies in a plane. We choose A's in the interval (0, 7) so that

0<AYAY <.
The trivial identities

< Nn,m + Nn+1,m+1,Nn,m - Nn+1,m+l >= 07
< Nn+1,m + Nn,m+1a Nn+1,m - Nn,m+l >= Oa

combined with the equalities

< Nn,m + Nn+1,m+la Nn+l,m - Nn,m+1 >= Oa
< Nn+1,m + Nn,m+laNn,m - n+1,m+1 >= Oa

following from (3.4), (3.5), show that for a weak Chebyshev net in S?
one of the two possibilities

(310) (7') Nn,m + Nn+1,m+1 ” Nn+1,m + Nn,m+1a
(311) (“’) Nn,m - Nn+1,m+1 “ N’n+1,m - Nn,m+l
holds.

The following definition is a natural discrete analog of (2.14).

Definition 2. A map N : Z? — S? is called Lorentz-harmonic if
for any n,m

Nn+1,m+1 - Nn+l,m - Nn,m+1 + Nn,m
(3.12)
pn,m(Nn+1,m+1 + Nn+l,m + Nn,m+1 + Nn,m)a P : Z2 - R

Proposition 3. The Gauss map of the immersed discrete K-surface
is Lorentz-harmonic.

Proof. Due to (3.3) we have

axb]+[a" x b
Nn,m+Nn+1,m+1 =[ ] [ ]

|a]|b| sin «

_[a' xb] +[axb]
Nn+l,m + Nn,m+1 - Ia”bl Sinﬂ
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Rewriting the vector products in terms of the vectors (3.7) we get
[a x b] +[a’' x b']

= -}i([(A—C) x (B-C)]+[(A+C)x (B+C))

= J1AxB],
[a x b] + [a x b]

:imA+cqu—mHﬂA—deB+®D

=5Axm.

It proves the proportionality of the vectors N, ,,+Npt1,m+1 and N1 m+
Npt1,m, which is equivalent to (3.12).

Proposition 4. Any Lorentz-harmonic weak discrete Chebyshev
net N: Z? — S? is the Gauss map of a discrete K-surface, which is
determined by N uniquely up to a homothety and translations.

Proof. The edge [Fy41,m, Fn m] is orthogonal to both normal vectors
Npt1,m and Ny, ,,, the vector product of which does not vanish. This
implies for the edges of the elementary quadrilateral of the discrete
K-surface:

a=a[Npr1,m X Noml,
b = B[Npm X Npmil,
a' = '[Npy1,me1 X Ny
b’ = B'[Npt1,m X Nny1,ms1]-

The closing condition a + b’ = b + a’ yields

(313) [Nn+1,m X (aNn,m +.B’Nn+1,m+1)]
= [(IBNn,m + a’Nn+1,m+l) X Nn,m+1]-
Since all the vectors

! [
Nn+1,ma aNn,m + ﬂ Nn+1,m+1a ,BNn,m + a Nn+1,m+11 Nn,m+l

in this expression do not vanish, they all belong to one plane. Since
due to the nondegeneracy of the quadrilateral we assumed (3.2), the
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planes generated by Npi1,m, Nnm+1 and Ny oy Npy1,me1 are different,
and their line of intersection is parallel to Npy1,m + Npmt1 || Nom +
Npt1,m+1- This yields the proportionality

aNn,m + ﬂ,Nn+l,m+1 ” ,BNn,m + a,Nn+1,m+1 ” Nn,m + Nn+1,m+1a

or equivalently, @ = ', 8 = o'. The weak Chebyshev property implies
a = xa,08 = 106" The case

(3.14) a=-d,8=-0
is degenerated, since

[(Nat1,m + Najmar) X (Naym + Npgr,ma1)] = 0
together with

[(Nnt1,m = Noma1) X (Nom + Nog1,m41)] =0,

following from (3.13), (3.14), show that N,.; » and N, ,,4; are parallel.
This makes the surface planar and contradicts our assumption. Finally,
we have

which finishes the proof:
Fn+1,m - Fn,m = a[Nn+1,m X Nn,m}a
(3.15)

Fn,m+1 - Fn,m = —a[Nn,m-H X Nn,m]-

Thus the proof of Proposition 4 is complete.
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4. Quaternionic description of discrete Lorentz-harmonic
weak Chebyshev nets in S? and the Hirota equation

The Gauss map can be represented in the following matrix form
(compare with (2.9)):

(4.1) Npm = —iq);}magq)n,m, @, € SU(2).
Introduce the matrices

-1
u’n,m = ®n+1,m<pn,ma

-1
VTL,TTL = q)n,m'f'l@n’m

lying in SU(2). The conditions

1
CcOS AZ =< Nn,myNn—}—l,m >= —§ tr(Nn,mNn+1,m)

1
= 5 tr(ur:,}no-Bun,mU‘S) )

1
cos A} =< Npmy Npmy1 >= -3 tr(NVpm Nnmt1)

1
= -2‘ tl'(v;lngvn,mag)

allow us to parametrize i and V as follows:

_ a b _ At ia — A" 8
(4.2) u—(i5&>’ a—cos—2—e ,b—smTe ,
_ [ cid AT LAY
(4.3) V—<iJE)’ c—cos——Qe ,d—sm—26 .

Let us consider an elementary quadrilateral and denote it by
U= un,ma V= Vn,m: U = Z/{n,m+17 V= Vn+1,m7

the matrices associated with its edges. Substituting (4.2, 4.3) into the
compatibility condition

(4.4) VUu=u'v,
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we get
Au A’U i ; ! . Au . A’U (A ¥y
cos —- cos T(e’(a ) — eie+7)) = gin - sin 7(6’(‘3 =0 _ i -h)y,

u v Au v

A ] ’ (8! A ; ’ : ’
. i(a’'+8) _ Li(6'—a)) _ o i(Y'+06) (B ~7)
cos — sin — (e e =3 — :
5 5 ( ) = sin 5 €08 — (e e )

Rewriting the above equations as

cos——ucos£ in-(—a+a + )
g g SmplraTa Ty Ty
1
(4.5) =expy(~a—o ~f+f —y-7"-6+7)
u v 1
xsinTSin—2—sin§(ﬁ+ﬁ’_5__5’)’
A O AY 1
COSTSiHTSiHE(a+a'+6—5’)
(46) =exp%(a—a’+ﬁ+ﬁ’_,y+,yr__5_5,)
1 - AY : 1 ' !
x sin —-cos —-sin (6 - '+ +7),
we see that in the case
(4.7) atd +6-8#0, a—d —y+79 £0,

equations (4.5), (4.6)
(48) B+B —6-6 £O0, —a—ad -B+f —y—7 -5+ =0,

B-B+y+7 /=0, a-d+p+f —-7+y -d-0=0,
where we have used the notation € = €’ for € = €'( mod 27) or, equiva-
lently, e* = e, yield

Equations (4.7), (4.8) imply
at+d +é-8=a—-d —v+°
=f+p -0-d=p-F +y+9 =7

Substituting the above equations in (4.5), (4.6) we obtain

0 A cos ar = +sin A sin A
€087 2 = g S
Au . A’U . A’U A‘U

€08 — sin — = F sin — cos —

2 2 2 2
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with two possible choices of signs. The last equations can be rewritten

in the form

A* £ A
5 =

A+ A"

0.
2

cos 0, sin
This contradiction means that the assumption (4.7) was wrong and
one of the expressions in (4.7) must vanish. So there are two cases to

consider:

() ata +6-8=0, f—F+y+7 =0,
v OAY _
(4.9) CcoS —2— CcoS _2_(et(a +v) _ ez(a+’y ))
u v

AV -
= sin < sin T(e‘(ﬁ =0 — =R

(1) a—ad' —y+94'=0, B+B -6-0 =0,

AV L e
(4.10) cos 5 sin 7(61(“ +0) _ gil# ~a))

u

AY o
= sin > cos 7(6’(7 +8) _ (ilB _7)).

We postpone the discussion of the second case (which turns out to
correspond to the possibility (3.11)) until Appendix and henceforth
assume that (i) is valid.

The matrices ®,, ,, (and U, ,, and V, ,, as a corollary) are determined
by (4.1) up to the gauge transformation

D,.m — exp(1€n,m3) P m,
(4.11) Un,m — €xp(t€n+1,m03)Un,m €XP(—i€nm03),

Vi,m — €XP(1€n,m+103) Vn,m €Xp(—i€p m03).

Let us choose the gauging in such a way that

(412) ;Bn,m = Ynm = 0

for all n,m. Given €, the condition (4.12) specifies all €, ,, in a unique
way. The equations (4.9) in this gauge become as follows:

(4.13) at+a =4 -4,

(4.14)  cos & cos & (e — €™*) =sin - sin4-(e7 — €¥').
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The first equation can be easily resolved
(415) an,m = h'n+1,m - hn,m7 Jn,m = hn,m+1 + h'n,m7

where h,,, now can be associated with the corresponding vertices.
Finally, h,, ,,, satisfy the equation

exp(ih’n+1,m+1 =+ ihn,m) - exp(ihn+1,m + ihn,m-}—l)

Au v
(4.16) = tan —éﬁ tan 2’”

X(l — exp(ihn+1,m+1 + ihn+1,m + ihn—!—l,m + 'L.hn'm)),

or equivalently,

.1
Sln(g(h'rﬂ-l,m + hn,m+1 - hn+1,m+1 - hn,m))

.1
(417) = kn,m Sln(é(hn+1,m+1 + hn,m + h’n+1,m + hn,m+l)),
knm = tan ——2—’1 tan 2"‘.

This equation is clearly a discrete analogue of the sine-Gordon equation,
which can be obtained as a limit £ — 0. Equation (4.17) first appeared
in Hirota [14] without any relation to geometry. We prefer to treat not
this but another equation as a discrete sine-Gordon equation. In the
smooth case the sine-Gordon equation describes the angles between the
asymptotic lines (see §2), and, as we have shown, the Hirota equation
has another geometrical meaning. Therefore in §6 we derive an equation
describing the angles between the edges of discrete K-surfaces and call
it a discrete sine-Gordon equation, which is simply related to the Hirota
equation.

Remark. There is an ambiguity in the definition of A, ,, from
geometrical data:

h'2n,2m - h2n,2m + S + Ta
(4.18) hant1,2m = Pong1,om + S =T,
hanam+1 = Ponomt1 — S + T,

hant1,2m+1 = Pontr2mi1 =S =T
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with the same S and T for all n, m. The origin of S is the nonuniqueness
in the definition (4.15) of h,, ,, for given «, d, whereas the variation of
€0,0 in the gauging induces T in (4.18).

Proposition 5. The Gauss map (4.1) determined by a solution of
the Hirota equation forms a Lorentz-harmonic weak Chebyshev net in
S2.

Proof. Up to a common rotation @} ...®, ,, the normal vectors at
the vertices of an elementary quadrilateral are as follows:

Nn,m = i03a
Nn+1,m = iu—103u7
Npmir =1V a3V,
Noi1,mi1 = i(VU) o3 V'U.
To prove the parallelism N, ,,, + Nyt1,m+1 || Nnt1,m + Nny1,m we show

that
o3+ (VU)o VU = r(U o + V' o3V)

with some real r, or equivalently,
Uogv_l + VI _1031/1' = T'(O'guv_l +UV‘103).
Calculation of both sides using (4.13) yields

- ' - ' 0
U03V ! +V 103“ = <g _p> 5

oUV + UV oy = (q 0 ) ,

0-q
where
u AU ) L, Au v ) o
P = €08 —~ cos 7(610 +e') —sin -5 sin 7(6_"5 +e),
A" AY A AV
=2 —_ —px 2s8in — sin — ~1.6'
q cos 7 Cos 2e + 2sin 7 sin 2e
The addition of a vanishing term to g gives
Au Av L, . Au Av o .
q=q+cos — cos —2—(6“" —€'*) +sin - sin 7(615 —e )
A'U. A’U u v

_ 8 B e i BT LB s s
cos —- cos (e +e**) +sin 5 sin— (e7 +¢€),
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which proves the equality of the arguments
argp = argq ( mod ),

which finishes the proof of the parallelism N, ,, + Nyt1,mt1 | Nog1,m +
Nyi1,m- The property to be a weak Chebyshev net in S? follows from
(4.2, 4.3).

5. Associated family and formula for immersion

The Hirota equation is invariant with respect to the transformation

ta,néz —-)tan%)— = )\tamé-l71
2 2 2"’
(5.1)
tan Av’" - tanAz‘—()‘) = ltan Av’"
2 A 2"’

which is an analog of the Lorentz transformation (2.4) in the smooth
case. This transformation changes the matrices Uy, ., Vi m as

Unrn = U (A)

AY()) . ) At ()

Ccos ——"( ) ethntim=thn,m isin n( )

- AE(A Ar(A) | :
18in —-ﬁ cos %e—l’ln+1,m+zhn,m

mm%&mO)

cos A"f‘l()\) ¢sin An() gihn.m+1+ihn,m
= v ; . Av )\

0 0
Due to Propositions 4, 5, the matrices Unm (M), Vam (A) describe
a one-parameter deformation family of discrete K-surfaces and their
Gauss maps. To describe this family more precisely it is convenient to

0
present the matrices [} am (A)y Vam (A) in the form
(5.2)
1 0

0 1
Un,m: _—'Au————Un,ma Vn,m= Av
cot? 7" + A2 \/)\'2 tan? T’” +1

Vn,m7
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AY . .
cot _é'_lezh,.+1'm—zh,.,m i\
(53) Unm(A) = ) AN "
A cot —e—thn+1,m+ihn,m
2
Vam(X)
(5.4)
1 AY .
1 ZX tan —2gihnm+1tihn,m
I A A
Y tan —“ettnmA1 T in,m 1

The compatibility condition

Vn+1,m Un,m = Un,m+1 Vn,m

is nothing else but the Lax representation for the Hirota equation.

Theorem 3. Let h, ., be a solution of (4.16). Then the immersion
of the corresponding discrete K-surface with the angles A¥(X), A (N)
given by

AN _ n
2 = Atan T,

tan

Ay (N ltan A7,
2 A 2

tan

1s described up to a homothety by the formula

0
0 1 0 WUnm

. Fom =2 ot T Qa; A= ta
(5.5) , Uom ot €

0
where U, ,, (A € R) € SU(2) is a solution of the system

0 0 0 0 0 0
(56) \I’n+1,m=Un,m\I’n,ma \Ijn,m+1=Vn,m\Iln,m .

Moreover, the Gauss map is given by

0

(5.7) N = =i W 7205 Unm -
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Proof. We see that (5.7) coincides with (4.1). Since the Gauss map
determines the discrete K-surface up to homothety (Propositions 4,
5), to prove the theorem we have to show only that (5.5) describes a
discrete K-surface and (5.7) is its Gauss map. For the vectors of edges
we have

0
0 0 OUpm. 0
Fn+1,m - Fn,m =27 1_11m(U ;lmL) \Ilnﬂm
' ’ ot
0
0 . 0 _  OVpam
Fomyt —Fom =20 n,lm(V n,lm aty ) Un,m,
oU
0 netm O _ 0
Fn—l,m - Fn,m =-27 1_111n(—L U nll rn) \I}ﬂ,m’
) Bt s
0
0 . OVapmo1 0 _ 0
Fn,m—l - Fn,m =-2v n,lm(T}ll |4 n,lm—l) \Ij",m .

All these vectors as well as N, (forming a frame associated with the

vertex F, ,) have common factors \I/ m on the left and \I/n m on the
right, which describe a rotation of thls frame as a whole. Considering
the local geometry of the frame we can neglect this rotation. Direct
calculation yields 2

-— J— u
2U n,m 9t - ZSlnA hn,m+ihnt1,m

Zhn m_lhn-l-l m
ih

ethn.m —thn—1,m

hpn m+ihn_1,m

0
thn, m~+thn m41
0 oV e’
-1 n,m —_ v
2V =—isin A}, ( it it )

0 ih +ih 1
8 Vn . 1 . 0 el n,m n,m—
LA V _,= isinA? ()) —ihnm—ihnmo1 0 ’

*Doing this calculation it is more convenient to work with the matrices Un,m()),

Va,m(A), which differ from lojn,m,Ign,m by a scalar factor (see the Remark at the
end of this section).
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where we have used the identities

2271 tan %y&

2\ cot %:— _
B 1+)\‘2tan2ATy"’

sinAn(A) = ———%+, sin Ay (\)
A2 + cot® S=

following from (5.1). These vectors are orthogonal to —ios, which
proves the orthogonality of the corresponding edges to N, ... The
property (ii) of the definition of the discrete K-surfaces is also evidently
satisfied since the lengths of the edges |[Fri1,m, Frnmlls |[[Fnmt1> Frm
are independent of m and n respectively.

Formulas (3.4), (3.5), (5.8) imply the following corollary, which fol-
lows also from Propositions 2,4.

Corollary 1. Under the action of the one-parameter deformation
family (associated family) the edges and the normals of the discrete
K-surface transform as follows:

< Nut1,ms Nojm > = cos A%(N), [[Frt1,my Fom]| = sin A%(X),
< Npmt1, Noym > = cos A (A), [[Frm+1s Fnm]| =sin A2 (X),

where the angles A(X) are determined by (5.1).
Corollary 2. The vectors of the normals and edges of the discrete
K-surface, described in Theorem & are related as follows:

(59) Fn+1,m - Fn,m = [Nn+1,m X Nn,m])
Fn,m+1 - Fn,m = —[Nn,m+1 X Nn,m]-

Proof. To prove this specification of Proposition 4 let us write down
the vector product as a matrix commutator, using the isomorphism

(2.4),
[Ax B] = %[A,B].
In the moving frame used in the proof of Theorem 3 the normal vectors

are equal to

_ 0, 0
Nn,m = —t03, Nn+1,m =—=1U n,m93 Un,m .
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Calculating the vector product and using (5.8), we get

1 0 0
[Nn+1,m X Nn,m] = _i[U ;,lmUS Un,nnUB]

0 eihn,m“’ihn-f-l,m
e m
=1isin A%(X) e ifinmihns1m 0

0 0
=2U ,_L’lma Un,m /8t = Fn+1,m - Fn,m-

The second equality in (5.9) follows from the first one and Proposition 4,
but it also can be easily checked by a direct calculation.
0
Remark. To find F,, ,, N, it is enough to determine ¥, ,, (A) up

0
to a scalar factor. Indeed, if ¥, ,, differs from ¥, ,, by a scalar factor,

T (A) = Frm W) Com(N),

the immersion and the Gauss map can be written in terms of ¥,, ,,, as
follows:

ov 0
an:2\1’nm—1ﬂ 211 n,m
: m g TR gloesn
6\11 tr=0
=2 \Iln m_1 D 3
[ ]
Nn,m = —i‘Ij;,ImUB\Pn,mv
where

1

[X]"=0 =X — oI uX.

6. The discrete sine-Gordon equation

Formulas (5.8) allow us to determine the angles between all edges
(see Figure 2 for the notation of the angles)

¢£11,3'n = _hn,m+1 - hn+l,m + 7,
¢£12,3'n = hn—l,m + h’n,m+1,
(61) ¢513,Zn = "h'n,m—l - h'n—l,m + m,

¢£14,2n = hn+l,m + hn,m—l-
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Let us consider again a small piece of the discrete K-surface and derive a
difference equation for the angles between edges, which can be regarded
as a difference analog of the sine-Gordon equation (2.2). Now if we
orient the lattice diagonally (Figure 4), the following theorem holds.

FIGURE 4. The angles between edges of discrete K-surface.

Theorem 4. The neighboring angles between the edges of a discrete
K-surface satisfy the equation

(6.2) ¢y + g — ¢y — ¢, = 2arg(l — kie™*") + 2arg(l — k.e™*%"),

where
Au A'U Au A‘U
k, = tan —- tan =%, k, = tan —~ tan —~
) n—-tan - n— 5
are the products associated with the quadrilaterals, corresponding to ¢,
and ¢, respectively.
Proof. There are two angles q,’)ﬁ})m and qbffll,m associated with the
quadrilateral (Fn+1,m+1, Fn+1,m, Fn,m’ Fn,m+1)' The other two are the
same because of the symmetry of the quadrilateral

(6-3) ¢£112'n = Si)-l,m-f-la 5124)—1,17; = ¢£14,1n+1'
Due to (6.1) the Hirota equation (4.16) relates these two angles

exp(ig(), + i m) + 1= kpm(exp(i¢l),) + exp(id)1 m))s

u v

kpnm = tan —2’1 tan T’",
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or equivalently,

¢$111n + ¢1(1,2-f)-1,m =7+ 2arg(l - knm eXP(i¢S;24)~1,m))
(6.4) =7n+2arg(l —kpom exP(iqSSzl,Z'n ).

The sum of angles around a vertex is equal to 27, so
Bl + B + B + 0 = 0,
or using (6.3) we get
B+ Hol s + S + 81 =00

The Hirota equation (6.4) allows us to rewrite this as an equation for
¢(1) 'g

oD+ D =D =
= 2arg(1 — kn_y,mexp(—id), 1))
+2arg(l — kpm—1 exp(—iqﬁfll,)m_l)).

Turning the lattice by 45° we get this equation in the form (6.2). Note
that by symmetry all the angles ¢ s, ¢(® ’s, ¢(*) ‘s satisfy the same
equation (6.2).

In the exponential form @Q = €*® equation (6.2) reads as follows:

Ql—kl Qr—kr
1-k@Q1-FkQ,

(6.5) QuQa =

Let us consider now a small piece of the Lorentz-harmonic Cheby-
shev net in S? generated by the Gauss map N, ,, (see Figure 5). The
difference equation for the angles between the arcs of the big circles in
S?, generated by the corresponding normals can be easily derived from
equation (6.2).
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FIGURE 5. Lorentz-harmonic Chebyshev net in S?.

Theorem 5. The neighboring angles between the arcs (see Figure 5)
of the Lorentz-harmonic Chebyshev net in S* satisfy the equation

(6.6) 1y + g — W — b, = 2arg(1 + ke™™) + 2arg(1 + k,e¥").

Proof. Let us denote by A, ,, the plane containing the vectors N, ,,
and Np41,m, by B,,,m the plane containing the vectors N, ,, and Ny, 41,
and by 1/)5}2,! the angle between these two planes (see Figure 6).

The vectors a = F, 41 m — Fym and b = F, ;11 — F,, , are orthogonal
to A, ., and B, , respectively. Moreover, formulas (5.9) (see also Fig-
ure 6) imply the following relation of %{) with the angle ¢1), between
the edges [Fr11,m, Fnm] and [Fy i1, Fnm] (see Figure 2):

P =)+

Then (6.6) follows from (6.2).
Now we are already in a position to construct discrete K-surfaces,
solving the Cauchy problem for equation (6.6). Let us consider some
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initial staircase loop

Nn,ma Nn,m+17 Nn+1,m+1a Nn+1,m+27 ey Nn+N,m+N = Nn,m

in S%. Equation (6.6) describes a discrete evolution of this loop. Indeed,
the initial loop provides us with the angles

2 2 2 2 2
¢£z4)-1,m11/)1(14)—1,m+1)’(/)514)-2,m+17 £H)-2,m+2) "',1/)1(1-})-N,m+N = ’(/)512277,

(the angle 1 is related with the angle ¢(® = 1 4 7 and satisfies the
same equation (6.62 for ). Using the evolution equation (6.2) we can
then determine @b,(c?l for all k,! and, as a corollary (since the lengths of
all the arcs are known), the coordinates Ny ; of all points of the discrete

Gauss map.

FIGURE 6. Relation between the angles ¢ and 1.

Even simpler, one can reconstruct all N, ,,, n,m € Z using the
property (3.12) of N to be Lorentz-harmonic. Equation (3.12) uniquely
determines Ny, m+1 bY Ny Not1,my Nog1,m1:

< Nps1,m> Nnym + Npgtmgr >
N, = - + : : ’ Npm+ N, .
n,m+1 n+1l,m 1+ < Nn,maNn+1,m+1 > ( n,m n+1,m+1)




558 ALEXANDER BOBENKO & ULRICH PINKALL

Finally, the formulas (5.9) describe the corresponding discrete K-surface.
Remark. One cannot apply the same recepie to the initial staircase
loop

Fn,mv Fn,m-{-l,Fn—i—l,m—}—ly Fn+1,m+27 reey Fn+N,m+N = Fn,m-

Such a loop can not be chosen arbitrary and should satisfy the re-
strictions (5.9). Indeed, if the neighboring edges are not parallel, they
uniquely determine the Gauss map

Nn,m’ Nn,m+1> Nn+1,m+l, Nn+1,m+21 ey Nn+N,m+N = Nn,m7

which should be related to the edges as described by (5.9).

Beside various cylinders one can construct by these elementary meth-
ods also discrete analogue of the Amsler surface. These surfaces are
constructed in the next Section.

Unfortunately, it seems to be impossible to construct compact dis-
crete K-surfaces in this way. This simple geometrical method does not
allow us to control a global behavior of the surface (for example, to con-
trol the periodicity). For this reason, starting §8, we will use methods
from the theory of integrable equations, which are based on an analytic
solution of the problem. We calculate explicitly the solutions to the Hi-

rota equation, the corresponding function \Ioln,m (M) and determine in
this way the immersion F,, ,, and its Gauss map Ny .

From now on we consider mostly special cases of discrete weak Cheby-
shev net, which we call as follows:

Ay = A%, A? = A" - a discrete anisotropic Chebyshev net,

A" = A" - a discrete Chebyshev net.

In these cases k = k; = k, in (6.2) is the same for all the surface:

k—tanA—tan
N 2 2

7. The discrete Amsler surface

Let us return for a moment to smooth Chebyshev nets. For such
a net we normalize A = B = 1 in (2.2), and the angle between the
asymptotic lines is described by the sine-Gordon equation

¢zy —sing = 0.
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If the solution ¢(z,y) depends on r = ,/zy only, i.e.,

(7.1) ¢(z,y) = ¢(r),
then the equation reduces to the third Painlevé equation (PIII)

o = 4sin¢.

(7.2) e+ =

The corresponding surfaces were first studied by Bianchi [2]. It turns
‘out that they possess nice geometrical properties. Amsler computed
and sketched [1] a surface with K = —1 having two straight asymp-
totic lines L®, LY and showed that this surface belongs to the class
(7.1). More precisely, there is a one-parametric family of the Amsler
surfaces, parametrized by the angle ¢ between L* and LY, which can
be chosen arbitrarily. This one-parametric family corresponds to the
one-parametric family (see [16]) of the smooth solutions of the PIII
equation (7.2).

Coming back to the discrete case, let us consider two great circles
C*,C" on the sphere S? with the angle 1) between them, and suppose
that the images of the normals N, , for n = 0 and m = 0 belong to
these circles

(73) NO,k € C", Nk,o € C”, Vn € Z.

Relations (5.9) show that the edges [Fi o, Fi+1,0] and [Fo g, Fo x+1] for
all k € Z lie on two straight lines L* and L? in R?, and ¢ = ¢ + 7 is
the angle between them.

Starting with the normals (7.3) and using the property (5.9) of the
Gauss map to be Lorentz-harmonic one can easily reconstruct step by
step N, foralln,meZ

< Nn,ma Nn+1,m + Nn,m+1 >
1+ < Nn+1,m,Nn,m+1 >

Nn+1,m+1 = —Nn,m + (Nn+1,m + Nn,m+1)-
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FIGURE 7. Smooth and discrete Amsler surfaces, ¢ = 7/2.
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In the case of a discrete Chebyshev net A% = A? = A for fixed A one
gets a one-parametric family of surfaces with two straight ”asymptotic
lines” Fyo € L%, Fy, € L',k € Z. The parameter here is the angle
¢ between L* and L. The smooth and discrete Amsler surfaces with
¢ = m/2 are presented in Figure 7°. Having in mind the relation to
the PIII equation in the smooth case, it is natural to expect, that the
discrete K-surfaces just described generate discrete Painlevé equations,
may be exactly those, which were recently found in [19]. Using the
results of [18] Tim Hoffmann was able to show that the angles between
the edges of the discrete Amsler surfaces in addition to the discrete
sine-Gordon equation satisfy the restriction

n(ei®nm — e¥m 4 =Whm — g1

(7.4) m(e¥im — g¥him 4 mm _ gm0 = 0,

Combined with (6.2) this restriction gives rise to a difference equation
describing the angles ¢, = ¢, of the discrete Amsler surfaces at the
diagonal n = m = k, which is a discrete analogue of the PIII equation.

8. Dressing up procedure (Bicklund transformations)

Here we describe some version of the Backlund transformation for
discrete K-surfaces. For this purpose we use the analytical formalism of
the dressing up procedure, suggested in the theory of integrable equa-
tions (see [15]). If some solution h2'?. of the Hirota equation together

,m
with the corresponding solution ¥4 of the system

n,m
(81) \Ijn—H,m = Un,m\I}n,ma \I]n,m+1 = Vn,m\pn,m
is known, this procedure allows us to construct new

hnew \I,new

n,m? n,m?

which solve the same equations.

3The authors are grateful to T. Hoffmann, who produced this figure.
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The matrices

(we come back to the notation (4.15)) satisfy the following symmetries:
(8.3) X(=2) = 03X (N)o3,
(8.4) X(A) =0, X(N\)o,.

Let W2 (A) be a solution of (8.1), satisfying both these reductions.
The function W75 () is represented in the form

T (2) = QAT (),

where Q()\) is a matrix polynomial in )\, satisfying the symmetries (8.3),
(8.4):
QM) = QnA" + .. + Qo

with fixed leading coefficient
QN=cven =1 and Qn=oada = 101.
The matrix Q()) is determined by the conditions that
Vo m (Thim) ™ Una (TR) ™

are nonsingular at the zeros of det Q()).
Theorem 6. Let A> UA* U S®U S* be a set of paremeters:

Ab = {All)’)‘ga "',AI;{7 Y € C}a
Sb = {sb,sh,...s%, s e C},
AR = {F Nk X AR € iR},
Sk = sk, sk ..sh, sk =1},

N =2K + I,
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in general position, and U°'4()\) be a solution of (8.1) with some hy,
as coefficients, satisfying the reductions (8.3),(8.4), where by general
position we mean that det U°'4(\) does not vanish at the points in A,
Mis do not coinside, ANA = AN (—A) = 0. Then the function

Prew — Q\I,old,

where the coefficients of Q@ are determined by the linear system

(85) \I,new()\g) (slb) =0,i=1,..,K,
new(\k 1 -
(8.6) e (L) =0, 5=1,..L,
J

satisfies the system (8.1) with some h}%.
Proof. The symmetries (8.3), (8.4) for @ imply

— q2n 0 _ 0 q2n+1
Q2n ( 0 q—2'n)’ Q2n+1 <_(72n+1 0 )

The system (8.5), (8.6) is a system of N linear non-homogeneous equa-
tions for N variables (we calculate the complex dimensions). To calcu-
late the number of equations we note that each vector equation (8.5)
represents two scalar equations, whereas (8.6) results in one scalar equa-
tion. As a matter of fact, due to the reductions (8.3), (8.4) (\* = —\F)

rev (\F) = g, Omew (NF) o,

vanishing of the first component of the vector

ren(AF) (;@)

implies that the second component also vanishes.
The conditions (8.5), (8.6) mean that in the neighborhood of A the
function ¥™** can be represented as follows:

new ~AL T A—A,O 1 0
\I[n,m(’\) = Vnm(A) < 0 1) <—-s- 1) ’
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where \iln,m is holomorphic and invertible. This representation shows
non-singularity of

U (A) = Unst N (T (0) ™ 2 Ty m (N1, (N)

n+1l,m

at points in A. The equations (8.5), (8.6) together with the symmetries
(8.3), (8.4) give all 2N zeroes of det Q()), which are

AU (=A%) U Ab U (=A%) U AF U (—AF).

The arguments above and the reductions (8.3,8.4) prove non-singula-
rity of UJ57 at all these points, which implies the following general

form for U7
Unin = AMnm + Bnm-

Substituting the asymptotics at A — oo in
Ur?i:uu = Qn+1,mUrgf:in ;z_lm

and taking into account the reductions (8.3,8.4), we get (8.2) with some
al” The same arguments yields the form (8.2) for

n,m-*
new __ old -1
Vn,m - Qn,m-HVn,m n,m:*

We apply the dressing up procedure to the vacuum solution of the
Hirota equation hg'¢, = 0. The corresponding W-function is equal to

\ijll,?‘n — Uan —

(11 (u+iN)"(1+ 5)™ 0 11
2\1-1 0 (u—iN"(1-E)m ) \1-1)"

To construct discrete pseudospheres we take only one point \* € A, N =

1,L=1,K =0,
_ [ @nm A
9= ( i qn,m>'

i¢n,m
b

Equation (8.6) yields

dnm =TE

¢n,m = 2arg(1 + ngn,m(T))’ Se R’

_ <u+r)"(vr—l)m
Gnm = T or +1 )
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The calculation of (¥™¢*)~1¥Te¥ (X = 1), using the concluding Remark
of the §3, gives the following formula for the immersion:

. r
Fn,m =103 (7'_2—_ COS d)n,m +

nu ™muv
+1

w+1 v+l

ro 0 —e Wnm
+7‘2 1 sin ¢ m (e“’""" 0 ) ,

fei0nm — (u+i)" (v+i)m
T \u—1 v—1i,)

Finally, in the most symmetric case u = v, = 1, we get

where

F = 3 sin ¢,, , sina(n + m),

1
(8.7) F, = ~3 sin ¢, , cos a(n +m),
1 U
FS - §C03¢n,m+ uz +1(n—m),
where
_ . U:+]. n—m
(8.8) Gnm = 2arg (1 + zS( — ) ) ,

a = 2arg(l +du?).

If a is a rational factor of w, then F, ,, given by (8.7) is a periodic
function of n+m, and the corresponding surface closes up in this direc-
tion. We call these surfaces discrete pseudospheres, because they are
discrete analogues of the pseudosphere, which is the simplest smooth
surface with the Gaussian curvature K = —1. The asymptotic line
parametrization F(z,y) of the pseudosphere is given by the formulas

1
F, = §sin¢sin($+y),
1
F,= —Esin¢cos(m+y),

1
F; = Ecos¢+(:c—y),

¢ =2arg(l +ise®7Y),
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and the corresponding surface is presented in Figure 8.

To compare, Figure 9 presents a discrete pseudosphere with relatively
small edges.

For a given a = 7 /N (Zy rotational symmetry) the discrete pseudo-
sphere depends on an additional parameter S, and one gets a one-
parametric family of deformations. In the smooth case the corre-
sponding deformation of the pseudosphere is trivial and is just its
reparametrization. Figure 10 demonstrates the dependence of the dis-
crete pseudosphere on §.

FIGURE 8. The smooth pseudosphere.

FIGURE 9. The discrete pseudosphere for
u=cotf <ra=7%and S=1
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FIGURE 10. The discrete pseudospheres for u = cotf <> a = %
and S =1 and for S = 0.535898

9. The spectral curve

Now we start to describe a wide class of discrete K-surfaces con-
taining, in particular, all the surfaces with periodic Gauss map N, ,,.
For this purpose the finite-gap integration technique from the theory
of integrable equations is used.

Let us consider a discrete K-surface, the Gauss map of which is
periodic with a period (N, M)

Nn+N,m+M = Nn,m .

Arguments of §6 show that all the N-loops of the surface with the period
(N, M) are closed. To fix ideas, let us consider the loop

Nn,ma Nn+1,m e ,Nn+N,m, Nn+N,m+1, s Nn+N,m+M
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or, equivalentely (see (5.9)), the brocken line

Fn,mv Fn+1,m7 LR ,Fn+N,ma Fn+N,m+1» ] 7Fn+N,m+M

of the corresponding discrete K-surface. In general this broken line is
not closed, but the angles between its edges are periodic with the same
period (N, M). Schematically this broken line is shown in Figure 11.
To simplify the notation we set n =m = 0.

ho L
NM 7—(‘) ® UNeLM
¢ NM
h
N.M-1
(2)+ (3))
\ ¢ N1 ( h
N1
M @ '
© + ) @
10 .. ¢ No
h h
ho.o 1.0 hN—l,o NO

FIGURE 11. The period of the broken line.

The relations (6.1) between the angles and the Hirota variables A, ,,
show that hgo and h; o can be chosen arbitrary *, all other h,,, are
then uniquely determined by the geometrical data:

(@M + ¢P)ko = hi_10 — Bigr0 + 7,

53?0 =hni+hn-1,0,

(¢® + ¢(3))N,k = hngsr — Ay g1 + 7,
%?M = hnyim + Ay
Multiplying the matrices (5.3, 5.4) successively along the correspond-
ing edges of the broken loop we get the transfer matrix of the Hirota
model
Tyf{m = Vn+N,m+M—1 v Vn+N,mUn+N—1,m .. Un,m-

Obviously this matrix satisfies the relations

H _ H -1
Tn+1,m - Un+N,m+MT U,

n,m~ n,m>

(9.1) T i = Varnmin T Vi

n,m’ n,m"*

“This corresponds to the umbiguity (4.18)



DISCRETE K-SURFACES 569

Although the geometrical data of the K-surface are periodic, the Hirota
variables, and consequently the matrices U, m, Vy, m, in general are not.
To bring the equations (9.1) to the Lax-form (see below) we introduce
the transfer matrix of the discrete sine-Gordon model.

Definition 3. The matrix

;%3
Tns?n — i FOnmH

n,m?

where

en,m = hn+N+1,m+M - hn+N,m+M - hn+1,m + hn,m

is called the transfer matrix of the discrete sine-Gordon model.
Proposition 6. The eigenvalues of the tranfer matriz TS (X) do

not depend on the normalization (4.18) of the Hirota variables and are

uniquely determined by the geometry of the initial contour

Nn,ma e 1Nn+N,m+M'
The transfer matrixz satisfies the equations

9.2) T3¢ . =UnnTooU, s T% 1 = VamTaa Vi,

n,m%“~ n,m?’ n,m"’ n,m’

implying the independence of the eigenvalues of T,f?n()\) onn and m.
Proof. The matrices Uy, Vi m can be reduced to the form

Un,m — 6303(hn+1,m - hn,m)Ue%UB(hn+l,m - hn,m),

Vn m = C%UB(h"’m‘H + hn,m)Ve—%UB(hn,m+1 + h’n,m)’

cot &% A 1 Ltan &%
_ 2 . [ . DY z |
U ( A cot%—)’ 4 (ftan%— 1 >

For the transfer matrix Tosf this implies (again to simplify the no-
tation we set n = m = 0)
T(fg = VN,M—l Tt VN,OUN—I,O T Uo,o
_ 6_30360,06_%‘73(’1N,M + hN,M—l)Ve—%Ua(—hN,M + hn,m—2)
... Ve—%Us(—hNJ + hN~1,o)Ue—%03(hN,o —hn-20)
. Ue‘%as(hl,o — hoy)

_ e—-%oz(ho,o - hl,o)TO oe_%a?’(hl’o — ho,o),
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where
i 4 i
Too = (_1)N+Me—5‘73¢’§v,)MVe‘503(¢(2) + )N ma

o Ve—%a3¢5\2,)0Ue—%03(¢(1) + ¢(2))N—1,0U. U
The eigenvalues of Tj5 and Too coincide, which proves the first state-
ment of Proposition 6. The equalities (9.2) can be checked by direct

calculation.
The characteristic polynominal

det(TSS(A) — ) = 0

defines an algebraic curve X, which, due to Proposition 6, is an invari-
ant of the discrete K-surface. The substitution

tr TSG(\)

M=p—- 7

reduces this curve to the hyperelliptic form

Because of the symmetries
(9-3) Un,m("\) = 03U m03, Vom(=A) = 03Vn,m(A)0s,
the transfer matrix satisfies the reduction
(9.4) T5C (=) = 05T5%(\)os.
Both tr 75¢()\) and det T5()\) are functions of A = A2 :
tr T5C(X\) = t(A), detT5%()\) = d(A).
The curve X by virtue of (9.4) posesses the involution
i (A p) = (=2 0).

The quotient X = X /7, is an algebraic curve

(9.5) M? = W —d(A),
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which is called the spectral curve. This curve is central for our further
calculations.

Proposition 7. The spectral curve X is of the form
N
M2 = Z gkAk7
k=—M

with the coefficients gn and g_pr given by

gy = —1, N odd,

gy = —sin® Loy vi1,mem — B Nmamr — Bngim + hom), N even,

9-m = _gza M odd,

9-m = —g?Sin* L (hng N41,me M+ s Nomtrt — P t,m — R ), M. even,
where

g = (cot T)N(i tan T)M

Proof. The formulas for gy follow from the asymptotics of T5¢ at
A— 0

(9.6) TG = (i\)Ne273OnmaN 4 O(AN1).

In the same way the asymptotics at A — 0 yields the formula for g_ ;.

Remark. Due to Proposition 7 the coeflicients gy, g_5 can be
interpreted geometrically. Let us present this interpretation for a stair-
case loop with even N = M = 2n, Npiokm+2k = Np,m. In this case
both g4, g_2r are nontrivial. Both hy;yy — by and hyiy 2 — hy are inte-
grals of the surface and can be expressed as alternating sums of angels
(see the numeration in Figure 12).

haks1 — h1 = —¢g2) + d)gz) —.. ¢$c)—2 + ¢S¢),
4 4 4 4
higyo — hy = g)_¢1(3)+"'+¢t(1k)—3_ 4(1k)-—1'

Remark. The parities of N and M influence the branching of the
covering X — A at A = oo and A = 0. This leads to a slight difference
in the consideration of the four cases of even or odd N and M, which
should be treated separately, although in similar ways. From now on
we restrict ourself to the case of both N and M odd i.e., to the case

where
N=2k+1, ~ M=20+1.
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¢ ) h4K+1

h
o @ 3
" 2 4K
1 4 h4K+2
¢3( ) 4

h2 h 4 ¢4K+1

FIGURE 12. Additional invariants of the staircase loops
with even number of stairs.

The spectral curve X in this case is of the genus
(9.7) g=k+1+1

and has the branch points at A = oo and A = 0.

10. The Baker-Akhiezer function. Analytic properties

Let us denote by u and v the square root factors in (j’n,m, Vam (5.2)

u v

A
(10.1) u® = A + cot? %—, v? =1+ A~ tan? 5

and by ¥, ,.(\, u,v) the matrix solution of

A A A o A

(o]
\Ijn+1,m =Un,m ‘I’n,ma ‘I/n,m+1 =Vn,m \I’n,m-

with the normalization Wg o(\, u,v) = I:

\iJn,m =Vv'n,m—l o Vn,OUn—-l,O cee U0,0 .
Let also H(M, ) be an eigenvector of Tyg (A) with the first compo-

nent H; normalized to H; = 1. These two functions U, (A, u,v) and
H(M,}) are defined on a 8-sheeted covering X of the spectral curve
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X. Namely the covering X — X is defined by the equations (10.1) and
A? = A. The double-valued functions A, u,v on X become single-valued
on X

X (M, A\ u,v) 25 X (M, A).

The Riemann surface X possesses the involutions

TLIA—D =,
TQIU—>—'U,,
T3 1 U = —v,

T4:M—>—M,

and the quotient of X with respect to the group {7, T, 73} generated
by the involutions 71,73, 73 is X = X/{TI,TQ, T3}

Whereas in the case of both N and M odd the covering X — X
defined by the function A = v/A considered in the previous section is
unramified, the covering X — X is ramified at the zeroes of u and v. In
Figure 13 the hyperelliptic Riemann surface X is presented. The branch
points A = oo and A = 0 are connected by a cut [0, co]. The contour £
surrounds all other branch points, the contour l, connects two points
Py and P; on X with the same A coordinate A(Py") = —tan® &, and
the contour I, connects the points PX with A(PE) = —cot® &~ (we
prefer to think about the point A = oo as a usual point of X and to
draw P, to the right of it).

10 loo
m 00
. ‘\ I; l\‘: ) Pw
P\""' \‘._,"

FIGURE 13. The spectral curve X.

We fix the branches of \,u,v on X \ {£,%x,%} by saying that A
changes its sign on £ and is positive on the upper edge of the cut
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[0,00] on the first sheet of the covering X — A, u and v change sign
when one crosses /., or ¢, respectively and are normalized to behave

as

(10.2) % 1, vl

in some small neighborhood of infinity U,,. If the contour ¢,, chosen
as in Figure 13, then both u and v are positive at A =1, i.e.,
u(A=1) >0, v(A=1)>0.

Let P denote a point of X with coordinates (A, M, u,v).
Definition 4. The vector-function

A

wn,m(P) = \I}n,m(/\vua U)H(Ma }‘)

is called a Baker-Akhiezer function (BA).
A BA function is a rational function of M, A, u,v, satisfying the
equations

o o SG
"/)n-}—l,m :Un,m "»bn,ma "r/)n,m+1 =Vn,m "pn,m’ Tn,m"/}n,m = /“/)n,m'

Perhaps only the latter needs some comments. This equation is a con-
sequence of the identity

SG T, — SG
Tn,m\p",m - \Iln,mTO,O ’

which follows from (9.2) and the definition of ¥,, ,,.
The BA function transformes in a very simple way under the invo-
lutions 74, 75, T3:
d)n,m(Tl-P) = 0'31/)n,m(P)7
(10.3) Yn,m(T2P) = (=1)"¢n,m(P),
¢n,m(T3P) = (_l)m'l/)n,m(P)-
Two last identities are trivial and to prove the first identity let us write
down the formula for the eigenvector H(M, \):

H(M,A) = (h(/\it )\))’

(10.4)
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where we have used the following notation for the elements of Tg'g:
A(X) B())
SG()\) —
Tao ) = (C(A) D))

The symmetry

A

039 (=), u,v)o3 = U(\, u,v),
or equivalently

A(-X) = A(N), B(-)) = -B(}),
C(—A) = —C()‘), D(—A) = D()‘)a

derived from (5.2),(9.1), imply

(10.5)

1

03¢(71P) = 03@(—)\,u,v) = (n P).

2M + D(=)) — A(=))
2B(=)

Finally, we may also consider the BA function as an analytic function
on X \ {£, £, } satisfying the symmetry relations

a3¢1tm = ¢;,m|PEE’

(10.6) mm = (=1)"¥; | Petens
hm = (=)™, | Peto-

In other words, ¥, , acquires a factor

n m 1 0
(_1) <Y loo >+m<y,l0> <O (_1)<1,L>)

along a loop 4 on X. Here <, > is the intersection number.

The polar divisor D of ¥, ,, on X \ {Pif, P£} is defined by H (since
\iln,m is regular there) and consequently does not depend on n,m. If
both N and M are odd, then the highest order terms AN and A~ of

the matrix Ty at A — co and A — 0 are off-diagonal, i.e.,

N-1 N
AN = D apdk, B(\) = ) bk,
k=—M+1 k=—M

N N-1
C(A\) = ) a, D)= Y dp),

k=—-M k=—M+1



576 ALEXANDER BOBENKO & ULRICH PINKALL

where by, b_n,cp,c_p do not vanish. Combined with the equation
(9.5) of the curve, this implies the regularity of H at A = oo and A = 0.
The poles of H are situated at the (N + M)/2 zeroes of the polynomial

B(A) = b,A" 3" + ...+ b_py = AMB())

(by taking into account the symmetry (10.5)). Over each zero A, of
B(A) there lie two points A}, A of the curve X. Moreover, for one of
these two points the numerator M — 4=2 in (10.4) vanishes too. This

2
fact follows from the curve equation

(AZ—Q—M) (A;D+M) = —BC,

2

which shows that one of the factors on the left-hand side must vanish
at the zeroes AT of B. On the other hand, these two factors differ by
the hyperelleptic involution M — —M, and therefore their zeroes are
A and A] respectively. Finally we get a non-special ® polar divisor D
of degree (N + M)/2 =k + ¢+ 1 = g coinciding with the genus of X
(see(9.7)).

To investigate the behavior of the BA function at the points PE, P
let us introduce a function 1/;n,m which differs from 4, ,, by a scalar
factor, so that

7 n, m _ —
¢n,m =uv "pn,m - Rn,mH, Rn,m = Vn,m—l e Vn,OU —-1,0- - UO,O-

Written in terms of the matrix elements of
[ T11T12
Bnm = (7'21 ”'22)

&n’m _ (7"11 + T12h>,

it takes the form

Ta1 + To2h

which is an eigenvector of T% . Quite the same arguments as those used
for the function h show that the second component of the normalized

®The divisor of degree g on the hyperelliptic surface of genus g is called special
if it contains a pair of points P*, P~ interchanged by the hyperelliptic involution
A(P1) = A(P7), and non-special otherwise. There is no nontrivial function with
non-special pole divisor of degree g.
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(the first component is 1) function Vnim

T91 + ’f‘zgh
11 +7‘12h

has a pole divisor of degree g. Since the pole divisors D + noo + m0
of the functions r;; + r12h and 72; + 752k coincide (A = oo is a pole of
degree n,A = 0 is a pole of degree m) and are of degree g + n + m,
the zero divisors of these two functions have a common part A, ,, of
degree n + m. Moreover, it is clear that

An+1,m = -An,m + P:’m, -An,m+1 = An,m + P,

n,m’

where PY P?  are some points.

n,m’* n,

To determine A, ,,, let us introduce a matrix
\IJn,m = (¢n,ma7-:¢n,m)'
Taking determinants of the equality \ilnﬂ,m = Un,m\iln,m,

Adet \i/n+1,m Adet \i/n,m

M M 7
we note that the left-hand side as well as both factors on the right-hand
side are invariant with respect to the involutions ; and 74. Therefore,
they are rational functions of A. On the A-plane the function det U, n
has a pole at A = oo and a zero at A = P,,. The function X det \iln,m/M
has a divisor of poles 7(D) +m0+ noo and a divisor of zeros 7(A,, ) +
"—”2““—10 + %oo, where m : X — A is the projection on the A-plane.
Finally, comparing the poles and zeros of the right- and the left-hand
sides of (10.7), we get

(10.7) = det Up,m

7(Py ) = Poo.
The equality
W(P:,m) = PO
is proved in the same way. Now we come back to the BA-function
1 -
wn,m = ury™ ¢n,m,

and suppose P} = P, Py = Py,. The function 1, has zeros at
PI, Py and poles at P, Py . It is easy to see that the presence of P
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among Py, (as well as the presence of P; among Py, ) corresponds to
the degeneracy of the discrete K-surface. Indeed Py, = P%, Py, . =

P_ yield ¥ni2,m = ¥nm or, equivalently, (}n+1,m(}n,m= I. The lines
Foi2.m and F, ,,, m € Z of the discrete K-surface, coincide in this case.
Therefore from now on we set

Apm =nPt + mP,

and the function v, ,, has poles at nP_+mP,; and zeros at nP} +mPgt.

Remark. In the case of N, M odd, which we consider, the ambiqg-
uity (4.18) in the geometrical definition of the Hirota variables can be
used to normalize them to be periodic, so that

h"+N,m+M = hn,m, Vn, m.

From now we use this normalization.
The value of the BA-function at A = oo can be easily calculated.
The asymptotics (9.6) of Tg¢ gives

A=o(\),
B = (i\)N + o(AY),
D = o(\V),

M =GNV +0(AN), A= oo

and the folowing value of the eigenvector:

1
(10.8) H=(1>, A=o0o, A€U,.
For the function \iln,m with A € U, taking into account the fixation
(10.2) of branches, one gets

v = lim
mHm A—oo g™

(GA)"oT = "o,

which, combined with (10.8), proves the normalization

'/)n,m:in(i), A=00, A€EUs.
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We formulate all the established analytical properties of 1, ,, in a
theorem.

Theorem 7. The BA-function ¢, ,, is meromorphic on
X\ {L,lw,lo}, and the following holds:

1) The function u"v™p, o 18 single-valued on X. In other

10
0

words, Y, m acquires the jumps (10.6) on the contours L, ¥, 4.
2) The leading terms of 1, ., at the points P, P are of the form

Ynm(P) = (A = Po)*"?0(1), P — PE,
(10.9) Ynm(P) = (A = Py)E™20(1), P — Pt

3)  Ynm is normalized at A = oo as

(10.10) Vnm = i" (i)

4) Yhe pole divisor D of 1, on X \ {PZ, P} is nonspecial, of
degree g and independent of n,m.

11. The Baker-Akhiezer function. Explicit formulas

The function %, ,(P) of Theorem 7 can be explicitly expressed in
terms of Riemann theta functions and Abelian integrals. Moreover, in
this context it is natural to extend the class of periodic solutions of
the Hirota equation and to consider the class of finite-gap solutions.
In this Section, motivated by Theorem 7, we show that for an arbi-
trary hyperelleptic Riemann surface X of genus g with branch points
A = 0,00 and arbitrary non-special divisor D of degree g, the function
¥n,m (P) with the properties 1-4 of Theorem 7 is unique, and we obtain
an explicit formula for this function®. In the next sections we specify
X and D corresponding to the discrete K-surfaces and discuss their
periodicity.

Theorem 8. For any hyperelleptic Riemann surface X of genus g
with branch points A = 0,00 and non-special divisor D of degree g in

5The formulas of this section are similar to the formulas for the Baker-Akhiezer
function of the usual sine-Gordon equation (2.1), obtained first by A.Its (see [3]).
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the general position, the function 1, ,(P) with the analytical properties
formulated in Theorem 7 is unique.

Proof. Let us suppose that there exist two functions with the
properties 1-4 listed above. Let f, .. and f;, be their first components.
Since D is non-special and in the general position, the zero divisors D;, ,,,
and Dl . of f, . and f) . on X \ {P%, P;} are also non-special. But
then the quotient f;  /f; . is a meromorphic function on X with a non-
special pole divisor D, ,, of degree g. By the Riemann-Roch theorem
such a function is constant. The proof for the second component of
Yn,m is the same.

Let £, £, ¢y be the contours as shown in Figure 13 and let a canonical
basis of cycles a,,,b,,n =1,...,g, be chosen so that a- and b-cycles do
not intersect the contours £, £y, and the cycle £ is equal to the sum
of all a-cycles, i.e.,

L=a+...+a,.

FIGURE 14. The canonical basis of cycles
of the spectral curve.

The normalized holomorphic Abelian differentials
(11.1) / dw,, = 27y

define the period matrix B, , = [, dwp, in terms of which the Rie-
mann theta function is defined:

1
0(z) = > eXp(E <Bm,m>+<zm>), ze€C’
meZs
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which is a quasiperiodic function

6(z + 2miN +BM)

(11.2) =exp{—3 < BM,M > — < z, M >}6(z2),

on the Jacobian
Jac(X) =C%/{z = 2+ 2miN + BM; N,M € Z°}.
Let us introduce two normalized differentials of the third kind

(11.3) / Qo = 0

with singularities of the following form:

1 dA N
(11.4) Qo = F57— P +0(1), P— PZ,
on=ﬂc1 dA +0(1), P — Pf,

2A-F,

The reciprocity law (see, for example, [13]) allows us to express the
periods of Abelian differentials of the third kind in terms of the nor-
malized holomorphic differentials:

pt

oo

Py
(11.5) Unz/ A0 = [~ duw,, VnE/ onz/ dw,.
b bn Py

Pe
Here the integration paths [P}, P_], [Ps", Py ] coincide with £, £y. The
exponentials

fulP)=exp([ d0),  fo(P)=exn([ o),

A=o00 A=o0

of these integrals have the following:
1)They have singularities of the form

(11.6) folP) = (VA= Po)*'0(1), A- P%,
fo(P)=(VA-P)*0(1), A—F5.

2) They have jumps on £, and ¢;:
(11.7) fE(P)=~f5(P), P€ts [S(P)=—f3(P), P€ L.
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3) They are preserved when running through the loop a,. Running
through b,, they get the factors e’» and e'* so that

Efoozeunfooa g.fO:eV"fO-
4) They are normalized at A = oo as
foo(A = 00) = fo(A = 00) = 1.

Let us note also that by the Riemann theorem (see, for example,
(13]) for a vector D € C? in general position the zero divisor of

P
(11.8) o(/ dw + D)
is of degree g and non-special. Moreover, any non-special divisor D

of degree g can be represented as a zero divisor of the theta function
(11.8), where D and D are related by the Jacobi inverse problem

D=§:/P‘dw+K, D=3P.
=1 )

Here K is the Riemann constant.
Theorem 9. The BA function 1, m(P) given by the formulas

1 (P) — zno(f:) dw + Qn,m)o(D) ef:(nd9m+md90)
- (S dw + D)O(,,m)

)

(11.9)

s (p) = 00U @0+ Dom & D)O(D) [ (nite+mas)
o 0(/, dw + D)0(Qnm + A)

bl

has the analytical properties 1-4, formulated in Theorem 7. Here

A=mi(1,1...,1),
Qum=Un+Vm+ D,
U=(U,...,U,),
V=W,...,V),

P P P
/dwz(/ dwl...,/ dw,),
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and the integration paths in (11.9) coincide.

Proof. 'The normalization (10.10) is evident. The asymptotics (10.9)
follows from (11.6). The divisor D is produced by the denominators of
(11.9). The jumps (10.6) on £y, ¢, are due to (11.7). Using the nor-
malization (11.1,11.3) and the periodicity (11.2) of the theta function
one can easily show that 1}  is preserved when one runs through any
closed contour

9
Y= Zniai + m,-b,-
i=1
on X. On the other hand the function %2, aquires the factor
(-—1)2.-:1 ™. For the basis shown in Figure 14 this factor is equal
to (—1)<7£>, which shows that A2 | does not change sign. Hence the

theorem is proved.
Theorem 10. The function (11.9) solves the system

1 1
(1110) "/’n+1,m = E n,m"/’n,m; 'll)n,m+1 = ;Vn,m"/)n,m

with the matrices Uy m, Vo m of the form

_ [ anm A _ 1 i—'cn,m
(11.11) Uy = ( i\ bn,m) , Vam = (%dn,m 1 )

The coeficients of these matrices are equal to

LAY Qg m + A)O(R )
an’m = cot 7600 0(Qn+l,m)9(9"»m + A) ,
A (1m0 D + A)
br,m = cot g Co 0(Qt1,m + A)0(Qn,m)’
AT 9 @umit + D)0 Qi + A)
(1112) Caym = tan _2—60 O(Qn,m+1)0(ﬂn,m) ,
AY 0(n,m+1)0(Rnm)

2 0 Qnmir + D)0 + A)’

dp,m = tan

where the signs €x,€0 = x1 are determined by the labeling of the points
P% and PE (see the Remark below) and are defined by

(11.13) Eoo = —1i exp(/ dQy), €0 = —1 exp(/ dQy),
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with the integration path a along a cut [0,00] (o does not intersect the
contours Ly, by shown in Figure 13).
Proof. Let us consider the function

~ 1 (anm @A
"/)n+1,m—"‘;< Z/\ bnm>"/)nm

For any a, m, b, m the function d;n“,m possesses the properties 1,3,4 of
Theorem 7 and has the asymptotics (10.9) at the points Pi", PZ (one
should replace n by n + 1). Specifying a, ,, and b, ,, one can obtain
also a higher order zero of 1/1n+1_m at P — PZ. Indeed, let

mm = (A = Po)"?fy0, P — P
Then, choosing
)\ 2 )\ !
o = —SER(PL), b = iR (PY),

one gets
Yni1m = (A — P)™/20(1), P — Pt.

The uniqueness (due to Theorem 8) of the function with these analytic
properties implies
"/)n+1,m = ¢n+1,m-

The second equation (11.10) is proved in the same way.

To get formulas (11.12) for the coefficients of the matrices U, 1, Vim
it is more convenient to substitute the value of %, ., at A = 0 into
(11.10). Inorder to calculate 1,72 (A = 0) let us integrate [, dw, [, dQx o
along some path o, which goes from A = oo to A = 0 along the cut
[00,0] and does not cross the a-cycles: [ dw = A,

bn(h = 0) =g H O g ) o),
(11.14) '
2 (h=0)=im OOumbD) o g,

0(D + A)O(Qp . + A)
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where we used the notation
(11.15) 100 = exp(/ dQw), igo = exp(/ dQ).

Because of the normalization (11.3) for a cycle £ = a; + ... + a, going
around the cut [0c0,0] we have [, dQyo = 0. The cycle a — 14 is
equivalent to £, but crosses each of the contours £, ¢y once. Therefore

we have
exp(/ ono,O - / ono,O) = —

On the other hand,
TIono,O = _ono,Oy
which implies
exp(2/ dQu ) = —1,

and, finally, g, go = %1.
Substituting (11.14) into (11.10) yields

G = wBHR(A=0), by, = ulBfim(A=0
(11.16) «/»"1.,, ( ), bn, ¢,. = ),
Cam = —M LI (A =0), dy = —ido L (A = 0).

Taking into account

u(A = 0) = cot A? sign u(A = 0),

v

A
Av(A = 0) = tan 5 sign(Av(A = 0)),
we get the formulas (11.13) with
(11.17) €0 = goo sign u(A =0), ¢€o = go sign(Av(A = 0)).

For the contours £, £, shown in Figure 13, signu(A = 0) = sign(Av(A =
0)) = 1 and consequently

€00 = Jooy €0 = go-

Remark. The signs €4,¢¢ defined by (11.17) are independent of
the choice of £, and £y, but depend on the labeling of the points P
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and Pit (we still have not fixed which of the two points PE is P4 and
which of Pif is Pyf). The exchange Pf <> PZ or Py" <> Py implies
Eoo > —Eo OT €9 > —€q respectively.

Corollary 3. The function h, ., defined by

0(Qm + A)

(11.18) e = (g,)™ (€co)" ()

satisfies the Hirota equation (4.16).
Proof. The system (11.10) implies

(Un,m+1Vn,m - Vn+1,mUn,m)¢n,m =0.

The matrix in this formula is independent of A and has a A-dependent
vector 1, ,, in its kernel, therefore it must vanish identically:

(11.19) Unm+1Vam = Var1,mUnm = 0.

The coefficients (11.11) of these matrices are of the form

At A 1
2 = — - —
(11.20) Qn,m = COt 5 Xn,mo bp,m = cot 2 X
AY AY 1
= tan —Y, = — .
Cnm an 5 Ynm dp,m = tan RN

Substitution of these expressions into (11.19) yields

1
(11.21) Xn,m+1Yn,m = n+1l,m Xn‘m’
A" A1
(1122) Xn,m+1 — Xn,m = tan 7 tan —2—(Y — n+1,m)'

Equation (11.21) can be easily solved:
(11.23) X, = eifntrm=thnm Yy m = ethnmertitnm

with the usual ambiguity (5.3) in definition of h,, ,,. Equation (11.22)
becomes in this case the Hirota equation for h,,,. Formula (11.18)
presents a solution to system (11.23) with X, ,,, Y, , defined by (11.20,
11.16, 11.14).
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Remark. The exchange P} < P implies €., 4> —€4 and U <
~U in Q, . In the same way Pyt <+ Py implies g <> —&9, V < =V.
These transformations are equivalent to

oo ¢ Eoo € —Eoos n & —n;

(11.24) o @ €9 > —Eo, m & —m,

which preserve the Hirota equation.

12. Reality and formula for the angles

All the functions in Section 11 are complex-valued. Here we shall
obtain restrictions on the parameters that ensure the reality of h, .,
dictated by our geometrical problem. First of all, let us derive some
properties of the spectral curve X in the periodic case. The matrices
U()\),V()) and, as a corollary, also TH()\) and T°¢()) in Section 9
satisfy the reduction

TSG(A) = UzTSG(X)O‘Q,
which implies the existence of an antiholomorphic involution
Ts - (MuA) — (Ma]\)

of the spectral curve (9.5). The set of the branch points Aj,j =
1,...,2g of this curve is symmetric with respect to the conjugation
A = A. Moreover, one can easily see the absence of positive branch
points A; > 0. Indeed, for positive A (or, equivalently, real A) the
matrices U, V,TSC are quaternions

sayy _ [ @b
T ()\)_(_ba), A€eR.
This point A € R cannot be a branch point of X, since M in (9.5) does
not vanish: o
M2=(i—_4—“)——b6<o, A>0.
Now let us consider the general finite-gap case. Let X be a hyperel-
liptic Riemann surface with branch points subdivided into two families:

a) Aj, 1<j <2k, are negative and ordered in the following way

A <Ay <. <Ay <0,
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b) Agkyi, i=1,...,2(g9 — k), are complex and
Aoki2; = Askyaj.

The integer £ may be chosen arbitrary between £ = 0 and £k = g. In
the case k = 0 (k = g) the branch points of the type a) (type b)) are
absent.

On such a surface we can always construct a canonical basis of cycles
(see Figure 14 for an example of such a basis), which transforms under
75 as follows:

TsQp = —0p, n=17""g’
(12.1) Tsb, = by, n=1,...,k,
TsQp = by, — ap, n=k+1,...,g.
Note that the involution does not change the sheets of X. This im-

plies the following symmetries of the normalized differentials and of
the period matrix:

72 dw, = dw,, n=1,...,9

Bym= / Ty AWy, = / dw,, = By m, n <k,
T5b b"

n

Bum= [ midon= [  dwp=Bop + 2mibrm, 1> F
T5b b

n n—0n

The theta function defined by such a B-matrix

(12.2)
(0 0

B =Bgr+J, Bge€ Mat(g,R), J=mi

is conjugated as follows:

(12.3) 8(2) = 0(z + Ao), Ao = diagJ = 7i(0,... ,0,1,... ,1)
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(zeroes at the first k£ places). In the chosen basis the vectors U and V
are real (7500 = £oo, Tslo = £o). Using the representation (11.5), we get

T5P°t P+

(]_24) U, = / ngwn = - dw,, = 0,” Vo=1V,.

5 Poo Py

Now we are in a position to consider the reality conditions for h,, ,.
The real-valuedness of A, ,, given by formula (11.18) is equivalent to

0(Un+Vm+ D+ A)
0(Un+Vm+ D)

|-

Using (12.3,12.4), this relation can be rewritten in the form

OUn+Vm+D+A)OUn+Vm+D+A+A)
O(Un+Vm+ D)0(Un+Vm+ D+ Ay)

=1

and leads to the following restriction on the structure of the vector D:

D = Dp + 4 + miN,

(12.5) A, =mi(l,... ,1,0,...,0), N €27,

(zeros at the last g — k places in A,), where Dy € RY.

Theorem 11. Let X be a hyperelliptic Riemann surface with branch
points A = 0,00, an antiholomorphic involution T : A — A and a
canonical basis of cycles, which is transformed by T as indicated in
(12.1). Then formula (11.18) describes real finite-gap solutions to the
Hirota equation if the imaginary part of the vector D is of the form
(12.5). The whole variety of real finite-gap solutions to the Hirota equa-
tion corresponding to the fized spectral curve X, after factorizing by the
symmetries (11.24,2.18) of the equation, is subdivided into 2¥ connected
components fized by the different possible choices of the vector D and
labeled by the Z¥-valued vector K in

(12.6) D=DR+%1+7M’(K,O,... ,0),
where K = (Ki,... ,Ky) € Z& comprises the first k components of the
last vector in (12.6).

All periodic real solutions to the Hirota equation, corresponding to
non-singular spectral curves, belong to the set of real finite-gap solutions
described above.
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The angles of the discrete K -surface, corresponding to the finite-gap
solution (11.18), are as follows:

ewf",)m

6 Un+1)+Vm+D)§({Un+V(m+1)+ D)
OUMn+1)+Vm+D+A)OUn+V(m+1)+ D+ A)’

= —€xfo

P

6Un+V(m+1)+D+A)U(n—-1)+Vm+ D+ A)
6(Un+V(m+1)+D)0(U(n—1)+ Vm+ D)

= €xfo )

(12.7)

eihm

0 Un—-1)+Vm+D)§(Un+V(m—1)+ D)
O Un—1)+Vm+D+A)WUn+V(m—1)+D+A)’

= —&xfo

. (4
2P

_ OU(n+1)+Vm+D+A)Un+V(m—-1)+D+A)
T T U+ 1) + Vm+ D)(Un + V(m—1)+ D)

Proof.  To reduce (12.5) to the form (12.6) let us note that the
solution (11.18) is invariant ” with respect to translations of D by
lattice vectors of the Jacobian:

D—D+2miN+BM, N,MeZ’.

Since the imaginary part of the period matrix is of the form (12.2), one
can choose M € Z° to reduce (12.5) to (12.6).

In §10 considering the discrete K-surfaces with both period numbers
(N, M) odd, we showed that in this case the Hirota field can be chosen
periodic, and investigated the properties of the spectral curve and the
BA function in this case. One can easily see that this consideration
works for any N, M if the Hirota field is periodic.

Formulas (12.7) follow from (6.1).

If 3" M; is odd then one has to replace e by —e**, but this transformation
preserves the class (4.18).
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13. Formula for immersion in terms of theta functions

Taking into account formula (5.5), written in terms of the matrix

valued solution ¥ of the linear system (11.10), it is not suprising that
with the help of the BA function one can not only describe the angles
(12.7) of the discrete K-surface, but also derive an explicit formula for
the corresponding immersion F : Z> — R3.

Indeed, the functions 9 (P) and ¥(r4P) correspond to the same 2
Ay u,v and therefore solve the same linear system (11.10). Combined
together

U(P) = i(¢(P),%(ra P)),

these two functions comprise a matrix valued function

iw i?@_’f_iﬂ”_)
() 6(Q)
YPY=1 bt At [Pdw) 6@+ A [ du)
0Q+4) " 6Q+A)

(13.1)

angm (D) 0

y 0(D + [£ dw)
0 a—nﬂ—m G(D) ’
8(D — [F dw)

where
(132) a= ief: de, g = ef: dQ%

and the integration path [co, P] does note intersect the contours £, £,
¢y. This formula needs clarification: the hyperelliptic involution 7 of
X corresponds to the combination 7,74 of X. We have chosen the
branch of A on X so that its sign is changed by wn. Therefore, due
to the symmetry (10.3), 74 is equivalent to the combination of 7 and
1 — o31p. To get (13.1) one should also use the symmetries

P P "
/w dw = _/ d,w’ ef;P dQp —e f: dﬂo, efoop dQoo = —e” f: dﬂw.
oo oo

8Recall that the involution 74 of X only changes the sign of M and preserves
A u, .
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The last equality follows from the fact that one of two paths [oo, P],
[00, mP] crosses £o.
Starting with the solution (13.1) one can easily get a desirable so-

lution \iln,m (A) € SU(2) to be substituted into formula (5.5). The
addition formula for the theta function

0(fL dw + )0(JL dw — Q@+ A) +0(JL dw — QO[S dw + Q2+ A)
0(Js, dw)0([ dw + A)
B()O(Q + A)

0(0)0(A)

which can be found, for example, in [4] (or proved directly by analysing
analytical properties of the left-hand side) allows us to calculate the
determinant of the first matrix factor in (13.2). The second matrix in
(13.1) can be simplified by multiplication with a factor independent of
n and m.

Now let us consider the points P = (A, u) of X with real positive
A-coordinates. These points correspond to the associated family of the
discrete K-surfaces, described in §5. Since the contour L is separated
from the cut [0o,0], all the points near [00,0] can be parametrized by
A € R, and in the next two theorems we prefer to use this notation for
the point P.

Theorem 12. The function &’n,m (A) € SU(2) given by the formula

) __1— Z.é an,@m 0
\Iln,m (A)_ \/E(éﬁ) ( 0 a—-nﬂ—m)v

o B(Q+ [ dw) o 0 [ dw)
A=) T T
(13.3)
o (Q+ A+ []dw) o+ A [)dw)
C=r""%mra P mra)
_oo e 20([5 dw)([ dw+A)
4=AD = BO= "0 00a)

is a solution of the system (5.6) with the coefficients (11.18). Here the
point X lies on the uper edge of the cut [00,0], A > 0, the integration
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path goes along the upper edge of [00,0], o and B are defined by (13.2).
All M\, u,v in (13.3,5.6) are positive.

Proof. The only statement to be proved is that \i/n,m (M) defined
by (13.3) belongs to SU(2). All differentials are invariant with respect
to 75, i.e.,

sdw = dw, T5d 0,0 = dSeo 0-

For A > 0 we have

which imply

o ] o [e]

la|=18l=1,  A=D, =—C.

To prove the theta functional identities we use (12.3), (12.5) to obtain

A A
m/cm+nwg:m/2E+Un+vm+D+A@

A
= 0(—/ dw + Q. m + A).

Theorem 13. The coordinates of the discrete K-surface (the
discrete anisotropic Chebyshev net) and its Gauss map, corresponding
to the finite-gap solution (11.18) of the Hirota equation (where AY =
A, A? = A") are given by the formulas

AC) — CA,

F, +iF, = 4Airy, 1D —BC '

2A1
(134) F3 = ZD———_B_E(DAA - ADA + CBA - BCA)
+4AiR,, .,
. 2AC
N; +iN, = “Thm D BO’
AD + BC
(13.5) N +

= AD - BC’
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where

A=0(f2 dw+ Q) B=0(f2 dw - Q)
C=0(f2dw+Qum+A),D=—0(2dw—Qnnm+A),

dQ dQp
Fonm =17y ™y
Tnm = a2nﬁ2m, a = ief: dea ﬂ = ef: dQOa

Qpm=Un+Vm+D.

The lower indices A in (13.4) denote the partial derivatives with respect

to A
3 dwi

a A 9 A
8—AG(/;odw+R)—EGZiO(/mdw+R)dA,

and ‘fj—':’\i, %‘&, %‘1 denote the values of the corresponding differentials at

the point A. The determinant AD — BC can be calculated also as

0(Q)0(Q+A), [P P
AD - BC = _2—79(T)0'(Z')-0(/w dw)H(/oo dw + A).

All the discrete K -surfaces with the periodic Gauss map and with both
odd coordinates N, M of the period, are described by these formulas.

Proof. To derive formulas (13.4, 13.5) let us recall the Remark at
the end of §5 and use a non-normalized function

o _ (4B (am 0
n,m 5‘6 0 a—nﬂ—m M

Then Theorem 3 implies the following formulas for the immersion in
the quaternionic representation

F = 4A[T71,] =0 N = -0 0,30, A =e*.

Substituting (13.3) into these formulas, rewriting them coordinatewise
and canceling some factors, we finally get (13.4), (13.5).

It is very easy to get rid of the conditions A% = A*,A? = A"
and to generalize Theorem 13 to discrete weak Chebyshev nets. This
generalization is used in §15 to describe compact examples.
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Let dQ%,dQ*, n,m € Z be normalized Abelian differentials of the
third kind with the singularities

1 dA
dQo = = n+
2A—Pg;,+0(1)’ P — P =,
1 dA m L
dﬂo—i§m+0(1), P—)PO ,
at the points
P = —cot—-; P = —tanAv"‘
co 2 r+0 T 2 ’
and
(13.6) U”:/dﬂgo, V"‘=/ng"
b b

be their period vectors (U™, V™ € RY in the basis shown in Figure 14).

Theorem 14. The coordinates of the discrete weak Chebyshev net
(see §83—6) and its Gauss map, corresponding to the finite-gap solution
(11.18) of the Hirota equation are given by the formulas (13.4), (13.5),
where A, B,C, D are as in Theorem 13 and

a0, | & do}

Rom = +) =L,
= dA = dA
(13.7) rom = [[ 2 [] 87, o, = iel- = g =ele a%
k=1 =1
Qum =Y U +> V'+D
k=1 =1

All discrete weak Chebyshev nets with the periodic Gauss map with
the period (N, M), where both N,M are odd, are described by these
formulas.

14. Periodicity and simplest examples

In general the immersion (13.4) is not periodic.

Proposition 8. The discrete anisotropic Chebyshev net F,, (o)
described in Theorem 13 with A = )¢ possesses the following periodicity
properties with the period n,m - n+ N,m + M:

1) The angles ¢Sf,)m between the edges of this surface are periodic if
and only if
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(14.1) UN + VM = BgL,

where By is the real part of the period matriz, L € Z° is integer
and its g — k last coordinates Ly,,,... ,L, are even; or equiva-
lently, in a more invariant way, there ezists a differential dQn p
of the third kind with the singularities

N dA .
dQN’M = :tEA — Poo + 0(1), P - Poo’
M dA
dQN’M = :l:~2—A — Po +O(1), P - PO:E,

all the periods of which are proportional to 271
1
(14.2) = / A m €2, VaeH(X,2).

2) The Gauss map N, m(Xo) is periodic if and only if, in addition,
the equality

A

(14.3) (=1)N exp{2 / "y} =1

[e o]

or, equivalently,

Ao
(=1)™ exp{2 / QN ) = 1
0

holds.

3) The immersion F, ,(\o) is periodic if and only if, in addition to
the conditions stated above under 1), 2), the differential dQn p
vanishes at the point Ay

(14.4) dQn m(Xo) = 0.

Proof. Under the transformation n,m — n + N,m + M the argu-
ments of all the theta functions in (12.7) are shifted by UN + VM. For
the angles ¢{ to be periodic it is necessary that this shift belongs to
the lattice of the Jacobian

UN+VM =2niK +BL, K,LecZ’.
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Taking into account the reality properties of U,V, B we get (14.1). If
(14.1) holds, then the differential

NdQo + MdQy— < L,dw >

possesses all the properties of dQy p listed in 1) and vice versa: the
differential dQ2y s — Nd§2o, — M dS)y is holomorphic and all its a-periods
are multiples of 27¢, and therefore it equals < L,dw >,L € Z*. The
comparison of the imaginary parts of the periods b, > k yields the
parity of L;,[ > k.

The coordinate N; of the Gauss map is always periodic if (14.1)
holds. For the coordinates N; + ¢N,, using the periodicity properties
(11.2), we get

Ao

AC AC
—_— —_ — dw, L >).
e (@ + BL) = () exp 2</oo w, L >)
Multiplying by o?" 3*M leads to
)\0 A0
(7 exp( dQs))*"N (exp( dQO) exp(—2 </ dw, L >),

which gives the factor (14.3). Under the conditions 1), 2) F; + iF} is
periodic. Using the differentiated equality (11.2)

A 1
9(/ dw+R+BL)=exp(—§<BL,L>—</dw+R,L>)

A A
ie(/ dw + R)— < 3%,1»9(/ dw + R)),

one can get

DAy — ADy + CBy — BCy (H+BL dw
1D —BC l =-2<—,L>.

Q dA’

Then the periodicity of F3 implies (14.4).

Let us consider now the discrete K-surfaces generated by the spectral
curves of genus ¢ = 1. To make the surface especially symmetric we
set A = A? = A (a discrete Chebyshev net) and suppose that the
spectral curve X possesses one more involution

(14.5) o t A — 1/A.
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We distinguish 7¢ from 77¢ by the condition that 7¢ has 4 fixed points
A = £1 on X. This involution acts on the chosen basis of cycles as
follows:

Ted = —a, T6b = —b.

In the symmetric case of the discrete Chebyshev net
P, =1/PF,
the involution 7¢ interchanges the differentials d2,, and d€ :
T Qo = €dSy, €= =1,

where the sign ¢ depends on the labeling of the singularities PX, Pit.
For the b-periods we get
U= —¢€V,

which shows that the theta functions in formulas (13.4, 13.5) depend
only on the combination

(14.6) U(n —em).

Let us take a "basic” surface of the associated family with £ =0, or
equivalently, A = 1. Then R, ,, in formula (13.4) depends only also on
n—em:

dQo,
(147) Rn,m = —zi-A—(/\ = 1)(n - €m).

Here we have used the symmetry

Ao Q%

"ah W=D =gy (A=) = ey

Since A =1 is a fixed point of 75, we have

B = exp(/o:=l dQ) = exp(e /0/\=1 dQ) = (—a/ex),

which shows that 7, ., is a function of the combination n +em :

Tom = aZn'B2m — a2(n+sm).

gl



DISCRETE K-SURFACES 599

We set ¢ = 1 (the opposite sign e = —1 is equivalent to the replacement
m — —m).
Since the transformation

(14.8) n,m—=n+ K;,m+ K,

does not effect the arguments (14.6) of the theta functions and the
linear term (14.7) in F3, the surface under consideration is periodic
with the period (14.8) if a*! =1, i.e.,

A=1
(14.9) exp(4K; / ) =1, K €z
0

The Gauss map of the surface possesses the second period

(14.10) n,m —n+ Ky,m — K, K,eZ
if
(14.11) K,U/Br € Z

in the case of a "vertical” cut (g = 1,k = 0,A; = Ay, |A;2| = 1, the
period B = Bg + mi,Br € R ). In the case of a "horizontal” cut
(9 = 1,k = 1,A; < 0,A, = 1/A,, the period B = By is real) the
periodicity (14.10) is equivalent to

(14.12) 2K,U/Bgr € Z.
Since the differential
d()}{z,_K2 = K2(ono - on) + Ldw

responsible for the translational periodicity (14.4) never vanishes at
Mo = 1, the period (14.10) is a translation in R®. The surface is not
compact and looks like a cylinder. The equalities (14.11, 14.12) are
equivalent to (14.1).

The periodicity conditions (14.9) and (14.10) or (14.12) for the Gauss
map are two conditions on two real parameters: the singularity P,, < 0
and the branch point A;, which is either real negative (”horizontal”
cut) or lies on the unit circle (*vertical” cut). Under these conditions
one gets a discrete set of Py, A;. As usual, there are no periodicity
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conditions on the vector D € R on the Jacobian, which plays the same
role as the parameter S in Section 8. Finally, we have one-parametric
families of discrete K-surfaces, parametrized by D € R.

Figures 15 and 16 present examples of the discrete K-surfaces with
"vertical” and "horizontal” cuts. When this cut shrinks to a point,
the translational period of the surface becomes infinite and we get the
discrete pseudospheres of Section 8.

FI1GURE 15. The discrete K-surface with a spectral curve
of genus g = 1 and a ”vertical” cut A, = A,

FIGURE 16. The discrete K-surface with a spectral curve
of genus g = 1 and a "horizontal” cut A; < A, <0

15. Compact examples

For the general case of a weak Chebyshev net Proposition 8 reads as
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follows:

Proposition 9. The discrete weak Chebyshev net F, ,,(\o) described
in Theorem 14 with A = Ao is periodic with the period n,m — n+N, m+
M if and only if there exists a differential dQn ar of the third kind with
the singularities

1 A

dQN,M:ZtiAﬁ—Pn-FO(l), P——)P;;i, n:l,_”’N’
1 dA

dQN'M:iim—*-O(l)’ P—)Pom i, m:]_,___’M,

possessing the properties (14.2),(14.3),(14.4). This differential equals

N M
(15.1) AUy = Y d% + D dOF— < L,dw >,

n=1 m=1

where L € Z° 1is integer, and its g — k last components are even. This
implies in particular the period equality (the periodicity condition for
the angles)

N M
(15.2) U+ Y V™= BgL.
=1 m=1

n

If there exist two differentials dS2y, », and dQn, », With independent
pairs (N1, M;), (N, M,), possessing all the properties (14.2, 14.3, 14.4),
then the map F;, ,,, is doubly periodic, i.e.,

Fn+N1,m+M1 = Fn+N2,m+M2 = Fn,m7

and the corresponding discrete K-surface is compact.
To describe the simplest compact discrete K-surfaces let us consider
a spectral curve X of genus 2 with an additional involution

(15.3) T : A — 1/A,

which has 2 fixed points lying over A = 1. We assume that the branch-
points

(154) Al, Az, A3 = l/Az, A4 = 1/A1

of X are complex conjugate A, = A; (see Figure 17).
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FIGURE 17. The symmetrical spectral curve of genus
g = 2 with the basis of cycles.

Let us assume also that the edges of the discrete K-surface under
consideration are of K different lengths, or, more precisely, that there
are K different singularities PX k = 1,...K and Pf,k = 1,...K,
which are pairwise symmetric:

(15.5) Pk =1/Pk.

The involution 74 acts on the canonical basis indicated in Figure 17
as follows:

(156) TeG1 = —0Q2,Tely = _alaTGbl = —b2, T6b2 = _bla

which implies
Todw, = —dw,

for the normalized holomorphic differentials. For the differentials dQ%_ ,
due to the symmetry (15.5), one gets 7¢dQ* = edQf, where the sign
e = £1 depends on the ”"+” labeling of the singularities Pcfc;,oi. Let us
fix it by setting

(15.7) r2dQk = dQk.

To get a doubly-periodic discrete K-surface one needs two differen-
tials dQQn, am,, dQN, a1, satisfying the periodicity properties. In the case
of the symmetry (15.3) the spectral curve X covers two curves X, , X_
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both of genus 1, defined as factors of X by the involutions 74 and 7474
respectively

X—‘>X+=X/T6, X—)X_=X/'T6T4.

Here 74 is the hyperelliptic involution of §10. Therefore it is natural to
look for the differentials

dQ+ = dQKl,KU
A0 = dQ%, _x,,

which are symmetric and antisymmetric, respectively, with respect to
Te -

(15.8) 72dy = £dQ,.

In other words, they can be projected to X, and X_ respectively. In
this case K; and K, are multiples of some K € N,

K, = NK, K,= MK,

and the differentials df2,. are described by the following formulas

M =

dQ+=N
k

Il
-

dQ_ = M S (dQ, — dOF) — Ly(dw, + dws).

M=

k

il
-

The period matrix of the curve with the involution (15.3) is also
symmetric :

(15.9) B = Bp+mi (é?) , Bp= (‘;2) , Br € Mat(2,R).

Let us consider the ”basic” discrete K-surface of the associated family
A = 1. Then the number of the periodicity conditions to be satisfied is
reduced by factor of 2 due to the symmetries of the periods and of the
values of the differentials and the integrals at A = 1.



604 ALEXANDER BOBENKO & ULRICH PINKALL

First, let us consider the intrinsic periodicity (14.1). Formulas (15.6,
15.7) imply that the b—periods (13.6) of dQ* and dQF are related as
follows:

Uk = (UlkaZk)v vk = (Vlk7v2k) = (_U2k7 —Ulk)

For the b;-periods of df). this gives
/ a0, = NZ (U = UF) = Ly(a — b+ i),
b1 —

U’c +Uy) — Ly(a + b+ mi).

IIM?‘.’

bl

Due to the symmetry

dﬂi =F in

b2 b1

it is enough to satisfy the periodicity condition (14.1) for the period b,
only. By Proposition 8 both L;, L, must be even :

.L1 = 2l1, Lg = 212, ll,l2 € Z.

This allows us to rewrite the intrinsic periodicity conditions as follows:

N X
(15.10) l, = @b k§=1:(U1 Uk e 2,
X k k
(15.11) I, = 2(aﬂ+4 3 k§=l:(U1 +UM ez

where a,b € R are the elements of the period matrix (15.9).
The rotational periodicity (14.3) can be investigated in a similar way.
For the differential df2_ it is automatically satisfied :

(15.12) (—1)M¥ exp(2 /1 dQ_) =

To prove (15.12), let us remark that

1 1 1 (o]
/dQ’g:/ da';,:/ dﬂ{;,+/ ok |
0 [e9) 0 0
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which yields
1 1 1
exp(/ dok. —/ dOk) = — e, = +1.
0 0 €00
Combined with the identity
1
exp(/ dw;, + dw,y) = £1,
0

obtained in the same way, this finally proves (15.12). For the differential
dQ), the same arguments

1 1
exp( /0 dQF + dOF) = ey exp(2 / dok),
0

1 1
exp(/ dw, — dw,) = —exp(2/ dw,)
0 0

imply the rotational periodicity condition

K 1 1
(15.13) exp(4NZ/ ok, —811/ duwy) = 1
k=170 0
Because of the symmetry
dQ+ _doy

the translational periodicity condition (14.4) is always satisfied by d2,
at Ao = 1. By the same reasons,

aot . dQf dwy . dw,
an A=D =g A= gr =1 =gy
For the differential dQ2_ this condition (14.4) is formulated as follows:

(A =1).

ko du)l
=1)-2I
2dA

(15.14) MZ (A=1)=0.

The following proposition is proved.

Proposition 10. Let X be a spectral curve of genus 2 with the
branchpoints as above (15.4), for which the singularities Pfo,o are sym-
metric (15.5) and the periodicity conditions (15.10), (15.11), (15.13), (15.14)
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are satisfied. Then the formulas (13.4),(13.5),(13.7) describe a compact
discrete K-surface, which is doubly periodic with the periods (KN, KN),
(KM,—KM).

FIGURE 18. A compact discrete K-surface, which
corresponds to a symmetrical spectral curve
of genus g = 2
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There are four periodicity conditions (15.10), (15.11), (15.13), (15.14)
to be satisfied, and there are K + 2 free parameters: K different singu-
larities P%, k =1,... , K (or, equivalently, K different lengths of edges
Ay,...,Ak) and the real and imaginary parts of A;. This indicates
that there are no doubly periodic discrete K-surfaces with all edges of
the same length, but one can hope to construct such surfaces comprised
by edges of two different lengths.

An example of doubly periodic discrete K-surface is presented in Fig-
ure 18. The surface in this figure has edges of two different lengths.
This example was constructed by Matthias Heil, who solved numeri-
cally the periodicity conditions (15.10, 15.11, 15.13, 15.14) using the
software for doing calculations on hyperelliptic Riemann surfaces de-
veloped by him at SFB 288.

The smooth surfaces generated by the symmetric spectral curve con-
sidered in this section are undeformable. In contrast to this, in the
discrete case the spectral curve X and the points P% satisfying the
periodicity conditions, generate families of discrete K-surfaces. In the
cases of the surface, presented in the coloured picture at the end of the
paper it is a 2-parametric family, parametrized by a vector D € R*. By
variation of D one moves the closed F), ,, net in the meridian or parallel
directions. The form of the smooth counterpart remains recognizable.

16. Appendix

We consider the postponed case (4.10) and show first that
(16.1) Notim+1 — Nom || Nog1,m — Nog1,m-
By a suitable gauge transformation (4.11) we can obtain
(16.2) B=p=6=4=0.
In this gauge (4.10) looks as follows:
(16.3) a—a =vy-7%,
(16.4) cos&-sin & (e —e™™) = cos 4 sin &~ (e’ — e™?).

The arguments of the proof of Proposition 5 show that (16.1) is equiv-

alent to
V’ _1031/(/ —U03V_1 = T'(Oguv—l —UV‘lag),
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where I/ and V are the matrices in the gauge (16.2). By using (16.3),
calculation of both sides yields

V' ol —UosV ! = ( 0 ’p),

—ip 0
- _ 0 1
03L{V I—UV 10'3= (—'Lt_j (;I)’
where
— 2 a2 (ia i : _u Y iy —iy'
p=cos — sm2(e +e )+sm2 cos 2(e +e),
u v X u A‘U .
g = 2sin > cos —2—6” — 2cos <> sin Tew‘.
The addition of a vanishing term to ¢
u v o, ) Au A? o, )
= in — — (7Y —_ oY) — T O 1oL 12
q q+sm2cos2(e e) cos231n2(e e*)
Au Av . L, Au AU . L,
= sin 5~ ¢os —2—(6” +e*) — cos -5 sin T(e“" +e7')

gives the equality of the arguments
argp = argq (mod ),

and finally (16.1).
Now we prove that in the case of discrete Chebyshev net,

A = A,

the discrete surfaces described by (4.10) degenerate to discrete curves.
Equation (16.4) reads as follows:

exp(ia’) — exp(—ia) = exp(i7') — exp(—iv)
and has 3 possible solutions
(a)

(b)
()

v, o =7/,
_7I+7r7 a, = —")’+7T,

!

R _ R
Il

—a, 7 = -, 2a =2y.
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The case (a) implies i = V, U' = V', which proves the degeneracy
of the surface
Nn+1,m = Nn,m+1-

The case (b) implies U’ = —V~!, V' = —Y~!, which gives

Nn,m = IVp41,m+1-

The last case (c) splits into two possibilities. If @ = v, then o/ = 7' and
we get a special case of (a). f a =y + 7, then o' = —a, v = —a +m,
which yields

V= —'0'3VO'3, L{' = 0'3(/{_10'3, V' = —U‘l,

and finally, N, , = Npt1,m+1. This finishes the proof of the degeneracy.
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